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Abstract: In this paper, we first determine the generalized taxicab distance formulae between a point and a line and
two parallel lines in the real plane, then we determine the generalized taxicab distance formulae between a point and a
plane, two parallel planes, a point and a line, two parallel lines and two skew lines in three dimensional space, giving
also the relations between these formulae and their well-known Euclidean analogs. Finally, we give the generalized
taxicab distance formulae between a point and a plane, a point and a line and two skew lines in n-dimensional space,

by generalizing the concepts used for three dimensional space to n-dimensional space.
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1. Introduction
Taxicab geometry was introduced by Menger [10] and developed by Krause [9], using the taxicab metric which
is the special case of the well-known [,-metric (also known as the Minkowski distance) for p = 1. In [11],
Wallen altered the taxicab metric by redefining it in order to get rid of imperative symmetry, and called it
(slightly) generalized taxicab metric (also known as the weighted taxicab metric; see [6]). Later, isometries,
trigonometry, and some properties in the generalized taxicab plane are investigated in [2, 3, 5, 7, 8]. Then,
Euclidean isometries were given in three dimensional generalized taxicab space in [4].

In the generalized taxicab geometry; points, lines, and planes are the same as the Euclidean ones, but the
distance function is different. Thus, the generalized taxicab analogs of topics that include the distance concept
may also be different and interesting. In the plane, for points P = (x1,y1), P> = (22,92), and positive real

numbers A; and Ay, the generalized taxicab metric is defined by
dr,(Pr, P2) = A\ |21 — 22| + A2 [y1 — v (1.1)
while the well-known Euclidean metric is
2 211/2
de(P1,Py) = [(z1— x2)* + (y1 —12)%] . (1.2)

Geometrically, the generalized taxicab distance between P; and P is the sum of weighted lengths of line
segments joining the points, each of which is parallel to a coordinate axis, while the Euclidean distance between

Py and P; is the length of the straight line segment joining the points (see Figures 1 and 2).
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Figure 1. Figure 2.

In recent years, beyond the mathematics, metrics with their properties, especially the well-known [,,-
metric with its special cases; taxicab (also known as l; or Manhattan), Euclidean (also known as ly), and
maximum (also known as [, or Chebyshev) metrics, have been very important keys for many application areas
such as data mining, machine learning, pattern recognition, and spatial analysis. In this study, mainly we
determine some distance properties of the weighted taxicab metric in two, three, and n-dimensional spaces,
considering that these weights can reflect relative importance of different criteria or dimensions. Here, we first
investigate formulae for the generalized taxicab distance between a point and a line and two parallel lines in
the real plane, and then formulae for the generalized taxicab distance between a point and a plane, two parallel
planes, a point and a line, two parallel lines and two skew lines in three dimensional space, determining the
relations between the given formulae and their Euclidean analogs which are well-known already. Lastly, we
determine the generalized taxicab distance formulae between a point and a plane, a point and a line and two
skew lines for m-dimensional space, by generalizing the concepts that we used in three dimensional space to
n-dimensional space.

2. Generalized taxicab distance formulae in R? and R?

One can see that in the plane the unit generalized taxicab circle is a rhombus with vertices Vi = (1/A1,0),
Vi = (=1/X\,0), Vo = (0,1/X2), V5 = (0,—1/X2), having points (z,y) on it, satisfying the equation
A1zl 4+ A2 lyl =1 (see Figure 3).

-3

Figure 3. The unit generalized taxicab circle for Ay = 1/5, A2 = 1/3.

Besides, in three dimensional space, for points P, = (21,y1,21), P» = (22,2, 22), and positive real

numbers A1, Az, and Az, the generalized taxicab metric is defined by
dr,(Pr, P2) = A1 |71 — 22| + A2 [y1 — 92| + Az |21 — 22/, (2.1)

and one can also see that the unit generalized taxicab sphere is an octahedron with vertices Vi = (1/A1,0,0),
Vi = (=1/X1,0,0), Vo = (0,1/X2,0), Vg = (0,—1/X2,0), V3 =(0,0,1/X3), V§ = (0,0,—1/A3), having points
(z,y, z) on it, satisfying the equation A\q |z| 4+ A2 |y| + A3 |2| = 1 (see Figure 4).
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Figure 4. The unit generalized taxicab sphere for A1 = 1/2, Ao = 1/7, A3 = 1/4.

We use generalized taxicab circle generalized taxicab, sphere, and tangent notions as our main tools
in this study. Let us clarify the tangent notion by the following definition given as a natural analog to the

Euclidean geometry:

Definition 2.1 Given a generalized taxicab circle with center P and radius r, in the plane. We say that a line
is tangent to the generalized tazicab circle, if its generalized taxicab distance from P is r. Similarly, given a
generalized taxicab sphere with center P and radius r, in the three dimensional space. We say that a plane or

a line is tangent to the generalized taxicab sphere, if its generalized taxicab distance from P is r.

In Figure 5, see that the generalized taxicab distance from the point P to the lines ¢; and /5 is equal to
the radius of the given generalized taxicab circle with center P. Thus, the lines ¢; and ¢y are tangent to the
generalized taxicab circle, at a vertex and an edge respectively. Obviously, there are infinitely many tangent
lines at a vertex, while there is only one tangent line at an edge of the generalized taxicab circle.

In Figure 6, see that the generalized taxicab distance from the point P to the planes II;, II;, II3, and
lines ¢; and /5 is equal to the radius of the given generalized taxicab sphere with center P. Thus, the planes
II;, Il and II3 are tangent to the generalized taxicab sphere, at a vertex, an edge, and a face respectively; and
the lines ¢; and /5 are tangent to the generalized taxicab sphere, at a vertex and a line segment, respectively.
Clearly, there are infinitely many tangent planes at a point on an edge (that can also be a vertex) or an edge,
while there is only one tangent plane at a face of the generalized taxicab sphere, and there are infinitely many
tangent lines at a point on an edge (that can also be a vertex), while there is only one tangent line at a line

segment on a face (that can also be an edge) of the generalized taxicab sphere.

14

Figure 5. Figure 6.
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Clearly, in the plane, the generalized taxicab distance from a point to a line, is equal to the radius of
the expanding generalized taxicab circle when the line touches to the generalized taxicab circle -in other words,
the line becomes tangent to the generalized taxicab circle. The following proposition gives the formula for the
generalized taxicab distance between a point and a line, with an equation which relates the Euclidean distance

to the generalized taxicab distance between a point and a line in the plane.

Proposition 2.2 The generalized tazicab distance between a point P = (xg,y0) and a line £ : Az+By+C =0

in R? is
|Al’o + Byo + C|
4 (P.O) — _ 2.2
7, (P.0) max {|A/A\1], |B/X2|} 22
In addition,
dp(P0) _ max{|A/\|,|B/Asl} (2.3)

dr, (P, () (A2 4 B2)1/2
Proof Clearly, the generalized taxicab distance between the point P and the line ¢ is
dr, (P, {) = min {dTg(P,X) X € E} ,

which is equal to the radius of the generalized taxicab circle with center P, such that the line ¢ is tangent to it.
Then, at least one vertex of the generalized taxicab circle is on ¢, which is also on one of the lines through P
and parallel to a coordinate axis. In other words, if £, and ¢, denote the lines passing through P and parallel

to x and y axis respectively, then there exists at least one of the points
Q1 =¢N{yand Q2 =4NY,,

which can be expressed by Q1 = (zg,,%0), Q2 = (%0,yq,), such that ¢ is tangent to the generalized taxicab

circle at least one of them (see Figure 7).

¥
t

Figure 7.

Thus, we have
dTg (P, f) = min{dTg (P, Ql); dTg (P, QQ)}

For the case A #0 and B # 0, Q1 and Q2 exist and we obtain

dr,(P,Q1) = A1 |20 — xq,| = A1 |0 —

—Byo — C" _ |Azg + Byo + C|
A | A/ M
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and

dr,(P,Q2) = A2 [yo — y@.| = A2

_—Al‘o—c _|Ax0+Byo+C\
vo B |~ B/

Then we have

dr, (P, () :min{ |Azo + Byo + C| |A$0+By0+0|}

A/ M B/ Xz

and so
|A{E0 + Byo + C|
max {[A/M],[B/A2|}

dr,(P,{) =

Other cases affect only existence of points Q1 and @)z, and do not change the conclusion. Besides, since we
have
_ |Azo + Byo + C|

dE(P7£) - (A2 +B2)1/2 )

we get equation (2.3). O

Remark 2.3 If we label the foot of the perpendicular from the point P to the line £ by H, then we get

|Azo + Byo + C|
(A2 T 32)1/2

dg(P,0) =dg(P,H) =

On the other hand, one can easily see that

dg(P,H)  (A*+ B?)!/2
dr,(P,H) A |A[+ X2 |B|

Thus, we obtain
)\1 |A‘ + )\2 ‘BD |A.130 + Byo + C|
A% + B? )

dr,(P,H) = (
Concerning equations (2.2) and (2.3), in general, we have

dp(P, H)
dr, (P, H)

dg(P,?)

dr,(P,() # dz, (P, H) and dr, (P.0)

”

Another fact is that nearest point or points on the line £ to the point P, in the generalized taxicab sense, are the

points of tangency of the line £ to the generalized taxicab circle with center P and radius dr,(P,{), so either

there is only one nearest point or there are infinitely many nearest points on a line to a point (see Figure 5).

The following example is an application of equation (2.2):

Example 2.4 Let us find the generalized tazicab distance between the point P = (1,2) and the line £ : x+2y—7 =
0 in R%. Using equation (2.2), one gets

2

dT.q(P’ t) = max{l//\hz//\?}

= min{2)\1, )\2}
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In fact, £y :y=2, L, :x=1,and Q1 = (3,2), Q2 = (1,3). Thus, we get dr,(P,Q1) = 21, dr,(P,Q2) = Az,
and then
dTg (P7 f) = min{?)\l, )\2}

Clearly, two distinct lines either intersect or are parallel, and the generalized taxicab distance between
two intersecting lines is 0. The following corollary which follows directly from Proposition 2.2, gives the formula
for the generalized taxicab distance between two parallel lines, with an equation which relates the Euclidean

distance to the generalized taxicab distance between two parallel lines in the plane:

Corollary 2.5 The generalized taxicab distance between two parallel lines ¢4 : Az + By + C; = 0 and
ly: Az +By+Cy =0 in R? is

|C1 — Cq
dr (0,09) = . 2.4
) = AN Bl &4
In addition,
dg(l1,42) _ max {|A/ ], |B/Az2|} (2.5)

dTg(fl,fg) (A2—|—BQ)1/2

For the case of three dimensional space, we simply use the generalized taxicab sphere instead of the
generalized taxicab circle, with the same approach. The generalized taxicab distance from a point to a plane
or a line is equal to the radius of the expanding generalized taxicab sphere when the plane or the line becomes
tangent to the generalized taxicab sphere. The following proposition gives the formula for the generalized
taxicab distance between a point and a plane, with an equation which relates the Euclidean distance to the

generalized taxicab distance between a point and a plane in three dimensional space:

Proposition 2.6 The generalized taxicab distance between a point P = (x9, Yo, 20) and a plane 11 : Ax + By +
Cz+D=0 in R3 is

|Azo + Byo + Cz + D|
max {|A/A1],[B/Az],|C/As]}

dr, (P, TI) = (2.6)

In addition,
dr(P,1II) max {|A/\1],|B/Aa|,|C/ 3]}

dr,(PTI) (A2 B2y C2)t2 2.7)

Proof Clearly, the generalized taxicab distance between the point P and the plane II is
dr,(P,1I) = min {dTg(P,X) X € H} ,

which is equal to the radius of the generalized taxicab sphere with center P, such that the plane II is tangent
to it. Then, at least one vertex of the generalized taxicab sphere is on II, which is also on one of the lines
through P and parallel to a coordinate axis. In other words, if ¢,, ¢, and ¢, denote the lines passing through

P and parallel to =, y and z axis respectively, then there exists at least one of the points
Ql :ngx, Q2 :Hﬁgy and Qg :Hﬂgz,

which can be expressed by Q1 = (zg,, Y0, 20), @2 = (T0,Y0,,20), @3 = (To, Yo, 2Q,), such that II is tangent

to the generalized taxicab sphere at least one of them (see Figure 8).
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Figure 8.

Thus, we have
dTg (Pa H) = Hlil’l{dTg (P7 Q1)7 dTg (P7 Q2>7 dTg (P7 Q3)}
For the case A #0, B # 0 and C # 0, all of the points 1, @2 and Q3 exist and we obtain

—Byyg—Czy— D _ |ACL'0 + Byo + Czo + D|
A |A/ A

dr,(P,Q1) = A1 |xo — xq,| = A1 |z —

and similarly

_ |Azg + Byo + Czo + D) _ |Azg + Byo + Cz0 + D|

dr,(P,Q2) = B/ and dr, (P,Q3) = O]

Then, we have

dr, (P H)mm{|Awo+Byo+OzO+D| |Azo + Byo + Czo + D| IAxo+Byo+CZO+DI}
g ’ - ’

[A/ M ’ |B/Xs ’ [C/As]

and so
|Axzo 4+ Byo + Czo + D
max {|A/ 1], |B/Aa|,[C/As]}

dr, (P, 11) =

Other cases affect only existence of points @1, @2, @3, and do not change the conclusion. Besides, since

|A$0 + Byg+ Cz + D|
dp(PID) = (A2+BQ+02)1/2 ’

we have equation (2.7). O

Remark 2.7 Notice that the nearest point or points on the plane 11, to P, in the generalized taxicab sense, are

the points of tangency of 11 to the generalized taxicab sphere with center P and radius dr,(P,1I). Thus, either

there is only one nearest point or there are infinitely many nearest points on a plane to a point (see Figure 6).

Clearly, two distinct planes either intersect or are parallel, and the generalized taxicab distance between
two intersecting planes is 0. The following corollary which follows directly from Proposition 2.6, gives the
formula for the generalized taxicab distance between two parallel planes, with an equation which relates the

Euclidean distance to the generalized taxicab distance between two parallel planes in three dimensional space:
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Corollary 2.8 The generalized tazicab distance between two parallel planes 11; : Az + By + Cz+ D1 =0 and
I, : Ax + By +Cz+ Dy =0 in R3 is

|D1 — Dy
dr. (T, Tly) = . 2.8
S (YY) WIRT: )W RTe s W 28
In addition,
dp(I1;,1I5) _ max {|A/\1],|B/Aa|,|C/As]} (2.9)

dr, (111, 1I5) (A2 + B2 + C2)1/2

Note that a plane and a line which does not lie on this plane, either intersect or are parallel, and if the
line intersects with the plane the generalized taxicab distance between the line and the plane is 0. Clearly, if
the line is parallel to the plane, then the generalized taxicab distance from any point on the line to the plane
is constant. Thus, one can find the generalized taxicab distance between the line and the plane by calculating
the generalized taxicab distance from any point on the line to the plane.

The following proposition gives the formula for the generalized taxicab distance between a point and a
line, with an equation which relates the Euclidean distance to the generalized taxicab distance between a point

and a line in three dimensional space:

Proposition 2.9 The generalized taxicab distance between a point P = (x9, 4o, 2z0) and a line £ passing through

P, = (x1,41,21) and parallel to the vector u = (u1,ug,u3) in R? is

U; .
dyr (P, f) = i Nl pi — — A
T, (P, f) i’j’kgﬂm}{ i P +Aj

i#j Akt

}, (2.10)

U
Pj — Pk
Uk

where p1 = (g —x1), p2 = (Yo —y1) and p3 = (20 — z1). In addition,

dp(P,l) V/((u2p1 — u1p2)? + (uzp1 — u1p3)? + (uzpe — uzps)?) (2.11)
dr,(P0) Z, ‘ Ty :
7 (P0) V(Ui +u3+u3)  min {A,; Pi*%ﬂk + A szlipk}

i,5,k€{1,2,3}
iFjFRF
Proof Clearly, the generalized taxicab distance between the point P and the line ¢ is

dr,(P,¢) = min {dr,(P,X): X € (},

which is equal to the radius of the generalized taxicab sphere with center P such that the line £ is tangent to
it. Observe that if the line ¢ is tangent to this generalized taxicab sphere, at least one point on an edge of the
sphere is on ¢, which is also on one of the planes through P and perpendicular to a coordinate axis. In other
words, if II, II,, and 1I, denote the planes through P and perpendicular to =, y, and z axis, respectively,

then there exists at least one of the points

Ry =/0nN1I,, Rngﬁﬂy and Rz =/¢NII,,

which can be expressed by Ry = (0, YRr,, 2R, ), B2 = (¥Rry, Y0, 2R,), R3 = (TRrs, YRs, 20), such that £ is tangent

to the generalized taxicab sphere at one of them (see Figure 9).
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Figure 9.

Thus, we have
dr,(P,¢) = min{dr, (P, R1),dr, (P, R2),dr,(P, R3)}.

For the case of u; # 0, us # 0, and ug # 0, all of the points Ry, Ry, and Rj3 exist and we get that

dr,(P,R1) = MX2lyo —yr,|+ X320 — 2R, |
= olyo— ury1 + uz(zo — 1) W ‘Zo _wrz +ug(@o — @)
Ui Ui
u Uu
= X |(yo—v1)— *Q(xo —x1)| + Az |(20 — 21) — *3(96‘0 — 1)
Uy U
u Uu
= Xo|p2— —pi|+ A3 lps— —p,
Uy Ui

where p1 = (zg — 21), p2 = (yo —y1) and p3 = (20 — 21). Similarly, we can obtain

+ A3

)

dr,(P,Ry) = Ay

(751 us
P1— —pP2 pP3 — —pP2
U2 U2

dr, (P, R3) = )\ + Ao

U1 U2
pP1L— —pP3 P2 — —pP3
us us

Thus, we have

Uq
dr (P, 0) = i i lps — — s
z,(P.0) i,j,krerlfﬂ2,3}{ i
j#

i£iAkAi

b

Other cases affect only existence of points Ry, R, R3, and do not change the conclusion. Besides, since

Uy
Pj = —Pk
Uk

| (w1, w2, u3) X (xo — x1,Y0 — Y1, 20 — 21)||
| (w1, uz, us)||

dg(P0) =

V ((uzpr — u1p2)? + (uspr — u1ps)? + (uzpe — u2ps)?)

)
Vu? + ul + u3

where p1 = (xg — 1), p2 = (Yo —y1), ps = (20 — 21), one gets equation (2.11).
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Remark 2.10 Notice that the nearest point or points on the line £ to the point P, in the generalized taxicab
sense, are the points of tangency of the line £ to the generalized taxicab sphere with center P and radius

dr,(P,t). Observe that either there is only one nearest point or there are infinitely many nearest points on a

line to a point (see Figure 6).

The following is an application of equation (2.10):

Example 2.11 Let us find the generalized tazicab distance between the point P = (1,2,5) and the line passing
through Py = (—1,0,2) and parallel to the vector @ = (1,2,1) in R®. Substituting values into equation (2.10),
one gets p1 =2, po =2, p3 =3 and

dTg (P, f) = min{2>\2 + )\3, )\1 + 2)\3, )\1 + 4/\2}

Infact, Iy cx =1, Uy :y=2, I, : 2 =5, £ :at) = (-1+1t2t,2+1t), Ry = (1,4,4), Ry = (0,2,3),
R3 = (2,6,5). Thus,

dr,(P,R1) =2 2 + A3, dr, (P, R2) = A1 +2X3, dr, (P, R3) = A1 +4)g,

and we get
dTg (P, é) = min{2/\2 + )\3, /\1 + 2)\3, )\1 + 4/\2}

Clearly, two distinct lines either intersect or are parallel which are coplanar and do not intersect or
are skew which are not coplanar and do not intersect, and the generalized taxicab distance between two
intersecting lines is 0. The following corollary that follows directly from Proposition 2.9, gives the formula
for the generalized taxicab distance between two parallel lines, with an equation which relates the Euclidean

distance to the generalized taxicab distance between two parallel lines, in three dimensional space:
Corollary 2.12 Let ¢1 and {2 be two parallel lines whose equations are

O o (t) = (w191, 21) + t(ur,ug,us),

by 1 an(t) = (x2,y2,22) +t (u1,u2,us) .

The generalized taxicab distance between {1 and {o is

. (173 Uy
- pa—— - 2.12
dr, (01,02) i,j,kren{l?g,:i}{)\z Pi P +Aj (pj o }7 (2.12)
ii kA
where p1 = (x1 — x2), p2 = (y1 —y2), ps = (21 — 22). In addition,
du(f,l) — /((ugpr — uipa)? + (uspr — u1ps)® + (uzpa — ugps)?) (2.13)
dr (01,05) . w; U ’ ’
T, (01, 02) «/u%—i—u%—i—u%. min {)\i pi—ufpk + A Pj_u]pk}
k k

i,j,k€{1,2,3}
i#j#kF i
The following proposition gives the formula for the generalized taxicab distance between two skew lines,
with an equation which relates the Euclidean distance to the generalized taxicab distance between two skew

lines, in three dimensional space:
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Proposition 2.13 Let {1 and {5 be two skew lines whose equations are

b0 Bi(t) = (21,1, 21) +t(ur, u2, ug),
by o Ba(t) = (w2,y2,22) + 1 (v1,02,03).

Then, the generalized taxicab distance between the lines 1 and {o is

‘(ﬂh —x2)0(2,3) + (Y1 — y2)03,1) + (21 — 22)5(1,2)|

dr, (01, 2) = 7 2.14
(b, t2) max {|0(2,3)/M1|, |63,/ A2 5 [61.2)/ A3} (214)
where O(qp) = UaVp — UpVa - In addition,
dg(ly,0s) _ maX{|5(2,3)/)\1 ) 5(3,1)/)\2 ) 5(1,2)/>\3|} (2.15)
dr, (¢1,¢2) ((5(22’3) + 5(23’1) + 5(21’2))1/2

Proof Clearly, if lines ¢; and ¢y are skew, then there is only one plane II passing through the line ¢5 and
parallel to the line ¢;, which can be constructed by the line ¢5 and a line ¢] which intersects with ¢5 at any

point and is parallel to ¢;. Then, we have
dr,(¢1,11) = dr, (P, 1I).

Observe that /5 is tangent to one of the generalized taxicab spheres whose centers are on the line ¢, to which
the plane II is tangent, and this generalized taxicab sphere has minimum radius among those whose centers are

on the line ¢; to which the line ¢ is tangent (see Figure 10). Therefore, we have
dr, (01, 42) = dr, (Py,11)

for the point P, = (x1,y1,21) on the line ¢;.

Figure 10.

Then, since

<P2X, (ul,UQ,U3) X (1)1,U2,113)> =0

for points X = (z,y,2) and P, = (z2,y2,22) on the plane II, one can easily find the equation of the plane II
as

(x —22)d(2,3) + (Y — Y2)d(3,1) + (2 — 22)d(1,2) = 0,
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where 0(4,5) = uqVp — upv, . Thus, by Proposition 2.6, one gets

[(z1 — 22)0(2.3) + (y1 — Y2)d(3,1) + (21 — 22)0(1,2)|

dr. (01, 0y) = dy. (Py,TT) =
7.t 62) = dr, (B, T max {|8(2,3)/ M|, [03.1)/ A2, [61,2)/Aa }

Besides, since

(z1 — 22)0(2,3) + (Y1 — ¥2)8(3,1) + (21 — 22)0(1,2) |

(9

dp(l1,42) = |
(2.3) T 000y + 02"

we have equation (2.15). O

Remark 2.14 Clearly, we can make two skew lines €1 and s intersect, by translating one of them along a
coordinate axis which is not parallel to them. Thus, if the lines {1 and {5 are not parallel to coordinate azes,
then we make the skew lines ¢1 and {o intersect, by translating one of them along any coordinate axis. Observe
that the shortest gemeralized tazicab distance between the skew lines £1 and fly, is equal to the minimum of
the weighted amounts of translations along coordinate axes. In other words, if ¢1 and f3 are not parallel to
coordinate axes, we get three pairs of points (X1,Xs2), (Y1,Ya) and (Z1,Z2) on mutual lines, by translating
each of the lines along coordinate azes x, y, and z respectively, such that ¢1 and {5 intersect at them. Then,

we have
dT_q (51, 82) = min{dTg (Xl, XQ), dTg (Yl, YQ), dT_q (Zl, ZQ)}

Notice that pairs of points (X1, X2), (Y1,Ys), and (Z1,Z3) are also determine the nearest pairs of points, in
the generalized taxicab sense. Observe that when the lines ¢1 and {5 are not parallel to coordinate axes, if the
generalized tazicab distances between these pairs of points are different, then there is only one nearest pair of
points, having the minimum generalized taxicab distance, otherwise there are infinitely many nearest pairs of
points on mutual lines.

The following is an application of equation (2.14):

Example 2.15 Let us find the generalized taricab distance between two skew lines €1 : (1 (t1) = (0,2,2) +
t1(1,2,1) and ly : B2 (t2) = (=2,1,4) +t2(—1,0,3) in R3. Substituting values into equation (2.14), one gets
(5(2’3) = 6, (5(3’1) = —4, 5(12) = 2, and

4
max {6/A1,4/X2,2/ A3}

dTg(€17£2) = = min{%)\l,Ag,QAg}.

In fact, the plane II passing through the line €5 and parallel to the line {1, has the equation
6x — 4y + 22+ 8 =0,
and by Proposition 2.6, one gets

4
max {6/A1,4/A2,2/As}

dTg(€1;£2) ZdTg(Pl,H) = zmin{%/\l,)\g,Q)\g}.

Notice that one can get the same result by using the concept given in Remark 2.14: Consider the following
translations along coordinate axes

Ty (z,y,2) > (@ +c1,y,2), Ty: (x,y,2) = (,y +c2,2), Tt (2,y,2) = (2,9, 2+ c3),
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which make the image of, let say {o, intersect with ¢1. Then, one can obtain that ¢, = %, co=—1 and c3 = 2,

and so
dTg(Zl,fg) = min {)\1 |Cl‘ ,)\2 |C2| 5 )\3 |03|} = min {%)\1,)\2,2)\3} .

Using t1 and to values which we derive while we obtain c¢; values, one can also find the pairs of points (X1, Xs),
(Y1,Y2), and (Z1,Z5) defined in Remark 2.14, as follows

Xy = (_%a 1, %)5X2 = (_

[eEN]

) 1 %)7Y1 = (_Loa 1)7Y2 = (_15 171)vZ1 = (_%717 %)aZQ = (_%717_%)'

Thus, for example if A1 = Ao = A3 = 1, then it is obvious that the nearest pair of points on mutual lines is
(X1,X5).

Clearly, if A\; = Ay = A3 = 1, then the taxicab distance formulae are obtained in three dimensional space

with different approaches and proofs from those given in [1].

3. Generalized taxicab distance formulae in R"

In this section, we determine generalized taxicab distance formulae from a point to a plane and a line in
n-dimensional space, by generalizing the sphere-tangent concept to m-dimensional space. Then, we determine
generalized taxicab distance formula between two skew lines in n-dimensional space, by using translations along

coordinate axes. First, let us give the generalized taxicab distance between two points in n-dimensional space:

Definition 3.1 Let X = (z1,...,2,) and Y = (y1,...,yn) be two points in R™. For positive real numbers
ALy ooy An, the function dr, : R™ x R™ — [0,00) defined by

dr,(X,Y) =Y Al — il (3.1)
=1

is called generalized taxicab distance function in R", and the real number dr,(X,Y) is called generalized

taxicab distance between points X and Y .

Since the generalized taxicab metric in R™ can be induced by the norm

Izl = > Ailail, (3.2)
=1

it generates convex hyperspheres in n-dimensional space. Therefore, we can use the same sphere-tangent concept
to find the generalized taxicab distance formulae from a point to a plane or a line in R™. Thus, in R™ we say
that a hyperplane or a line is tangent to a given generalized taxicab hypersphere with center P and radius r,
if its generalized taxicab distance from P is r. Clearly, the unit generalized taxicab hypersphere is the set of

all points (z1,...,z,) in R™, satisfying the equation
> Aila] =1, (3.3)
i=1
and it has 2n vertices: V4 = (1/A1,...,0), V{ = (=1/A1,..,0), ... , Vi = (0,...,1/N,), V.. =(0,...,—=1/A,).
The following proposition gives the formula for the generalized taxicab distance between a point and a

plane in n-dimensional space:
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Proposition 3.2 The generalized tazicab distance between a point P = (T1(), s Tn)) and a hyperplane

Il: > Ajx;+ B=0 in R" is
i=1
Z Ai-ri(O) + B

=1 ‘
_ (3.4)
emax  {l4s/Ad}

dTg (Pv H) -

Proof Clearly, the generalized taxicab distance between the point P and the hyperplane II is
dr,(P,1I) = min {dTg(P,X) X € H} .

which is equal to the radius of the generalized taxicab hypersphere with center P, such that the hyperplane II
is tangent to it. Then, at least one vertex of the generalized taxicab hypersphere is on II, which is also on one
of the lines through P and parallel to a coordinate axis. In other words, if ¢,, denotes the line passing through

P and parallel to x;-axis for i € {1,...,n}, then there exists at least one of the points
Qi =1I N me

which can be expressed by Q; = (21(0), -, Zi—1(0), Ti(Q,)s Tit1(0)> - Tn(0)), Such that II is tangent to the

generalized taxicab hypersphere at one of them. Thus, we have

dr,(PT) = _min {dr, (P,Q1)}.

ie{l,...,
For the case A; #0, i € {1,...,n}, every point Q; exists and we obtain
dr,(P,Qi) = Nilwi) — Ti(Q,)

—A1$1(0) T Ai—lﬂci—l(o) - Ai+1xi+1(0) - Anﬁcn(o) - B‘
A;

= Ai|Zi0) —

[Arz1(0) + - + Ana(o) + B
|Ai/ il .

Then, we have

> Aiwigo) + B’
=1

Z Aixi(o) + B’
=1

dr (P,TI) = mi - :
r,(PI) = min 1A/ T max {| A/}
ie{l,...,n}
Other cases affect only existence of points @;, and do not change the conclusion. O

The following proposition gives the formula for the generalized taxicab distance between a point and a

line in n-dimensional space:

Proposition 3.3 The generalized tazicab distance between a point P = (x1(g), .., Tn(0)) and a line £ passing

through Py = (11:1(1), ~-~733n(1)) and parallel to the vector d = (U1, ey up) in R™ s

dTg (P7 f) = min Z )\j (Z‘j(o) — xj(l)) — j(xi(o) — mi(l)) . (35)

Je{l.,n\{7}
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Proof Clearly, the generalized taxicab distance between the point P and the line /¢ is
dr,(P,{) = min {dr,(P,X): X € (},

which is equal to the radius of the generalized taxicab hypersphere with center P, such that the line ¢ is tangent
to it. If a generalized taxicab hypersphere tangent to a line, at least one point on an edge is on ¢, which is also
on one of the hyperplanes through P and perpendicular to a coordinate axis. In other words, if II,;, denotes

the plane through P and perpendicular to x;-axis for ¢ € {1,...,n}, then there exists at least one of the points
R, =¢(N1l,,,

7

which can be expressed by R; = (T1(R,)s s Tim1(R)s Ti(0)s Ti+1(Ry)s -+ Tn(R:))» Such that £ is tangent to the

generalized taxicab hypersphere at one of them. Thus, we have

dr, (P, 0) = iE{IE.i.I.l,n}{dTg (P,R))}.
For the case u; # 0, i € {1,...,n}, every point R; exists and we find

dr, (P, R;) = Z N |20y = @jr)
Je{1,...,n}\{:}

.M

je{l,..,n}\{2}

u;(T500) — Ii(1))) ‘

Uy

Tj(0) — (%‘(1) +

- Z by
Fe{l,..n\{i}

w
(@j0) = zjn) = 2 (@ico) = 331'(1))‘ :

Thus, we have

. u
dr,(P,) = min oo u]_(xi(m—fﬂz‘(l))’

Je{ln\ {7}

(@j0) — 1)) —

Other cases affect only existence of points R;, and do not change the conclusion. O

Since cross product of two vectors in n-dimensional space is not defined, we cannot follow the way used
in Proposition 2.13 to give the generalized taxicab distance between two skew lines. However, we can generalize

the way mentioned in Remark 2.14 to n-dimensional space as follows: Consider two skew lines with equations
6o ()= (331(1)7 ...,xn(l)) + b1 (ugy ey up)
by Y2 (t2) = (T1(2)s s Tn(2)) + t2 (V1,0 vn)
and let us denote by ¢4, the image of the line ¢ under the translation
T:(x1,.0xn) = (141,00 T + ).

Here, T' can also be seen as the composition of translations along n coordinate axes, such that |¢;| is the
amount of the translation along the coordinate axis x;. If the lines ¢; and ¢, intersect, then the following

system of n linear equations in two variables has unique solution:

tiur — tav1 Z1(2) — T1(1) + €1

tiun — tavy Tn2) — Tn(1) +cn
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Clearly, if two of ¢; values are equal to 0, then the system has unique solution. Thus, we can state that one
makes two skew lines ¢; and /(s intersect, by translating one of them along (n — 2) coordinate axes which are
not parallel to them. Therefore, if the lines ¢; and ¢ are not parallel to coordinate axes, then translations can
be along any (n —2) of coordinate axis. Thus, the shortest generalized taxicab distance between the skew lines
¢y and /s, is the minimum of the sum of weighted amounts of translations along any (n — 2) coordinate axes.

Now, the following proposition gives the formula for the generalized taxicab distance between two skew

lines in n-dimensional space:

Proposition 3.4 Let {1 and {5 be two skew lines whose equations are
51 M (tl) = (1’1(1),...,$n(1)) + 11 (ul,...,un),
by 1 Y2 (ta) = (.1‘1(2), ...,xn(Q)) +ta (U1, .oy Un) -

Then, the generalized tazicab distance between the lines {1 and {o is

3 (k) = 2r) Oig) + (T — Ti) Sgm) + (=500 = 52))dki)

g i,5€{1,..., n 51 S I ’
T  hefn, i g @)/ M
(3.6)
where §(qp) = UaVy — UpVa for a,b € {1,...,n} and a #b.
Proof Let us consider translation T : (z1,...,2,) — (1 + ¢1,...,Tn + ¢y) such that ¢; = ¢; = 0 for

i,j € {1,...,n} and i # j, which is the composition of translations along (n — 2) coordinate axes different from
z; and z;. Then we have

tiu; —tovi = Ty2) — Ty1),

tiuj —t2vj = Tj2) — Tj()-
Solving this system of equations, we obtain

ui(Tig2) — Ti(1)) — wi(@j(2) — Tj(1))
(uivj - ujvi)

f oY (Zi2) = @) —vilz0) — ) o £ =
(uiv; — u;jvi)

and so
(Tr(1) = 2r2) S + (Ti) = Ti2) Sm + (T30) — 252)3h,0)
Si.j)/ An

)\k|ck| =

for k € {1,...,n}\{i,j}, where d(qp) = uqvo—upv, for a,b € {1,...,n} and a # b. Then, we have the generalized

taxicab distance between the skew lines ¢; and /5 as follows

(r() = Tr@) 0g) + (Ti) — Ti) dm + (@50) — T5(2))dh0)
S(i,)/ M

dr, (l1,02) = min >
T ket e\ ()

O

One can easily see that equation (3.4) gives equations (2.2) and (2.6), for the special cases of n =2 and
n = 3, respectively, and equations (3.5) and (3.6) give equations (2.10) and (2.14) respectively, for the special

case of n = 3.
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