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Abstract: It is well known that the companion sequence of the Fibonacci sequence is Lucas’s sequence. For the
generalized Fibonacci sequences, the companion sequence is not unique. Several authors proposed different definitions,
and they are in a certain sense all good. Our purpose is to introduce a family of companion sequences for some generalized
Fibonacci sequence: the r-Fibonacci sequence. We evaluate the generating functions and give some applications, and
we exhibit convolution relations that generalize some known identities such as Cassini’s. Afterwards, we calculate the
sums of their terms using matrix methods. Next, we propose a g-analogue and extend the definition to negative ns.

Also, we define the incomplete associated sequences using a Euler—Seidel-like approach.

Key words: r-Fibonacci sequence, companion sequences, recurrence relation, convolution, hyper-r-Lucas

polynomial, incomplete r-Lucas polynomial, ¢-analogues

1. Introduction

This work was intended as an attempt to introduce the family {(Vnr’s))nzo,l < s < r} of r companion
sequences associated to the generalized r-Fibonacci polynomial sequence. According to the parameter s, each
sequence of this family satisfies the same recurrence relation of order (r + 1), with the initial term Vo = s+ 1
(s =1,...,r). The classical Fibonacci (U,,) = (U, (z,y)) and Lucas polynomials (V,,(z,y)) = (V) for n > 2

and z,y variables are given respectively by

Uo = O, U1 = 1, Un = ;EUn_l +yUn_2,
Vb = 2; Vi= $,Vn =aV,_1 + yvn—Z-

In what follows, the sequences we deal with are sequences of bivariate polynomials of r-Fibonacci and r-Lucas.
For convenience we will use r-Fibonacci polynomials and r-Lucas polynomials. There are some particular cases
of these sequences and we provide a few of these: Fibonacci (F),),, Pell (P,),, and Jacobsthal (.J,,), and their

companion sequences Lucas (L), Pell-Lucas (Qn)., and Jacobsthal-Lucas (j,)n, respectively, (F,,L,) =

*Correspondence: hacenebelbachir@gmail.com
2010 AMS Mathematics Subject Classification: 11B39, 11B65, 05A10, 05A19, 05A30

1095

0 This work is licensed under a Creative Commons Attribution 4.0 International License.



https://orcid.org/0000-0002-2945-1599

ABBAD et al./Turk J Math

(Un(1,1),Vo(1,1)), (Pn,Qn) = (Un(2,1),V0(2,1)), and (Jn,jn) = (Un(1,2),V,(1,2)). For combinatorial and
arithmetic properties see, for instance, [5, 6].
Some well-known generalizations of Fibonacci numbers can be found in the following;:
Dickinson [13], Sm = Sm—cta + Sm—c (a, ¢ are positive integers);
Miles [21], fn = fo-1+ fn2+ -+ fa—k (k > 2 integer);
Raab [23], U, =aU,—1+bUp,_r_1 (a,b real numbers, r integer > 1).

Definition 1 For any integer r > 1, the bivariate r-Fibonacci polynomial (U,Sr) (z,9))n, denoted briefly as

(U,(LT)),L, 1s defined by the following recurrence relation

U =0, U =2 (1< k<),
U =2y +yUD, (0 ).

For n >0, we have (see [23])

ln/(r+1)]
("

n — Tk)xn—(r—',-l)k‘yk. (11)

For x = y = 1, the sequence (U,(f) (z,9))n is reduced to the Fibonacci p-numbers. Properties of these numbers

have been studied by several authors; for more details, see [18] and the references therein.

In Section 2, we establish an explicit formulation of V,ET’S) and we give its companion matrix. Afterwards,

we produce the generating function. Section 3 is devoted to some applications: convolution relations and sums

of their general terms using the matrix method. Section 4 suggests the g-analogue of each V,ST’S) ,s=1,...,7.

Section 5 is devoted to a combinatorial interpretation for r-Fibonacci numbers and their companion sequences.

)

In Section 6, we extend V,"® to negative ns. Finally, in Section 7, we introduce the incomplete r-Lucas

polynomials and the hyper r-Lucas polynomials.

2. The companion sequences associated to the r-Fibonacci polynomial sequence

In this section, we define the companion sequences family related to the r-Fibonacci sequence, and then we

give an explicit formulation expressing its general term.

Definition 2 For any integers n, v, and s (1 < s <r), the companion sequence family of (UT(LT))n is defined

by the following recurrence:

(2.1)

n

Vg =s+ 1 B =ak (1< k<),
VD = aVi™ £ gV (n > 1),

The sequence (VTE’"’S)) is called an r-Lucas polynomial of type s.

Remark 1 Note that when s =0, we get the shifted r-Fibonacci polynomial.
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According to [7], for s = 1, we name (Vn(r’l)) the generalized r-Lucas polynomial of the second kind,
and for s = r, we name (Vn(r’r)) the generalized r-Lucas polynomial of the first kind.

The following theorem gives us an explicit formulation for V,ET’S) in terms of s and U,(LT).

Theorem 1 Let r and s be nonnegative integers such that 1 < s <r, and x,y are elements of an unitary ring

A. We suppose that y is reversible in A. We have for n > r the following:

v = U, 4 syUl”,, (2.2)
We also get the explicit form for n > 1:
ln/(r+1)]
s n—(r—s)kn—rk\ ,_
Vi =y M( ) )x (rtDkyk, (2.3)
k=0

In [4], Belbachir and Bencherif gave a formula expressing the general term of a linear recurrent sequence.

Lemma 1 [/] Let (uy)n>—m be a sequence of elements of A, defined by

u_j=a; ((0<j<m-1), (2.4)
Up = Q1Up—1 + QU2+ + ApUn_m (0 > 1). '
Let (A\j)o<j<m—1 and (Yn)n>—m be the sequences of elements of A defined by
m—1—j
Aj = — > apapy; withag = —1 and y, = > (klktk,f;;i )alflaé€2 -o-afm . Then, for
k=0 k1+4+2ko+---+mkpy,=n
n > —m, we have
Up = )\0yn + Alyn+l + -+ )\m—lyn+m—1- (25)

Proof [of Theorem 1] We consider the sequence ( TET’S))TLZO given by (2.1), which corresponds in (2.4)

to a1 = x,a,41 = y and ay = a3 = --- = a, = 0. Observing that, for 0 < j < 7, u_; = a; =
y_l(Ur,jH —azU,_;), weget g = s+1, a1 = = = 0,1 =0, and o, = —szy~!. Consequently,
(Aj)o<j<r is defined by X\g = s+ 1 and \; = — > ap—jap = —a,—jo, for 1 < j < r, with a9 = —1,
k=)
and then A\ = Mo = -+ = Ao = 0, N1 = sz?y™!, and A\, = —szy~!. Finally, we get for n > 0,
Yn = b (tken)ghighria = $7 (7 TR gno DRyl — U, . Applying formula (2.5), we obtain the
kit (rdDkpgr=n k>0
expression of V;{"* in terms of s, 2,9, Ao, - .., A, and UL, We have for any integer n > r the following:
Vi) = AU, nt+1 T )\1U7(Q2 +o AU +r+1 = /\OU(+1 + A lU(r) + A U'r(z:-r-&-l

(s + DU + say ™ @UT), — U, 00) = (s + DU, — saU) = syU”, + U,

Then
[n/(r+1)] ln/(r+1)]
Vér,s) kzo (1 Sn_krk)(n—krk)znf(r+1)kyk kz_o nfn(i;l:)k: (n—krk)xn—(rJrl)kyk. 0

In the following theorem we give the generating function of the r-Lucas polynomial of type s.
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Theorem 2 We suppose that A =R or C for z € C, the generating function of the sequence (Vn(r’s))nzo, 18

given by
_ (rs) n _ (1+s) —szz 5
V(z) =Y Vs pee——y (2.6)
n>0
Proof We have
Viz) = ano Vo (9 2n= ZnZO(Un+1(T) + SyUn—T(T))Zn =U(z)+s ano(Un—H —zUy,)2"
= (14 s)U(z) — sz2U(2), where U(z) = ﬁ, then V(z) = % O
Let ay,as,...,a,41 be the roots of the characteristic polynomial P(t) = t"+! — xt" — y associated with

(U,(f))nzo and (Vér’s))nzo such that y # (—1/r) (rz/r +1)""". Then for integers 1 < s < 7, we have the Binet

formulae:
r+1 n+1 r+1

, + Day — sz
U N Y% and v — n(s—
i ;(T—Fl)ak—rx e ;ak r+ 1)y —rex

Remark 2 The companion matriz of order (r + 1) associated to (Vn(r’s))n and its n-powers are A(x,y) :=

0 0 - 0y yU U Uy

10 - 00 yU'r(zr—)’r—l va(lr—)Q yUff—)l

0o 1 .o and AT (z,y) = : : . , . Also, there is a determi-
. 000 yU gy o U,y

ol 0 T N S G)

(r)

1 )nr Kili¢c and Arikan presented

nantal representation of the terms of r-Fibonacci sequences of the form U

an approach in [19] to evaluate Hessenberg determinants. They evaluated the Hessenberg determinant whose

entries consist of the terms of the sequence ("+271) . Setting m = r, the value of this determinant is equal to

n
r+1)n+r(1—k)\ _ 77(r)
E (( )nkr( )) - U(r+1)n+r :

m=

3. Applications

3.1. Some convoluted relations

We give some convoluted relations according to r-Fibonacci and r-Lucas polynomials.

Theorem 3 Let (Uy(lr))nzo and (Vér’s))nzo be respectively the r-Fibonacci polynomial and the generalized

r-Lucas polynomials of type s. Then, for integers n,m > r, we have

v Y U0
j=1

m+j

= U~ Uy and oy S USY, V = V) - U,

—r+j n—j n+m

Proof We have A""™(z,y) = A%(z,y) x A™(z,y). Consequently, an element of A"T™(z,y) is the product

of a row of A(z,y) and a column of A" (x,y). O
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For example, for (z,y) = (1,1) and r = 1, Theorem 3 gives Cassini’s identities
Fn+m = Fn—lFm + FnFm+1 and Ln+m = Fan—l + Fm+1Ln-

Corollary 1 For all integers n > 0, we have

[r/2]
(r) _ (r) 7r(r) 22(r/2=|r/2 r)rr(r)
U2n - 2y Z Unijnferj (r/2=lr/ J)U( )U n+1-2(r/2—|r/2])’ (31)
and
& () (r) (r)
U2TL+1 - 2y Z Un:—l —J nr r+j + (U ) + 2y(’l"/2 - |_T/2J)( n—(r— 1)/2)2' (32)

For (x,y) = (1,1) and r = 1, we obtain the known identities for Fibonacci sequences given in [20], Fy, =
Fr%-&-l F3—1 and F2n+1 =F3+1+F3

3.2. Sums of finite terms of r-Fibonacci polynomials and the related companion sequences

In this part, we give an explicit formula for the sums of the terms of the r-Fibonacci polynomial and its
companion sequences using a matrix approach, which was used by Kili¢ in [17]. Let the sums Sr(f) of r-

Fibonacci polynomials and ST(LT’S) of r-Lucas polynomials be defined by

n n
S = Z U;T) and (%) .= Z Vj(r’s).

J=1 Jj=1

We extend the matrix representation of ( T(LT)) and we define the generating matrix of the sum of r-Fibonacci

polynomials.

Let T,.(x,y) and R,(z,y) be square matrices of order (r + 2) defined by

1 0 O 0 0

1 =z 0 0 vy

01 O 0 0

TT‘(’ray) = 0 1 )
.00
0 0 0O 1 0
and
1 0 0 0 0
Sn Uv(Ql ?JUé,T—)r-H yUT(,,T_)l yU7(1T)
Sn—1 A yU,"”, va(lT—)z yUr(zr—)l
Rn(mvy) =
S it UT(LT)T+2 . IUUT(QT yUfl’“_)TH

Snfr yU’I’(LT)TJrl yU7(lT;)2T+1 e yU7(zrf)r71 yU?SC'r‘
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We define an (r +2) x (r 4+ 2) matrix G, (x,y) as follows:

1 0 0 0 0
1
1-z—y C“71‘1 agl e Ck;: a:Jr%
1 - — —
ey 01 oy oot oAl
Gr(z,y) = ; (3.3)
L « : « «
T—z—y 1 . r r+1
—! 1 o1 1
—y
where 1,aq,9,...,a,41 are the eigenvalues of T,.(z,y), which are all distinct when we suppose that the

discriminant of the corresponding characteristic polynomial of the matrix A,(z,y) is different from zero.

Theorem 4 Let Sr(f) be the sum of the terms of 7 -Fibonacci polynomials from 1 to n, and P(t) = "t —xt"—y
the characteristic polynomial such that P(1) #0. Then

r 1 () ()
57(1 ) = 11—z _ y(l - Un+1 Z Un r+] (34)
Proof We have
T (2, y) x Gr(z,y) = Gr(z,y) x M, (3.5)

where M = Diag(l,a1,qs,...,a,.41), and by the definition of the Vandermonde matrix det(G,(z,y)) =
[1;1(j —ak) #0 for j #k (so Gy(z,y) is invertible), so we can write identity (3.5) as follows: Gl (m,y) x
Tr(x,y) X Gr(z,y) = M. Then G 1(z,y) x T (x,y) X G.(z,y) = M™, since T"(x,y) = R,(z,y), and equating
the corresponding entries, the identity is realized. O

Now, we deduce the expression for the sum of the terms of (V,S’”’S)).

Theorem 5 Let S be the sum of the terms of (Vér’s)) from 1 to n, and P(t) = "' — at” — y the
corresponding characteristic polynomial such that P(1) #0. Then

T8 1 T8 7,8
57(17):71_$_y(1+sy ( ) yz Vn r)+y (3.6)

Proof First, we calculate Z s ”), and using relation (3.4) and characterization (2.2) of the sequence

(V")) we have S0 V" =320 (U +syU ) = S0 U 4 sy Sr U = 80 -y U
S,(L )r, since Y7, U](T) =3 gt =3 cal =1+ > ! V ") "and then the complete sum is evaluated.

O

4. The g-analogue of the sequence (V,fr’s))

In this section, we propose a g-analogue of the r-Lucas polynomials of type s, inspired by the explicit formula
of the sequence (Vér’s))nzo given by relation (2.2) in Theorem 1. First, we give some notations. Let ¢ € R,
[nly = L+ g4+ "1 and [al,! = [1g[2], [l We have [n], = [K], + ¢*[n — K], = ¢" 5[kl + [0 — Kl

[, = mea- and [, = [, + (0], = [0, + 0,
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In an unpublished work, Belbachir et al. gave a generalized g-analogue of r-Fibonacci polynomial

U(T)

nt1(z,m), which is a unified approach of Carlitz and Cigler [12]. They defined

[n/(r+1)]
(z,m) = Z q(k;1)+m<g) [n B rk} 2*, (4.1)

U(T’)
k=0 k

n+1

with U(()T) (z,m) = 0. These polynomials satisfy the following recurrences:

UL, (2.m) = UL (gz,m) + g20Y (2™ m), (4.2)
and
Ug}rl(z, m) = U (z,m) + q”_TzUnT,)T(zqm_r, m). (4.3)

Definition 3 For nonnegative integers r,s such that 1 < s < r, the g-analogue of the r-Lucas polynomials of

type s of the first kind and second kind, respectively, are defined, for n > 0, by V(()T’S)(z7 m) = V(()T’S)(z7 m) = s+1

and

() n/ (4] y(5) [ =k [k]
T, — (m~+1)(5 - 1 q k 4.4
VEem) = Y @] s B, (14
k=0 q
and
Ln/(r+1)]
(r.5) .: C5)+m(3) [P =R L G Kl g 4
Vo (z,m) : kZ:O q i q( + sq [n—rk]q)z . (4.5)

Some specializations follow.

For s =r =1, we obtain the ¢-Lucas polynomials of the first kind and the g-Lucas polynomials of the second

kind given in [7].

For s = 1, we obtain the g-analogue of the r-Lucas polynomials of the first kind and the g-analogue of the

r-Lucas polynomials of the second kind defined in an unpublished work.
Now we establish some links with the initial r-Fibonacci polynomial.

Theorem 6 For nonnegative integers r, s, the polynomials ng’s)(z,m) and Vg’s)(z,m) satisfy the following

recurrences:

1. Ezxpression of Vn(r’s) s in terms of Ugﬁrl and UM

n—r

without wetght:

V%T’s)(zv m) - USLT—i)-l(z/Q7 m) + SZU'ELTZT(qu’ m)’ (46>
and
VI (2,m) = UL (2,m) + ¢ 20, (2077 m). (4.7)
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2. Expression of Vér’s) s in terms of Ug}rl and Ug) weighted by (s+1):

VI (z,m) = (14 5)UYY, (2/q,m) — sUY (2,m), (4.8)
and
V) (2,m) = (14 S)Ug4)_1(2' m) — sUD) (z,m). (4.9)

3. Ezpression of V") s in terms of U and US"ZT :

V9 (z,m) = Un(z,m) + (14 5)2U, . (2¢™, m), (4.10)
and
Vglr,s)(z7 m) = Ug) (z,m) + (1 + S)qn—rngzr(zqm—T7 m). (4.11)
Proof

We give the proof of the two first relations. The approach is similar for the others.

s n/(r+1 Y (m n—r n/(r+1 EY(m n—r klq
VI am) = T B e [ kg s @i ] ple ok

= UEv,T—‘?-l(Z/Q7 m) + SZU;T—)T(qua m)a

and
VO (z,m) = Ln/(r+1)} S m(E) [k 2k +32Ln/ ) (45 m(8) [ K] g(n=(r+ D) [n[ﬂi] ok
n/r B 4 () 4n—(r —rk—
= Ufw)l(z m) —l—sZ,E:/O( +1)) q( 3 4m(5)+n—( +1)k[" k_kl l]qzk

= ngrll(z m) + szq"" rztn/(r—s-l)J (%) 4m(%) [n—r(kk-u)—l] (qm,rz)k

q

- Ufli)l(z m) + s2¢" U (2™ m).

Corollary 2 For nonnegative integers r,s such that 1 < s < r, the polynomials ng’s) and fo’s) satisfy the

following recurrences:

VS (zm) = V) (gz,m) + g2V (2™ m), (4.12)
and
Vglrjl) (z,m) = ng’s)(z, m) + q"—’"zvﬁffﬂ (2¢™™",m). (4.13)

5. Combinatorial interpretation of sequences (U,S”) and (Vsr’s))

In this section, we propose a combinatorial interpretation for the r-Fibonacci numbers and their companion
sequences by using linear tiling via "square and (r + 1)-omino”; see, for instance, Benjamin and Quinn [8] for
r=1.
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For nonnegative integers, the generalized Fibonacci number U, ;1 counts the number of ways to tile an

n-board with colored squares and colored dominos where there are x different colors for squares and y different

colors for dominos.

Our purpose is to deal with circular tiling of length n (also called an n-bracelet) by squares or (r + 1)-

ominos (see Figure 1). An n-bracelet is in-phase if the zero position of the n-bracelet is bordered either by

squares or the position 0 or (r+1) of the (r+ 1)-omino. It is out of phase if the (r + 1)-omino covers position

zero at level ¢ for 1 <¢ <r of the corresponding (r + 1)-omino. In our case, the only possible positions able to

be out of phase are 1,...,s (without losing the generality, we can accept any chosen s positions from 1 to r).

For example, as illustrated in Figures 2, 3, and 4, when n = 5 and r = 3, the first 3 bracelets are in-phase

and the others correspond to an unphased bracelet where the 4-omino is covering cells 1 and 5 at the first s

authorized positions, for 1 < s < 3.

Figure 1. n-bracelet and (r + 1)-omino.

Figure 2. Circular tiling of length 5 for s = 1.

We have by relation (1.1) and Theorem 1 the following:

[n/(r+1)]

U = S Uk with  Un,k) = (n_rk)xn(r+l)kyk7

k
k=0

and

[n/(r+1)

1
—(r—s8)k (n—rk
v = ST Vink)  with  V(nk) ::n(rs)(n r )xn—(r-&-l)kyk.

k

n—rk
k=0

(5.2)
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of
Qo

Figure 3. Circular tiling of length 5 for s = 2.

OO
OC
O

Figure 4. Circular tiling of length 5 for s = 3.

Proposition 1 Let x,y and n be nonnegative integers. The r-Fibonacci numbers Uflr_zl are interpreted as the
number of ways to tile an n-board with colored squares and colored (r + 1) -ominos, where there are x different

colors for squares and y different colors for (r + 1) -ominos.

Proof For n>r and (k=0,...,|n/(r+1)]), if there are k (r 4+ 1)-ominos to tile, then there must be

n — (r + 1)k squares. Hence, there are ("_krk) ways to choose k (r + 1)-ominos from the tiles of weight y*

and the rest of the tiles of squares are of weight "~ ("+D¥  Thus, the number of ways to cover the n-board is

(n—krkr) xn—(r—}»l)kyk ) ]
(r,s)

Now we give a combinatorial interpretation of Vj, (1 < s <r) being a nonnegative integer.

Theorem 7 Let n,r, and s be nonnegative integers, and let V,ET’S) count the number of ways to tile an n-
bracelet with colored squares of parameter color x and (r + 1)-ominos of parameter color y, with the first s

authorized positions in the zero fixed point of the bracelet.

Proof We have V™ = E,LCZ/O(TH)J V(n,k), where V(n,k) counts the number of ways to tile an n-
bracelet with squares of parameter color z and exactly k (r + 1)-ominos of parameter color y, with the

first s authorized positions in the zero fixed point of the bracelet. Note that the number V(n,k) is given by

Vin, k) = %("?k)x”‘““)kyk. First, if there is no (r + 1)-omino covering cells 1 and n, the bracelet
is in-phase, and then the number of ways to tile the n-bracelet is the same as the number of ways to tile an

n-board, which is given by ("_krk):c”*(”*l)kyk possibilities. Second, if there is an (r + 1)-omino occupying cells
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1 and n, without losing the generality, we accept only the first s alternate positions of the (r + 1)-ominos to

cover cells 1 and n. Thus, there are s possibilities; 1 < s < r. Then we have to tile n — (r + 1) cells with

n—r

(k—1) (r+ 1)-ominos, which gives exactly (""" ")z"~("+Dkyk possibilities. Finally, we have
(n—krk)znf(r+1)kyk + S(n—’rk—l)znf('rukl)k k _ V(n, k),

k—1

which produces the result by summing these numbers. O

6. Extension of (U"), and (V,""), to negative indices

Note that the Binet formula permits us to extend the definitions of U,(f) and V,ST’S) to negative ns.

Proposition 2 Let x,y be reversible elements of a unitary ring A. For integers n >0 and r > 1, the terms

of the sequence (Uyz)n satisfy the following recurrence relation:

U(frz = y‘lU(_r73+T+1 — xy_lUgZH (n>r+1). (6.1)

Proof We replace n — —n + r in the Binet formula. O

Lemma 2 For any integers m,r, we have

S, ) -co () ()

j=1

Proof The proof is easy by induction and Pascal’s rule. O
Theorem 8 For n € N, (U&g)nzl satisfy the two following equivalent identities:

r k-1 —n— T - y
v = > <n — rk) (=) DR =R with Uy = 0, (6:3)

_ Z ((n — k- T)/T’> (=) (= (PR /g (k) /7. (6.4)

and we may restrict the first sum to integers k > 1 ranging between |(n+1)/(r +1)| and [(n —1)/r]; the
second summation is limited to those integers k lying between 0 and [(n—1)/(r+1)], which satisfy r divides
(n—k).

Proof Using Lemma 1, we consider the sequence W,, defined by W, = US)L. Thus W,, = y*IW(T)

n—r—1 "
:Ey_lW,(LT,)T, with @y =ay = --- =a,_1 =0, a, = —zy~ ', and a,4; = y~!. Notice also that for 1 < j < r
X ) r—j i
we have W_,; = UJ(T) = 277!, Consequently, the sequence (\;)o<j<, is defined by \; = — 3 akU}i:-)j for
k=0
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1

0<j<r,with ap=—1,s0 Ao =2"y~! and \; =271 for 1 < j <r. Finally, the sequence (y,), is given by

the expression

kr+ky, ko k —n. -
Yn = Z krfkr:;)aﬁy aTJrJrll = Z (nfrk)(_x)(r+1)k ny k’
rk.+(r+1)k,41=n

Now, applying Lemma 1, we get the expression of (W,,), in terms of (A\,) and (y,) for n > 0:
W, = /\Oyn + Alyn-ﬁ-l +o )‘ryn-l-rv
= xryilyn + Z;:l xjilyn-‘r]"
_ xryq Xk: (n_lilk)(_z)(r%»l)kfnyfk 41 22:1 Xk: (n+;€_7.k)(_x)(r+1)k7nij7k
(el R (T (S (L )+ (DO ()
= Y (L) (—z) Dk =k (ysing Lemma 2)

_ Z ((nfk];r)/r)(_x)(n—r—(r—i—l)k)/ry(—n—i-k)/r.
k; rl(n—k)

O

—n—+rk

i)

The positiveness of rs corresponds to the fact that elements ( are lying over traversals of finite

support as nonvanishing values. Now we give an expression similar to relation (2.2) for the sequences (V(T’S))nzl

in terms of s and U(f)

5, using the corresponding Binet formula.

Theorem 9 Letting r and s be nonnegative integers such that 1 < s <r, we have for n > 1

v = UE?H +syU")_ (6.5)

and also, we get the explicit form for n > 1:

(rs) LnD/rl g (r—s)k kE—1
VET= Y o (n - rk) (=) DRy R () Ty e | ). (6.6)
k

Equivalently,

T8 Sn+(’l"7$)]€ (nikir)/r n—(r r, (—n r n/r, —n/r
R S L T R e R L AT BTy
k, r|(n—k)

with VO(T’S) =s+1, and [r|n] =1 for r dividing n and 0 otherwise; for the notation, see [16].
We may restrict the first sum to integers k ranging between |n/(r +1)] and [(n — 1)/r]; the second

summation is limited to those integers k lying between 1 and |n/(r +1)], which satisfy r divides (n — k).

Proof We give the proof of the first identity given by relation (6.6). The proof of the second one, (6.7), can
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be obtained easily using the same approach. Then, applying relations (6.5) and (6.3), we obtain

VGO = UL,
[(n—1)/r] [(n=1)/r]
_ Z n_lcl—_lrk)(ix)fn+(r+1)ky7kJrs Z nf;_lrk)(7x)7n7r71+(r+1)ky7k+1
k k
[(n—1)/r] [n/r]
= 2GS )T s 0 () ()

[(n—1)/r]
_ k k—1 —n+(r — n/r —n+(r n/r],—|n/r
B z.Ic: (1 +8nfrk)(nflfrk)(_x) o +1)ky F + s(n_lhr\_/n}ﬂ)(_x) +Hr+ln/ Jy n/ J?

which gives the result. O

We deduce that characterization (2.2) of sequences (VTET’S)) given in Theorem 1 is satisfied for n € Z.
Theorems 8 and 9 given previously allow us to produce some applications. For instance, we have the

following:

Application Let us take the 2-Fibonacci numbers (U7(L2))n for n > 1. We have

() _ k—1 _1)n—1+3k
v g(n%) ootk

Its companion sequences at negative indices for s = 1,2 are given by the following identities:

L(n=1)/2]

(2,1) _ n—k k-1 _1\—n+3k 1 1\ (_1)ln/2]
D Sl N [ (R R

and

o2 ln=y/2) 1
LD S T (n_ 1_%)(—1)"*3’“+(H(—l)”)(—l)tn/”.
k

7. Incomplete r-Lucas and hyper r-Lucas polynomials of type s

In this section, we define the incomplete r-Lucas and hyper-r-Lucas polynomials of type s. For simplicity of
notation, we introduce:
U,,V, for the r-Fibonacci and r-Lucas polynomials,

U, (k),V,(k) for the incomplete r-Fibonacci and r-Lucas polynomials,

UT[Lm], Jm] for the hyper-r-Fibonacci and hyper-r-Lucas polynomials.

7.1. Incomplete r-Lucas polynomials of type s

In [25], the incomplete r-Fibonacci polynomials are given by

k .
Unir (k)= (n _'m>x”““”yj O<k<[n/(r+1)]. (7.1)

i=o N/
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In this subsection, we give a unifying expression of the incomplete r-Lucas polynomials of type s, which

generalizes identity (1.2) given by Tasci et al. in [25].

Definition 4 For r,s nonnegative integers such that 1 < s <r, the incomplete r-Lucas polynomials of type s
is defined as

Vo(k) = iw("_”>x"—<’“+l>jyf 0<k<|n/(r+1)] (7.2)
" ’ : ; L0<k< : .

For k= |n/(r+1)| Viu(k) =V,, we obtain the r-Lucas polynomials of type s.
Forz=y=1, s=r =1, we get the incomplete Lucas numbers [15].

Forx =2, y=1, and s =r =1, we get the incomplete Jacobsthal-Lucas numbers [1}]

In the following, we give a recurrence relation for the incomplete r-Lucas polynomials of type s.

Theorem 10 The incomplete r-Lucas polynomials of type s satisfy the following recurrence:
Valk+1)=aV1(k+ 1)+ yVaor—1(k). (7.3)

The following theorem gives a relationship between the incomplete r-Lucas polynomials of type s and

the incomplete r-Fibonacci polynomials.

Theorem 11 Let r,;s be nonnegative integers, such that 1 < s < r. The incomplete r-Lucas polynomials of
type s satisfy the following recurrence relation:

Vo (k) = Upyr (k) + syUn—_p (k — 1). (7.4)

Proof Using relation (7.2), we have

Vn(k) _ Z?:O (n;rj)xn—(r-&-l)jyj + 82?20 (nfrjlfl)$n—(r+1)jyj — Un+1(k) 4 syUn_T(k‘ _ 1) . O

G
The following theorem provides a nonhomogeneous relation for the incomplete r-Lucas polynomials of
type s.

Theorem 12 Let r,s be nonnegative integers, such that 1 < s < r. The incomplete r-Lucas polynomials of

type s satisfy the following nonhomogeneous relation:

Vona) = Valh) + o) = S (T Y s o

Proof The proof is done using relations (7.2) and (7.3). O

7.1.1. Generating function of the incomplete r-Lucas polynomials of type s

The lemma given below allows us to introduce the generating function of the incomplete r-Lucas polynomials
of type s.
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Lemma 3 ([22]) Let (s, )n>0 be a complex sequence satisfying the following nonhomogeneous recurrence relation
Sn = TSp—1 + YSn—r—1 + Qn, n >71, where (ay,) is a given compler sequence. Then the generating function

Sk(x,y;t) of the sequence (s,) is

~(so— a0+ D0y (si —wsi1 — o)t + G(1))

T(x7y7 ) (1—$t—ytr+1) ) ( )
where G(t) is the generating function of (ay,).
Theorem 13 The generating function of the incomplete r-Lucas polynomials of type s is
th(r+1) ; yk+1tr+1[s(1 _ xt) + 1]
gov m V1) + ;(Vk(r-i-l)-i-i — Vi) ri-)t — (1 — wt)F1
Proof From (7.2), we have V,,(k) =0 for 0 < n < k(r + 1), and then for n > k(r + 1) we have
50 = Vie+1)(B) = Virt1), 81 = Vg +1(B) = Vi 1)+1, and s, = Vi) (k) = Vi) 4 -
Alsolet cp = a1 =---=a, =0 and «a,, = %M(" 1= 7"(k'H)) n=(r+1)(k+1)y k41 The generating
£ . R oyt s(1—at)+1) . .
unction of the sequence («,,) is given by G(t) = e (see [24], page 355). Thus, from Lemma 3,
we find the generating function of sequences (V,,(k)) for 1 < s < r. O

7.2. Hyper-r-Fibonacci polynomials

Let (a,) and (a'™) be two real sequences. Bahsi et al. [2] defined the symmetric infinite matrix associated to

these sequences by the following recursive formula:

(k—1) — (7.7)

¥ = a,, a(()n) =a™, (n>0)
a%)—xa(k) + yay, , (n>1k>1),

where a( ) represents the kth row and the nth column entry,

ya%k 1)

1
(k)

o L d

xra,, 1

The entry agl ) has the following expression:

k .
k n k—i n—i—k‘—z—l k n—s TL—Fk‘—S—l 0
= . 7-8
ap = ;Zly ( no1 ap +y E 4 a (7.8)
As an application, we define the bivariate hyper r-Fibonacci polynomials as follows:
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Definition 5 For m > 0, the bivariate hyper r-Fibonacci polynomials are defined by the following recurrence

relation:
o = U, Ul =y, (7.9)
U[m] — JZU[m] + U[mfl] '
n+1 n YYn4+1 -
Relation (7.9) can be written as follows:
Ul =3 yar v, (7.10)
7=0

Some particular cases of hyper-r-Fibonacci polynomials are:

Forr=1,xz=1,and y =1, U,[Lm](l7 1) = Fr[bm], we get hyper-Fibonacci numbers [2].
For r=1,z=2,and y =1, U,[Lm](Q7 1) = P we get hyper-Pell numbers [1].
Forr=1,xz=1,and y =2, U,[Lm](l, 2) = jiml e get hyper-Jacobsthal numbers.

As aresult of (7.8), the bivariate hyper-r-Fibonacci polynomial can be expressed as a sum of binomial coefficients

and r-Fibonacci polynomial:

[m] S8 n+m—Fk n+l1—k, m
Upii :Z mo1 ) y"Uy. (7.11)
k=1

7.2.1. Combinatorial interpretation

This section deals with a combinatorial interpretation of relation (7.9) and the explicit formula of the bivariate

hyper-r-Fibonacci. polynomials

Theorem 14 The hyper-r-Fibonacci polynomial U,Qm] is interpreted as the number of ways to tile an [n+ (r +
1)m]-board with at least m (r + 1)-ominos, such that we distribute a weight x for each square and weight y

for each (r + 1) -omino.

Proof Let T, ,, count the number of ways to tile an [n + (r + 1)m]-board using squares of weight = and at
least m (r 4+ 1)-ominos of weighty.

For m = 0, T, 0 corresponds to the number of ways to tile an n-board without condition on number
of ominos, which gives U(n,k). For n = 0, the number of ways to tile (r + 1)m with at least m (r 4+ 1)-
ominos of weight y is given by y™. Now let T, ,,, be a tiling of an [n + (r + 1)m] -board with at least m
(r + 1)-ominos. If the first tile is a square of weight x, then the weight of the n + (r + 1)m — 1 tiling with at
least m (r 4+ 1)-ominos is T(,—1),m , whereas if the first tile is a (r 4 1)-omino of weight y, then the weight of

n+(r+)m—-—(r+1l)=n+r+1)(m—1)1is Tpm-1. O

The following establishes the explicit formula of the hyper-r-Fibonacci polynomial Ur[lm].
Theorem 15 For any n >0, m >0, and k=0,...,|n/(r+1)], we have

ln/(r+1)] (

Ur[Lri]l = Z

n—+m — ’I“k) .')37L_(T+1)kyk+7n7 (712)
k=0

m+k
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represents the weight of a linear n + (r + 1)m-tiling with at least

where the number ("tn”j__krk)x"*(’"J“l)kyk*m

(k+m) (r+1)-ominos.

Proof An n+ (r+1)m tiling with at least (k+m) (r+ 1)-ominos must use n — (r + 1)k squares, and then

there are (”tn”r,:k) ways to choose (k+m) (r 4 1)-ominos of weight ¥+ and z"~("*D¥ for the rest of the

tiles (squares). The proof of relation (7.12) is done using Theorem 14. O

Corollary 3 The first terms of the hyper-r -Fibonacci numbers are given by

m k-1
Ul£ = (m;— ) )mk_lym, (1<k<r),

]

Theorem 16 The hyper-r-Fibonacci polynomial Uy[Lm satisfies the following nonhomogeneous recurrence rela-

tion:

m m 1
Ul = Ul 4yt (n :;l”j ) )x”ym. (7.13)

Proof Using relations (7.9) and (7.12), we have

oy = au ol
DR
= mUn +y kZ:O ( m—1+k ).’E Y
[m] Ln/(r+1)] n+m—1-rk\ n—(r+1)k, k+m—1 ntm—=1) .n, m
= U™ +y kzl (M Yy + (" )"y
[(n—=r—1)/(r+1)]
_ er[L"L] +y kzo (n+m;i;£(k+l)).’I,‘n_(r+1)(k+1)yk+m + (n;rz;l)wnym

= UM + er[:ﬁ]r + ("+m_1)x”ym.

m—1

O

The following result implies that every r-Fibonacci polynomial can be written as a sum of hyper-r-

Fibonacci polynomials and incomplete r-Fibonacci polynomials.

Theorem 17 For m > 1 and n > 0, we have
Un+(r+l)m - Ui:n] + Un+(r+1)m(m - 1) (714)
Proof It follows by equations (7.1) and (7.12). O

7.3. Hyper-r-Lucas polynomials

Now we start by giving the definition of the hyper-r-Lucas polynomials of type s. Then we give an explicit

formula in terms of s and the hyper-r-Fibonacci polynomials.
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Definition 6 For m > 0, the bivariate hyper-r-Lucas polynomials are defined by the following recurrence
relation:

L A N CE R T
0 (1 ) (7.15)
v =2t oy

Some particular cases of hyper-r-Lucas polynomials of type s are:
Forr=s=1,xz=1,and y =1, Vygm](l, 1) = ngnh we get hyper-Lucas numbers [2].
Forr=s=1,x=2,and y =1, yiml (2,1) = pim , we get hyper-Pell-Lucas numbers [1].

[m]

Forr=s=1,z=1,and y =2, VA’”](L 2) = Jy", we get hyper-Jacobsthal-Lucas numbers.
Theorem 18 Let r and s be nonnegative integers such that 1 < s <r. For any n >0 and m > 1, we have

n/(r+1)] n+ (

ym =

s+1)m—(r—s)k (n+m—rk>$n(r+1)kyk+m. (7.16)

— n+m-—rk m-+k

Proof We prove the Theorem by double induction on n and m. The idea of this proof was already used by
Belbachir and Belkhir in [3].

Let Viim = V,Qm] . Relation (7.16) is clearly satisfied for n +m = 0 and n +m = 1. Then we suppose
that it is satisfied for all p < n+m + 1, and we prove it for p =n+m + 1. Using (7.15), we have

[n/(r+1)]

m n+(s m—(r—s)k (n+m—r n+1—(r m
VT£+]1 = kz:o %(J*H»kk)m e +1)kyk+
. L(n-i-l)z/(r—i-l)J n+1+(s+1j)L(m:1k)—(r—s)k' (n—&-inl:rcck)xn-{-l—(7-+1)kyk+m—1
k=0
[n/(r+1)] [n/(r+1)]
n+m—rk —(r n+m-—rk— —(r c
B kzo ( j1Lw+k )mn+1 ( +1)kyk+m ts kzo ( J;rrHcfl 1)xn+1 ( +1)kyk+m
[(n+1)/(r+1)] L(n+1)/(r+1)]
n+m—rk\ _n+1—(r+1k, k+m n+m—rk—1\ n+1—(r+1)k, k+m
+ kZ::O m+k—1)$+ (+)y+ +s kgo s )x+ (+)y+
Ln/(r+1)] n+m—rk+1 n+m—rk n+1—(r+1)k, k+m
B kz_:o {( m+k ) + 5( mtk—1 )} z Y
[n/(r+1)]
. n+l1+(s+1)m—(r—s)k (n+m—rk-+1\ .n—(r k, k+m
- Z n+m—rk+1 ( m+k )I’ (1) Y .

k=0

O
As a consequence of (7.15) and (7.16), a nonhomogeneous relation of the hyper-r-Lucas polynomials of

type s is given as follows:

m m m n+(s+)(m-1)/n+m-1\ , ..
Vil = oyl PO D) (1)

In the following theorem, we establish an expression of the hyper-r-Lucas polynomials in terms of s and the
hyper-r-Fibonacci polynomials.
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Theorem 19 For any integers n,m, v, and s (1 <s <r), we have

vim = glml 4 syl (7.18)

which also gives the following for all n = r and m > 1:

-1
yiml = Ufﬁ]l +syUm™ 45 (n ;nj . >x"ym (7.19)

Proof We obtain the proof using relations (7.12) and (7.16). O

Corollary 4 For given nonnegative integers m,n with t =y =1 and r =s =1, we have

vim 4 Ul = 201 and v — Ul = 20l

Now we present the connection between the incomplete r-Lucas polynomials, hyper-r-Lucas polynomials,
and r-Lucas polynomials.

Theorem 20 For m > 1 and n > 0, we have

Vn+(r+1)m = Vn[lm] + Vn+(r+1)m(m — 1) (720)

Proof The proof is obtained using relations (7.14) and (7.18). O
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