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Abstract: We investigate totally umbilical r-null submanifolds of generalized Robertson—Walker space forms. Using
generalized Newton transformations, we obtain new geometric configurations for the mean curvature functions which

generalize many well-known results on null geometry.
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1. Introduction

In [5, 7] and [21], the authors initiated the study of null geometry of submanifolds in semi-Riemannian manifolds.
The null submanifolds are interesting objects with some applications to mathematical physics and general
relativity. In particular, they are known to represent various types of black hole horizons (see [5, 7] and other
references cited therein for more details) in general relativity. Motivated by the above, many other researchers
are actively exploring these submanifolds, for instance see [6, 8, 9, 11, 12, 16-20]. In all the studies cited above,
the corresponding authors adopt an extrinsic approach to the sudy of null geometry introduced in the books of
Duggal, Bejancu, and Sahin [5, 7]. On the other hand, Kupeli uses an intrinsic approach via a vector bundle (see
[15] for more details). In [13] and [14], using the idea of Duggal-Bejancu [5, p. 107] and Duggal-Jin [10], the
author studied null submanifolds of generalized Robertson-Walker (GRW) space time manifolds, and presented
interesting partial differential equations concerning such submanifolds which are totally umbilical.

Applying the new objects given by Massamba and Ssekajja in [19], namely generalized Newton trans-
formations [2, 3], we get new differential equations that generalize those obtained by Kanga in [13] and [14].
The rest of the paper is organized as follows. In Section 2, we introduce basic notions on null submanifolds
used in this paper. In Section 3, we present the general concept of generalized Newton transformations for null
submanifolds. In Section 4, we recall some notions on GRW space-time manifolds, and obtain new geometric
configurations on totally umbilical null submanifolds of GRW space forms which generalize many well-known

results for null hypersurfaces and r-null submanifolds of GRW space forms.

2. Null submanifolds
Let (M,g) be an a real (m + n)-dimensional semi-Riemannian manifold of the constant index g such that

mn>1,1<qg<m+n—1and (M,g) an m-dimensional submanifold of M. In case g is degenerate on
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the tangent bundle TM of M we say that M is null submanifold of M [8]. Denote by F(M) the algebra of
smooth functions on M and by I'(Z) the F(M) module of smooth sections of a vector bundle = (same notation
for any other vector bundle) over M. For a degenerate tensor field g on M, there exists locally a vector field
EeT(TM), E #0, such that g(F,X) =0, for any X € I'(TM). Then, for each tangent space T, M we have
T,M+ ={u € T,M : g(u,v) =0, Vv € T, M}, which is a degenerate n-dimensional subspace of T, M. The
radical (null) subspace of T, M, denoted by RadT, M, is defined by RadT,M = {E, € T,M : ¢g(E,,X) =
0, VX € T, M}. The dimension of Rad T, M = T, M NT,M~* depends on x € M. The submanifold M of M is
said to be r-null submanifold if the mapping Rad TM : z € M — Rad T, M defines a smooth distribution on
M of rank r > 0, where Rad TM is called the radical ( or null) distribution on M. Let S(TM) be a screen

distribution which is a semi-Riemannian complementary distribution of RadTM in TM , and is given by
TM =RadTM L S(TM). (2.1)

Note that S(T'M) is not unique and canonically isomorphic to the factor vector bundle TM/RadTM [5].
Choose a screen transversal bundle S(T'M*), which is semi-Riemannian complementary to Rad TM in TM*.
Since, for any local basis {E;} of RadTM, there exists a local null frame {N;} of sections with values in
the orthogonal complement of S(TM=1) in S(TM)* such that g(E;, N;) = &;;, it follows that there exists a
null transversal vector bundle itr(T'M) locally spanned by {N;} [5]. Let tr(T'M) be complementary (but not
orthogonal) vector bundle to TM in TM . Then,

tr(TM) = ltr(TM) L S(TM™), (2.2)
TM =TM & tr(TM)
=S(TM) L S(TM~*) L {RadTM & Itr(TM)}. (2.3)
We say that a null submanifold M of M is
(i) r-null if 1 <7 <min{m,n},
(ii) coisotropic if 1 <r=mn<m, S(TM*) = {0},
(iii) isotropic if 1 <r=m <n, S(TM) = {0},
(iv) totally null if r =n =m, S(TM) = S(TM*) = {0}.

The details on the above classes of submanifolds with examples are found in [5]. Consider a local quasiorthonor-

mal fields of frames of M along M, on U as
{E17"' aET7N17"' 7NT7ZT+1a"' 7ZmaW1+Ta"' 7Wn}7

where {Z,11, -+, Zn} and {Wi,,...,W,} arerespectively orthogonal bases of I'(S(T'M)|y) and T'(S(TM*)|y)
and that €, = g(Z,, Z,) and €, = G(Wy, W,) are the signatures of {Z,} and {W,} respectively. The following
range of indices will be used. 4,5,k € {1,--- ,r}; o, B,pe{r+1,---,n}; abjce{r+1,--- ,m}.

Let P be the projection morphism of TM onto S(TM). Then,

X =PX + i’f}i(X)Ei, (24)

i=1
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for any X € I'(T'M), where the 1-forms 7; are given by
ni(X) =g(X,N;), VX e I(TM). (2.5)

the Gauss-Weingartein equations [7] of an r-null submanifold M and S(T'M) are given by

VxY =VxY + > WX, Y)N;+ > hi(X, Y)W, (2.6)
=1 a=r-+1

VxN; = —An. X + ZTij(X)Nj + Z Pia(X)Wa, (2.7)
Jj=1 a=r+1

ﬁxW = 7AWGX+Z<,OM‘( N + Z Qag W[g, (2.8)

i=1 =r41

VxPY =VyPY + > hi(X,PY)E;, (2.9)
i=1

VxE;=-ApX - 7:(X)E;, VXY €T (TM), (2.10)
j=1

where V and V* are the induced connections on TM and S(TM) respectively, hi and h$, are symmetric
bilinear forms known as local null and screen fundamental forms of T'M respectively. Also h} are the second
fundamental forms of S(TM). Ay,, Aj,, and Aw, are linear operators on T'M while Ti;, pia, @ai, and fap
are 1-forms on T'M . It is easy to see from (2.6) that

U(X,Y) =3(VxY, E;), VX,Y € T(TM), (2.11)

from which we deduce the independence of h. on the choice of S(T'M), and that V* is a metric connection on

S(TM) while V is generally not a metric connection and satisfies the relation

(Vxg)(Y,2) = > {hi(X,Y)ni(Z) + hi(X, Z)ns(Y)}, (2.12)
i=1
for any X, Y € I'(T'M).
The above three local second fundamental forms are related to their shape operators by the following set

of equations

9(Ap, X,Y) = hi(X,Y) Zhl (X,E)N(Y), G(Ay, X, N;) =0, (2.13)

9(Aw, X,Y) = €ah}(X,Y) + ) vai(X)N(Y), (2.14)
i=1

g(AWaX, Nz) = eaTia(X); g(ANiX7 Y) = h:(X, PY), (215)

for any X, Y e I'(TM).
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Definition 2.1 A null submanifold (M, g) of a semi-Riemannian manifold (M, g) is said to be totally umbilical

in M if there is a smooth transversal vector field H € T'(tr(TM)) on M, called the transversal curvature vector
field of M, such that, for all X, Y € I'(T M),

WX,Y) = Hg(X,Y). (2.16)

Moreover, it is easy to see that M is totally umbilical, if and only if on each coordinate neighborhood U there
exist smooth vector fields H' € T(ltr(TM)) and H® € T'(S(TM™)), and smooth functions H! € F(ltr(TM))
and Hf € F(S(TM2)) such that, for any X,Y € T'(TM),

W(X,Y) = H'g(X.Y), h(X,Y)=HgX,Y),
It is well known in [5] that the above definition does not depend on the screen distribution and the transversal

vector bundle of M.
Let (M,g,S(TM),S(TM=)) be an m-dimensional r-null submanifold of a (m + n)-dimensional semi-

Riemannian manifold (M,g). Let R and R denote the curvature tensors of V and V, respectively. The

following identities are needed in this paper (see [5] for details on a complete set of equations):
R(X.Y,PZ, PU) = g(R(X,Y)PZ,PU) + g(h*(Y, PU), b (X, PZ))
—g(h*(X, PU),h'(Y, PZ)) +g(h*(Y, PU),h*(X, PZ))
— g(h*(X, PU),h*(Y,PZ)), (2.18)
R(X,Y,E,PU) = g(R(X,Y)E, PU) + g(h*(Y, PU),h:(X, E))
—g(h* (X, PU), W' (Y, E)) +g(h*(Y, PU), h*(X, E))
—g(h*(X, PU),h*(Y, E)), (2.19)
R(X,Y,N,PU) = —g(R(X,Y)PU,N) + g(AnY, h'(X, PU))
— g(ANX, B! (Y, PU)) + g(h*(Y, PU), D*(X, N))
—g(h*(X, PU),D*(Y,N)), (2.20)
g(R(X,Y)E, PU) = g(Vy A*)(E, X) — (VxA*)(E,Y), PU). (2.21)

For structures of case (ii), one needs to delete all the components involving S(T'M~). Similarly, one can find

the structure equations of the other two cases.

3. Generalized Newton transformations

Motivated by the fact that r-null submanifolds are endowed with a variety of shape operators, we apply the
notion of generalized Newton transformations to a system of the above operators in this section. For extended
details on generalized Newton transformations, see [2] and [3].

Let (M,g,S(TM),S(TM*)) be an r-null submanifold of (M,g). Notice that the operators Ay, ,--- , A%
are self-adjoint on S(T'M), and hence diagonalizable on S(T'M). Let Z*(r) denote the set of all sequences
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u = (uy, - ,u.), with u; € Z*, where ZT is the set of positive integers. Then the length of u is denoted
by |u| and given by |u| = Y77, u;. Let us define an operator A* € End"(M) by A* = (A ,---, A% ),
where End" (M) is the vector space End(M) x --- x End(M) (r-times). Furthermore, let t = (¢1,--- ,t,) € R"
and set t* =ty -- -ty and tA* = ' t;A} . Then, the Newton polynomial of A* is denoted by P4~ and
defined by Py« : R" — R, P4« (1) = det(I +tA*) = 3, ., out", where the coefficients o} = o7 (A*) (the
symmetric functions or mean curvatures) depend only on A4*. We note that 02*07.” 0= 1. We suppose further
that o} = 0 for all |u| > p. Consider the functions ¢ : Z(r) — Z*(r) and g, : Z*(r) — Z*(r), given by
o (s1, -+ ,8,) = (81, 8i_1,8:+1,8i41, - ,5,) and gy(s1, ,8.) = (51, Si_1,8 — 1,841, ,5.). We can
see that of increases the value of the i-th element by 1 and g, decreases the value of i-th element by 1. It is
also clear that of is the inverse map to g,.

The generalized Newton transformation [3] of A* = (A} ,---,Af ) is a system of endomorphisms
Tr = Ti(A*), u € Z*(r), satisfying the following condition. For every smooth curve v — A*(y) in
End"(M) such that A*(0) = A*, we have %02(7)7:0 => tr(%AEi (V)y=0 © T} (,))- For a fixed system
a of endomorphisms A* = (A% ,---, A} ), the object T} is unique (see [2] and [3]). However, it is important
to note that T.f depend on the choice of chosen screen distribution S(T'M). This is due to the fact that the
object A* = (A%, -+, AL, ) is dependent on S(T'M). In fact, let us consider two quasiorthonormal frames
{Ei,N;, Zo,Wa} and {E;, N!, Z,, W'} induced on U by {S(TM),S(TM*), F} and {S'(TM),S'(TM*), F'},
respectively. In this case, F' and F’ are the complementary vector bundles of Rad TM in S(TM=*)+ and
S'(TM=+)* | respectively. Setting Y = E; in (5.2.20) of [7, p. 208]) and using hl(E;, X) = 0, we have

T n
Ap X =ApX+> 8 > eph (X, E)W/Qss ¢ E;
=1 | a,f=r+1

— iTji<X)Ej + iTg/'z(X)Ej VX e F(TM), (31)

where W/ and Qjs are smooth functions on Y. Notice from (3.1) that the operators Ag, depend on the
chosen screen distribution, S(T'M), and so A* and 7).

Let T* = (T : w € Z*(r)) be the generalized Newton transformation of A*. Then for every u € Z*(r)
of length greater or equal to p we have T)! = 0 (Cayley-Hamilton Theorem). Moreover, T;F satisfy the following

recurrence relation

5 =1, where 0= (0,---,0),

Ty =o31—Y Ay, 0T}, where |ul > 1, (3.2)
i=1
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where I denotes the identity on M. We also have [2]:

tr(Ty) = (m —r — |uf)oy, Ztr Ap, o T ) = luloy, (3:3)
and Z tr(Af, 0 Agy, o T, () = —uloy; —|—Ztr (A3)07 ) (3.4)
3,j=1

where trace is taken with respect to S(T'M). If r =1, i.e. M is a null hypersurface or a half-null submanifold,
then u = (u1,0---,0) and thus |u| = uy, from which o, = S, (the well-known symmetric polynomials of one
shape operator). Furthermore, A* = (A};), where E is the only section spanning Rad TM . Thus, TF in this
case coincides with that already known for one shape operator (see [2]). The operator A = (An,, -+ ,An,). It
is important to note that the screen local second fundamental forms h} are not generally symmetric. This makes
the operators Ay, , for i € {1,---,r} nonsymmetric (not self-adjoint on S(T'M)) with respect to g. However,
when S(T'M) is integrable then it is well known, see Theorem 2.5 of [5, p. 161], that h} are symmetric and
all the operators Ay, become symmetric (or self-adjoint) on S(T'M). Moreover, each 1-form tr(7;) induced
by S(T'M) is closed, i.e. dtr(r;;) = 0. Thus, each operator Ay, is diagonalizable on S(T'M). For this case,
let us consider A= (An,, -+, An,) € End"(M). Then its corresponding symmetric function o, = 0, (A) and

generalized Newton transformation 7, satisfy the following recurrence relation

Ty =1, where 0= (0,---,0),

T, =o0,1— ZANi o T}, (u), where |u|> 1. (3.5)

i=1

The above objects also satisfy relations (3.3) and (3.4) in which {oZ, T} is replaced with {o,, Ty}, where I
denotes the identity on M .

Example 3.1 (Null cone of R?H) Let vawz be the space R"*? endowed with a semi-Euclidean metric

n+1 n+1
g(x,y) = —ZoYo + Z ZalYas (.’E = Z anTA),
a=0

where 0z y := ax . Then, the null cone A"+ is given by the equation 22 = ZZJrll 22, 20 # 0. It is well known
( for example see the books [5, 7]) that AT is a null hypersurface of R?*2 in which the radical distribution
is spanned by a global vector field E = ZZ’S) x0T 4 On Ag'H . The transversal bundle is spanned by a global
section N given by N = ﬁ{—xoaxo + 3 2,01,} . Moreover, E being the position vector field, one gets
VxE=VxE =X, forany X € [(TM). Consequently, A3X + 7(X)E + X = 0. Noticing that the operator

A%, is screen-valved, we infer from the last relation that

* X =-PX, 7(X)=-g(X,N)=-\X), (3.6)

for any X € T(TM). Next, any X € I'(S(TAJ™")) is expressed as X = Z"H X0z, , where {X1,..., X1}

satisty Za 1 124X, = 0. From the the second relation (3.6) we can clearly see that 7(X) = 0 for any
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X eT(S(TM)). Cousider the null cone in this example. By straightforward calculation, one gets g(VgX, E) =
= ZZLI 24X, = 0, which implies that VpX € T(S(TA;T)). Hence, ANE = 0. Using Gauss Codazzi

equations, we calculate C(X,Y) = g(VxY,N) = g(VxY,N) = —ﬁg(X, Y), for any X,Y e F(S(TAQ“)).
0

Consequently,

1
AnX = —55PX, VXY € L(S(TAZY). (3.7)
0

Considering (3.6) and (3.7), we deduce that Ay X = #AEX, for any VX € T'(S(TAJ™)). Hence, AJ™!
0
is screen global conformal null hypersurface R?+27 with a positive conformal factor ¢ = ﬁ globally define
0

on Ag“. Also, by simple calculations the eigenvalues of Ay with respect to eigenvectors E, Xi,...,X,,

respectively, are kg =0, ky = ko =--- =k, = —¢ = —%. Hence, 0g =1 and
0

Oq = JQ(AN) = O—q(kOaklak% ) kn)a

for ¢ = 1,2,...,n, which is the usual symmetric function of the single operator Ay . Then, it follows that
To =1 and
Tq = (Tq(k‘o, kl, k27 ey k‘n)ﬂ — Tq,1 o AN,

for q=1,2,...,n.

The operator A = (Aw, ., Aw,). Observe from (2.8) that the operators Ay, , for a € {r +1,--- ,n}
are each self-adjoint on S(T'M) since hf, are symmetric, and thus diagonalizable on S(T'M). Let us consider

an operator A = (A -, Aw,) € End"" " (M) and let 7,, for u > 1, be its corresponding symmetric

r419
function. Furthermore, let fu denote its generalized Newton transformation. Then, & and fu satisfy the

following recurrence relation

Ty =1, where 0= (0,---,0),

T, =50 — Z Aw, ofab(u), where |u| > 1, (3.8)
a=r+1

where I denotes the identity on M. Tt is easy to show that the above objects also satisfy relations (3.3) and

(3.4) in which {o%, T} is replaced with {&,,7,} and all the sums taken within (r + 1) to n. Let us consider
a quasiorthonormal basis {X1, -, X,,} adapted to TM. Then, the divergence [5] of a (1,p)-tensor T is a

(1,p — 1)-tensor (div¥T) given by

(divVT)(w, - swpo1) = D _(Vx, T)(Xe,wi, -+ wpo1). (3.9)

e=1

We will need the following results.
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Proposition 3.2 ([19]) Let (M, g,S(TM),S(TM*Y)) be an m-dimensional r-null submanifold of a (m +n) -

dimensional semi-Riemannian manifold (M,g). Then,

r

g(divY (), X) = = > Es(ol)m(X) - Z (Ve ZAE o T} (1)) Ei, X)

i=1

T

= g(divY (T] ) AR, X) + D tr(Afy, 0 Ay 0 Ty (u))ni(X)
j= i5=1
I

+ Y R(Za, X, B, T (1 Za) = Y, (AR, 0 T ()i (X)

i,j=1

15 SERNVIA CIINIEIRS $) DIIESIRCATHEN

j,a i=1

_Z Z hs X7 ]b(u )Vaj(ZU«)’ VXEF(TM>7

j,a a=r+1

where divY" () denotes the divergence operator on S(T'M).

4. Generalized Robertson—Walker space-times

In general relativity, a space time is a four-dimensional differentiable manifold equipped with a Lorentzian
metric. One of the important cosmological models in general relativity is the family of Robertson—Walker
space-time:

Li(e.f):== (I x; F.g), §=—dt>+ f*(t)ge.

Explicitly, Li(c, f) is warped product with Lorentzian metric § of an open interval I and three-dimensional
Riemannian manifold (F,g.) of constant curvature ¢ with warping function f > 0, which defined on an
open interval I in R}. Recently, Chen and van der Veken [4] studied nondegenerate surfaces (i.e. spatial
or Lorentzian) of a Robertson-Walker space-time from differential geometry view point. In [13], the author
studied null (degenerate, lightlike) hypersurfaces of generalized Robertson—-Walker space time (GRW), which
also defined as a warped product ]L?H(c, f) =1 x5 F, where F is an n-dimensional Riemannian manifold
of constant curvature ¢. In [13], Chen and Wei provided a general study of submanifolds in the Riemannian
warped product I x; F, g = dt> + f?(t)g.. In the present paper, we study null submanifolds of a GRW space-
time L?H(c, f). In particular, we investigate null submanifols with curvature invariance and parallel second
fundamental forms, totally umbilical null submanifolds, null sectional and Ricci curvatures, respectively.

In this section, we review some results of the connection and curvature of GRW space-time, which follow

from general results on warped product [21]. Consider a GRW space time
Li™ (e f) = (I x; F.g), g=—dt* + f*(t)ge,

where f is a smooth positive function on I, and (F,g.) is an n-dimensional Riemannian manifold of constant
sectional curvature c. The standard choices for F' are S™, E™ and H", with curvature 1,0, —1, respectively.

Let m and o be the natural projections of I x F onto I and F', respectively. Let L£(I) and L(F) be
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the set of horizontal and vertical lifts of vector field on I and F' to I xj F, respectively. Let 0, € L(I)
denote the horizontal lift vector field to I x; F' of the standard vector field % on I. By a spacelike slice of
L (e, f) = (I x; F,g) we mean a hypersurface of L7 1! (c, f) given by a fibre S(t) := 7 '(ty) with metric

f%(to)ge. For each vector X tangent to L7 (c, f), we put
X = ¢(X)0, + X, (4.1)

where ¢(X) = —g(X,8;) and X is the vertical component of X .

The following Proposition was proved in [21].

Proposition 4.1 For any vector fields X,Y,Z on L7 (¢, f),

R(X, 2)Y = Mg(V, 2)X —g(X, 2)Y} + 1 {o(X)$(2)Y
—¢(Y)o(2)X + (6(X)g(Y, Z) — ¢(Y)g(X, Z))0:},

! " /2
where \ = f;jc, uzw-

Next, we generalize the results of [13] and [14] regarding totally umbilical null hypersurfaces and submanifolds

of Generalized Robertson Walker space forms.

Theorem 4.2 Let (M, g, S(TM),S(TM™Y)) be a totally umbilical r-null submanifold of a GRW space L™ (c, f).
Then, the generalized mean curvature functions oy, : u > 1 of A* = (Ay ,---, A} ) satisfy the following partial

differential equations

T

Bi(og) =Y tr(Afy, 0 Al o Th ) + > tr(A, o T (1))pij (E)

j=1 1,j=1

j=1

PX(o7,)+ Z tr(Ap, o T} () pij (PX) + ZM¢(PX)¢(Ei)tr(T;;(u)) =0.
i,j=1 j=1
Moreover, the curvature tensor of M satisfies the following relation

RX,Y)Z = {AX +HIANX + Y H AW, X}g(Y, 2)
a=r—+1

—{AY +HANY + ) HLAw, Y }9(X, 2)
a=r+1

+1{o(X)p(2)Y — 6(Y)p(Z)X —{$(X)g(Y, Z)
- o(Y)g(X, 2)}0] }, (4.2)

where O] denotes the tangential projection of 0 with respect to the decomposition (2.3).
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Proof Considering Propositions 3.2 and 4.1, we have

g(divY( ZE Z (Vg, ZAE o T} () Ei, X)

—Zg (divY (T} ) AR, X) + Y (AR, 0 Afy 0 T, ) Jni(X)

ij=1

— 1> SENS(X)te(TS () quﬁ 9(Za, X)(T} (1) Za)
j=1

- Z tr(Af, o T3 () pij (X) —|—Zeatr(AWa 0 T} (uyVai(X)

1,j=1 Ja
+ ) BX T (0 Za)pii(Za) = Y WX, T () Za)Vai (Za), (4.3)
1,J,a J,a,x

for any X € T'(TM). As M is totally umbilical, we have v4;(X) = v4;(Z,) = 0, hi(X, T; (Za) = 0 and
ho(X, T} (yZa) = 0, for any X € I'(RadTM). Setting X = Ej in (4.3), then div¥ (T*) belongs to TM*,

we obtain the first relation of the theorem. For second relation of the theorem, we put X = PX in the last

equation in the proof of proposition 4.2 of [19, p. 71], we have
Zm« o (VexAR) =Y 9(VexAl) Za, T} (1) Za)- (4.4)

j,a
Using the defintion of covariant derivative together with (2.4) and the fact that M is totally umbilical in

L (e, f), we derive
(VPXA*Ej)Za = PX(H;)ZQ—FHéZ’I]i(VPXzQ)Ei. (45)
i=1
Next, considering (4.4) and (4.5) we have

Zg (PX )Za + M, Zm (VoxZa)Ei, T} (1) Za )

i=1
=> w(PX(HY)-T5,). (4.6)
j=1
Replacing PX(’Hé») in (4.6) using Theorem 5.3 of [14, p. 303], we derive

T

PX(o3)=— > tr(Ap, o T}, )pi;(PX) uZtr E)T ),
1,j=1

from which we get

T

PX(o3) + Y tr(Ap, 0 T )i (PX) + 1y o(PX)G(Ei)tx(T5,) = 0,

ij=1 j=1
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proving the second relation of the theorem. Finally, the last relation follows from simple calculations as in [14],

which ends the proof. O

Corollary 4.3 From proposition (5.4) in [14, p. 304], if 0; € RadTM @ ltr(T M), then the partial differential

equations become

=1

J=1

PX(03)+ Y nd(PX)b(E:)tr (T} () = 0.
j=1
Theorem 4.4 Let (M, g, S(TM),S(TM™Y)) be a totally umbilical r-null submanifold of a GRW space L™ (c, f).

Then, the generalized mean curvature functions o, : u > 1 of A= (Aw, ., Aw,) satisfy the following

partial differential equations

Ej(Gu)— Y w(Ay, 0 Aw, oTa,w) + Y. tr(Aw, o To,(w)bas(E))
a=r+1 a,f=r+1
+ Z /Mb(Wa)gb(Ej)tr(fab(u)) :07 (47)
a=r+1
PXG)+ Y. eatr(Aw, o Toyw)bas(PX) + D eatr(Al, 0 To, () 7ia(PX)
a,B=r+1 i,
+p Z €a¢(PX)¢(Wa)tr(fab(u)) = 0. (48)
a=r+1

Proof By the method of Theorem 4.2 while considering Propostion 4.1, we have
g(div¥(T,), X)

T

= =D Ei@)m(X) =3 o(Ve, D Aw, 0 To,w)Ei X)

=1 a=r+1

n

- Z g(divv* (fab(u))7 AWaX) + Z tr(A*Ei © AWa © fab(u))ni (X)

a=r+1 ia
+ 3 R(Za, X Wa, TuyyZa) = Y t1(Aw, © T, (1)) (X)

v >
+ 3 9 Aw, X, Toy 0 Za)0ap(Za) — D DI (X, Ty (u) Za)Vai(Za)

a,a,f i,a,a
+ Z tr(Ap, o fab(u))um(X), (4.9)

and X(5,) = ﬁ: tr(Tw, () (Vx PAw,)), VX € D(TM), (4.10)
a=r+1
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which completes the proof. O

From (4.9) and Proposition 4.1, we obtain

g(divY (T,), X)

T

== FEm(X) =3 9(Ve, D2 Aw, 0 Toy)Ein X)

i=1 a=r+1

n

- Z g(divv* (fab(u)% AWaX) + Z tr(AEi © AWa © fab(u))ni (X)

a=r+1 [N
= > upWa)p(E)t(Tayw) — D tr(Aw, 0 Toy(w)bas(X)
a=r+1 a,B=r+1
+ Y 9(Aw, X, Toy () Za)00s(Za) = D Wi (X, Ty (u) Za)Vai(Za)
a,a, 1,000
+ > (A, 0 To, (uw)Vai(X), VX €T(TM). (4.11)

7,00

Setting X = Fj; in (4.11) and using the Definition 2.1 of totally umbilicity of M and Theorem 4.4, we obtain
the first relation (4.7). Using (4.10), we derive

n

PX@) = Y 9((VrxPAW,) 20, TayZa).
a=r+1

Using the definition of covariant derivative and the fact that M is totally umbilical in LY (¢, f), we derive

(VpxPAw.)Za = VpxPAw. Za — PAw. VpxZa = eaPX(HE) Za. (4.12)
Replacing PX (H2) in (4.12) using Theorem 5.3 of [14, p. 303], we derive

PX(Gu) = ) cag(PX(H3) Zas Ty () Za)

a,a

n

=— > eatr(Aw, o Tu,w)lap(PX) =Y eatr(Af, 0 Tu, (uw)Tia(PX)

a,B=r+1 1,0,

n

— Z eauqb(PX)qf)(Wa)tr(fab(u))a

a=r+1

from which we get

n

PX(Gu)+ Y. eatr(Aw, o To,w)as(PX) + > eatr(Af, 0 T, (u)7ia(PX)

a,B=r+1 [N

i Y ad(PX)G(Wa)tr(Ta, ) = 0.

a=r+1

proving the second relation (4.8). Finally, the last relation follows from simple calculations as in [14], which

ends the proof.
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Definition 4.5 Let (M, g) be an r-null submanifold of (M,g). We say that M is a u-constant mean curvature
submanifold if ¢} and &, are constant functions on M. In particular, M will be called u-minimal if o} and

0, vanishes on M .

As an example, we have the following.

Lemma 4.6 Any totally geodesic null submanifold is u-minimal.

The proof of Lemma 4.6 follows from a straightforward calculation. For a nontrivial example, we have the

following.

Example 4.7 Consider a submanifold M in R} given by the equations (see [7])
g = (2} +x§)%, rg=(1— a’%)%a x5, T1, £2 > 0.

Then we have

0 0 0 0 0
TM = E=x— — — U=x4—
Span{ x1 1 + x2 9 + 24 9zy’ Ty

0 0
V= —.%'5871‘3 +:L‘387z5}7

0 0
1 _ _
TM— = Span{E, W = x38x3 + x5 B }

Thus, Rad TM = Span{E} is a distribution on M and S(TM~') = Span{W}. Hence, M is a half-null
submanifold of RS, with S(T'M) = Span{U, V}. The null trransversal bundle tr(7'M) is spanned by

1 0] 0 0
N = T;E%{xlaixl — 1.287562 +$487x4}

By direct calculations, we get VyE = U, VyE =0, VgE = E, VyN = #U, VyN =0,VgN = —N.
2
Then, applying the Gauss—Weingarten formulae, we get ALU = -=U, ARV =0, AyU = —#U, p(U) =0,
2

T(U) =0, ANV =0, p(V) =0, 7(V) =0, ANE =0, p(E) = —1,7(E) = 0. Hence, from the above
calculations, we infer that Ay X = ﬁA’jﬂX , for all X € T'(TM), which shows that M is a screen conformal
2

half null submanifold. Now, by direct calculations, we obtain VgV = VyU = 0, VyU = %E + @3N,

VvV =-W,VgE=E, VyW =0, VyW =V, VgW = 0. Then, by the Gauss-Weingarten formulae, we
get

1 1
VoU = 5B, E(U,U) = o AwU =0, AwV =-V, AwE=0,
(U, U)=43, R(V,V)=0, h3UU)=0, h3(V,V)=-1,

hy(X,E) =0, v(X)=0, VX eDl(TM).

Let us denote by kg, k7, k35 and %0,@1,% the eigenvalues of A%, and Ay with respect to {E, U, V'}, respectively.

In view of the previous calculations, k§ = 0,k = —1,k3 = 0 and EO = 0,79\1 = 0,/]’;2 = —1. The corresponding
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symmetric functions o} (A%) and 7,(Aw) are actually the symmetric functions for single shape operators,
given by o (A%) = 0/(0,-1,0) and 7,(Aw) = 7,(0,0,—1), for all [ =0,1,2. Clearly, the two functions above

are constant along M. Thus, M is u-constant mean curvature half null submanifold of R3.

Remark 4.8 ([14]) Let M be a null submanifold of L7 (¢, f). Then
1. 0; cannot be tangent to M ;

2. 0; cannot be orthogonal to M .

Next, we apply Theorems 4.2 and 4.4 to deduce the following result.

Corollary 4.9 Under the assumptions of Theorems /.2 and 4.4, If h' is parallel and 0; belongs to tr(TM) @

Rad (TM), then M is a u-constant mean curture null submanifold if Aw., o fa.,(u) is trace-free on S(TM).

Proof From Theorem (5.7) in [14, p. 305 |, if h! is parallel then, we get H! = 0. This implies that Ap, =0
on S(TM). Thus, c* = 0. On the other hand, the partial differential equations of Theorem 4.4 reduces to

Ej(G)+ Y. tr(Aw, o Ta,w)las(E;) =0,
a,B=r+1

and PX(G.)+ Y. eatr(Aw, o T (w)bas(PX) =0.
a,B=r+1
which completes the proof. O

In Theorem 5.1 of [13, p. 870] the author showed that for a totally umbilical null hypersurface of
L™ (¢, f), the function p such that B(X,Y) = pg(X,Y), where X,Y € T'(TM), satisfies the following

differential equations

E(p) = p* + p7(E) + n¢(E)* = 0, (4.13)
PX(p) + pr(PX) + n¢(E)$(PX) = 0. (4.14)

Moreover, it can easily be shown that equations (4.13) and (4.14) hold for a half null submanifold of LT (¢, f).
In the case of a totally umbilical r-null submanifold with » > 1, Kang [14, p. 303] showed, in Theorem 5.3
therein, that the functions H! and M2 in (2.17) satisfy the differential equations

Ej(H;) - HH1+ZHkaz J) + no(E)$(E;) =0, (4.15)
k=1

Ej(H3) — HOH) + Z H5050(E;) + nd(Wa)$(E;) =0, (4.16)
=r+1
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and

PXOLY + 3 Hipra(PX) + po(E)6(PX) =0, (4.17)
k=1

PX(H3)+ Y Mibpa(PX)+ > Hiria(PX)
a=r+1 i=1

+ 1B (Wa)$(PX) = 0. (4.18)

Hence, we can say that Theorems 4.2 and 4.4 are generalizations of differential equations (4.13)—(4.18) above.

Let (M,g,S(TM),S(TM*)) be an r-null submanifold of a semi-Riemannian manifold (M,g), the
screen distribution S(T'M) is said to be totally umbilical in M [5] if there is a smooth vector field K of
RadTM on M, such that h*(X,PY) = g(X, PY)K, for any X,Y € I'(TM). Moreover, S(TM) is totally
umbilical, if and only if, on any coordinate neighborhood U C M, there exist smooth functions .#; such that
hf(X,PY) = H#;9(X,PY), for any X,Y € I'(TM). Tt is also easy to see that for an umbilical S(T'M) one gets
P(An,X) = #4PX, h*(E,PX)=0, YX € [(TM), where E € T'(Rad TM).

Theorem 4.10 Let (M, g, S(TM),S(TM>)) be a totally umbilical r-null submanifold of a GRW space

L™ (c, f). Then, the generalized mean curvature functions o, : uw > 1 of A = (An,,---,AnN,) satisfy
the following partial differential equations

r

Br(ou) = Y tr(Af, 0 An, 0 Tjyw) — Y, tr(A, © T, u)7i; (Er)
j=1 ij=1
_AZJEI‘ Gy () +MZ¢ Ek tr( ]b(u))zo,
Proof By the method of theorem 4.2 and theorem 4.4 with recurrence (3.5) and (2.20) we obtain

g(divV(T,), X)

= - ZEZ(Uu)m(X) - Zg((sz ZAN]' © Tab(u))EhX)

i=1 j=1

- Zg (AivY (Ta, (), An, X) + D> tr(Af, 0 Ay, 0 Ty u))7i(X)
5]

- ZPJQS _]h(u Ztr AN oT, u))pj’t(X)
+ ) 9ANX, Ty ) Za)05i(Za) = Y 15 (X, T, ) Za)Vji (Za)
a,j,t i,7,a
—Zg X, T}, ) Za, D*(Za, Ny)), VX € T(TM). (4.19)

Now, replacing X by FEj in above equation and using the fact of M and S(T'M) are totally umbilical we get
the result, which completes the proof. O
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By virture of Theorem 4.10, we deduce the following result.

Corollary 4.11 Under the hypotheses of Theorem 4.10, V on M is metric connection if and only if the mean

curvature functions o,; u > 1 are a solution of the following partial differential equations

T

Ei(ow) = Y tr(An, o Tj, (u))7ij (E) )\Ztr )

ij=1

+MZ¢ (B tr( jb(u)) =0.

Let x € M and E be a null vector of T, M. A plane II of T, M is called a null plane directed by E if it
contains E, g(E,W) =0 for any W € II and there exists Wy € II such that g(Wp, Wy) # 0. Then, from [5,

p. 95], we define the null sectional curvature of II with respect to £ and V as the real number

Kp(Il) = FUATEE (4.20)

where W is an arbitrary nonnull vector in II. Similarly, we define the null sectional curvature Kg(II) of the

null plane IT of the tangent space T, M with respect to ' and V as a real number

R(W,E, E,W)

(4.21)

Using the fact that both the null sectional curvatures in (4.20) and (4.21) are independent of W € II, we derive
from (2.19) and (2.21) that

T

Kp(ll;) = Ztr AR o Th )+ Y tr(Af, o T5 ()7 (Ej)
ij=1

T Z uo(Ej)"tr(T5 o) = Kp(ll). (4.22)

Therefore, we have:

Theorem 4.12 Let (M, g,S(TM),S(TM™1Y)) be either an r-null or a co-isotropic submanifold of GRW space
L (¢, f). Then, both the null sectional curvature Kp(Il;) and K g(IL;) vanish, if and only if, o : u>1 of
A* = (Ag,,---, AL.) is a solution of the partial differential equations

Ztr AR oT5 () + Y tr(Ay, o Tf ()7i (Ej)
i.j=1
+Zu¢ (T}, (uy) = 0-

Proof The proof follows immediately from (4.22). O
From Theorem 4.2 and equation (4.22), we deduce the following:
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Theorem 4.13 Let (M,g) be a totally umbilical null submanifold of GRW space L3 (c, f). Then, both the

null sectional curvature functions K g(11;) and Kg(I1;) vanish.

Note that the null sectional curvature of a null plane II; is independent of the choice of nonnull vectors in II;, but
depends quadratically on the null on the null vectors. A geometric interpretation of the null sectional curvature
can be found in [1], where the authors showed that a three-dimensional, conformally flat Lorentzian manifold
has isotropic and spatially constant null sectional curvature if and only if it is locally a Robertson-Walker

manifold.
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