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Abstract: In this paper, we show that the following higher-order system of nonlinear difference equations,

_ Tn—kYn—k—1 Yn = Yn—kTn—k—1
Yn—1 (an + bnxnfkynfkfl)’ " Tn—1 (an + /Bnynkanfkfl)

Tn ,nGNO,

where k,l € N, (an),cn, » (On)pen,  (@n),en, » (Br),en, and the initial values z—;, y—;, i = 1,k + 1, are real numbers,
can be solved and some results in the literature can be extended further. Also, by using these obtained formulas,
we investigate the asymptotic behavior of well-defined solutions of the above difference equations system for the case
k=2 1=k.

Key words: System of nonlinear difference equations, solution of system of difference equations in closed form,

asymptotic behavior

1. Introduction and preliminaries

The study of nonlinear difference equations and systems of difference equations has attracted the attention of
many authors in recent years (see, e.g., [1-49]). To find the difference equation or system of difference equations
that can be solved in closed form is only one of the challenges. Almost all solvable difference equations
or their systems have various generalizations of solvable difference equations and systems. That is, when a
solvable equation is found, generalizations such as solvability with parameters, solvability with increasing order,
solvability with periodic coefficients, and solvability as two-dimensional or three-dimensional systems can be

studied. For example, the following difference equations,

Tp—-1Tp—2
n - , e N, s 1.1
Tt Tp (£l 2p_12p_2) " 0 (1.1)

were studied by El-Metwally and Elsayed in [10]. Then, in [35], Eq. (1.1) was generalized to the following

difference equation:

TnTn—k
Tpy1 = , n € Ny, (1.2)
xn—k+1(an‘*bnxn$n—k)
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where k € N. Also, in [32], Eq. (1.2) was extended to the following two-dimensional system of difference
equation:

TnlYn—k _ YnTn—k
Yn—kt1 (@n + bnZnYn—1)’ Yt = To—kt1 (Cn + dnTnyn—t)’

Tpy1 = n € Ny, (13)

where k € N. Further, system (1.3) is a natural generalization of the difference equation systems given in

[12, 15]. Moreover, in [34], the authors studied the next equation:

Tp—2Tn—k—2
)
Tn—k (an + bnxn—2xn—k+2)

n € Ny, (14)

Tp =
where k € N, which is a natural generalization of the equations given in [10, 11, 14, 20, 21]. On the other hand,
in [1], Eq. (1.1) was extended to the next differences systems:

Tn—1Yn—2 y _ Yn—1Tn—2
) 1 —
Yn (_1 + $n71yn72) mr Tn (:tl =+ yn71$n72)

Tyl = , n € Np. (15)
Some of their solution forms were proved by induction. However, the obtained formulas have not been confirmed

by some theoretical explanations.

A natural question is to study both the two-dimensional form of equation (1.4) and more general systems
of (1.3) and (1.5) solvable in closed form. Here we study such a system. That is, we deal with the following

system of difference equations:

_ Tn—kYn—k—I Yn = Yn—kTn—k—I
Yn—1 (an + bnxnfkynfkfl) P en Tn—1 (an + Bnynkanfkfl)

T, , n € Np, (1.6)
where k,l € N, (an)
numbers. We solve system (1.6) in closed form and determine the asymptotic behavior of solutions for the case
k =2, | = k. Note that system (1.6) is a natural extension of both Eqgs. (1.1), (1.2), and (1.4) and systems
(1.3) and (1.5).

neNo » (On)neny » (@n)neng » (Bn)nen, and the initial values z_;,y_;, i = 1,k +1[, are real

This paper is organized as follows. In the following section, we obtain the formulas of the solutions of
system (1.6) in closed form and give the forbidden set of the initial values of system (1.6). In Section 3, first
we write the formulas of the solutions of system (1.6) when the coefficients of system (1.6) are constant and
k =2, l = k. Furthermore, in this case, we investigate the asymptotic behavior of the solutions of system (1.6)

in detail according to the case of the coefficients a and «.

2. The solutions of the system (1.6)

Let (Zn,Yn)n>—k—1 be a solution of system (1.6). If at least one of the initial values z_;,y_;, i = 1,k+1,is
equal to zero, then the solution of system (1.6) is not defined. For example, if x_j_; = 0, then yo = 0 and so
x; is not defined. Similarly, if y__; = 0, then zo = 0 and so ; is not defined. For i = 1,k + 1 — 1, the other
cases are similar. On the other hand, if z,,, =0 (ng € Ng), z, #0, for —k—1<n <ng—1, and z,, and y,
are defined for —k — 1 < m < ng — 1, then according to the first equation in (1.6) we get that y,,—x—; = 0. If
no—k—1<—1,then y_;, =0, for ig = 1,k + 1. If ng > k+1 — 1, then according to the second equation in
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(1.6) we have ypy—2p—1 = 0. If ng —2k —1 < —1, then y_;, =0 for iy = 1,k + . Repeating this procedure, we
have y_;, = 0 for ig = 1,k + . Similarly, if y,, =0 (n1 € Ngy), y, #0, for —k -1 <n<ny—1, and z,, and
Ym are defined for —k — 1 < m < mny; — 1, one can easily show that z_;, =0 for iy = 1,k + . Thus, for every

well-defined solution of system (1.6), we have
Tnyn 0, n > —k —1, (2.1)

if and only if z_;y_; # 0, for i = 1,k + [. Therefore, by employing the substitution

1 1

we transform system (1.6) into the following nonhomogeneous linear k-order difference equations:
Up = Aplp_k + bp, Uy = apvn_k + Bn, n € Ng. (2.3)

If we apply the decomposition of indexes n — km + 4, for some m > —1 and i = 0,k — 1, to (2.3), then they
become
Ukm+i = Qkm+iUk(m—1)+i T Okm+is Vkm+i = Qkm+iVk(m—1)+i + Bkm+i, M € No, (2.4)

which are first-order k-equations. The solutions of equations in (2.4) are

m m m m m m
Ukmni = ik | [ arjei+ D bkiri || @hjris Vkmei = viek [ ongei+ Y Buri [ awjrss m>—1, (2.5)

§=0 1=0 j=l+1 §=0 1=0 j=l+1

ie{0,1,...,k—1}. f a, =a, b, =b, a, = a, and B, = B, for every € Ny, then we have

a™ (ui—p (1 —a)—b)+b a™ (v (1—a)—B)+ B
m-+i — 1) m—+i — 9 2 _17 26
Ukm+ 14 Vkm+ 1—a m (2.6)
ifa#1and a#1, and
Ukmti = Uickg F0(M+ 1), Vpmyi =vicp +B(m+1), m > —1, (2.7)
if a=1and a« =1. From (2.2) it follows that
1 Un—1 1 Up—1
Tp = = Tn—-21, Yn = = Yn—21, (28)
UnYn—1 Unp Undn—1 Un
for n > 1 — k, and consequently
v(zj 1)+ (25—1)l+1
T2m+i — Ti—21 - Y2im+i = Yi—21 7a (29)
jl_‘[) U215+ Jl_[o V2lj+i

for meNgand i€ {i—k,l—k+1,...,3l—k—1}. By the help of the well-known quotient remainder theorem,
there exist k € N and s € Ny such that n = ks+j; and j; € {0,1,...,k—1}. From this and system (2.9), we

can write
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V2klj+ks+j1—1(2n— 1)
T2klm+ks+j1 =  Tks4j—2kl H H
j=0n=1 2kl]+ks+g1 2l(n— 1)

Uklj+ks+j1— I(2n—1)
Yokim+ks+jn =  Yks+ji— zszH (2.10)

=0 n=1 2klg+ks+g1 2l(n—1)

for ks+j1 € {2kl —k — 1,2kl —k —1+1,...,4kl —k — 1 — 1}, if k is odd, and

Uklj+ks+j1—1(2n— 1)
Tklm+ks+7j1 =  Tks+j,—kl H H
j=0n=1 kl]+ks+]1 2l(n— 1)

Uklj+ks+j1—1(2n—1)
Ykimtks+jn =  Yks+ii— szH (2.11)
j=0n=1 kl]+ks+jl 2l(n—1)

for ks+j1 € {kl—k—1,kl—k—1+1,...,2kl—k—1—1},if k is even. Consequently, the solution in the closed
form of system (1.6) follows from (2.5) and (2.10) or (2.11).
Now we give the solution form of system (1.6) when all the coefficients in system (1.6) are constant. To do this,

we suppose that a, = a,b, =b,a, = a, 3, = 8 for every n € Ny. Then system (1.6) becomes

Tn—kYn—k—I1 Yn—kTn—k—I
Ty = s = , n € Np. 2.12
" Y (@ + bTy g Yn—k—1) Yn Tp_i (@ + BYn—kTn_p—1) (2.12)

Then we may assume that ged(k,l) = 1. Indeed, if |ged(k,l)] = f > 1, denoting the greatest common divisor
of natural numbers k and [, then k = fk; and [ = fl; for some ki,l; € N such that ged(kq1,l;) = 1. Since
every n € Ny has the form n = mf + i, for some m € Ny and i € {0,1,...,f — 1}, from (2.12) we get

) m T .
YF(m—l1)+i (a + bmf(m—kl)—&-iyf(m—kl—l1)+i) T f(m—11)+i (a + 5yf(m—k1)+ﬂf(m—k1—ll)+¢)
(2.13)

Tmf+i =

The change of variables
() = Tmf+i, yﬁn) =Ymf+i, ™M EN()a 1€ {Oalav.f_l}

in (2.13 '1d~(§$?) , (S,?) . i€1{0,1,...,f—1}, which independent soluti
in (2.13) yields (= (k) ym') sl ieq f —1}, which are r independent solutions
of the system

2™ (@) (@) (@
. . T
) = g ) = ek aan

Ym = = i i ’
ym ll <a+bx777/7k)1y1(”ﬂ)7k717l1> x’f’n)fll (a +By’l(”ﬂ)fk1x1(”ﬂ)fk17l1>

Note that one can get system (2.13) by taking k; and Iy, respectively, instead of k and [ in system (2.12).
From now on, we assume that the greatest common divisor of k¥ and [ is equal to 1; that is, ged(k,l) = 1.
By substituting the formulas (2.6)—(2.7) into (2.10)—(2.11), we obtain the formulas for well-defined solutions of
system (2.12) when ged(k,l) =1.
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Theorem 2.1 Assume that a, # 0, b, # 0, a, #0, B, #0, n € Ng. Then the forbidden set of the initial
values for system (1.6) is given by the set

B 1 1
F= U U { Tt T, Y kty s y1) € RPEFD g g g = o YikTi—k—1 = 7 where

d
meNy =0 m m

bkj+z 5k]+l 1
£0, dp, L o}
jZO k?j-‘rl ll_'([) Afl+4 Z k)j-‘rl ll_!) 0777w U
k+1
U { (T_k—iye e X1, Ykeily e, Y—1) € R2(F+D) x_; =0, y_; = 0}. (2.15)
=1

Proof At the beginning of Section 2, we have acquired that the set

k+l1

U {(xfkfla T Yty ey Y1) ERFEFD g =0,y = 0}
=1

belongs to the forbidden set of the initial values for system (1.6). Now we assume that z,, # 0 and y, # 0.
Note that system (1.6) is undefined when the conditions a,, + bp@n—_kYn—k—1 = 0 or ay, + BuYn—kTn—k—1 = 0,

that is, T kYn—k—1 = =3 O Yn kTn_k—1 = —g—", for some n € Ny, are satisfied (here we consider that
by, #0 and B, # 0 for every n € Np). From this and the substitution u, = - yl 5 Un = 5 11 —, we get
bkaﬂ ﬂkari
Uk(m—1)+; — ———, UL 1 = 2.16
(m=1)+i Alem+i ’ (m—1)+i = Q414 ( )

for some m € Ny and ¢ € {0,1,...,k — 1}. Hence, we can determine the forbidden set of the initial values for

system (1.6) by using the substitution w, = ﬁ,

Uy, = . Now we consider the functions

YnTn—1
Jemi (t) := @rmeit + Okmris Gemi (t) := Qrmeit + Brmas, m € No, 1€ {0,1,...,k -1}, (2.17)

which correspond to the equations of (2.3). From (2.16) and (2.17), we can write

Ukmti = frm+i © fe(m-1)4i© -0 fi (Wi—k), (2.18)

Vkm+i = Gkm+i © Gk(m—1)4i © " © gi (Vi—k) (2.19)

where m € Ny, and ¢ € {0,1,...,k —1}. By using (2.16) and implicit forms of (2.18)—(2.19), and considering
Frmys (0) = =22 gh(0) = =222 for m € Ny and i € {0,1,...,k — 1}, we have

wik=f oo fim i (0), visg=g; o-rogg . (0), (2:20)

where fi 1 . (t) = Ebhmis Gomis (1) = Ehemei ¢ Ny, i€ {0,1,...

Alom+i Qm4i ’

k —1}. From (2.20), we obtain

Jj—1 1

j=0 Afj+i 1—0 ak:l-i—i

—1
= zﬁkﬁ“ﬂ 1

ak]-‘rz ak:l-i—i

for some m € Ny and ¢ € {0,1,...,k — 1}. This means that if one of the conditions in (2.20) holds, then the

mth iteration or (m + 1)th iteration in system (1.6) can not be calculated. O
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3. The study of condition k=2, [ =k

In this section we give the asymptotic behavior of the solutions of system (2.12) when k = 2,1 = k. In this

case, the system becomes

Tn—2Yn—k—2 Yn—2Tn—k—2
Ty = s Yn = , n € Np. 3.1
" Yok (@ bTy—2yn—k—2)" 7" Tk (@ + BYn—2Tn_k—2) (8:1)

In (2.11), if we employ the formulas given in (2.6) and (2.7) for the case k = 2, | = k, then the solution of
system (3.1) is given by

(1—a) (5 4 Pt +s—t+5 (0—1—3'1(1 —a)— ﬁ))

T2(2t4+1)ym+2s+j1 = L2845, —2(2t+1 , (3.2)
e )pl_[o (1= ) (b4 arCHDF (g, (1~ a) ~1))
(1—a) (b+a?CHUTs=4 (u_y_j (1 —a) — D))
Y2(2t+1)ym+2s+j1 = Y2s+51—-2(2t+1 ) (3.3)
(2t+1) J1 J1=2( )pl_[O (1—a) (5 + apCHDFsHL () o(1 —a) — 5))
if a #1# a,
T (L—a) (v, + B2+ 1) +5—t+41))
T2(2t4+1)m+2s+j1 — L2541 —2(2t+1 : 5 ) (3.4)
( ) J1 J1=2( )pl;[o b+ qp2t+1)+s+1 (uj,—2(1 —a) — b)
b4 aPPHD+s=t0 (y_y o (1 —a) —b)
m S - S ! 3.5
P ety T i 23 HO (1=a)(vj, 2+ B2+ 1) +5+1) 3:)
ifa#1, a=1,
7 B aPBHEDT I (i (1 - @) - )
L2(2t+1)m+2s+51 — LT2s+51—2(2t+1 ) (3.6)
(2t+1)m+2s+71 +51—2( +)pl;[0 (1—a)(ujl,g+b(p(2t+1)+s+l))
(1—a)(u_1—j, +b(p(2t+1)+s—t+j1))
y =Y - , 3.7
2(2t+1)m+2s+j 25+j1—2(2t+1) p[[) B + ap2t+1)+s+1 (vj,—2(1 —a) — B) (3.7)
ifa=1, a#1, and
T V-1 F B2t +1) 5 —t+ 1)
x m+2s+j1 — L2s+7j,— s 3.8
sy = vaenseney L =0 G )
T U1y o2+ 1) + s —t+ 1)
Y2(2t4+1)m+2s+j1 — Y2s451—2(2t+1) H L ) (39>

A S @t D tst1)

if a=1=a, where m,t € Ny, j; € {0,1} and 2s+ j; € {k—2,k—1,...,3k — 3}.

First, to present the 2k- and 4k-periodic solutions of system (3.1), we will give the following lemma.

Lemma 3.1 Consider system (3.1). Then the next statements are true.
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(a) If a#1#a, b#0# 3, and (1 —a)B =b(l — ) then system (3.1) has 2k -periodic solutions.
(b) Ifa#1#a, b#£0# 8, and (1 —a)B = —b(1 — «) then system (3.1) has 4k -periodic solutions.
Proof Let

Zn = Tpn—9Yn—k—2 and w, = Yp_2Tn_g—2, N € Np.
Then from (3.1) we have

Zn
a+ bz,

Znto = and wpyo = , n € Np. (3.10)

wy,
a + Pwy,
If b# 0 # B, then system (3.10) has a unique equilibrium solution (Z,w), which is different from (0, 0); that
is,

1—a l-«a

#0, wn:@:T#O, n € Ny.

If Z=0 or w =0, then system (3.1) does not have a well-defined solution. From (3.10), we get that

1-a (1-a)s 11—« (I—a)
n—2 — = n—=2k—2, d yn2= = n—2k—2, > ka 3.11
T by bl a) e N e L T B 10
from which, along with the assumptions in (a)—(b), the results can be easily seen. O

Now we investigate the asymptotic behavior of well-defined solutions of system (3.1) in detail according to the

case of coefficients a and «.

3.1. Case a #1 # «
Here we describe the asymptotic behavior of the solution of system (3.1) for the case a # 1 # a, by employing

the next notation:

’Uflfjl(l—a) —6 u,l,jl(l—a) —b

K. = - L. = -
T G g, (@) B T G o, (- a) - B

p o Q- (I ta)—B) & (1+a)(u_1—j (1 —a) —b)
" a1t a)(uj2(1—a)=b) 7 T a1 = a) (1) (v, 2 (1 + a) = B))

where k € N, m,t e Ng, t= [%], j1 €{0,1}.

Theorem 3.2 Suppose that a # 1 # o, b# 0 # S and that (T, Yn)n>—k—2 s a well-defined solution of system

(5.1). Then the next statements are true.

(a) If |of > max {|a|,1} and vj,—2 # B/(1 —a) #v_1_j, , for some j1 € {0,1}, then |z,| = oo, yp = 0, as
n— o0o.
(b) If |a| > max {|a|,1} and uj,—o #b/(1 —a) # u_1_;,, for some j; € {0,1}, then z, — 0, |y,| = oo, as

n — o0.
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(¢) If maz {lal.Jal} <1 or uj,—s = b/(1 —a) = u_1_;, and vj,_s = B/(1—a) = v_1_,,, and [(1— )| <
[(1 —a)b|, for some ji € {0,1}, then x, = 0 and |y,| = o0, as n — co.

(d) 1f maz{lal,Jol} < 1 or uj,—s = b/(1 — @) = u_1-5, and v, 3 = A/(1 - a) = v_1_;,, and |(1 - @)3| >
[(1 —@)b|, for some ji € {0,1}, then |z,| — oo and y, — 0, as n — oo.

(e) If max{lal,|a|} <1 and (1 —a)B = (1 —a)b, then (Tpn,Yn)n>—k—2 converges to a not necessarily prime

2k -periodic solution of system (3.1).

(f) Ifuj,—2=0/(1—a)=u_1_j,, vj,—2=F/(1—a) =v_1_j,, and (1—a)p = (1 —a)b, for some j; € {0,1},

then (T, Yn)n>—k—2 i a not necessarily prime 2k -periodic solution of system (3.1).

(g) If maz{lal,|a|} <1 and (1 —a)B = —(1— )b, then (T, Yn)n>—k—2 converges to a not necessarily prime

4k -periodic solution of system (3.1).

(h) If uj,—2 = b/(1 —a) = u_1_j,, vj—2 = B/(1 —a) = v_1_j,, and (1 —a)B = —(1 — a)b, for some

J1 €1{0,1}, then (T, Yn)n>—k—2 s a not necessarily prime 4k -periodic solution of system (5.1).
(i) If a=«, |a| > 1 and |Kj,| <1, for some j, € {0,1}, then z,, = 0, as n — cc.
(G) If a=«a, |a| > 1 and |L;,| <1, for some j; € {0,1}, then y, — 0, as n — oo.
(k) If a=«, |a] > 1 and |Kj,| > 1, for some j; € {0,1}, then |z,| = oo, as n — oo.
(1) Ifa=«, |a|>1 and |Lj,| > 1, for some ji € {0,1}, then |y,| = o0, as n — oo.

(m) If a = «a, [a]| > 1 and K;; = 1, for some ji € {0,1}, then the sequence Toai41)ymt2s+j,s JOT

2s+j1 €{k—2,k—1,...,3k — 3}, is convergent.

(n) If a=«, |a| > 1 and L;j, =1, for some ji € {0,1}, then the sequence Ya(ai41)m+2s+j,» for 25+ j1 €
{k—2,k—1,...,3k — 3}, is convergent.

(o) Ifa=a, |a] > 1 and K;, = —1, for some j1 € {0,1}, then the sequences Ta(2i41)m-+2s+j1 s T4(2t-+1)m+2(2t4+1)+25+71 -

for2s+j1€{k—2,k—1,...,3k — 3}, are convergent.

(p) Ifa=q, |a| > 1 and Lj, = —1, for some j1 € {0,1}, then the sequences Yi(2t+1)ym+2s+j, » Ya(2t+1)m+2(2t+1)+25+j1 »
for 2s+j1 €{k—2,k—1,...,3k — 3}, are convergent.

(@) If a=—a, |a| > 1, m is even, and |IA(jl\ <1, for some j1 € {0,1}, 2s+j; € {k—2,k—1,...,3k — 3},

then Ty2i41)ym+2s45, — 0, as m — oo.

(r) If a=—a, |a] > 1, m is even, and \Ejl| <1, for some j1 € {0,1}, 2s+j; € {k—2,k—1,...,3k — 3},

then Ya2e41yms2s45, — 0, as m — 00.

(s) If a=—a, |a| > 1, m is even, and |I/€j1| > 1, for some j; € {0,1}, 2s+j1 € {k—2,k—1,...,3k — 3},

then |T4(2t41ym+2s4j,| — 00, as M — 00.
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(t) If a = —«, |a| > 1, m is even, and |Zj1| > 1, for some j; € {0,1}, 2s+j, € {k—2,k—1,...,3k — 3},

then |Ya(2t41)m+2s+j,| — 00, as m — 0.

(u) If a=—a, |a| > 1, m is even, and I?jl =1, for some j1 € {0,1}, 2s+j1 € {k—2,k—1,...,3k — 3},

then the sequence Ty(at41ym+2s44, 1S convergent.

(v) If a = —a, |a| > 1, m is even, and Ejl =1, for some j; € {0,1}, 2s+j; € {k—2,k—1,...,3k — 3},

then the sequence Ya(ai41)ym+2s44, 15 convergent.

(w) If a=—a, |a| > 1, m is even, and IA(jl = —1, for some j; € {0,1}, 2s+j; € {k—2,k—1,...,3k -3},

then the sequences Tg(at41ym+2s+j1 ANA T(241)m+4(2t4+1) 42545, OT€ convergent.

(x) If a=—«a, |a| > 1, m is even, and Ejl = —1, for some j; € {0,1}, 2s+j1 € {k—2,k—1,...,3k — 3},

then the sequences Yg(2t41ym+2s+41 0N Y(2t+1)m+4(2t+1)+2s+4; OT€ convergent.

Proof Let
v _ (1= 0) (11, (1= ) = f)am@H+stei 4 ) (3.12)
" (1—a) ((uj,—2(1 — a) = b)amGt+ts+l 4 p) 7 '
for 2s+j1 e {k—2,k—1,...,3k =3}, j1 € {0,1}, and
25451 _ (]. — OZ) ((u—l—jl(l — (1) — b)am(2t+1)+87t+j1 + b) (313)

m (1 _ (1) ((Uj1—2(1 _ Oé) _ 6)am(2t+1)+s+l 4 6) )

for 25+ j1 € {k— 2,k —1,...,3k — 3}, j1 € {0,1}.
(a): Note that in this case

lim_[pl2 | = oc L =,

, lim r
m—o0 m—o0

for each 2s+j1 € {k— 2,k —1,...,3k — 3},71 € {0,1}, from which, along with formulas (3.2) and (3.3), the

result can be seen easily.
(b): Note that in this case

lim ph2s*tit =0,  lim |r

,25+71 | —
L | = 00
m—r 00 m—00

t
[ ’

for each 2s+j; € {k —2,k—1,...,3k —3},71 € {0,1}, from which, along with formulas (3.2) and (3.3), the

result can be obtained easily.

(¢)—(d): In this case we get

t,25+71

; _ t,25+51
im |p

m

’(1—@/3
1= a)b

,  lim |r
m—r oo

=

for each 2s+j, € {k—2,k—1,...,3k—3},j1 € {0,1}, from which, along with the assumptions in (c¢) and (d),

the statements easily follow.
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(e): Employing the Taylor expansion for (14 2)~! on the interval (—e¢, ), where € > 0, we have, for sufficiently
large m and each 2s+j; € {k —2,k—1,...,3k—3}, 71 € {0,1},

P (1-a)(B+ Q@D+ (y (1 - a) — 3))
m (1—a) (b+ am DT+ (0, (1 —a) — b))

_ m(2t+1)+s—tjy (V=1-51 (1=0)=B)
(1-a)B (1 +a ) Ji 1

m s (u ,2(1—0,)—6)
(1—a) (1 + @D s+l 2 5

1 4 o2+ +s—t+i1 (v-1-5, (1 —a) = B) _ gm(2t+1)+s+1 (uj,—2(1 —a) =)

B b
+ 0 (a2m<2t+1>) , (3.14)

and

£.2541 (1—a) (b4 am@HDFs=tH (u_y_j (1 - a) — b))
rb _
m (1 _ a) (5 T am(2t+1)+s+1<vj172(1 _ a) _ 5))

oty (um1-5y (1—a)=d)
(1 _ a)b (1 + am(2t+1)+5 t+j -

_ m(2t+1)+s 1(11]' *2(1_01)_5)
(1 a)6<1+a<+>++ 2l

= 14 @M@t +s—t+i (u—1-j;(1—a) = b) _ M2t sl (vj,—2(1 —a) = B)

b B
+ 0 (an(QHl)) : (3.15)

Employing (3.14)—(3.15) in (3.2)—(3.3) and the assumption maz {|a|, ||} < 1, the convergence of the sequences
To(2t4+1)m+2s4j A Ya(2t41)ym2s+5, for 25 +j1 € {k =2,k —1,...,3k — 3}, 71 € {0,1}, can be seen easily and
consequently (z,,Yn)n>—k—2 converges to a not necessarily prime 2k-periodic solution of system (3.1).

(f): From (3.2) and (3.3), we get

pgr,Lszrjl _ (1-a)8 -1

for every m € Ny, if 2541 € {k—2,k—1,...,3k =3}, j1 € {0,1}. That is, o2 1)m+2s4j1 = L2s+j1—2(2t4+1)
and y2(2t+1)m+25+j1 = y28+j172(2t+1) s for each 2s + j]_ S {k — 2, k— 1, ey 3k — 3},j1 S {0, 1}7 from which the

result can be obtained easily.
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(g): From (3.12) and (3.13), in this case, we have

(1—a) (B4 am@FDTs=ti(y_y_; (1-a) - f))

t,25+71
" (1—a) (b+ am@tHDEstl(y; _o(1—a)— b))

p

_ m(@t+1)+s—t+jy (V-1-51 1=0)=B)
1 a)ﬂ(1+a YRR

(uj —2(1fa)7b)
(1- Oé)b <1 + am(2t+1)+s+11f

_ (1 4 @M@t st (v-1-5, (1 — ) = B) _ gm@tHD)+s+l (uj,—2(1 —a) —b)

B b
+ 0 (a2m<2t+1>) ) (3.16)

for sufficiently large m if 2s+j; € {k —2,k—1,...,3k -3}, j1 €{0,1}, and

(1= ) (b+ a0+t (0, (1 - a) — b))

rt,2s+j1
" (1= a) (B +am @10, 51— a) = B))

m s—tai; (w—1-j; (1—a)—b
(1 _ a)b (1 +a (2t4+1)+s—t+71 ( Jlb ))

(1-a)s <1 + qm(2t+1)+s+1 (“J‘lZ(lﬁ—a)—ﬂ))

- <1 4+ @M@t +s—t+i (u—1-j,(1—a) = b) _ om(2t+D)+s+1 (vj,—2(1 —a) = B)

b B

+ 0 (oﬂm(?t“)) ) (3.17)

for sufficiently large m if 2s+j; € {k—2,k—1,...,3k—3}, j1 € {0,1}. Employing (3.16)—(3.17) in (3.2)—(3.3),
Taylor expansion for (1+2)~! on the interval (—¢,€), where € > 0 and the assumption maz {|al, ||} < 1, the
convergence of the sequences Ty4(2141)m+2s+j1» Ya(2t+1)m+2s+j, 1or 2s+j1 € {k—2,k—1,...,5k—3},51 € {0,1}
easily follows, from which it follows that (2,,yn)n>—k—2 converges to a not necessarily prime 4k-periodic
solution of system (3.1).

(h): From (3.12) and (3.13), in this case, we get

t,25+7j1 _ (1 - a)ﬁ -1 t,254+71 — (1 - a)b =1
Pm (1 Oé)b y Tm (1 — a)ﬁ )

for every m € Ny, if 2s +j1 € {k -2,k —1,...,3k =3}, j1 € {0,1}. That is, To@ir1)m+2s+j1 =
(—1)m+1x28+j1_2(2t+1) and Yo(2¢41)m+2s+j; = (—1)m+1y28+j1_2(2t+1) for each 2s+j; € {k—2,k—1,...,3k —
3},71 € {0,1}, from which the result can be obtained easily.

(i)-(1): From (3.12) and (3.13), in this case, we get

lim p52**t7" = lim (v-1-j1(1 = @) = B) + e
m—oo- M m—00 (Uj172(1 - CL) - b)at-i-l—jl + m

=K, (3.18)
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for 2s+j; € {k—3,k—2,...,3k— 4}, j, €{0,1},

b
lim ,rt,25+j1 — lim (u_l_jl(]‘ - a) - b) + QM @ir D) Fs—t+i1
oy =

Mmoo m=00 (v;, (1 — a) — B)att1 =i 4 —

=Ly, (3.19)

for 2s+j1 € {k—3,k—2,...,3k—4}, j; € {0,1}. Employing (3.18)—(3.19) in (3.2)—(3.3) and the assumptions
in (i)—(1), the results easily follow.
(m): From (3.12) and (3.13), we have

t,254+71 (U,1,j1 (1 - a’) - ﬂ)am(2t+1)+s—t+j1 + B

P (uj,—2(1—a) — b)am(2t+1)+s+1 +b

m s— 11 B8
(U—l—j1(1 _ a) _ ,B)a (2t+1)+s—t+j <1 + am(2t+1>+5f+jl(v1jl(l—a)—ﬁ’)>

(Uj1,2(1 — CL) — b)am(2t+1)+s+1 (1 + am(gt+1)+s+l(zh2(1_a)_b)>
_ p b
= 1+ am@HD+s—t+i (u_y_; (1 —a) — ) T gm@tED) +s+1 (uj,—2(1 — a) — b)

1 2
+ 0 q2m(2t+l) )’ (3.20)

for sufficiently large m if 2s 4+ j; € {k—2,k—1,...,3k =3}, 41 € {0,1}, from which the convergence of the
SeqUENCe To(241)m+2s+j, » 10T j1 € {0,1}, can be seen easily.

(n): From (3.12) and (3.13), we get

(u—i—j, (1 —a) — b)am(2t+1)+s—t+]‘1 +b

,r,t,28+j1 —
¢ (v—2(1 — @) — BG4

(1101 = a) = et (1 b )

am(2t+1)+s—t4571 (u717j1 (l—a)—b)

(’UJ&*Q(I —a)— B)am(2t+l)+s+l (1 + a7n(2t+1)+s+l(fj12(1a)B))

b B
= 1+ amCHD+s =t (u_y (1 —a) — b) T gm@tHl)+s+1 (vj,—2(1 —a) — B)

1
+ 0 <a2m(2t+1)> ’ (3.21)

for sufficiently large m if 2s 4+ j; € {k—2,k—1,...,3k =3}, j1 € {0,1}, from which the convergence of the

SeqUeNce Yo(a¢41)ym+2s+j, » or j1 € {0,1}, can be obtained easily.
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(0): From (3.12), in this case, we have

ph2stin = (v_1—j, (1 — a) — B)am@t+D+s—t+ir 4 3
" (uj,—2(1 — a) — b)am@t+h+s+l 4 p
(U_l_jl (1 . a) _ B>am(2t+1)+s_t+jl (1 + am2t+1)+s—t+51 (ﬁv—lfjl (l—a)—ﬁ))
(ujlfz(l —a) - b)am(2t+1)+s+1 (1 + am(zn+1)+s+1(l;j12(1a)b)>

B b

O e (e R R e (B

1
0 (a2m(2t+1)> )7 (3.22)

for sufficiently large m if 2s +j; € {k — 2,k —1,...,3k — 3}, j1 € {0,1}, from which the convergence of the

+

SCQUENCES T4(2¢+1)m+25+j1 > L4(2t+1)m+2(2t+1) 425+, for j1 € {0,1} easily follows.

(p): From (3.13), in this case, we obtain

(u_1-4,(1 = @) = b)am D=1 4 p
(vjy—2(1 — @) — B)amEH+stl 4 3

t,254+71
Tm

(uflfjl(l _ a) _ b)am(2t+1)+s—t+j1 (1 + b >

am(2t+1)+s—t+j1 (u717j1 (1,(1),1))

(Uj1,2(1 — a) — B)am(2t+1)+s+1 (1 + am(2t+1)+5+1(fj12(1a),B))

b B

—(1 -
( T @D (uy (1 - a) —B) | an @I (0, (1~ a) — B)

1

for sufficiently large m if 2s+j; € {k—2,k—1,...,3k — 3}, j1 € {0,1}. Using (3.23) in (3.3) and the Taylor

expansion for (1+2)~! on the interval (—e¢,¢), where € > 0, the convergence of the sequences Y4(2t+1)m+25+j1 »

+

y4(2t+1)m+2(2t+1)+2s+j1 for jl (S {0, 1} easily follows.

(q)—(t): To obtain these four results it is enough to note that the limits of the general terms (3.12)—(3.13) in
(3.2)=(3.3) are equal to IA(jl and Zjl , respectively, and then employing the assumptions in (t)—(q), the results
can be seen easily.

(u): From (3.12), in this case, we get

1+

t,2s+j1 (—a)2m @t +s—t+iy ('U_l—jl (1+a)—ﬁ)
p2m - 1 + b
am(2t+1)+s+1(ujliz(lfa)fb)
= 1+ 0 ’
= (_a)2m(2t+1)+57t+j1 (”Uflfjl(l + a) _ 5) a2m(2t+1)+s+1 (uj172(1 _ a) _ b)
@ 71 24
+ a4m(2t+1) ’ (3 )
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for sufficiently large m if 2s+ j; € {k -2,k —1,...,3k — 3}, j1 € {0,1}, from which the convergence of the
SeqUeNCce Ty(2441)m—2s+j, for j1 € {0,1} easily follows.

(v): From (3.13), in this case, we have

b
7";28-5-]‘1 _ t @D (1 (1-a)—b)
m B
1+ (7a)2m(2t+1)+s+1(Uj172(1+a)75)
b

PO (o, (=) =) (—a) IR (514 a) = B)
1
+ 0 (a4m(2t+1)> ) (3.25)

for sufficiently large m if 2s+j; € {k — 2,k —1,...,3k — 3}, j1 € {0,1}, from which the convergence of the
SeqUeNce Yu(2t+1)m+2s+j, for j1 € {0,1} can be seen easily.

(w): From (3.12), in this case, we get

ph2stan (1—a)(v_1j (1 +a) = f)(—a)?mEHDTs—tth 4 g
2m (1 + a)(Uj1,2(1 _ a) _ b)a2m(2t+1)+s+1 + b

(1= ) (v-1-j, (1 + @) = B)(—a)>rtDta=ttn (1 + o (v111(1+a)—ﬁ)>

(1 @) -a(1 ) = D)arm st (14 b )

a2m(2t+1)+s+1 (ujlfz(l—a)—b)

B b
(1 o e - E e

1
0 (a4m(2t+1)> )7 (3.26)

for sufficiently large m if 2s+j; € {k—2,k—1,...,3k — 3}, j1 € {0,1}. Using (3.26) in (3.2) and the Taylor

expansion for (1+z)~! on the interval (—¢,€), where € > 0, the convergence of the sequences TY(2441)m+25-4j1 5

+

T8(244+1)m+4(2t+1)+2s+451 » for j1 € {0, 1}, can be seen easily.

(x): From (3.13), in this case, we have

st (L4 a)(un i (1—a) = b)a®mErDt=mrtn 4+
" (1= @) (s (1 +a) = B) (@)D 53
2m(2t+1 — j b
B (1 + a)(u,l,jl(l - a) - b)a m(2t+1) s~ (1 + a2m (2t+1)+s—t+j1 (uljl(l—a)—b)>

m S ﬁ
(1- a)(vj1,2(1 +a) — B)(—a)? (2t4+1)+s+1 (l + (a)zm(2t+1)+s+1(vj12(1+a)ﬁ))

b B

—(1 -
( T R (0, (L—a) = b) | (—a)Pm D (0, (1 +a) — B)

1
o <a4m(2t+1)>) ’ (327)

+
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for sufficiently large m if 2s+ j; € {k -2,k —1,...,3k — 3}, j1 € {0,1}, from which the convergence of the

SCQUENCES Y8 (2¢+1)m-2s-+j1 1 Y8(2t+1)m+4(2t+1)+2s+j, » t0r j1 € {0,1}, can be obtained easily.
O

Theorem 3.3 Assume that a #1# a, b#A0#4 8, a=—a, |a] > 1, m,t,w,h € Ny, t = [g] , j1 €{0,1}, m
is odd, and (T, Yn)n>—k—2 15 a well-defined solution of system (3.1). Then the next statements are true.

(1-a)(v j1 (14+a)—p .
(a) If |(1+a at+(1 “1( 1 - a)) b)| <1 for some j1 € {0,1}, then T4(2¢41)ymtat+2+4wtjs — 0,

T4(2t4+1)m+4t+dwtatj; — 0 as m — 00.

(1—a)(v-1-j, (1+a)—B
(b) If ‘(1+a)at+(1 ]11( 0o a) )| > 1 for some j1 € {0,1}, then |T4(2i41)ym+att2+4w+ii| = 00,

|I4(2t+1)m+4t+4w+4+j1| — 00 as m — 0.

(1—a)(v=1—j,; (14a)—p .
(c) If (1+a)a’”)r(1*j11(:Li(_g(lfa))fb) =1 for some jy € {0,1}, then the sequences are Ti(2i41)ym-+at-+2+4dwtijs s

x4(2t+1)m+4t+4w+4+j1 are COm}eTgent.

(1-a ('u 1 Jl(lJra) B)
(d) f (1+a)att1— Jl(u —2(1—a)— b)

= —1 for some ji € {0,1}, then the sequences Tg(2¢+1)m+4t-+2+4w-j, »

T8(2t4-1)m~+12t+6+4w+j1 » L8(2t+1)m+4t+4w+4+751 and Tg(2t+1)m+12t+4w+8+j, Gre convergent.

(14a) (u 1-j; (1=a)— b)
(e) If |(1 a)at+1 11( 2(1+a) ﬁ)

| <1 for some j1 € {0,1}, then Ys2i1)m+at+2+4wtj, — 0 as m — oo.

(14a) (u 1 (1—a)— b)
(f) If| 1 a)at+1 31(31 2(1+a) B

)| > 1 for some ji1 € {0,1}, then |Yaat+1)ymtat+24+4wtj,| — 00 as m — oo.

(14a)(u—1-j, (1—a)—b)
(&) If (1—a)a" 1771 (v;, —2(1+a)—5)

=1 for some j1 € {0,1}, then the sequence Ya(2i4+1)m+at+2+4wtj, 15 conver-

gent.

(1+a)(u 1—j; (1—a)— b)
(1—a)at+i- Jl(v“ 2(1+a)— [3)

(h) It

Y8(2t+1)ym+12t+6+4w+j, are convergent.

= —1 for some j1 € {0,1}, then the sequences Yg(2¢41)m+at+2+awtj, and

() IF | st

(ta)atti- 31( o(—a)— b)| <1 fOT some jl S {0, 1}, then x4(2t+1)m+4t+2+4w+j1 — 0,

T4(2t41)ymtdt+dwtdtj; — 0 as m — o0,

. a—1)(v_1-4;, (14+a)—pB

(14-a)att1- Jl(u _2(1—a)

)| > 1 for some j1 € {0,1}, then |Ta2e41)ymtat+2+dwtis| —+ O,

|$4(2t+1)m+4t+4w+4+g‘1| — 00 as m — 0.

(k) If (ail)(v—l—_h(l"’a)*ﬁ)

(a1 (uy, —a(1—a)—b) =1 for some j; € {0,1}, then the sequences T4(241)mt-4t+2+dwj1 5

$4(2t+1)m+4t+4w+4+j1 are convergent.
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) 15 LoDl G =0)

a1 (uy; 2 (1—a)=b) = —1 for some j1 € {0,1}, then the sequences Tg(ai11)m+at+2+4w+j; -

T8(2t+1)m+12t4+6+4w-+j1 5 T8(2t+1)ym+dt+dwtdtjs » T8(2t+1)m+12t+dw+8+j; OT€ COnvergent.

14a)(u 1—a)—b
(m) If |(a (1)atig “1(“( 2(1la) )| <1 for some j1 € {0,1}, then ys2t+1)m+attdwtatj, — 0 as m — oo.

1+a)(u 1—j, (1—=a)— b)
(Il) If ‘(a 1)at+1- 31(1; _2(14a)—p

)| > 1 for some j1 € {0,1}, then |Ys2i+1)m+at+awratj,| = 00 as m — oo.

(14a) (u 1—j;(1—a)— b)
(0) If (a—D)at+i- 71( - _o(14a)— ,6’)

=1 for some j1 € {0,1}, then the sequence Ya(2i4+1)m+at+awtatj, 15 conver-

gent.

1+a)(u 1—j, (1=a)— b)
(p) f (a—1)at+1- ]1(UJ1 2(14a)— B)

= —1 for some j1 € {0,1}, then the sequences Yg(2¢41)ym+dat+aw+d+j, and

YS(2t+1)m+12t+4w+8+j, Ore convergent.

Proof Let a=—a, |a| > 1, and m be odd. From (3.12)-(3.13) we get

(]_ — a) ((Uflfjl(]- + a) — ﬂ)(_1)(2m+1)(2t+1)+87t+.j1 + a(2m+1)(21§_1)+5_t+j1)

as,s—t+j1 i R (3.28)
amed (1+ a)a*1=9 ((uj,—2(1 — a) = b) + o)
/\S s—ttji (1 + a) ((u,1,j1 (1 - a) - b) + a(2m+1)(2tg1)+s—t+j1 ) (3 29)
2m+1 - | . .
(1= a)at1=31 (v, (1 + a) = B)(—1)@mDCE Dbl B )
Here, there are four cases to be considered.
e s is even and s —t+ j; is odd: In this case we have
s _ (00 (00 = NI )
2m+1 (1 + a)atti-ii ((’Ltjl_Q(]_ —a)—b)+ m) ) .
w2kt _ (1+a) (u-1-5,(1 — @) = b) + ooz (3.31)
m+ - . ’ '
(1 —a)atti=n ((Ujrz(l +a) = B)(—1)@m+DEHDF2wt W)
where s = 2w and s —t+ j; =2h + 1, for w,h € Ny. From (3.30)—(3.31), we have
1= a) (11, (1+0) = §)
lig p2w2nil _ 141 3.32
miso P2m+1 ~ (L+a)attt=r (uj,_o(1 —a) —b)’ (8:32)
1 1-5,(1—a)—0b
lim 71\22;1;_"2_?+1 ( + Cl) (U 1 Jl( Cl) ) (333)

(1 = a)at*1=71 (vj, 2(1 +a) = B)
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s and s —t+ j; are both even: In this case we get

~2w,2h __
Pomt1 =

~2w,2h __

(1-a) <(U—1—jl(1 +a) — B)(—1)EmHDEEL 2R 4 M%)

(1+a)at 17 ((u),—2(1 — a) — b) + —mermEenTserT)

)

(1+a) ((u—1—j, (1 — @) = b) + —mrmyeroTer)

Tom+1 =

(1= @)t (ol 40) — (D ernCD ey

)

where s = 2w and s —t + j; = 2h, for w,h € Ng. From (3.34)—(3.35), we obtain

lim 1/9\2111,211 _ (a — 1) (Ufl—jl(l + a) - ﬁ)
o0 2L (1 4 a)at =01 (uj, o(1 —a) —b)’

7/,‘\2’u),2}L _ (1 + Cl) (u—l—jl (1 - Cl) - b)
m—oo 2m+1 (]_ — (L)at‘Fl*jl (Uj1*2(1 + a) — ﬁ)’

s and s —t+ j; are both odd: In this case we have

~2w+1,2h+
2m—+1

~2w+1,2h+1 __
Tom+1 =

where s = 2w +

(1—a) ((U*]-*jl(l +a) = B)(=1)Pm DD 4 M%)

1_
(1 + a)at*1=31 ((uj,—2(1 — @) = b) + —EmroEioTeT)

)

(1+a) ((u—1-j,(1 —a) = b) + m)

(1= a7 (0,21 + @) = B) (=1 DRV E202 4 )

1and s —t+j; =2h+1, for w,h € Ny. From (3.38)—(3.39), we get

lim pRwtl2htl (1-a)(v_1-5 (1 +a)-p)
m—soo’ 2m+1 (1 + a)at"‘l—jl (Ujl_g(l — Cl) — b)’

lim F2w+l2hHl _ (1+a)(u—1-5 (1 —a)—b)
meyoo 2t (a — a3 (v;, _o(1+a) — B)’

s is odd and s —t+ j; is even: In this case we get

~2w+1,2h
Pom+1 =

(1) (01 (1 @) = B (DEmEDC 2 )

(1 + a)at*1=31 ((uj,—2(1 — @) = b) + —EmroEioTeTz)

)

(14 a) ((u-1-, (1 = @) = b) + smmrrcrrmTar)

~2w+1,2h _
Tom+1 =

(1= a)attt=n ((Ujrz(l +a) = B)(=1)@EmHDEHD w2 4 W)

)

)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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where s =2w+ 1 and s —t + j; = 2h, for w,h € Ny. From (3.42)—(3.43), we have

. —1)(vo1—j;(1+a) = B)
lim 72wtl.2h _ (a 11 3.44
miso 2mt1 (1+a)at1 =7t (uj, o(1—a)—b)’ (344)
) 14+a)(u—1—j,(1 —a)—0)
lim 2wt 1 . 3.45
mivso 2L T (g a1 (0, (1 + @) — B) (3.45)
From (3.32), (3.33), (3.36), (3.37), (3.40), (3.41), (3.44), and (3.45), the results can be seen easily. O

3.2.Case a#1, a=1

Here we introduce the asymptotic behavior of the solution of system (3.1) for the case a #1 and o= 1.

Theorem 3.4 Suppose that k €N, a# 1, a=1, b#0# 5, and (Tn,Yn)n>—k—2 is a well-defined solution of

system (3.1). Then the next statements are true.

(a) ]f |a| > 1 and Ujy—2 7é b/(l - a’) 7é U—1—j5; 5 fOT some j1 € {071}7 then T2(2t+1)ym+2s+51 7 0 and

|Y2(2t41)ym+2s+j1 | — 00, as M — 00.

(b) If la| <1 or a = —1 and uj,—» = b/(1 —a) = u_1_j,, for some j1 € {0,1}, then yo(2t41)ymt2s+j, — 0

and |Ta(2441)m+2s4j,| — OO, @S M — 00.
Proof Let

ph2stin — (1—a)(v_yj, +B(M2t+1)+5—1+j1))
m b+ am(2t+1)+s+1 (uj172 (1 — (l) — b)

for each 2s+j; € {k—2,k—1,...,3k — 3}, j1 € {0,1},

ph2s+i — b+ am G (u_l_jl (1 — a) - b)
W S o a t Bm@ 1) s 1)

for each 2s+j; € {k —2,k—1,...,3k — 3}, j1 € {0,1}.
(a) Note that in this case

lim p&2s*t =0, lim |

725t
m

‘ZOO,

for each 2s+j; € {k — 2,k —1,...,3k — 3},71 € {0,1}, from which the result can be obtained easily.
(b) In this case

25471 | = 00,

lim [t Fh2stin =,
m—r 00

lim
m—00

for each 2s+j; € {k — 2,k —1,...,3k — 3},51 € {0,1}, from which the result can be seen easily.
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3.3.Case a=1, a#1

Here we study the asymptotic behavior of the solution of system (3.1) for the case a =1 and « # 1.

Theorem 3.5 Suppose that k€N, a=1, a#1, b#0# 3, and (Tn,Yn)n>—k—2 s a well-defined solution of
system (3.1). Then the next statements hold.

(a) If |laf > 1 and vj, o # B/(1 —a) # u_1_j,, for some ji € {0,1}, then Yo2t+1)ymt2s+5, — 0 and

|To(241)mt2s+j:| = 00, as m — oco.

(b) If [a] <1 or a=—1 and vj, o = B/(1 —a) =v_1_j,, for some ji € {0,1}, then T 1ym+2s45, — 0

and [Ya(2t4+1)ym+2s441| — 00, as m — 0.
Proof Let

st _ O+ QMDD (y 5, (1 - a) = B)
m (=) (2 ¥ b 0m @+ 1) 75 4 1)

for each 2s+j; € {k—2,k—1,...,3k — 3}, j1 € {0,1},

stasig _ (1= @) (uorjy +0(m 20+ 1) +5—t+ 1))
" B+ amBHDTetl (v;, 5 (1 - a) = §)

for each 2s+j; € {k—2,k—1,...,3k— 3}, j1 €{0,1}.
(a): Note that in this case

~t,2s+j1
m 7re5TI = (),

lim |ph25H =00, i
— 00 m—r o0

m

for each 2s+j; € {k — 2,k —1,...,3k —3},51 € {0,1}, from which the result can be seen easily.
(b): In this case

m—» 00 m m—r oo

lim ph2stih =0 lim |725T01| = 0o
) m )

for each 2s+j; € {k —2,k—1,...,3k — 3},71 € {0,1}, from which the result can be seen easily.

3.4.Case a=1, a=1

Here we describe the asymptotic behavior of solution to system (3.1) for the case a =1 and o = 1.

Theorem 3.6 Suppose that k € N, a=1=a, b# 0# 3, and (T, Yn)n>—k—2 is a well-defined solution of
system (3.1). Then the next statements hold.

(a) If |B] < |b], then x, — 0 and |y,| — o0, as n — co.
(b) If |B] > |b], then yn, — 0 and |z,| = o0, as n — 0.

(c)If B=0b, t—j1+1) #0, and t—jﬁ(v—l—jl —uj, o) = b, then the sequence Ta(2¢41ym+2s4j,, fOT

2s+j1€{k—2,k—1,...,3k—3}, j1 € {0,1}, is convergent.
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(d) If B=0b and § (v_1—j, —uj,—2) >t —j1+1, then |z,| = oo, as n — oo.
(€) If B=0b and § (v_1—j, —uj,—2) <t—ji+1, then z, = 0, as n — .

® IfB=0b, t—j1+1) #0 and t—jﬁ(u—l—jl —vj,—2) = b, then the sequence Ya(ai41ym+2s+j, s Jor

2s+j1€{k—2,k—1,...,3k—3}, j1 € {0,1}, is convergent.
(8) If B=band § (u_1_j, —vj,—2) >t —ji+1, then |y,| = o0, as n — co.
(h) If B="0b and § (u_1_j —vj,—2) <t—j1+1, then y, — 0, as n — cc.

1) Ifb=-8, (t—j1+1)#0 and b= _t*jﬁ (v_1-j, +uj,—2), then the sequences Ta(2t41)m+2s+71 5

Ty(2t41)ymtatt242s+51 5 Jor 28 +j1 € {k =2,k —1,...,3k — 3}, j1 € {0,1}, are convergent.
(G) If b=—5 and § (v_1—j, + uj,—2) +t —j1 +1<0, then |z,| = oo, as n — 0.
(k) If b=—p and } (v_1—j, +uj,—2) +t—j1+1>0, then z, — 0, as n — oo.

D Ifo=-8,t—j1+1)#0 and b= t—]ﬁ (u—1-j, +vj,—2), then the sequences Ya(2t+1)m+2s+j1
Ya(2t+1)ymtdt+242s45, 5 Jor 28 +j1 € {k — 2,k —1,...,3k — 3}, j1 € {0,1}, are convergent.

(m) If b=—P and § (u—1—j, + vj,—2) >t —j1 + 1, then |y,| — oo, as n — co.
(n) Ifb=—pB and 7 (u_1—j, +vj,—2) <t—ji+1, then y, — 0, as n — oo.
Proof (a)—(b): From Eq. (3.8) and Eq. (3.9) we get

T2(2t+1)m+2s+j1 — -'L'25+j172(2t+1)H
p=0

vty F BB )+ =t y)
Uj—2+b(p2t+1)+s+1)

;o Y—1—gg
s—t+j1+ E
m b1+ — 5y )

Tos4jy —2(2t+1) H e , (3.46)
=0 h (1 t p<2t+1>>
for each 2s+j; € {k—2,k—1,...,3k — 3},51 € {0,1},
y s ﬁU_l_j1+b(p(2t+1)+3—t+j1)
2(2t+1)m+2s-+ir 25451 -2(2t41) o U2 AR +s+1)
s—t+ji+ oL
Y2451 —2(2t+1) H T ) (3.47)

for each 2s+j; € {k — 2,k —1,...,3k —3},71 € {0,1}. From (3.46) and (3.47) the results can be seen easily.
(¢)~(h): If b= B, from (3.46) and (3.47) and by employing the Taylor expansion for (1+2)~" on the interval
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(—¢,€), where € > 0, we get, for sufficiently large m,

. Y—1—j1
st
m |\ 1+ — e )

T22t41)m+2s+51 —  L2s+j,—2(2t+1) Wi
< s+1+-1=—=
1+

=0 - b
P P2l

- e e R T | 1
= Zostj,—2(2t4+1)C1(mo) H 1+ OISy +0 e

p=mo+1

m V—1—j; —Uj;—2 t +j1 -1 1
= 1:25+j1_2(2t+1)01(m0)61:p < Z < b p(2t + 1) + O <p2> 7(348)

p=mo+1

for each 2s+j; € {k—2,k—1,...,3k —3},71 € {0,1},

m | 1+ — 5

s—t+j1+u71b7j1 )
Y22t+1)m~+2s+51 —  Y2s45;—2(2t+1 H o
( 1 1—2( ) <1+S+1+]1b2)

=0 - - b
P p2t11)

m i S F Bl e R +51—1 1
= Yas+ji—202t+1)Ca(mo) H (1 * ; p(2t+1) o <p2)

p=mo+1

m u,1,j1—vh,2 _ t+]1 _ 1 1
= y2s+j1,2(2t+1)02(m0)exp ( Z ( b p(2t " 1) +0 (}?2> ,(349)

p=mo+1
et tSin
+ PEITD)
mo

for each 2s 4+ j1 € {k — 2,k —1,...,3k — 3},j1 € {0,1}, where Cy(mg) = szo < +1+“j1*2> and
s — 5

P2ET1)

w1
1yttt b
p(2t+1)
m

, 1
Ca(mo) = 1,2 T . From (3.48) and (3.49), the fact that " ., 5 = F00, as m — 00,
( W)
and the convergence of the series :jcmo 10 (#) , the statements can be seen easily.

(i)-(n): If =B =1, from (3.46) and (3.47) by using the Taylor expansion for (1 + x)fl on the interval (—e,e),
where € > 0, we get, for sufficiently large m,
s—t+j _loioay
(1 + p(12t+1)b )

m
_ m+1
T2(2t+1)m+2s+j1 — 1‘2s+j172(2t+1)(_1) H g a2
=0 s
P <1+ p(2t+1) )

m U717j1+uj172 .
. e 1
= Tospji—22e+1)(—1)" T C1(ma) | I (1 - L OTESY +0 (}92)>

p=mi+1

m v,l,“-i-ujl,g .
— =4t -5 +1 1
— m+1 b
= Zosrj—202e41)(—1) Cy(my)exp (— E < OTEY + 0O <p2>>> ,(3.50)

p=mi+1
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for each 2s+j; € {k—2,k—1,...,3k—3},71 € {0,1},

s—t+j1+
m+1 & (1+ (12t+1) )
Y2(2t+1)m+2s+51 =  Y2s451— 2(2t+1) H

sH1—d1=2
p=0 <1+ p(2t+1) )

m u_l_]‘lJr’Ujl_g .
m — = —t+hn -1 1
Yostjr—22041)(—1) ™" T Co(my) H (1 + b +0 (2>>

ettt p(2t + 1) P

m U_1— J1+v31 2 t+j1—1 1
Yas+ir—2041) (= 1) Ca(ma exp( 2 < p(2t 1 1) o <p2> (854

p=mi+1

UV_1—
! —%
+ PEITD)
my

— and
=0 w2
4 (1 s+1+J+>

for each 2s + j; € {k—2,k—1,...,3k — 3},51 € {0,1}, where Ci(m1) = []

p(2tT1)

w
T S
+ pEiTD)

my

lﬁJroo,asm%oo,

Ca(m1) = 12 T . From (3.50) and (3.51), the fact that >>°* ., -
(”W)
and the convergence of the series Zp i1 O (#) , the statements in (i)—(n) can be obtained easily. O

3.5. Case a = -1, |o| <1

Here we introduce the asymptotic behavior of well-defined solutions of system (3.1) for the case a = —1 and
|a| < 1, by using the next two notations:
~ 28 = (1—a) (b+ (=1)*""*" (2u_y—;, — D))

K = e ) @up ) = 25 !

where m,t € Ny, j; € {0,1}.

Theorem 3.7 Suppose that a = —1, |a| <1, b# 0 # 3, m is even, and (Tp,Yn)n>—k—2 s a well-defined

solution of system (3.1). Then the next statements are true.

(a) If |I~(j1\ < 1 for some j1 € {0,1}, 25+ j1 € {k -2,k —1,...,3k — 3}, then Ty2i41ymy2s+5, — 0 as
m — 00.

(b) If |I?j1| > 1 for some ji € {0,1}, 254+ j1 € {k =2,k —1,...,3k — 3}, then |Ta2ir1)mt2st+j:| — 00 as
m— 0.

(c) If I?jl =1 for some j1 € {0,1}, 25 +j1 € {k—2,k—1,...,3k — 3}, then the sequence T4(2t41)m+2s+j, 5

convergent.

(d) If f(jl = —1 for some jy € {0,1}, 2s+j1 € {k—2,k—1,...,3k — 3}, then the sequences Tg(211)m+2s+j s

x8(2t+1)7n+8t+4+28+j1 are convergent.
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(e) If |Lj,| <1 for some ji € {0,1}, 25+ j1 € {k — 2,k — 1,...,3k — 3}, then Yaars1ymiasts, — O as
m — 0.

) If |ij1| > 1 for some j € {0,1}, 25 +j1 € {k =2,k —1,...,3k — 3}, then |yacit1)ymt2stsa| — 00 as
m — 00.

(g) If Zjl =1 for some ji € {0,1}, 25+ j1 € {k -2,k —1,...,3k — 3}, then the sequence Ya(2t+1)m+2s+j, 5
convergent.

(h) If Ejl = —1 for some j1 €{0,1}, 2s+j1 € {k—2,k—1,...,3k — 3}, then the sequences Yg(2t4+1)ym+2s+j1 »
y8(2t+1)m+8t+4+28+j1 are COn'U@Tgent.

Proof (a),(b) and (e),(f): By using (3.12) and (3.13) for the case a = —1 and |a| < 1,

2 2m(2t+1)+s—t+j1 (1= o _
i 200 (015, (1= ) = B) = Kj,, (3.52)
A (= ) (b (LG (30, b))

for each 2s+j; € {k—2,k—1,...,3k —3},71 € {0,1},

L (L= a) (b (SLPCH R (u Ly, — )

=L, 3.53
m-—o00 2 (5 + a2m(2t+1)+5+1(vj1_2(1 _ a) 7 5)) g1 ( )

for each 2s+j; € {k—2,k—1,...,3k—3},j1 € {0,1}, from which, along with formulas (3.52) and (3.53), the
results in (a), (b), (e), and (f) can be seen easily.
(c): From (3.12), we get that

2 (5 + @22t ) +s—t+ (vo1-j,(1—a) — 5)) s a2m(2t+1)+s—t+j1 (v_1-j, (1 —a) = B)
(1= ) (b+ (~1)2nEEDTH1 (2u;,_y — b)) E ’

which holds for 2s+j; € {k—2,k—1,...,3k — 3} and j; € {0,1}. By using Taylor expansion for In(1 + z)
on the interval (—e,€), where ¢ > 0, in the above equation, the statement easily follows.

(d): The result can be easily obtained from the relation

)

2 (5 + a2m(2t+1)+s—t+j1 (v717j1(1 _ a) _ 5)) B ) 2m(2t+1)+s—t+j1 (U—l—j1(1 _ a) _ 5)
(1-a) (b—|— (_1)2m(2t+1)+s+1(2uj1_2 _ b)) - ( + B )

which holds for 2s+j; € {k—2,k—1,...,3k—3},j1 € {0,1} and Taylor expansion for In(1+2) on the interval
(—€,€), where € > 0.
(g): By using (3.13) for the case a = —1 and |a| < 1, we can write

(1—a) (b+ (=1)>mCHDF 1 (u_y 5, — b)) L oMU () (11— a) = B)(1 + O(1))
2 (ﬁ 4 a2m(2t+1)+s+1(vj1_2(1 —a)— ﬁ)) - 3 )

which holds for 2s + j; € {k -2,k —1,...,3k — 3} and j; € {0,1}. By using Taylor expansion for (1 + z)~!
on the interval (—e¢,€), where € > 0, in the above equation, the result can be seen easily.

(h): In this case by using (3.13) for the case a = —1 and |a| < 1, we have

)

(1-a) (b + (_1)2m(2t+1)+s—t+j1 (2u_i—j, — b)) B . a2m(2t+1)+s+1(vj1_2(1 —a)— A1+ 0(1))
2(B+ a2 (0, H(1—a) = f) ( B E )
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which holds for 2s+ j; € {k—2,k—1,...,3k — 3} and j; € {0,1}, from which, along with Taylor expansion
for (1+ x)~! on the interval (—¢, ¢€), where € > 0, the statement follows. O

Theorem 3.8 Suppose that a = —1, |of < 1, b # 0 # B, m,t,w,h € Ng, 71 € {0,1} m is odd, and

(@, Yn)n>—k—2 s a well-defined solution of system (3.1). Then the next statements are true.

(a) If |%| <1 for some j1 € {0,1}, then Tyo¢41)m+att2+awtj, — 0 as m — 00.

(b) If \%| > 1 for some ji € {0,1}, then |Taat41)ymtat2+4wtji| — 00 as m — 00.

(c) If % =1 for some j, € {0,1}, then the sequence Ty(ot41)m+at+2+4wtj, 5 convergent.

(d) 1f W = —1 for some ji € {0,1}, then the sequences Tg(2t41)ym+at+2+4w+iji » T8(2t+1)m-+12¢-+6+4w-+j,

are convergent.

1—a)u_i_; .
(e) If \(a)#| <1 for some ji € {0,1}, then Ya(2t+ymrat+2+dwtis — 05 Ya@i+)mtditdwrarj, — 0 as
m — 0co.

1— 1 .
£ If |%| > 1 for some ji € {0,1}, then [ya2ir1ymtat+2rawts| = 00, [Yaitr1ymtattawrars,| — 00
as m — oQ.

l—a)u_1_, .
(g) If (a)# =1 for some ji € {0,1}, then the sequences Ya(ai41ym+at+24+4w-+js s YA(2t-+1)mtat+dw-+a-+is

are convergent.

I—a)u_1_j .
(h) If (a)# = —1 for some j; € {0,1}, then the sequences Y8(2t+1)m+4at4-24+-4dw+s1 » Y8(2t4+1)m+12t+6-+4w-+jq

Y8(2t+1)m+4t+dw+d+j1 s YS(2t+1)m+12t+dwt8+5, are convergent.

() If |W| <1 for some j1 € {0,1}, then Ty2¢41)m+at+awtatj, — 0 as m — 00.
(j) If ‘(17(1)(17%%2)‘ > 1 fOT’ some jl S {0, 1}, th@n |x4(2t+1)m+4t+4w+4+]’1| — 00 as m — 0Q.
P
(k) If m =1 for some ji € {0,1}, then the sequence Ti(2i41)m+at+aw+atj, 15 convergent.

M If m = —1 for some ji € {0,1}, then the sequences Tg(2¢+1)ym+4at-+aw+a+is » TY(2t+1)m+12t+4w+8-+j1

are convergent.

(1—a)(b .
(m) If \M| <1 for some j1 € {0,1}, then ysat41)ymtat+2+awtis — 0, Ya2t41)ymtat+dwtatss — O
as m— 00.

(m) 17|

| > 1 for some j1 € {0,1}, then |[yi(2t4+1)ym+at+2+4wtii | = 00,

|y4(2t+1)m+4t+4w+4+j1| — 00 as m — o0.

( ) If(l a)(b U_1_ Jl)

=1 for some ji € {0, 1}, then the SequUences Yu(ai+1)ym+at+2+4wrjr » Y4(2t-+1)m+at+dw-+d-+j;

are com;ergent.
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(1—a)(b—u_1_, .
(p) If %1“) = —1 for some j1 € {0,1}, then the sequences Ys(at4+1)ym+at-+2+4w+js » Y8(2t-+1)m-+12¢-+6+4w-+j1 »

YS(2t+1)m+4at+dw+d+jy » Y8(2t+1)m+12t+4w+8+j, GTe convergent.

Proof Let a=—1, |a] <1, and m be odd. From (3.12)-(3.13) we have

2 ((’U,l,jl(l - a) - ﬁ)a(27n+1)(2t+1)+3—t+j1 + ﬁ)

s, s—t+j1 __

Pom+1 - (1 o a) ((2Uj1—2 _ b)(il)(2m+1)(2t+l)+s+1 + b) 4 (354)

s, s—t+j1 __ (1 - a) (<2u*1*j1 - b)(_1)(2m+1)(2t+1)+3_t+j1 + b) 3.55

Tomt+1 ~ = 9 ((vjl,g(l —a) — B)a@m) ) +s+1 4 5) (3.55)

Here there are four cases to be considered.
e s is even and s —t+ j; is odd: In this case we have

2w,2ht1 2 ((Uflfjl(l — ) — B)a@mADEFDF2RTL 4 5) 3.56

LT (1= a) ((2ug,—2 — b)(—1)@mAD D +20+1 4 p)’ (3.56)

Sw 2htl (1 _ 04) ((2U717j1 _ b)(_l)(2m+1)(2t+1)+2h+1 + b) (3 57)

2m+1 = 2 ((vjl,g(l _ a) _ 6)a(2m+1)(2t+1)+2w+1 Jrﬂ) ’

where s = 2w and s —t + j; = 2h + 1, for w, h € Ny. Taking the limit of both sides in equations (3.56)
and (3.57), we get

lim p2w72h+1 — lim 2 ((”flfjl(l —a) — 5)04(2771“)(2”1”%“ + 5) _ B (3.58)

m—oo’ 2mtl m—o00 (1 - a)2uj1_2 (1 — O[)Ujl_Q, '

. 2w,2h+1 1. (1—a)2u_1_j _ (1-a)u_1-
n}gnoo Tom+1 = ,,}gnoo 9 ((Uj172(1 —a) — B)aCGmtDEHD 2w | 5) = 3 . (3.59)
e sand s—t+ j; are both even: In this case we get

p2w,2h — 2 ((U—l—j1 (1 - Oé) - ﬂ)a(2m+1)(2t+1)+2h + ﬂ) (3 60)

2m—+1 (1 _ a) ((2’1@‘172 _ b)(_l)(2m+1)(2t+1)+2w+1 + b) ) .
2w,2h __ (]‘ B Oé) ((2u—1—j1 B b)(il)(2m+1)(2t+1)+2h + b) (3 61)

2m+l T Ty ((Ujl—Q(l _ a) _ ﬂ)a(2m+1)(2t+1)+2w+1 + 5) )

where s = 2w and s —t + j; = 2h, for w, h € Ny. Taking the limit of both sides in equations (3.60) and
(3.61), we have

w20 (1 a) - HamCH )
im_pop,4q = lim = , (3.62)
mee m—o0 (1= @)2uj, (1= a)uj,—2

 owan (1—a)(2b—2u_1_y) _(A-a)(b—u_1-y)
n%gnoo Tam+1 = n%gnoc 2 ((Uj1—2(1 _ Ot) _ ﬁ)a(2m+1)(2t+1)+2w+1 + 5) - B : (363)
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e sand s—t+ j; are both odd: In this case we have

portones 2 ((v,l,jl(l —a) - 5)a(2m+1)(2t+1)+2h+1 + 5)
Pom+1 B (1-a) ((2uj1—2 — b)(—1)CmtD D 2wt2 4 b)’

(3.64)

dwilohil (1-a) ((2U—1—j1 — b)(—1)CmAD@t+D+2A+1 | b)
2m+1 T 9 ((vj1,2(1 _ a) _ B)a(2m+1)(2t+1)+2w+2 + /3) ’

(3.65)

where s = 2w+ 1 and s —t+ j; = 2h + 1, for w,h € Ny. Taking the limit of both sides in equations
(3.64) and (3.65), we obtain

2 (1= _ (2m+1)(2t+1)+2h+1
lim p3ti*" ™ = lim (o151 =) = fa I J » (3.66)
m—co m—¥co (1 —a)(2b—2u; ) (1—a)(b—uj )
2wl 2hbl _ (I —)2u_y_j _ (I—ajugy,
W}gnoo Tam+1 - mlgnoo 2 ((Ujl—Q(l ~ ) — B)aEmID @) F2wt2 | ﬂ) = 3 . (3.67)

e s is odd and s —t+ j; is even: In this case we get

owtlzh ) ((U—l—jl(l _ a) _ ﬂ)a(2m+1)(2t+1)+2h + ,3)

Pomt1 = (1—a) ((2uj1,2 — b)(—=1)Cm+D ) F20+2 4 b)’ (3.68)

2uiion _ (1-a) ((2u,1,j1 _ b)(_l)(2m+1)(2t+1)+2h + b)
2m+1 2 ((Ujl—Q(l _ a) _ ﬂ)a(2m+1)(2t+1)+2w+2 4 5) ’

(3.69)

where s = 2w+ 1 and s —t+j; = 2h, for w, h € Ny. Similarly, taking the limit of both sides in equations
(3.68) and (3.69), we have

2 ((v_1 (1 —a) — (2m+1)(2t+1)+2h
lim pleth =y 2H@1ma=0) = fla 0 _ b . (3.70)
m—00 m—ro0 (1 - Oé) (2b - 2uj1*2) (1 - a) (b - uj1*2)
w12k (I—a)(2b—2u_1_y) _ (A=) (b—u_1y)
mlgnoo Tamt1 T 77}E>noo 92 ((Uj1—2(1 —a) — B)a@mD @D F2w2 | 5) = 3 . (3.71)

From (3.58), (3.59), (3.62), (3.63), (3.66), (3.67), (3.70), and (3.71), the results of the theorem can be seen
easily.
O

3.6. Case |a| <1, a= -1

Here, by employing the next two notations,

=BT 0, = 8) 20
Mj, == - = (I—a)(B+ (=1)*H (2v;,—2 — f))’

J1 2

where m,t € Ny, j1 € {0,1}, for nonnegative even integer number m we can first give the following theorem,

which can be proven like Theorem 3.7.
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Theorem 3.9 Suppose that o = —1, |a| <1, b# 0 # 3, m is even, and (Tpn,Yn)n>—k—2 s a well-defined
solution of system (3.1). Then the next statements hold.

(a) If |Mj,| < 1 for some jy € {0,1}, 25 +j1 € {k =2,k —1,...,3k — 3}, then Tyit1)mi2s4j, — 0 as
m — 00.

(b) If [Mj,| > 1 for some ji1 € {0,1}, 2s+j1 € {k -2,k —1,...,3k — 3}, then |T42i41)ymt2s44.| — 00 as
m — 00.

(c) If My, =1 for some j1 € {0,1}, 25 +j1 € {k—2,k—1,...,3k — 3}, then the sequence T4(2t41)m+2s+j, 5

convergent.

(d) If My, = —1 for some j1 € {0,1}, 2s+j1 € {k—2,k—1,...,3k =3}, then the sequences Tg(2t4+1ym+25+j, »

x8(2t+1)m+8t+4+28+j1 are com)ergent.

(e) If |P;,| < 1 for some j1 € {0,1}, 25+ j1 € {k =2,k —1,...,3k — 3}, then Ys241)ymt2s+j, — 0 as
m — 00.

(f) If |Pj,| > 1 for some j1 € {0,1}, 25 +j1 € {k =2,k —1,...,3k — 3}, then |yait1)ymt2s441| — 00 as
m — 00.

(g) If P;, =1 for some j1 € {0,1}, 2s+j1 € {k =2,k —1,...,3k — 3}, then the sequence Ya(at4+1)m+2s+j, 5

convergent.

(h) If P, = —1 for some j1 € {0,1}, 2s+j1 € {k—2,k—1,...,3k — 3}, then the sequences Ys(2t+1)ym+2s+j, »

y8(2t+1)m+8t+4+23+j1 are com)ergemf,

Similarly, for nonnegative odd integer number m we can give the next theorem, which can be proven like
Theorem 3.8.

Theorem 3.10 Suppose that o = —1, |a| < 1, b # 0 # B, m,t,w € Ny, 71 € {0,1}, m s odd, and

(Tns Yn)n>—k—2 is a well-defined solution of system (3.1). Then the next statements hold.
(a) If |m| <1 for some j1 € {0,1}, then yaai+1)m+at+24+4wtj, — 0 as m — oo.
(b) If \W| > 1 for some j1 € {0,1}, then |ys(2t41)ymtat+2-+awtsy| — 00 as m — oo.

(c) If m =1 for some ji € {0,1}, then the sequence Ya(ai4+1)m+at+2+4wtj, 15 convergent.

(d) If m = —1 for some ji € {0,1}, then the sequences Ys(ai+1)m+at+2+4wtjs » YS(2t41)m-+12t-+64+4w+j,

are convergent.

(1—a)v_1_; .
(e) If ‘%| <1 for some ji € {0,1}, then T42t4+1)mtdt+244wtj; — 05 Ta2i41)ymtdi+dwtats, — 0 as
m — 00.

1— 1 .
(f) If |(a)#| > 1 for some ji € {0,1}, then |$4(2t+1)m+4t+2+4w+j1\ — 00, |~T4(2t+1)m+4t+4w+4+]‘1| — 00
as m — 00.

(1—a)v_1—; .
(g) If ———2 =1 for some j; € {0,1}, then the sequences Ta(ai41ym+at+2+4wtjs s TA(24+1)m+at-+4wr4+j;
are convergent.
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l—a)v_1_; .
(h) If (a)q% = —1 for some ji1 € {0,1}, then the sequences Tg(2141)ym+at+2+4w+j1 » T8(2t+1)m+12t+6+4w-tj1 »

TY(2t+1)m+4dt+dw+d+j1 s T8(2t+1)m+12t+4w+8+5; are convergent.

@) If |m| <1 for some j1 € {0,1}, then Yait1)m+at+awtatj; — 0 as m — oo.

) If \W| > 1 for some ji € {0,1}, then |[Ya(aet1ym+dt+awrdts,| — 00 as m — oo.

(k) If m =1 for some j1 € {0,1}, then the sequence Ya(ai41)ym+at+awtatj, 1S convergent.
J1—

M If m = —1 for some ji € {0, 1}, then the sequUences Ys(ai+1)m+at+aw-+a+j » Y8(2t-+1)m+12t+4w+8+5,
-
are convergent.

(1—a)(B—v—_1—j .
(m) If |(f1“)‘ <1 for some ji € {0,1}, then a2+ 1)ym+at+2+awtj, — 05 Taes1)mtat+dwrats, — 0
as m — 00.

(m) 17 | )

|T4(2041)m+4t+4wtatj,| — 00 as m — 00.

| > 1 for some j1 € {0,1}, then |Taat41)ymtat+2+dwtin| —+ O,

(1—a)(B—v .
(o) If M =1 for some j1 € {0,1}, then the sequences T (214 1)m+at+2+4w+ji » Ta(2t+1)m4dt+dw+4-+j1

are convergent.

(1—a)(B—v—_1—j .
(p) If % = —1 for some ji € {0, 1}, then the sequences L8(2t+1)m+4t+2+4w+j1 » L8(2t+1)m+12t+6+4w+j1 »

TY(2t+1)mtdt+dw+d+j1 s L8(2t+1)m+12t+4w+8+5, OT€ CONvergent.

Theorem 3.11 Suppose that a = =1 =, b# 0% 3, k is odd, and (T, Yn)n>—k—2 s a well-defined solution
of system (3.1). Then the next statements hold.

(a) If |52 bx_zy}k72_1| <1, then x4p — 0, |Yants] = 00 as n — oo.

(b) If |:2=t=2 L | > 1, then |T4n| = 00, Yantz — 0 as n — co.

Y-1T—g—1 bT_2y_p_2—1

T_2Y—k—2 1 _ . :
(c) If TPl rrapr— 1, then x4, and yan+3 are 2k-periodic.

(d) If Z=2Y=k=2 L = —1, then x4, and Yanys are 4k-periodic.

Y-1T—k—1 bT_2y__2—1

(e) If |7=22=2=2 (By_1x_j—1 — 1)| < 1, then Tant2 — 0, |Yant1| — 00 as n — oo.

Y-1T—k—1

(f) If | =222 (By_q2_k—1 — 1) | > 1, then |T4pi2| = 00, Yant1 — 0 as n— 0.

Y-1T—k—1

(g) If Z2%2=2 (By 1o _p_1 — 1) =1, then x4ni2 and ysni1 are 2k-periodic.

Y-1T—k—1

(h) If 5 T2Uok=2 (By x gy — 1) = —1, then Tanio and yYan1 are 4k-periodic.

—1T—k—1

() If |Z:;i’:::; bm,ly_lk_rll <1, then Tgnt1 — 0, |Yans2| = o0 as n — co.
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. T_1Y—f— 1
(.]) If ‘y,;$727; br_1y_k—1—

T_1Y—k—1 1
Y—2T k-2 br_1y p_1—1

(k) If

T_1Y—k—1
Y—2T k-2 bx_1y_k_1—1

M) If

(m) If 2=t

Y-—2T—k—2

(m) If 2=t

Y-—2T -2

T_1Y—k—1
—2T k-2

(P) If o= (By—22p2— 1) =

(o) If 3

Proof From (2.3), in this case, we have

Up = —Up—2 +b=Up_g, Vn=—Vp_2+ B =vn_4, n €Ny, n>2,

7| > 1, then |T4p 41| = 00, Yany2 = 0 as n — o00.
=1, then Tant1 and Yanto are 2k-periodic.

= —1, then z4n+1 and Yanyo are 4k -periodic.
(By—2x_—2 —1)| <1, then x4pn+3 — 0, |yan| — o0 as n — 0.
(By—ox_g—o—1)| > 1, then |T4ni3| = 0, Y4n — 0 as n — oo.
(By—ax—_g—2 — 1) =1, then x4n43 and ya, are 2k-periodic.

—1, then x4ny3 and ya, are 4k -periodic.

(3.72)

which means that the sequences u, and v, are four-periodic, and consequently the sequences x,y,_r and

YnTn_k are four-periodic. Hence, we have

TanYian—k
Tan+1Y4n—k+1

Ton42Yan—k+2

Tan+3Y4n—k+3
and

YanTan—k
Yan+1Tan—k+1

Yan+2T4n—k+2

Yan+3Tan—k+3

If k=2t+ 1, for some ¢ € Ny, then from (3.1), (3.73),

TanYan—(2t+1)
Tan+1Ydn—2t

Tan+2Yan—(2t—1)

Lan+3Y4an—(2t—2)

and

YanTan—(2t41)
Yan+1Tan—2t

Yan+2Tan—(2t—1)

Yan+3Tan—(2t—2)

ToY—k,
= T1Y—k+1,
T_2Y—k—2,

= T_1Y—k—1, (3.73)

= YoT—-k,
= Y1T—k+1,
= Y-2X_k—2,

= Y-1T_p—1. (3.74)

and (3.74) we have

= ToY—(2t+1)>
= T1Y—2t,
= T-2Y—(2t+3),

= T_1Y_(2t42) (3.75)

= YoT_(2t+1),
= Y1T-2t,
= Y-2Z_(2t+3),

= y—lx—(2t+2)~ (376)
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Hence,
T—2Y—(2t+3)
Tanban—(2t41) = ToY—@rn) T (2t43) — 1
T1Y—(2t+2)
Tant1Yan—20 = T1Y-2t = oo 1Y—(2e42) — 1
—1Y—(2t+2) —
and
B _ Y—2T_(2t43)
YanZan—(2t+1) = Yox—(2t+1) = By—2x (2t+3) — I
Y—1T_(2t+2)
Yant1Tan—2t = Y102t =

From (3.75)—(3.78) we obtain

if ¢

if ¢

if ¢

if ¢

if ¢

if ¢

if ¢

if ¢

5y71$—(2t+2) -1

T_2Y—(2t+3) 1 T_2Y—(2t+3) 1
Tan = = Tan—(4t42)>
br 2y _(2t43) — 1 Yan—(2041)  Y-1T_(2t42) DT 2y _(2¢43) — 1
is even,
) T Y_(at49) 1 z1y-—(2t42) 1 .
dn41 = = dn+1—(4t+2)
" br_1y_(2t42) — 1 Yan—2t  Y—2T_(2¢43) bT1Y_(2042) — 1 i (4+2)
is odd,
T—2Y—(2t+3) T—2Y—(2t+3)
Tany2 = = By-12_(2142) — 1) @ - )
n+ Yan—(2t-1) Y—1T—(2t+2) ( G2 ) o)
is even,
T—1Y—(2t+2) T—1Y—(2t+2)
Tan+3 = = BY—22 _(2t43) — 1) Tant3—(at+2),
i Yan—(2t—2) Y2 _(2t+3) ( (20+3) ) a2
is odd,
Y—2T_(2t+3) 1 Y—2%_(2t+3) 1
Yan = = Yan—(4t+2)5
BY—2T_(2043) — L Tan_(2041)  T-1Y—(2042) BY—2T_(2143) — 1
is even,
y Y 1T_(2t49) 1 Y-12T_(2t42) 1 y
dnt+1 = An+1—(4t+2)5
" BY-1T_(2042) — 1 Tan—2t  T_2Y_(2043) BY-1T_(2¢42) — 1 )
is odd,
Y—2& _(2t+3) Y—2T _(2t+3)
4 2 = = b$_1 — - 1 — ’
Yant Tn—(2t—1) T1Y—(2t+2) ( Y- )y4n+2 )
is even,
Y-1T—(2t+2) Y1 —(2t+2)
Yant3 = = br_oy_ = 1) Yany3—(aty2)-
m Lyn—(2t—2) T—2Y—(2t+3) ( @r3) ) )
is odd. From relations (3.79)—(3.86), the results in this theorem can be easily seen.
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