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Abstract: Using the Krasnosel’skii’s fixed point theorem, we establish the existence and multiplicity of positive T-

periodic solutions of second-order semipositone system

Af(t, x(2)),

{ 2”(t) + a(t)z(?)
(),

£(0) = 2(T),'(0)

where x = (z1, 22, -+ ,zZn), f(t,z) = (f1(t,z), f2(¢,x), -, fn(t,x)) is bounded below.
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1. Introduction
In this paper, we are concerned with the existence and multiplicity of positive T-periodic solutions of the

second-order semipositone differential equation

"(t) + a(t)x(t (1)),
{ z(0) = x(T),2'(0) = 2/(T), (1.1)

where A > 0 is a parameter, a(t) = (a1(t), - ,an(t)), x(t) = (x1(t), - ,zn(t)), f(t, ) = (f1(t,x), f2(t, z), -,
fn(t,z)). We say that the differential equation

2" +a(t)r = Nf(t,z(t))

is semipositone if a vector-valued function f may be negative and bounded from below, which means that f

satisfies the following condition:
(Fo) f:[0,T] x R} — R™ is continuous, periodic in ¢ with period T, and
fi(t,x) > —e;(t), for (t,x) € [0,T] x RY,

where e; : [0, T] = R, is continuous and e;(t) £ 0 on [0,T].
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To the best of our knowledge, existence and multiplicity of nontrivial solutions of (1.1) have been widely
studied using the variational method [2, 15, 26], the method of upper and lower solutions [3, 4], fixed point
theorems [9, 10, 12, 16-18], alternative principle of Leray—Schauder [5] or topological degree theory [23]. In
general, in order to ensure the positivity of the solutions of the boundary value problems, one of the crucial
assumptions is that the nonlinearity f is nonnegative. We refer the readers to [7, 8, 19-21] and the references.
For the BVP (1.1), there is little literature that has referred to the existence of positive solutions when the
nonlinearity can take a negative value. In [22], Wang used a well-known fixed point theorem in a cone to

establish the existence of T-periodic solution of a class of nonautonomous second-order systems

{ x’(’(t) + px(t) + V(¢ x(t)

) —
0 = Ty, 2(0) =T, (1.2)

where © = (1,22, - ,2,), V(t,2) = (v1(t, ), v2(t, ), - ,v,(t,2)). The main result is

Theorem 1.1 [22] Assume that lim ;o % =0, i=1,...,n, uniformly in t € [0, T].

x|

(a) If p € (—00,0) and V(t,x) is bounded below, then (1.2) has a solution x(t).
(b) If pe (0,(%)?) and V(t,x) is bounded above, then (1.2) has a solution x(t).

However, the author finds sufficient conditions under which the semipositone BVP (1.2) has a solution,
which is not necessarily positive.

Inspired by these references, using a well-known fixed point theorem, the purpose of this paper is to study
the existence and multiplicity of positive periodic solutions of the semipositone BVP (1.1) under some suitable
assumptions, which guarantee that a positive solution of the semipositone BVP (1.1) here simply requires that
all component of the solution is positive. Compared to the results in [19-22], our work presented in this paper
has the following new features. Firstly, we find some new conditions,which differ from those in the majority
of papers as we know. Secondly, the nonlinear term f may take a negative value. Thirdly, instead of the
constant M by any continuous function e(¢) on [0, T], which has been used in [6]. Fourthly, the existence and
multiplicity of positive solutions obtained here for suitable A > 0.

The paper is organized as follows: in Section 2, we give some preliminaries and an appropriate transfor-
mation, which are usually used in semipositone problems such as [1, 6, 13, 14, 24, 25]; in Section 3, we give
the main results and the corresponding proof. In addition, some examples are given to illustrate the existence

results.

2. Preliminaries

Different from the ordinary boundary value problems, we cannot write the specific Green function of the more
general linear equation z” +k(t)x = 0. Therefore, we first consider the following second-order linear differential
equation

() + k(t)x(t) = h(t),
{ z(0) = =(T), 2/(0) = 2'(T), (2.1)

where k(t), h(t) are continuous, positive and T-periodic. In addition, k(t) satisfies the following assumption

™
0<ke= min k(t)<k*= k(t) < (=)2
<Rt =Pt <)
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From [22], the scalar periodic boundary value problems

{ z"(t) + k*z(t) = h(t),
z(0) = z(T), 2'(0) = 2/(T)

has a unique positive solution

x(t):/o G(t, s)h(s)ds,

where

sin VE* (t—s)+sin VE* (T —t+s)
_ 2\/k7*(1—cos \/ki*t) ’
G(t’ 8) - sin \/ki*(sft)%»sin \/ki*(Tfert)
2\/1?*(17005 mt)

Furthermore,
0<m= min G(t,s) <M= max G(t,s).
0<s,t<T 0<s,t<T

Secondly, let
T
Ah(t):/ G(t, s)h(s)ds,
0

Bz = (k" — k(t))z.
It is obvious that ||A|| = & and ||B|| < (k* — k.). Then, (2.1) can be rewritten as

2 (t) + k*x(t) = [k* — k(t)]z(t) + h(t).

Namely,
x(t) = Ah(t) + A o Bx(t).

Since ||Ao B|| < 2 (k* — k,) < 1, (2.1) has a unique positive solution
z(t) = (I — Ao B) "' Ah(t) = Ph(t).
Finally, we show that the operator P is completely continuous, positive and it satisfies

ME*
k.

mlh|p1 < Ph(t) < s

On the one hand, by the expansion of P

P = (I-AoB)'4A
= (I+AB+(AB?+---+(AB)" +--)A
= A+ (AB)A+(AB?A+ -+ (AB)"A+-- -,
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it is clear that P is completely continuous since A is completely continuous ([22]). On the other hand, since

the operators A and B are positive, we have
mlh|pr < Ah(t) < Ph(t)
= (I—AoB) 'Ah(t)
(I+AB+ (AB)*+ -+ (AB)" +---)Ah(t)
[A+ (AB)A+ (AB)?A+ -+ (AB)" A+ ---]h(t)

< I —=AeB)7H - [Ah(t)]
1
< - .
k* MEk*
—|Ah|1 < hlp:.
< Flanl < X,

Therefore, throughout this paper, we always assume that the following condition is satisfied:

(H) The function a; is continuous, positive, T-periodic and the linear equation =" + a;(t)z = 0 has a positive

Green’s function G;(t,s), i.e.
Gi(t,s) >0 for all (¢,s) € [0, T] x [0, T].

We denote

m; = min Gi(t,s), M;= max G,(t,s), 0; =m;/M,.
0<s,t<T 0<s,t<T

Obviously, M; > m; >0 and 0 < d; <1 (see [19]).

Lemma 2.1 [19] Assume that (H) and (Fy) hold. Then
2 +a(t)x = e(t). (2.2)

has the unique solution w(t) = (w1(t), - ,wn(t)) and each component of the solution w(t) can be expressed by

wi(t):/o Gi(t,s)ei(s)ds.

Furthermore, w;(t) satisfies the estimates

T T
0 0

From (1.1) and (2.2), we have

2

%(m + dw) + a(t)(z + M) = A[f (¢, ) + e(?)]. (2.3)

Let u =z + Aw, then we rewrite (2.3) as

w4+ a(t)u = A[f(t,u — Iw) + e(t)]. (2.4)
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Let H(t) denote the Heaviside function of a single real variable:

; 120,

H(t) = {0 t<0.

Lemma 2.2 Assume that (H) and (Fy) hold. Then x(t) is a positive solution of (1.1) if only if u(t) is a

positive solution of the following system
u" + a(t)u = Af(t, u — Iw) (2.5)

with u;(t) > Aw;(t). Here

fltu—dw) = f(t, u,w) + e(t),

flt,u,w) = f(t, H(uy — Awy)(ug — Aw), -+, H(up — Awn) (Uun — Awy))-
Proof If z(t) is a positive solution of (1.1), then from the transform process, it yields that u(t) = z(t) + Aw(t)
is a solution of (2.5). Since A, e;(t), G;(t,s) and z(t) are nonnegative, it is clear that each component of w(t)
is positive and satisfies u;(¢) > Aw;(t).
On the other hand, if u(t) is a positive solution of (2.5) with u;(t) > Aw;(t), then H(u; — dw;) = 1,
which implies that

fltu—dw) = ft,ur — Aw,y .oyt — dwy) + e(t).

From the transform = = u — Aw, we have that z(¢) is a positive solution of (1.1). O

n

Let E denote the Banach space C[0,T] x --- x C[0,T] with the norm

[zl = max {|2c},
1=1,...,n

where [7;]oo = max,e,1) |7i(f)|. Define a cone K C E by
K=K xKyx---xK,,
where K; = {x;(t) € C[0,T] : ;(t) > 6;|xi|oo}. Also, for r > 0, define K, and 0K, by
K, ={z(t) e K:|z|| <r}, OK,={x(t)e K:|z|=r}.

Define an operator ¥ by T(u)(t) = (F1(u)(t), -+, Tp(uw)(t)), where
T ~
Ti(u)(t) = )\/ Gi(t,s)fi(s,u(s) — Aw(s))ds.
0
Now solutions of (2.5) can be rewritten as fixed points of ¥ in Banach space E.

Lemma 2.3 Assume that (H) and (Fy) hold. Then T(K) C K and ¥ : K — K is completely continuous.
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Proof Firstly, we show that T(K) C K.
For any u(t) € K, we have

Ti(u)(t) = AA Gi(t, s) fi(s,u(s) — Aw(s))ds

Y

)\mi/o fi(s,u(s) — Aw(s))ds
= )\ﬁ:‘/o M, fi(s,u(s) — Mw(s))ds

= A max/o Gi(t, s)fi(s,u(s) — Mw(s))ds,

t€[0,T]
namely, T;(u)(t) > §;/%;(u)|oo, which implies that

T(K) C K.

Secondly, we show that T maps bounded set into itself. Suppose that ¢ > 0 is a constant and u € K.

From the the continuity of e; and f, there exists a constant L such that

filt,u — dw) = fi(t, H(ur — dw1)(ug — Awr)y .o, H(up — Awp) (U, — Awy)) +e;(t) < L,

for t€[0,T], i=1,...,n. Let M = ALTmax;=1, ,{M;}. Then, we have

T ~
1Ti(w) ()] = IA/0 Gi(t,s)fi(s,u(s) — Aw(s))ds|oo
< AM,LT,

which implies that T(K.) is uniformly bounded.

Thirdly, from the elementary properties of Green s function and discussion in [19], let I' = max;—1 . {I:},

where I'; = maxo<s <7 |8GT(;S)| For t1,t2 € [0,T], we have
T ~
|Tiu(ts) — Tiu(ty)| = |)\/ Gi(ta, s)fi(s,u(s) — dw(s))ds
0
T ~
—)\/ Gi(t1,8) fi(s,u(s) — dw(s))ds|
0

= |)\/0 [Gi(t2,s) — Gi(t1, 8)] fi(s,u(s) — Aw(s))ds]

IN

ALDT|ty — t].

Therefore, by applying the Arzela-Ascoli theorem [11], we can find that T;(K.) is relatively compact, namely,
T(K.) is relatively compact.
Finally, we claim that T : K. — K is continuous. Assume that {u"}>; C K, which converges to

u®(t) uniformly on [0, T]. Since {(Tu™)(t)}°; is uniformly bounded and equicontinuous on [0,T], from the

1786



WANG and YANG/Turk J Math

Arzela-Ascoli theorem it follows that there exists a uniformly convergent subsequence in {(Tu™)(t)}22,. Let

{(Zu™™)(t)}55_, be a subsequence which converges to v(t) uniformly on [0, T]. Observe that
T ~
T (1) = A / Gi(t, s) fi(s,u™ ™ (s) — Aw(s))ds.
0

Furthermore, by Lebesgue s dominated convergence theorem and letting m — oo, we have

vi(t) = )\/O Gi(t,s) fi(s,ul(s) — Mu(s))ds = Tul(t),

namely, v(t) = Tu®(t). This shows that each subsequence of {(Tu™)(t)}°; uniformly converges to Tu(t).
Therefore, the sequence {(Tu™)(t)}°; uniformly converges to Tu’(t). This means that T is continuous at

0

u® € K.. So, T is continuous on K, since u’ is arbitrary. Thus, T is completely continuous. The proof is

completed. O

Lemma 2.4 [11] Let E be a Banach space, and K C E be a cone in E. Assume that Q1, Qg are open

subsets of E with 0 € Q1,91 C Qo, and let T : KN (Q2\ Q1) — K be a completely continuous operator such
that either

1) |Tul] < |lu|l, ve KNoQ and ||[Tul| > ||u||, uwe€ KNoQs; or
(i) || Tul| > |lull, we KNI and ||Tu| < ||u|l, ve KNoN,.

Then T has a fized point in K N (Q2\ Q).

3. Existence results
For convenience, define the height functions
/J\
D;(p) = min{f;(¢t,x): (t,x) € [0, T] x Ry x -+ x [0,p] x -+ x Ry }.

U, i(t,p) =min{f;(t,z) : (x1,...,25,...,2,) ERL X --- X [§jp,p] X --- x Ry }.

Theorem 3.1 Assume that (H) and (Fp) hold. In addition, the functions f;(i = 1,...,n) satisfy the following
assumptions:

(F1) ®;(r) >0, where r = maX;e{1,...n} AifT
(£3)
i t7 s e ey lm .
lim M = +00, uniformly,t € [O,T],xk(j),
T (i) —F00 xk(,)

where k(i) € {1,...,n} and k(i) #k(j) fori#j.
Then there exists a \* > 0 such that (1.1) has at least one positive solution for 0 < X < \*.

Remark 3.2 (1) The index k(i) is related to the index i of f;;

(2) The index k(i) may be equal to the index i of f; or not.
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Proof of Theorem 3.1. Let
N; =sup{fi(t,z) +e(t) : t €[0,T],0 < z1,...,2, <71}

For any u € 0K, it is clear that

0 < H(u;i(t) — Aw; (8)) (u;(t) — Adw;(2)) < 7.
Furthermore, we get

Ti(w(t) = )\/0 Gi(t,s) fi(s,u(s) — Aw(s))ds

< AN;M;T
1 M?T

S MlTi = : S T,
0 m;

o000 mimct_ { o T |
0 T
Thus, we have

IT(w)]| = glax }|Ti(u)\oo <r = u|,foru € OK,, 0 <X < A"
1€e1,...,n

f;it(’f) = +00, then there exist two positive constants L and X such that

Since 1imzk<i)_>+oo

fi(t,x) > Layy, ¥ o) > X, uniformly, ¢ € [0, T], 2y € Ry, j # 1,

where L satisfies LATT minge (1, n) Midg) > 1.

Take
M2 [T X
R=14+7+4+2 max {/\ Z/ €i(8)d8,}~
i€{l,...,n} m; Jo 0

For any u € OKpg, by the definition of |lu||, there exists an index k(i) such that [lu| = |ug(;)leo = R. Since

T
Ay () = /\/ Gy (t, s)er(i)(s)ds
0
T

< /\Mk(i)/ e (s)ds
0
T
Miiy
= /\Mki/ er(iy(s)ds O,
o f enw()ds T "k
T M2
< )\/eisdsﬂ k(l),
0 k()() mk(z) R
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we have

Ml?(i) Uk (4)

mk(i) R

I M2 1
k(1)
( /0 e )(8) s”Lk:(i) ll)uk( )

T
Uk(s) — AWE@G) = Uk(s) — )\/ er(i)(s)ds
0

Y

1 1 1
25Uk (i) > §5k(i)|uk(i)|oo = §§k(i)R
> X,

Furthermore, for any u € 0Kg with |lu| = |ug)|eo = R, we have

Ti(u)(t)

)\/0 Gi(t,s)fi(s,u(s) — Aw(s))ds

> Am LT[ugy — Adwpiy]

1

Thus, we have
|T(w)]| = max }|‘Zi(u)|oo > R = ||ul|, for u € 0Kp.
1€ n

Therefore, by Lemma 2.4, ¥ has at least one fixed point v = (uy, -+ ,u,) with r < |lu]| < R for
0<A<A™.

Finally, we verify that u(t) > Aw(t), namely, u;(t) > Aw;(t).

Without loss of generality, if r < ||u]] = |u1]eo < R, we get

M2T
ui(t) > d1)urleo > 61 n;
T
mi
A— d — =) M
> M1/0 / 161

T
> AA Gl(t7 s)el(s)ds = /\wl(t).

For i # 1, there are two cases :(I) |uiloo > 73 (IT) |u;]oo < 7

Case (I): Since |u;|o > r, we also have

M?T
m;
T 2 T
; M;
> AﬂiA ei(s) m’i :)\/O M;e;(s)ds

T
> )\/O Gi(t,s)ei(s)ds = Aw;(t).
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Case (II): Let
D ={t€[0,T]:ui(t) > dw;(t)}, Qo = {t € [0, T] : u;(¢) < Awi(t)}-

It is clear that €47 = [0, T]. Observe that

T ~
w(t) = A /O Gt ) o(t u(s) — Aw(s))ds

T

= /\/ Gi(t, 8) fi(s,u1 — Awy, H(ug — dwa) (ug — Awa), .. ., H(wy, — dwy) (un, — Awy,))ds

0
T
—i—x\/ Gi(t,s)e;(s)ds

0

= A [/ Gi(t,s) fi(s,u,w)ds + / Gi(t,s) fi(s, u,w)ds] (For n=2,i=2)
Q11NQ; Q11NQ2;

T
+)\/0 Gi(t,s)ei(s)ds

= A / Gi(t,s)fi(s,u,w) ds+/ i(t,8) fi(s,u,w)ds
Q11N021;NQ12 Quﬁﬂlzﬂgzz

+/ Gi(t,s) fi(s,u,w) ds+/ i(t,5) fi(s,u,w)ds| (For n=3,i=3)
Q211NQ2; N2 91109210922

T
—l—)\/ Gi(t, s)ei(s)ds
0
= A / Gi(t,s) fi(s,u,w ds—I—/ Gi(t,s)fi(s,u,w)ds
Q11N N212MNE 3 Q211NQ21;N212N Q23

+/ Gi(t,s)fi(s,u,w)ds +/ Gi(t,s)fi(s,u,w)ds

Q11N21:NNQ22NQ13 Q11N021;NQ22N223

+/ Gi(t,s)fi(s,u,w)ds —|—/ Gi(t,s)fi(s,u,w)ds
Q11N22:N212N213 Q11N22;NQ12N223

+/ Gi(t,s)fi(s,u,w)ds —|—/ Gi(t,s)fi(s,u,w)ds| (For n=4,i=4)
Q11NQ2;NQ222NN213 Q11N22;NQ22N223

+)\/O Gi(t,s)ei(s)ds

For n =4,i =3, The decomposition [0, T] is
Q11 N Q13 N Q12 N Q1g, Q11 N Qg3 N Q12 N Doy,
Q11 N Q13 N Qoo N1y, Q11 N Qg N Qg N Doy,

Q11 N Q23 N Q12 N Q1g, Q11 N Qg N Q12 N Doy,
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Q11 N Q23 N Q22 N Qyyg, Q11 N Q23 N Q22 N Qay.
As the same decomposition rule, we have

uw(t) = M| Gi(t,s)fi(s,u,w)ds + ...+ / Gi(t,s)fi(s,u,w)ds]

i i
Ql

on—1

T
—|—)\/ Gi(t,s)e;(s)ds,
0

where Q% = (j =1,...,2""") denote the decomposition chain with Zj;ll Q% = [0, T]. Furthermore, (F1) can
vield [o: Gi(t,s)fi(s,u,w)ds > 0(j = 1,2,...,2"7 1), which implies that

T
u;(t) > )\/ Gi(t,s)ei(s)ds = Aw;(t).
0
Therefore, (1.1) has at least one positive solution © = (z1,...,2,) = (U1 — Aw1, ..., Uy — Awy). O
Remark 3.3 The structure of Q; can be expressed by

i — Q11 N Q1 N Qk2lz N kale; n--- Qki—lli—l N Qki+1li+1 n--- anln? or
J Q11 mQZikaQIz ﬂQnglg m-..Qki—lli—l N Qy

it1lipr V00T nln>

where ky, ={1,2} and l, =p, forp=2,3...,i—1,i+1,...,n.

Theorem 3.4 Assume that (H) and (Fy) hold. In addition, the functions f;(i =1,...,n) satisfy the following

assumptions:

(F3) there evists a R > maxXje(1,...n} % such that
®;(R)>0
and
R ) 1 T
~max T —— < min {1, —, —F/——— .
i=1,...,n m;0; fO \I/l',j(t,R)dt i=1,..,m N; fO el(t)dt
(F4)

lim fit,z)
Tr(i) 00 Ti(i)

= 0, uniformly,t € [0, T, 21 ;).

Then there exist ., A\* such that (1.1) has at least two positive solutions for A\, < X < A*.

M2T

i
m;

Proof From the assumption (F3), it is clear that R > r = maxXje(1,....n} . By the proof of Theorem 3.1,

we have
|€(w)]| = max }|Ti(u)\Oo <r=||u|,foru € IK,, 0 <A< A",
1€ n

where \* = minie{L._,n} {]\1]7 fOTeT(t)dt}
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For any u € 0K, by the definition of ||ul|, there exists an index jo such that |jul| = |uj,|ec = R. From

the assumption (F3), we have

T ~
Tio(uw)(t) = /\/0 Gy (t,8) fio (s, u(s) — Aw(s))ds

T

Z /\’I’ni0 / \I/io,jo (t, R)dt
0
T _

_ /\mio fO \Ili(iyjo (t’ R)dtR

> R=|ul,

for A > A\ =max;=1._, W By (F3) and \*, it is easy to see that A, < \*.
By the definition of limg, (y—+oo f;it(’f) = 0, then there exist two positive constants € > 0 and X such

that
filt,2) < expy, ¥ ope) > X, uniformly, t € 0, T], 1) € Ry, j #14,

where e satisfies eAT max;—1, .. o { M, AM;|wp(i)|oo } < %

Take

,,,,,

2 T
R=R+2 max )\%/ ei(s)d&E .
ie{l,...,n} m; Jo 0;

For any u € OKg, by the definition of ||u||, there exists an index k(i) such that [ju|| = |ug)|ec = R. Since

T
Awp(iy(t) = A/ Gy (t, s)er(i)(s)ds
0
T
< )\Mk(i)/ er(iy(s)ds
0
T
My
= M, Z/ er (s)ds On(i
ki) [ e ($)ds T On
T M2
< )\/ €Lii sdsﬁﬂ,
; k(i) (5) e R
we have
T M2 .
k(i) Uk(i
U(i) — AWk() = uk(i)_/\/o €k(i)(8)dsﬁ%
T M2 1
= 1—)\/ eri (s)ds MO vy i
=2 [ e ods K By
1 1 1
2 SUkG) 2 §5k(i)|uk(i)|oo = §5k(¢)R
> X
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Furthermore, for any u € 0Kr with |lu| = |ug()|eo = R, we have

Ti(u)(t) = / Gi(t, s) fi(s,u(s) — dw(s))ds

< AM;eT [upy — Awres)]
< ATM[R A+ AMwi(iyloo) < R = [|ul|.
So, we have
1Z(w)| = glax }|Ti(u)|oO < R = ||u|, for u € OKp.
1€l,...m

») and u? € KN (Qr\ Qr)

Therefore, by Lemma 2.4, T has at least one fixed point u! € K N (Qp\ Q
(1) = Aw(t). o

for Ay < A < A*. As the similar proof of theorem 3.1, we also verify that u

Corollary 3.5 Assume that (H), (Fo), (F1), and (Fy) hold. In addition, the functions f;(i =1,...,n) satisfy

the following assumptions:

— 3
(F5) there exists a R > maX;e(1,... n} Afri?T such that

R _ 1 T
'maX < min L= =7
i=Lein gy [P0 (4 R)dt =leen | NG [Te(t)dt

Then there exist A, \* such that (1.1) has at least two solutions for A\, < A < A*, one is positive, the

other is not necessarily positive.

4. Examples

Now we give two examples to illustrate our main results.

Example 4.1 Let us consider the following system

1

2 (t) + a(t)z1 (t) = Acos? (1) + 23 + 23 — §sin’ 1],
— 2 2(_m 1

x4 (t) + a(t)x2(t) = /\[xlz + cot? (g x2) + w3 — & sin” tcos? t], (4.1)

2 (t) + a(t)zs(t) = A? + +a3 + cos?(;&zas) — & sin® 2t],

2(0) = z(m),2'(0) = 2/ ()
Let

.2 1 -2 4 1 .2
e1(t) =sin“t, es(t) = 3 sin tcos™t, e3(t) = 3 sin 2t.

It is obvious that (Fy) holds. Since r = max;c1,2,3) AfniT = M;” , we have jimr1 € [0,5]. Furthermore, we

get fi(t,x1, 29, 23) = cos®(fizx1) + a3 + 23 — %sith >0, for (t,x1,x2,23) € [0,7] X [0,7] x Ry x Ry. Thus,
f1 satisfies (Fy). In the similar way, we can also verify that fo and f3 satisfy (F1). Finally, it is easy to
verify that

lim f1(t, 1, 22, x3) _ lim cosz(ﬁm)-&-xg—i—x?,— %bln t

r3—+o0 T3 x3—+00 T3

= +o0, uniformly,t € [0,T], 1,22 € Ry,
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3
5 2/ m 152 4
. fa(t,z1, 20, T3 ) x? 4 cot?(giezz2) + o3 — = sin® t cos* ¢
lim fat, 21,25, 73) = lim 8M 6
x1—+00 T T1—+00 T

= +o0, uniformly,t € [0, T], x2, x5 € Ry

and

3
f3(t, w1, 22, 23) lim x? + o3 4 cos? (= xs) — 5 sin® 2t

xo—+00 T To—+00 To

= +o0, uniformly,t € [0,T], z1,z3 € Ry.

Therefore, by Theorem 8.1, there exists a A* > 0 such that (3.1) has at least one positive solution for
0 <A< A",

Example 4.2 Let us consider the following system

2
2/ (t) + a(t)x1(t) = )\[C()ISQ(47J’(;3 x1) + @3 + x5 — & cos?t],
1 2 .
xh (t) + a(t)xe(t) = )\[xi + coti(smwxg) + 23 — sin’¢], (4.2)
24 () + a(t)zs(t) = Nz§ + +a5 + cos® ({2 zx3) — £ sin® 2t],
2(0) = x(m),2'(0) = 2'(m).

Let
2 L. o L. o
e1(t) = cos“t, ex(t) = 3 sin t, es(t) = 3 sin 2t.
It is obvious that (Fy) holds. Choose R = % > 1. Then it is easy to verify that ®(R) > 0. Since
\I/l’g(t,R) = min{fl(t,x) : (l’l,xg,fﬂg) c R+ X [52R7 R} X R+}

= (6,R?) — %cos2 t,

for sufficiently large R, we have

R . 1 T
T - = I < min ¢1, —, —F——¢.
midy [, (8R)% — Lcos?tdt =123 | T Ni' [ Fei(t)dt

In the similar way, we conclude that (F3) holds.

Finally, it is easy to verify that

2
2/ .m? 3 5 1.2
lim J1(t,z1, w2, 3) _ lim cos® ({1 ®1) + a5 + x5 — 5 c08° ¢
r3—+0o0 T3 x3—+00 T3

= 0, uniformly,t € [0, T],z1, 22 € Ry,

1 2
2 2/ m 2 1 :..2
) fa(t, z1, 22,23 . 22 + cot*(gimaa) + x5 — £sin”t
lim —( 2 71,72, 73) = lim 8M 6
x1—+00 T xr1—+o0 T

= 0, uniformly,t € [0, T], zo, x5 € Ry
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and
5 3 2(_m? 12
lim f3(t,x1, e, 23) _ lim x{ + +x3 4 cos’ (g ra) — g sin” 2t
To—+00 T To—+00 T
= 0, uniformly,t € [0, T],z1,25 € Ry.
Therefore, by Theorem 3.2, (1.1) has at least two positive solutions for A, < X < \*.
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