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Abstract: In a recent work, Orhan et al. (Afrika Matematika, 2016) defined a subclass of analytic bi-univalent one-fold

symmetric functions. The main purpose of this paper is to generalize and improve the results of Orhan et al.
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1. Introduction

Let A denote the family of analytic functions

f(z)=z+ Zanz", (1)

inU={z:|2| <1} and S={f € A: f is univalent in U} .

Theorem 1 [8] The range of every function of class S contains a disk of radius *.

1

By Theorem 1, every function f € A has an inverse f~! defined by

FHf(2) =2 (2€0)
and
1 1
FUF ) =w (|l <ro(f), ro(f) > 1)
where
Hw)=w —ayw?® + (2(1% — ag) w? — (Sag — bagas + a4) wha ..., (2)

A function f € A is called bi-univalent if both f and f~! are univalent in U. We say that f is in the

class ¥ for such functions. The function f € A is said to be subordinate to another analytic function g, shown
as

f(z) < g(2), (3)
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provided that there is an analytic function w defined on U with
w(0) =0 and |w(z)| <1

fulfilling the following condition:

For each function f € .5, the function

h(z) = %/F(z™) (€U, meN) (4)

is univalent and maps the unit disk U into a region with m-fold symmetry. A function is called m-fold symmetric

(see [18]) if it has the following normalized form:
f(z)=2+ Zamkﬂzmkﬂ (z€ U, meN). (5)
k=1
We say that f is in the class Sy, for such functions, which are normalized by series expansion (5). The
series expansion for f~! is given as follows:
gw) = w —appw™ T+ [(m+1)ag, y — azmyr] W (6)

1
- i(m +1)(3m+ 2)afn_~_1 — (3m + 2)am102m i1 + Az | W F

where f~! = g. This form was recently given in [18]. ¥,, denotes the class of such functions. Recently, many
authors investigated bounds for various subclasses of m-fold symmetric bi-univalent functions ( see [1, 2, 4—
6, 15, 16, 19]).

In the present work, we also use the symbol P denoting the class of analytic functions of the form:

p(z) =1+piz+pez® +paz® + -

such that
R(p(z))>0 (z € U).

According to the study in [14], the m-fold symmetric function p in the class P has the following form:

p(2) = 1+ pmz + Pom2™™ + pgm2®™ + - . (7)

Assume that ¢ is an analytic function together with positive real part in U such that
e(0)=1 and  ¢'(0) >0,

and p(U) is symmetric with respect to the real axis. The function ¢ has a series expansion of the following

form:
©(2) =14 Byz+ Boz? + B3z® +--- (B > 0). (8)
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Let u(z) and v(z) be two analytic functions in U with
w(0)=v(0)=0 and  max{|u(z)|, |v(w)|} < 1.

Observe that

u(2) = bm2™ + b 2™ + by 2"+ - (9)
and
’U(’LU) = cpw™ + CQmw2m + C3mw3m S (10)
Also, we notice that
o] < 1, [bom| <1 —=[bl* , lem| <1, eam| < 1= |em]*. (11)

By some simple calculations we can state that

@ (u(2)) =1+ Biby2™ + (Bibay, + Bab2) 2°™ + - - - (|| < 1) (12)
and
o (v (w)) =1+ Biepw™ + (Blcgm + Bgcfn) w?™ 4+ - (lw] < 1), (13)

The aim of this paper is to introduce a new subclasses ng()\, u) of ¥, and derive estimates on the

initial coefficients |a, 1| and |agm41| for functions in 8§ (A, u1), motivated essentially by the work of Ma and

Minda [11].

2. Coefficient estimates for S5 (A, )

n

Definition 2 For a function f € X,,, we say that f € ng()\, ) if the following conditions are satisfied:

((1 - (£2) are) (*’“)) <o) (2L op20, zel)

and

((1 -3 (22) 4w (“’(w“’))) Jpw) A1 p>0, wel),

where the function g = f~L.

Remark 3

1. Letting p = 1, we have the class
ng (/\7 1) =By, (/\’ 90)

(see Def. 4 in [19]).
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2. For p=1 and A =1 we have the class
S, (1,1) = Hym(p)
(see Def. 4 in [19]).

3. For ;1 =0 and XA =1, we have the class of m-fold symmetric bi-starlike functions (see [10]).

In the case of one-fold symmetric functions, we have the following classes:

4. For m = 1, we have the class
A
SE (A ) = N ()

(see [12]).
5. For m=1,A=1, and p =1, we have the following class:
Sy (1,1) = Hy,

(see [3]).

B
For ¢ = ( iji) and for ¢ = (%) , we have the following classes:

142

Séiﬂ)ﬁ(l, N=Hl0<p<1)

and

1+(1—-2a)z

Uy = g0 <a <),

respectively ( see [17]).

6. For m =1 and p =1, we have the following class:

Sgl(lﬁ)\):RE()VgO% AEO

(see [3]).

B
For m=1,u=1,and ¢ = (Hz) and for ¢ = <M> , we have the following classes:

11—z 1—2

142

Sgij)ﬁ(/\’ 1) =Bg(B,N), 0<B<1,A>1)
and

14(1—2a)z

Sél e )()‘71):82(@7)\)7 (0§C¥<1,)\21),

respectively (see [17]).
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7. For m =1 and A =1, we have the class
S5, (1L p) = Fg(p) (1= 0)

(see [19]).

B
8. For m=1, p=0, A=1,and ¢ = (}fj) and for ¢ = (w) , we have the following classes:

(i)
82172 (170) = S;‘,,ﬁ7 (0 < ﬁ S 1)

and

14+(1—2a)z

s 1,0 = Si(a), (0<a<1),

respectively (see [12]).

B
9. For m=1,¢o = (i‘i) and for ¢ = (@) , we have the following classes:

14z
z

Séi’ f(m) =N&MNB), (0<B<1LA>1,0>0)

and

1+(1—2a)z

sUTET) ) = M @), (0<a<1A>1u20),

respectively (see [7]).

Theorem 4 Let f given by (5) be in the class S§ (N, p). Then

ByV2B
lam+1] < 2B (14)
\/‘B? (1 +2mA) (4 m) — 2By (s +mA)?| + 2By (u +mA)*
and
(4 41 _(ptm))? ) 2B} 4 B By > _ 2utmN?
la | < 2 (p+2mA)Br ) | B2 (u+2mA) (p+m)—2B2 (u+mA)?|+2B, (u+mA)? | p+2mA 7 1 = (m+1)(pt2mX)
2m—+1] > By B M
pn+2mA ’ 1< (m4+1)(p+2mA)
(15)

where A > 1, p>0.
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Proof Let f¢€ ng(/\, 1). Then there are two analytic functions w: U — U and v : U — U, with

satisfying the following conditions:

10 () e (12) —wey wma a0 (22) g (L2) < ppatu

(16)
Using the equalities (12) and (13) in (16) and by equating the coefficients in equation (16), we have

(14 mA) ami1 = Bibm, (17)
pw—1 5 2
(M + Qm)\) Tam+1 + G2mi1 | = Bybom + BQbmv (18)
and
- (/1, + m>\) Am+1 = BlCm, (19)
+1
(H + 2m>\) |:(m + ,U2> afn-i-l - a2m+1:| - Blch + BQC%V (20)
From (17) and (19) we obtain
an = —Cm (21)
and
(n+mX)* iy = BE (0, + ). (22)
Also, from (19), (20), and (22), we have
2By (1 +m))°
(1 +2mA) (n+m)ag, .y = Bi (bam + c2m) + Q(MB%)G%LH.

Therefore, we have
[ 2mA) (e + ) BE = 23 (e + mA)| @21 = BY (b + c2m) (23)
By using the inequalities in (11) for the coefficients b, and ¢y, , we obtain
’(u +2mA) (+ m) B2 — 2By (u + m/\)2‘ lan|” < 283 (1— |2]), (24)
and by using (17) in (24) we have

2B}

; (25)
B2 (14 2m) (w4 m) — 2By (4 mA)?| + 2By (i +mA)?

‘am+1‘2 <
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which implies assertion (14). Similarly, in order to find the bound on |azm+1], we subtract (20) from (18).

Then we obtain
2 (4 2mA) asmi1 = (p+2mA) (m + 1)a2, 11 + Bi (bam — com) - (26)

Thus, in view of (17), (21), and (26), and applying (11) for the coefficients bay,, by, and cam, ¢ , we have

m+1 (u+m)\)2 2 By
< 7 . e 2
[z = ( 2 (11 + 2m)) By [@m+1] e 27)

2 (ju 4 2mA) lazmsr| < (u+2mA) (m+ 1) Janmp|* + 2By (1 - [b2,

Upon substituting the value of |ap41|* from inequality (25) and putting it in (27), we have the desired result.
O

3. Corollaries of the main theorem
For the case of m-fold symmetric functions, we have following:

Remark 5 For =1, Theorem 4 reduces to the corresponding results of Tang et al. (Theorem 7, p. 11086 in
[19]), which we recall here as Corollary 6 below.

Corollary 6 (See [19]) Let f given by (5) be in the class S, (A,1). Then

B1V2B;
\/‘B% (14 2mA) (1 +m) — 2By (1 +mA\)?| + 2By (1 +m\)?

|am 41| < (28)

and
( +1 _ ((1+m:))2 ) 2B3 s
2 14+2mA)B1 ) |BZ(1+2mA)(1+m)—2Bz(1+mA)?[+2B; (1+mX)? S _204mN?
|a2 1| < | ' + Bi ’ | ! ’ By > (m=+1)(142mA) (29)
mt - 14+2mA , 9
B 2(1+mA)
TFomx v B < Ginatemn

where 0 < A < 1.

Remark 7 For A =1 and p =1, Theorem 4 reduces to the corresponding results of Tang et al. (Theorem 1
in [19]), which we recall here as Corollary 8 below.

Corollary 8 (See [19]) Let f given by (5) be in the class Sy, (1,1). Then

am] < el (30)
V@ +m)[|B? (1 +2m) — 2By (1 + m)| + 2B; (1 + m)]
and
2(14+m) 2B3 B 2(1+m)
|Cl | < (1 B (1+27n)Bl) (1+m)[|B%(1+2m)—232(1+m)|+231(1+m)] + 1+21’m » Bz 14+2m (31)
2m+1| > B, B 2(14m) .
1+2m ) 1< T7am
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Remark 9 For A=1 and p =0, Theorem 4 reduces to the following corollary:

Corollary 10 Let f given by (5) be in the class Sy, (1,0). Then

BB
|amg1] < - (32)
ma/ |B1 — B2| + Bl
and
mtl _ m By By By > -m_
lagm+1] < { ( 2 231) mBzHBf*BﬂJFBl] HEC R e (33)
m » Bi<m
For the case of one-fold symmetric functions, we have following:
Remark 11 Theorem /4 reduces to Corollary 12:
Corollary 12 Let f given by (5) be in the class S§. (A, u). Then
B1\/2B
las| < At (34)
1B G 0 Gt 1) — 2 o+ 22 28 G 02
and
(1 e ) 25 :
(420 B1 ) B2 (u+2X) (u+1)—2B2 (u+A)? [+2B; (u+1)? . B> (uigi
las| < +Mf§)\ (” . (35)
B +2
ESpY , B < 4E5s

where 0 < A< 1,4 > 0.

From among the many choices of A\, u and the function ¢ that would provide the following corollaries:

i) In the case of p = (ifi) , we have
2
laz| < a (36)
\/’(N+2)\) (+1)8 - (u+/\)25‘ +(p+N)?
and
_ A 26 1 E29
las| < 2 Kl 25(““”) (G20 Gt D~ (e B a7 um} P2 35Ty (37)
— 283 ﬁ < (”_,,_)\)2
2 ’ 2(p+2X)
and
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ii) for ¢ = (@) , we have

2(1 —
|ag| < ) (38)
0520 Gt 00 = 0 = o+ 22+ G °
and
_ Wt 2(1-a) 1 _ (N2
las| < 21 -a) {(1 2(1*04)(#+2>\)> [(1422) (1) (1= ) — (n+2)? [+ (p+A)? + /t+2>\} SR RS2y
- 2(1-a) (utN)?
7)Y , I-a< 2&+2A)
(39)

Remark 13 For u =1, Theorem 4 reduces the corresponding results of Peng and Han [13], which we recall
here as Corollary 14.

Corollary 14 [13] Let f given by (5) be in the class Sy (A, 1). Then

BB

|as| < (40)
\/‘B% (14+2X)) = By (1 4+ M)+ B (1+)°
and
o (14+A)? B3 By (142)?
las| < ( (1+2/\)Bl) |Bf(1+2,\)—B2(1-1M)2|+Bl(1+,\)2 i o By > T+2X1 (41)
— B 1+ 2
1+§>\ , Bi< (1+2;\

From among the many choices of A and the function ¢ that would provide the following corollaries:

B
For the class of strongly starlike functions, the function ¢ is given by ¢ = (%ﬁ) . Theorem 4 reduces

the corresponding corollary of Tang et al. [19] (see Corollary 27, p. 1087 in [19]), which we recall here as
Corollary 15:

14z

8
Corollary 15 [19] Let f given by (5) be in the class Sgi’Z) (A, 1). Then

20
VA+ N2+ 1+ 20— 228

las| <

and
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282 [2(1+20)+|1422—2?|] (142)?

las| < (H20) ([T422=A2|B+(14+2)2) 7 2(1+2X) <p=1
o _28 0<B< (14+0)*
1+2X ’ 2(142X)

Remark 16 The estimates for |as| and |as| given by Corollary 15 are more accurate than those given by

Theorem 2.2 of Frasin and Aouf [9].

ii) For the class of starlike functions of order «, the function ¢ is given by ¢ = (M) . Theorem 4

reduces the corresponding corollary of Tang et al. [19] (see Corollary 28, p. 1087 in [19], which we recall
here as Corollary 17:

1+(1—2a)z

Corollary 17 [19] Let f given by (5) be in the class Sél 1= )()\, 1). Then

2(1 — «)
\/(1+)\ ‘2 1420 (1—a) — (14 1)

las] <

and

[2(1+20) (1— )= (1+X)?|+2(1—a) (14+2)) 1 2A—A2
las| < 2(1-a) (1r2)) [[204220) (1—a) — (14X [+ (14+1)7] 0 < o < S5 .
i =) 1422\
123 s 2—~(_1+2)\) < a < 1

Remark 18 The estimates for |as| and |as| given by Corollary 17 are more accurate than those given by
Theorem 2.2 of Frasin and Aouf [9].

Remark 19 For p=1= X\ Theorem 4 reduces the corresponding corollary of Peng and Han [13], which we
recall here as Corollary 20:
Corollary 20 [13] Let f given by (5) be in the class S§ (1,1). Then

Bi1vB;
las| < 5
V3B —4Bo[ + 4B,

and

(SR — -

3B1 ) [3B?—4Bs|+4B, , By >4

las| < B -3
3
B 4
3 , Bi<j
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