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Abstract: Let = : (M,g) — (M,g) be a null hypersurface isometrically immersed into a proper semi-Riemannian
manifold (M,g). A rigging for M is a vector field ¢ defined on some open subset of M containing M such that
Cp ¢ TyM for every p € M. Such a vector field induces an everywhere transversal null vector field N defined over M
and which induces on M the same geometrical objects as (. Let 77 be the 1-form that is g-metrically equivalent to N
and let n = 27 be its pullback on M. For a given nowhere vanishing smooth function o on M , we have introduced and
studied the so-called a-associated (semi-)Riemannian metric go = g+ an®mn. It turns out that this perturbation of the
induced metric along a transversal null vector field is always nondegenerate, so we have established some relationships
between geometrical objects of the (semi-)Riemannian manifold (M, g.) and those of the lightlike hypersurface (M, g).
For instance, in the case where NN is closed, we give a constructive method to find a a-associated metric whose Levi-
Civita connection coincides with the connection V induced on M through the projection of the Levi-Civita connection
V of M along N. As an application, we show that given a null Monge hypersurface M in Rg"'l, there always exists a

rigging and a «-associated metric whose Levi-Civita connection is the induced connection on M .
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1. Introduction
Let (M,g) be a proper semi-Riemannian manifold and z : M — M an embedded hypersurface of M. The
pullback metric g = £*g can be either degenerate or nondegenerate on M. When ¢ is nondegenerate, one says
that (M, g) is a semi-Riemannian hypersurface of (M,g); otherwise, (M,g) is called a null (or degenerate, or
lightlike) hypersurface of (M,g). Since any semi-Riemannian hypersurface has (locally) a canonical transversal
vector field that is everywhere orthogonal to the hypersurface (the Gauss map), there is a standard way to
study the extrinsic geometry of such a hypersurface. In fact, geometrical objects of the ambient manifold M
are projected orthogonally on M and give new objects, which can be used to study the extrinsic geometry of
the hypersurface.

For a null hypersurface, the tangent bundle contains the orthogonal bundle; hence, the orthogonal
projection is no longer possible. One of the most used techniques to study a null hypersurface (M, g) immersed
in a semi-Riemannian manifold (M, g) is to arbitrarily fix on it a screen distribution S(7T'M) (a complementary

to the normal bundle TM* in TM) and a (null) section ¢ € T'(TM*). These choices locally fix a null
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transversal vector field N, which is orthogonal to the screen distribution, transversal to M, and satisfies
G(N,€) = 1. (See, for instance, [1, 5].) Instead of choosing a null section of the normal bundle and a screen
distribution independently, we can make only one arbitrary choice of a transversal vector field { defined on an
open neighborhood of M in M. This vector field ¢ is called rigging for M and induces a null section ¢ (called
the associated rigged vector field) of the normal bundle, a screen distribution, and a null transversal vector field
N, all of them defined over M. This second technique (the rigging technique) was introduced in [8] and also
used in other works such as [3, 11, 12].

A null rigging N for M induces a family (g,) of nondegenerate metrics on M as follows. Let 7 be
the 1-form that is g-metrically equivalent to N (i.e. 7 = g(N,.)) and 7 the pullback of 77 on M via the
immersion z*. For a given nowhere vanishing smooth function o on M we define the so-called «-associated
(semi-)Riemannian metric g, = g+ an®n. When « = 1, the metric g1 = g+ 17 ®n is the so-called associated
metric defined in [2]. Notice that for a function a > 0 the associated metric corresponding to the change of
rigging N/ = \/aN is equal to the a-associated metric g, corresponding to N. When the ambient manifold
(M, g) is a Lorentzian manifold, the associated metric is a Riemannian metric. This Riemannian metric was

recently studied in [8].

When the null rigging N is defined over M, it induces a perturbation g, = g + @f ® 7 of the metric
g whose restriction on M gives the associated metric. Such perturbations including those defined by spacelike
or timelike vector fields at the place of null rigging have been considered in several works (see [9] for the «a-
associated type and [11] for canonical variation g; = g+tn®mn where t is constant). The Levi-Civita connection
of the a-associated metric does not coincide in general with the connection V induced on M from the Levi-
Civita connection V of g through the projection along N. A necessary and sufficient condition to have this
coincidence for the case o =1 was given in [2, 12].

In the present work, giving a null rigging N, we give a constructive method to obtain a nowhere vanishing
smooth function « such that the Levi-Civita connection of the corresponding a-associated metric coincides with
the induced connection. We also give relationships between curvatures of (M, V) and those of (M,V,). We
give some applications of our formalism on null Monge hypersurfaces in R?H .

This paper is organized as follows: the first section is the Introduction. In Section 2 we present the
twisted metric or a perturbation of a semi-Riemannian metric along a null vector field. Section 3 is devoted
to the general setup on null hypersurfaces and new results on the a-associated metric. Theorem 3.2 gives
a necessary and sufficient condition for the «-associated connection to coincide with the induced connection
provided that « is constant along the leaves of the screen distribution. Section 4 is devoted to the computation
of curvatures of the induced connection and the «-associated connection. Finally, in Section 5, we apply
the formalism developed in the previous sections to null Monge hypersurfaces in RTH by showing that such

hypersurfaces always admit suitable riggings and functions « such that ¥, = V.

2. Twisted metrics on a semi-Riemannian manifold

Throughout this work, (M,g) is an (n + 1)-dimensional semi-Riemannian manifold of index ¢ > 0, and V
and R will represent respectively the Levi-Civita connection and the Riemannian curvature of g. (Objects

from the metric g will be denoted with a line.) All manifolds are taken as smooth and connected. Let 3 be

a d-dimensional manifold with d < n + 1. If there exists an immersion x : ¥ — M, then x(X) is called a
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d-dimensional immersed submanifold of M . If, moreover, x is injective, one says that x(X) is a d-dimensional
submanifold of M. In addition, if the inverse map z !
d-dimensional embedded submanifold of M. When x(X) is an embedded submanifold, one identifies ¥ and

2(X). All submanifolds will be assumed embedded, and through the identification, stating that = : M — M is

is a continuous map from z(X) to X, z(X) is a

a submanifold will mean that there is an embedding map z : ¥ — M such that M = z(X). A hypersurface of
M is a submanifold of M of dimension d = n. One says that x : (M, g) — (M,g) is an isometrically immersed
submanifold when, = : M — M is a submanifold of M and g = 2*g. An isometrically immersed submanifold
x:(M,g) — (M,g) is called a nondegenerate submanifold if (M, g) is a semi-Riemannian manifold. Otherwise,
one says that (M, g) is a degenerate or null or lightlike submanifold. The latter means that at any point p € M

there exists a nonzero vector u € T,M such that g,(u,v) =0 for every v € T,M.

Let N be a lightlike vector field defined over M and « be a nowhere vanishing smooth function on M .

We set 77 to be the 1-form g-metrically equivalent to N. Using g, we define the a-twisted metric on M as

Jo =0 +an®T. (1)

Lemma 2.1 The pair (M,g,) is a semi-Riemannian manifold.

Proof Let p € M and u € T,M such that g, (u,v) = 0 for every v € T,M. In particular, g, (u, N,) = 0,
and hence 7(u) = 0, since N,, is a null vector. It follows that g(u,v) = 0 for every v € T, M, and then u =0

since g is nondegenerate. This proves that g, is nondegenerate on M . O

Let ¥ be the Levi-Civita connection of g, . The metrics g and g, are two semi-Riemannian metrics on

M . The following gives the relationship between their Levi-Civita connections.

Proposition 2.1 The connections V and N, are related by
— — 1 . — . a4 . . _
oV =VoV+ 5 [aﬁ(U) (iv dg) ™ + (V) (ipdn) " —7(U)7(V)da#7~

+ % [a (Lng) (U, V) + da(U)7(V) + da(V)(U)] N, (2)

where da*9« is the vector field g, -metrically equivalent to the 1-form do, and LG is the Lie derivative of §

along N .

Proof Let us start by recalling the Koszul equation defining V,. For all sections U, V,W of the tangent
bundle TM ,

2?&(@(]‘/? W) =U ga(‘/? W) +V- ga(VV? U) -w 'ga(U’ V)
+§a([U’ V]’W) _ya([Va W]a U) +§o¢([VVa U],V).

Using (1) and the fact that V is torsion-free and g-metric, the latter equation leads to
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29,(Nu V. W) =g(VuV,W) +g(V,VuW) + oU - ((V)7(W)) + da(U)7(V)7(W)

+

vW,U) +g(W,VyU) + oV - ((U)5(W)) + de(V)7(U)7(W)
(V) = de(W)n(U)7(V)

g(v
WU V) —GU,Tw V) — aW - ([(U
( (W) =g(VyW —VwV,U)

+39(VuV = VvU W) +an([U,V])7
—aqj([V,W)a(U) +g(VwU = VoW, V) + aq([W, U])7(V')

=2g(VuV, W) + 2a7(Vu V)I(W) + o (Lng) (U, V)W) + de(U)7(V)7(W)
+ an(U)dn(V, W) + an(V)dn(U, W) + da(V)n(U)n(W) — de(W )n(U)n(V')
=24, (VuV,W) + a(Lng) (U, V)g(N, W) + da(U)7(V)g(N, W)

+ an(U)dn(V, W) + aq(V)dn(U, W) + de(V)(U)g(N, W) — da(W)i(U )7 (V')

and (2) holds. O

3. Null hypersurfaces

3.1. Some preliminaries on null hypersurfaces

Let x : (M,g) — (M,g) be a null hypersurface of (M,g). A rigging for M is a vector field ¢ defined on an
open subset containing M such that for any p € M, ¢, ¢ T,M . We say that a rigging (¢ is a null rigging for M

when the restriction of ¢ on M is lightlike. Therefore, if N is a null vector field on M anywhere transversal
to M, then N is a null rigging for M. Determining conditions for the existence of a rigging for a given null
hypersurface is still an open problem. However, it is clear that when the ambient manifold is a time-orientable

Lorentzian manifold, any null hypersurface has a rigging, e.g., a timelike vector field globally defined.
Let ¢ be a rigging for M and 7 be the 1-form g-metrically equivalent to ¢ (namely 77 = g(¢,-)), and

let n = 2*7 be the restriction of 77 on M. The associated metric g is given by
g=g+namn. (3)
The following is easy to prove.

Lemma 3.1 [2] The associated metric § is nondegenerate.

The associated rigged vector field is the vector field g-metrically equivalent to the 1-form 7 and denoted &.
As g is nondegenerate, it holds that

n(v) # 0, Yo e T, M+~ {0}. (4)

Lemma 3.2 The rigged field & is the unique section of TM* such that n(¢) = 1.

Proof Let v € T, M. By definition of &, n(v) = g(&,v) = g(§,v) + n(&)n(v), which implies that g(&,v) =
n(v)(1 —n(€)). In particular, when v € T, M+ ~ {0}, the latter gives n(v)(1 —n(¢)) = 0. Hence, n(¢) =1,
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since from (4) n(v) # 0. It also follows that g(&,v) = 0 for every v € T, M. Hence, £ is a section of TM~L and
the uniqueness follows from the fact that 7M=L is a rank 1 distribution. O

From now on, ¢ = N is a null rigging and ¢ is the associated rigged vector field. We will consider perturbations
(1) of the ambient metric along this null rigging. Setting S(T'M) = ker(n) and tr(T'M) = span(N), it is easy

to prove that S(TM) is a screen distribution and the following decompositions hold:
TMy =TM @ tr(TM) = S(TM) Goren (TM* @ tr(TM)). (5)

It also holds that
g, N)=1, g(N,N)=9g(N,X) =0, VX e I'(S(TM)). (6)

Let V be the connection on M induced from V through the projection along the transversal bundle tr(TM) =
span(N). To avoid confusion, we may denote the induced connection by V. For every section X of TM,

one has g(Vx¢&,€) =0, which shows that Vx& € I'(T'M). The Weingarten map is the endomorphism field

x: D(TM) — T(TM)
X — fo '

Gauss—Weingarten formulas of the immersion z : (M, g) — (M,g) are given by

VxY = VxY + B(X,Y)N, (7)
VyPY = Vx PY +C(X,PY), ®)
VxN = —AyxyX+7(X)N, (9)
Vx€ = — A X —7(X)E, (10)

for all X,V € I'(T'M), where % denotes the connection on the screen distribution S(T'M) induced by V
through the projection morphism P of I'(T'M) onto I'(S(T'M)) along £&. B and C are the local second

fundamental forms of M and S(T'M), respectively; An and ;15 are the shape operators on TM and S(T'M),

respectively; and the rotation 1-form 7 is given by 7(X) = g(Vx N, &). It is easy to check that /*15 and Ay
are S(TM)-valued.

Shape operators and second fundamental forms are related by
*
B(X,)Y) =g(A¢ X,Y), (11)

C(X,PY) = g(AyX,Y). (12)

* *
Using (6), (7), and (11), it is straightforward to show that A¢ is g-symmetric and A¢ (§) = 0. On the contrary,
Ap is not necessarily g-symmetric. However, Ay is g-symmetric on the screen distribution as a consequence

of the following lemma.

Lemma 3.3 For any sections X,Y of the tangent bundle TM , one has

g(ANX,Y) — g(X, ANY) = 7(X)n(Y) — 7(Y)n(X) — dn(X,Y).
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Proof One just computes dn(X,Y) by using the covariant derivative and Gauss—Weingarten equations. O

The mean curvatures of M and S(T'M) are respectively given by (cf. [4, 5])

ZszB E;,E;) and H = Zsz (Ey, E;), (13)
1=2 1=2
where (Es,..., E,) is an orthonormal basis of the screen distribution and ¢; = g(E;, E;) = £1.

Proposition 3.1 If the screen distribution S(TM) is integrable and L is a leaf then H= He+ ﬁN is the

mean curvature vector of the immersion L — (M,g).

Proof Forevery x € L, one has T, L = span(N,,§,) and the Gauss formula of the immersion L — (M,g) is
given by

J— * "kL *
VxY =Vx Y+ Vx Y =VxY+CX,Y)+B(X,Y)N, (14)

for all X,Y € I'(S(T'M)). Using (13), one has

H= ZslvEE Zsl (E;, E;) g+zez (Ei, E;)N = He+ HIN.

O

A null hypersurface M is said to be totally umbilical (resp. totally geodesic) if there exists a smooth
function p on M such that at each point x € M and for all X, Y € T, M, B,(X,Y) = p(2)9.(X,Y) (resp.

B vanishes identically on M ). It is equivalent to write ;15: pP and ;15: 0, respectively. Notice that these
are intrinsic notions on any null hypersurface in the sense that total umbilicity and total geodesibilicity of M
do not depend on the chosen rigging. Also, the screen distribution S(T'M) is totally umbilical (resp. totally
geodesic) if there exists a smooth function A on M such that C,(X,PY) = A(z)g,(X,Y) for all XY € T, M
(resp. C' = 0), which is equivalent to Ay = AP (resp. Ay = 0). We say that the rigged null hypersurface
x: (M,g,N) = (M,g) (or the rigging N) has a conformal screen distribution when there exists a nowhere

vanishing smooth function ¢ on M such that

AN = Ag .

When the 1-form 7 is closed, we say that (M, g, N) is a null hypersurface with closed rigging. The following

technical lemma* will be used in the sequel.

Lemma 3.4 For any null hypersurface with closed rigging and conformal screen distribution, the rotation

1-form vanishes on the screen distribution.

*Fotsing TH, Ngakeu F. Null hypersurfaces and trapping horizons, 12 June 2017, arxiv: 1706.03861v1 [math.DG].
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For all sections X,Y, Z, T of TM, the so-called Gauss—Codazzi equations of (M, g, N) are given by

G(R(X,Y)Z, PT) = g(R(X,Y)Z,PT)
+ B(X, Z)C(Y, PT) — B(Y, Z)C(X, PT), (15)

G(R(X,Y)Z,N) =G(R(X,Y)Z,N), (16)
§(R(X,Y)PZ,N) = (VxC) (Y, PZ) - (Vv C) (X, PZ)
+C(X,PZ)r(Y) — C(Y, PZ)r(X), (17)
9(R(X,Y)Z,§) = (VxB) (Y, Z) — (VyB) (X, Z)
+ B(Y, Z)r(X) — B(X, Z)r(Y), (18)

FR(X,Y)E,N) = C(Y, Ac X) — C(X, AcY) — dr(X,Y), (19)
where VxC' is defined by (VxC)(Y,PZ)=X-C(Y,PZ) - C(VxY,PZ) - C(Y, %X PZ).

3.2. a-Associated metric and a-twisted metric
For a € C*°(M)* a nowhere vanishing smooth function, the restriction on M of the a-twisted metric (1) is
given by

o =g+ an®m, (20)

where we have denoted again by « the restriction of @ on M. We call g, the a-associated metric of (M, g, N).

One can observe that the 1-associated metric g; is just the associated metric g.

Lemma 3.5 The pair (M, g,) is a semi-Riemannian manifold of index

1 _ qg—1 ifa>0
Vo =4 51+ sign(a) = {q A

Proof Let 2 € M and u € T, M such that g,(u,v) =0 for all v € T, M. In particular, 0 = g,(u,&;) =
a(x)ng(u) = ng(u) = 0 since a(z) # 0. Thus, v € S(TyM). One then has g(u,v) =0 for all v € S(T,M),
and hence u = 0 since the restriction of g on the screen distribution is nondegenerate. Thus, (M, g, ) is a semi-
Riemannian manifold. For the index, one just remarks that g is of index ¢ — 1 on S(T'M) and g, (&, &) = a.
O

We now know that x, : (M, g,) — (M,g,) is a nondegenerate hypersurface of the semi-Riemannian manifold

(M,g,). The Gauss map of the isometric immersion z,, is given by

6o = /I — “%%. (21)

In fact, g(X,§) =0 = §,(X,0,) =0, VX € I'(TM), and also gG,(0a,0,) = —sign(a). It follows that
(M,g,) is a semi-Riemannian manifold of index ¢, since (M, g) is of index v, = ¢ — (1 + sign(c)). For the

rest of this subsection, we assume that the rigging N is closed. This means that its equivalent 1-form 7 is
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closed. It is easy to check that this is equivalent to
g(VuN,V)=g(U,VyN), YU,V € I(TM). (22)
Using (2), one has
— — 1 1 _
Vaxda = Vxda + 5la(Lng) (X, 0a) + da(X)7(0a) + da(da)n(X)]IN — 577(X)ﬁ(5a)da#g“-

Using (7)—(22) and by direct calculations, one gets

— ) * X
Vxba = signia) {_QANX'F Ae X +7(X } la| + /]| T(X))N + daf )57
Vil 2a
(Lng)(X, N) =0, da#9e = da#9 — sign(a)do(da)da,

sign(a)

ar

(Lng)(X,€) =27(X),  7(0a) = —

Thus,

sign(a)

Vel

The shape operator of the immersion x, is then given by

cloz(X)g

2a 2\/>

Yx0a = —aANX+ /*15 X +7(X)€E+

(\/\Eda#g“ + da(dq )f)] .

A, (X) = sign(«) da(X)

\/m 2« \/7<

If o is constant on each leaf of the screen distribution and the screen distribution is conformal with

aANX— Ae X — 7(X)E —

V]alda#9e + da(s )g)] .

conformal factor 1/, then the shape operator of the isometric immersion z, is given by

A3, () = =800 [2r) + n(da®) + da(V)] €

We then have the following result.
Theorem 3.1 Let z: (M,g,N) — (Mm_l

distribution with conformal factor 1/« constant on leaves of the screen distribution. Then the isometric

,g) be a null hypersurface with closed rigging and conformal screen

immersion 1o : (M,gs) — (M,3,) (g, being defined by (20)) is a nondegenerate hypersurface with at

most two principal curvatures: 0 with multiplicity n — 1 and eigenvectors the sections of S(TM), and

S;g\/"(ﬁ) [27(€) 4+ n(da#9=) + da(N)| with multiplicity 1 and eigenvectors the sections of Rad(TM).

3.3. Induced metric and a-associated metric
In this subsection, we will relate some geometrical objects of the a-associated metric g, with those of the

induced metric g. From here on, N is strictly a null rigging for M, meaning that we do not require N to
be lightlike globally on M, but on M. Recall that ¥, is the Levi-Civita connection of the a-associated semi-
Riemannian manifold (M, g,) and V is the connection on the rigged null hypersurface z : (M, g, N) — (M,q)
induced from V through the projection along N .
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Proposition 3.2 The connections N, and V are related by
1 o] . .
VxY = VxY = on(X)n(Y)da® s + o [n(X) (iydn)*o + n(Y) (ixdn)*]
1
+ 5 [@(Lng) (X,Y) +2B(X,Y) + da(X)n(Y) + da(Y)n(X)] €. (23)

Proof Reasoning as in the proof of (2), one has

200(NaxY. 2) =g(VxY, Z) +3(Y,Vx Z) + aX - (n(Y)n(Z)) + da(X)n(Y)n(Z)

+9(VyZ, X)+5(Z,VyX) +aY - ()(X)n(Z)) + da(Y)n(X)n(Z)
—9(VzX,Y) = G(X,VzY) —aZ - (n(X)n(Y)) — da(Z)7(X)7(Y)
+3(VxY —=Vy X, 2) 4+ an(VxY —VyX)n(Z) —G(VyZ — VY, X)

— an([Y, Z)(X) + G2 X — Vx Z,Y) + an((Z, X])n(Y)
— 29.(VxY. Z) + 2B(X,Y)0(Z) + o (Lxg) (X, Y)0(Z) + da(X)n(Y )(Z)
+ an(X)dn(Y, Z) + an(Y )dn(X, Z) + da(Y (X )n(Z) — da(Z)n(X)n(Y).

From here, using the fact that
an(X) = ga(X,§) VX € I(TM), (24)
one obtains (23).

From here on, we assume that the rigging N is closed. Then using (22), (9), and (12), one has
(Lng)(X,Y) = 2r(X)n(Y) — 20(X, PY),
and equation (23) becomes

1
VxY = VxY = on(X)n(Y)do e

1
+ %0 2B(X,Y) —2aC(X,PY) + 2a7(X)n(Y) + da(X)n(Y) + da(Y)n(X)] €. (25)
From now on, we use the following range of indexes:
1,7 =0,1,...,n; a,b=1,....n kl=2,....n,
for summations (often with Einstein summation convention). For free indexes, we shall use

B,’Y:l,_..,n

Let <E1 = ﬁf, Es, ... ,En> be a g, -orthonormal frame field of TM such that (Fs,..., E,) is a frame field

of S(TM). The matrix of g, in this frame is given by

9o = (9a(Ea, Ep)),

and we set (g2°) to be the inverse matrix. Note that g2° = 259 with e := +1.
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Proposition 3.3 One has:

@ for all X,Y sections of TM, (Lega)(X,Y) = —2B(X,Y) + n(X)n(Y)da(§);

*

@ in particular, divde(£) = ﬁda(ﬁ)—H;

® if € is go-Killing conformal (or g.-Killing) with conformal factor ¢, then (M, g, N) is totally umbilical

(or geodesic) with umbilical factor p = —3p.
Proof Since \, is the Levi-Civita connection of g, , one has
(Lega)(X,Y) = ga (N x8Y) + ga (X, Ny ). (26)
Using (25), the latter becomes
(Lega)(X,Y) = 9a(VXE,Y) + ga (X, VyE) + n(X)n(Y)da(§) + o [n(X)7(Y) +n(Y)7(X)].
From here, using (20) and Gauss—Weingarten formulas, the first item holds. By definition and using (26), one

has

div?* (&) = tr (V%€) = €"ga (N, & Ex) = %sk(nga)(Ek, Ey).

From here, using the first item, we obtain the second item. For the last item, let us assume that & is go-
conformal Killing with conformal factor ¢. Then the first item says that for all X,Y sections of the tangent
bundle TM ,

—2B(X,Y) +n(X)n(Y)da(§) = ¢g(X,Y) + apn(X)n(Y). (27)

Setting X =Y = ¢, one finds da(§) = ap, and (27) becomes
_2B(X7 Y) = 909(X7Y)>

which completes the proof. O

With the above proof we see that when £ is g,-Killing, « is necessarily constant along integral lines of &.
We have two connections on M, namely the induced connection V and the «-associated connection V. A
natural question is to ask if both connections can coincide. The following result gives a necessary and sufficient

condition to have an affirmative answer.

Theorem 3.2 Let z: (M,g,N) — (M,g) be a null hypersurface with closed rigging.

@ Let o be a nowhere vanishing function constant on each leaf of the screen distribution. Then the induced

connection is the Levi-Civita connection of the a-associated metric if and only if
Ae= Ay and 207(€) + da(€) = 0. (28)

@ Let a be a nonzero real number. Then the induced connection is the Levi-Civita connection of the -

associated metric if and only if

;15: aAy and T=0. (29)
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Proof If « is constant along the leaves of the screen distribution, then
do(X) = n(X)da(§) and ada®9* = da(£)E,

and equation (25) becomes
V¥ = V¥ + o= RB(X,Y) ~ 2aC(X, PY) 4 2a7(X)n(Y) + n(X)n(¥ )da(©)] & (30)

Now ¥, = V if and only if
2B(X,Y) —2aC (X, PY) + 2a1(X)n(Y) + n(X)n(Y)da(g) = 0. (31)

Replacing X and Y by ¢ in the latter, one obtains da(§) + 2a7(§) = 0. The latter together with (31) allows
us to conclude that if « is constant along the leaves of the screen distribution then (28) holds. Now if « is
constant on M then the screen distribution is conformal and 7(§) = 0, which by the Lemma 3.4 implies that

7 identically vanishes. The converse is straightforward by using (30). O

Thus, given a null rigging IV, to find an «a-associated perturbation of ¢ for which the coincidence of
connections happens, we have to solve equation (28) with « as unknown. By using Theorem 4.1 in [2], the

proof of the following result is a straightforward computation.

Proposition 3.4 Let (M,g,N) — (M,g) be a rigged null hypersurface. If o is a function such that (28)
holds, then the same equations hold for any change of rigging N = ON , with ¢ constant on each leaf of the

screen distribution, and for a = ﬁ

We notice that for another nowhere vanishing function ¢ on M, the a-associated metric along N
coincides with the %—associated metric along N = ®N . Therefore, if Y = V, then we also have V];[ =V
@
without the condition that ¢ is constant along leaves of the screen distribution or the condition that N is
closed.

4. Curvature of the «-associated metric

In this section, = : (M,g,N) — (M,g) is a rigged null hypersurface with closed null rigging N of a semi-
Riemannian manifold, and « is a nowhere vanishing smooth function on M constant on each leaf of the screen
distribution. Let XY, Z be sections of T'M . We recall that the Riemannian curvature R, of the a-associated
metric g, is given by

Ro(X,Y)Z =NaxNayZ — oy NaxZ — N x yv1Z.- (32)
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It is straightforward to relate each of the three terms of the right-hand side of the above relation with tools of
the lightlike metric. Using equation (25) and Gauss—Weingarten equations, one finds
1 1 *
Wy Z = VxVyZ— [ LB(Y.2) - CY,PZ) 4 1(Y)0(Z) + on(V)n(Z)da(e)| e X

n {;B(VyX, Z) — C(X,PVy Z) + 1(X)n(Vy Z) + in(){)n(vyzma(@

- | B0MZ) - CLPZ) 4 (V) + 5oV 2)da(6)] 7X)

- dag 0 yn(Z)dae) + ix (Y )n(Z))da(€)

_dg‘gf)]g(x Z) + éX "B(Y,Z)-X-C(Y,PZ)+ X - (T(Y)U(Z))}ﬁ-

Similarly, we express the two other terms of (32) to obtain the following:

Proposition 4.1 Riemannian curvatures of the connections N, and V are related by

Ro(X,Y)Z = R(X,Y)Z — BB(Y, Z) — C(Y, PZ) + 7(Y)n(Z) + Qt)én(Y)n(Z)da(g)] Ae X

+ [;B(X, Z) - C(X,PZ) +7(X)n(Z) + ;n(X)n(Z)da(f)} AeY + dr(X,Y)n(Z)

{5 (TxB) (1.2) - L (9B (X.2) + (97 C) (X,P2) - (VxO) (V. P2)

— [1B(Y, Z) — QC(Y,PZ)} T(X) + [;B(X, Z)—2C(X, PZ)} 7(Y)

dg‘ofg) [n(Y) 2B(X, Z) — aC(X, PZ)) — n(X) (2B(Y, Z) — aC(Y, PZ))] } S

Let X,Y, Z,T be sections of the screen distribution. Using the above proposition, one finds

n(Ral(X.Y)2,2) = g(ROCY)Z,2) + | LB(X.2) = CXPZ) 4 1(X00(2) + 5n(Xn(2)dal)]| BV.)

- |2B0n2) - P2+ 1V 0(2) + V()00 | BOX. ),

Now using equation (15), this becomes
9a(Ra(X,Y)Z,X) = §(R(X,Y)Z,X) - B(X, Z)O(Y,X) + B(Y, Z)C(X, X)

n [;Bm 7)— (X, PZ) + ~(X)n(Z) + ;mX)n(Z)da(g)] BY.x) ()
- |2B02) - v p2) 4 (@) + 500 BEX )

Q|r
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Using equations (16)—(17) and the above proposition, we obtain

TRl XV N) = £ (VeB) (X.9) - 1 (VaB) (€.9) ~ | LB (X.9) - O )] )

do(§)

202

2B(X,Y) + aC(X, V)] = C(& V)7(X). (34)

Equation (34) together with Gauss—Codazzi equation (18) gives

(6,009, ) = [o(REXV.E) - |2 BE.9) - X)) |70
_ dzozég) 2B(X,Y) + aC(X, V)] — C(&, V)7 (X). 55)

In Proposition 4.1, we have given relationships between Riemannian curvatures of the connections
and V. Since V is not a g-metric connection, the (1,3)-tensor R does not have all Riemannian curvature
symmetries and does not allow us to define the classical Ricci tensor. However, if one defines a Ricci tensor as
Ric(X,Y) =tr(Z — R(Z,X)Y), this gives a nonnecessarily symmetric tensor and the definition of the scalar
curvature becomes ambiguous. For this reason, we will relate the Ricci tensor of ¥, with the one of V for
sections of TM . In [8], such a relationship was found for & = 1 and by assuming that M is totally geodesic.
We are going to relate this Ricci tensor for a function « constant on the leaves of the screen distribution and

without the total geodesic condition. Let us start with sections of the screen distribution.

Proposition 4.2 For all X,) sections of the screen distribution, one has

Rica(X,Y) = Ric(X,Y) = g(R(§, X)Y, N) = g(R(E, V)X, N) + é?@& X)Y,€) = C(&)7(X)

b Laie X, 3eY) - oA X, AxY) - g(Aw¥, heY) + B@.Y) (1 - L i) (30
+ O i - [ 2B(Y) - 0@ 70 - S (. Y) + ac@. V)],

Proof By definition,

Rica(Xa y) = t?"(Z — Ra(Za X)y) = Z Ekg(Ra(Ekv X)ya Ek) + §<Ro¢(§7 X>ya N)
k=2
Let us compute each term of the latter. Using (33), one has

e*9(Ro(Ey, X)Y, Ey) = e*g(R(Ey, X)Y, Ey) — B(ANX,Y) + B(X,Y)H
+ 2B(AcX,Y) ~ B(X, AxY) - [;B@Y,y) —c@ )| .
Again by definition,
Ric(X,Y) = e"g(R(Ey, X)), Ex) + 9(R(&, X)Y, N) + g(R(£, V)X, N),
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where we have used the quasi-orthonormal basis (N, &, Es, ..., E,). Hence,

e"9(Ra(Ex, X)Y, Ey,) = Ric(X,Y) — g(R(¢, X)V,N) — g(R(£, V)X, N)
— B(ANX,Y) + B(X,Y)H

1= 1
+ aB(AgX,y) — B(X,ANY) — EB(X,JJ) - C(X,))

Then one obtains (36) by summing the latter with (35). O

To complete the computation of the Ricci of all two sections of T'M, it remains to compute Ric,(&,€)
and Ric (&, X).

Proposition 4.3 For any function « constant on each leaf of the screen distribution of the rigged null

hypersurface (M, g, N) — (M,g) with closed null rigging N, the following hold:

*

® Rica(&,€) = Ric(€,€) — [1(§) + 5=da(§)] H.

@ For any section X of S(TM),

Rica (&, X) = Ric(&, X) + dr(&, X) + g(AnE, X) H

Proof By definition, Ric, (&, X) = £¥ga(Ra(Ek, €)X, Er). Equation (33) gives

¥ ga(Ra(Ex, €)X, Ex) = e"g(R(Ey, )X, Ey,) — e*B(Ex, X)C(&, Ey)

1

& |Cl&.PX) = T(OCX) - 5n(X)da(e)| BB, By (37)

Replacing X by ¢ and summing over k, one finds

Rica(§,6) = exg(R(Ex, £, Bx) — [ )+ Zadoé(f)] H.

Since Ric(€,€) =Y eng(R(Ek, )€, Ey), the first item holds. Now replacing X by & in (37) and summing, one
finds

Rica (&, X) = Ric(&, X) — G(R(E, X)&, N) + g(AnE, Ae X) + g(AnE, X) H,

since Ric(€,X) = e"g(R(Ey, §)X, Ey) + g(R(N,§)X,€) = e*g(R(Ex, €)X, Ey) + g(R(§, X)¢, N). Then using

Gauss—Codazzi equation (19), the second item follows. O

The following relates sectional curvatures of ¥, and V. Recall that the sectional curvature of a plane
IT = span(X,Y) is given by

Ja(Ro (X, V)X, Y)
9a(X, X)ga(Y,Y) = go(X,Y)?

K,(I) =
By using equation (33), the proof of the following proposition is a straightforward calculation.

1174



NGAKEU and FOTSING TETSING/Turk J Math

Proposition 4.4 Let X and )Y be two orthogonal sections of the screen structure. Let us consider the planes
Iy = span(&, X) and 1L = span(X,Y). Then:

g Ko(Mo) = gy [Kelo) + [7(6) + 55da(€)] B(X, X)];
B(X,X)B(),Y) — B(X,))?
ag(X,X)g(y,y)
| 2BEY)CAX,Y) - BEX)C(Y.Y) - BO,YIC(X, X)
g(?aX)g(y, ) .

Ko (IT) = K(I) +

Let us now relate scalar curvatures of (M, g,) and (M,3).

Theorem 4.1 Let (M, g,N) — (M,g) be a null hypersurface with closed rigging of a semi-Riemannian manifold

and go the semi-Riemannian metric on M defined as in (20). The scalar curvatures s, and s of (M, g.) and

(M,g), respectively, are related (on M ) by

S0 =5 — 4Ric(¢, N) + 2K (£, N) + %%(5, £) — 2tr (;15 oAN) + étr (21?)

+ <2H é H> H —7(An€) + <H % ﬁ) (&) - dfﬁ) (r+sim).

Proof By definition,

1
Sa = ggaRiCa(EaaEa) = €kRiCa(Eka Ek) + aRiCa(Eag)'

Let us compute each term of the latter. Replacing X and ) by Ej in equation (36) and summing over k, one

obtains

* *2
e¥Rico (Ey, Ex) =5 — 4Ric(§,N) + 2K (&, N) + lRic(&ﬁ) — 2tr (Ag OAN) + ltr <A§)
a a

+ (2H - é ﬁ) H —7(ANE) + <H - % f{) () — dgogf) (#+21m). (38)
The first item of Proposition 4.3 gives:
> Rica(6.6) = TS, 6) — = |1(6)+ 5dalo)] Fr. (39)
o o o 2a
One obtains the announced result by summing (38) and (39). O

5. Application on Monge null hypersurfaces of RZ“

Let us now set (M,g) = Rg“ , the real standard semi-Euclidean space with its canonical metric
g=cg; (dxi)2,
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with Einstein’s summation and where (2°,...,2") is the rectangular coordinate of R"*!  and we have set

. -1 ifo<i<g-1
E =¢&; = .
+1 ifg<i<n

Let D be an open subset of Rj_; and let I': D — R be a nowhere vanishing smooth function. Let us consider

the immersion

x: p Ry (40)
Cop=@l .. u) = z(p) = (20 = F(p),xt =ul,... 2" =un).
Then M = x(D) is called a Monge hypersurface. It is easy to check that a vector field X = X* ai-i (Einstein’s
0
summation) on R?*! is tangent to M if and only if X = X“F ., so n = 90 T e*Fl. 52 is normal to M.
x

The Monge hypersurface M is a null hypersurface if and only if n is a null vector field. It is equivalent to write

e (Fl.)" =||IVF|? =1, (41)

where VF is the gradient of F' in the semi-Euclidean space Ry_;. Then taking the partial derivative of (41)
with respect to z? leads to

e“FL.F!, 5 =0. (42)

5.1. Generic UC(C-normalization on a Monge null hypersurface
Let us endow the Monge null hypersurface « : M — Rg“ with the (physically and geometrically) relevant
rigging
1 0
Moo= == 55
E VoLl 0x0

The corresponding rigged vector field is given by

)
a /
+eoF, —ma] (43)

1 1

B 0 wry O
fF_ﬁn \/5[@4'5 Fua,axa:|.

(44)

We show below that this is a closed normalization with vanishing rotation 1-form 7 and conformal screen
distribution with unit conformal factor ¢ = 1. Let us consider the natural (global) parametrization of M given
by

z* = u® (ul,..,u") €D. (45)

(46)
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Now taking the covariant derivative of n by the flat connection V and using (42), we obtain

— u 0
vagﬂn = ¢ {L/ﬁu“%
. d o
- e <F4aaxo+axa)’
— u 0
Voen = eFluso. (47)

Using (42) again we have
§(§ﬁn,e/1/p) = {-;aF;ﬂ " =0.

zBza

Hence, V o M is a section of the screen distribution.
du

Proposition 5.1 Let « : (M, g, /F) — R(’;H be a Monge null hypersurface graph of a function F endowed
with the rigging A7 as in (43). Then the following hold:

1. The rigging N5 is closed and the corresponding rotation 1-form 7% wvanishes identically.
2. The screen distribution is conformal with ¢ =1 as conformal factor.
3. The screen distribution is integrable with leaves the level sets of the function F'.

4. The induced connection V coincides with the Levi-Civita connection of the associated metric gy, i.e.

Vi =V.

5. In the natural basis {a%a}a, the divergence (with respect to the induced connection) of a wvector field

X = X9 takes the form

ou®

0xX*

divX =
w Pud

(as in the usual Euclidean case).

Proof Since V is a flat connection and the difference between both of the vectors A%, £ and %n is a

constant vector, then

V. Ny =V.bp =

Then by using (47) and (10), 7*F identically vanishes and

o\ oN 1 ., 0
A (au) =Acr <w)ﬁ W Gy “8)

Hence, ;1&: A_y., which shows that the screen distribution is conformal with conformal factor ¢ = 1. The
1-form 7 is given by
n = V2F.du®.
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Using the Gauss lemma it follows that

dn = V2F!, wdu® A du® = \@Z( N —

uaub ubu®
a#b

)du® ® du® = 0,

which shows that the rigging 4% is closed. Then the screen distribution is integrable. Let us now show that
the leaves of the screen distribution are really the level sets of F'. Let ¢ € Im(F) be a regular value of F' and
M. = F~'(c) the c-level set of F' in R} ;. Then ¢ : M, — R} ; is a semi-Riemannian hypersurface of the
semi-Euclidean space Rj_; and the Gauss map is the gradient VF of F'. We take 9. to be the inclusion map
and M, is a subset of D. We then have the following diagram:

MDY MR (49)

We denote by % and V. the Levi-Civita connections of Rf_; and M., respectively. Taking the Jacobian
matrix of v, it is easy to check that for any X € T'(TM,), ¥(¥VexX) = Yo (X) = (X, VF), X) = (0, X) and

(u(X), €r) = (1/V2){(0,X), (1, VF)) = (1/V2) (-0 + (X, VF)) = 0,
(2(X), A7) = (1/V2)((0, X), (-1, VF)) = (1/V2) (0 + (X, VF)) = 0.

Thus, the level sets ¢ (M.) are the leaves of the screen distribution . (A%) of M (endowed with the normal-

ization (43)). Conversely, let L — (M, g) — Ry*! be a (connected) leaf of the screen distribution. We need to

show that L is a level set of F'. For every z = (F(p),p) € L, for every X = X2 € T,R"*+!,

XeT,L < (X&) =0= (X, Mp) <= X" =0.

Hence, for every 8 =1,...,n, % € T,L. In addition, since (%,fﬂ = %F{m, it follows that F/;(p) =
0, Vo = (F(p),p) € L,YB=1,...,n, so there exists ¢ € R such that

Thus, the leaf L is defined on M by F =c.

NEe

*
Since 77 identically vanishes and A¢,= A 4., V is the Levi-Civita connection of the (semi-Riemannian)

associated metric g; (see Theorem 4.1 in [2]). Let X = X°-2_ be a section of TM :

ou®

0 _ 0 d ., yad

X =X°
ous ozt oxa’

with X% = F/.X*. We have
Vo, X = 0, (X°)02° + O (X*) Oy
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By using (7) and (43) the left-hand side of the above equation gives
vaubX = VaubX + B((’)uz,, X)«/VF
= f"Oua + B(auva)JVF

= (F;afa - \}iB(aubaX)> 00

qil “ ! 1 - a /!
+a§=:1 (f - FuaﬁB(aub,X)) e + 2 (f + Fu\[ ( WX)) O,

After identification, one gets

fa:{aub(X) 5l B0, X) fl<a<q-1

Oyp (X)) — ngqgaB(aub,X) ifg<a<n

Hence,
1 1
X = 0 (X) + —=F' B0y, X >aua n ( (X — —F' B0y, X >aua
Z( Pl B0, X) Z )= 5l B(Ow. X)

The above relation together with equation (41) leads to
divX =tr(VX)

qu ( o (X)) + TF’a («%,X)) + En: (aua (X*) - \}QF{LQB((’?UQ,XO

a=1 a=q
o 1
= Oya (X )+EZF;Q Y 030 + Oga, X) Z (F! a8y + Oga, X)

= Oy (X*) — B(&p, X)
= O (X9).
O

Hence, on any Monge null hypersurface, our rigging .47 has many good properties: the screen distribution
is integrable, the 1-form 7 identically vanishes, and

On a Monge null hypersurface, the rigging (43) is called generic unitary conformally closed (UCC)-rigging, since
it is closed and has a conformal screen with conformal factor ¢ = 1. Recall that a hypersurface of a semi-
Riemannian manifold is said to be totally geodesic when its shape operator identically vanishes. The above

proposition together with Theorem 3.1 gives the following result.

Theorem 5.1 For any Monge null hypersurface (M,g, V%) — R;”“l endowed with its generic UCC-rigging

(43), the isometric immersion x1 : (M, g1) — (R"1,g,) into the twisted semi-Riemannian manifold (R"*1 g,)

with the metric (20) is a totally geodesic semi-Riemannian hypersurface.
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5.2. A special rigging on a Monge null hypersurface of Rg“

Let us now consider for x : M — RZ+17 as in (40), the rigging

170 u 0
Nr = 55 [ 5n = =" Fue (51
with corresponding rigged vector field
0 a 0
fF:—xOn::co[—w—s FLQ%} (52)

These two vector fields are defined on R* x D, which is an open subset containing our Monge null hypersurface
M . However, they are lightlike only along M. Since N is pointwise conformal to the generic UCC-rigging,
the rigging N also has integrable screen distribution and corresponding leaves are the level sets of the function

F'. Furthermore, for this rigging,

1
and
1 ! a

since dz? = F!.du® along M. Let us set for this subsection « = 2(2%)?, which is constant along the leaves of

the screen distribution. After a direct calculation we obtain

o = [ga + (F}a)?] (du)® + 2 FuFydu®du’, (55)
a<b

where 2dx'de? = da' ® da? + da’? ® dx'. Notice that g, is a semi-Riemannian metric of index ¢ — 1 on M,
but since N is lightlike only along M , the metric g, is not necessary nondegenerate. The problem is to find
integers n and ¢ for which this metric is nondegenerate, in order to apply results of Section 3 to the Monge
null hypersurface M endowed with this rigging. For example, by a calculation of determinant, one shows that

for n =3 and ¢ = 2, this metric g, is nondegenerate for any F'.
Using (46) one has

Wasa ¢p = fxoﬁaiaﬂ n-— gzz n= fxovaia n+ ];% ép.
The latter together with (10) and (54) gives
;15: Vn and T=1. (56)
We also have
V=gV e RN < ¥ T
which allows us to find
Ay = ﬁvn (57)
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Then the screen distribution is conformal with
Ae=2(z")?Ay  and T =1 (58)

From here, it is easy to check that (28) holds. By Theorem 3.2, the induced connection is the Levi-Civita

connection of the a-associated metric g,. Thus, V = ¥, where a = 2(z%)?.

Remark 5.1 It is noteworthy that for all changes of rigging N = ONF, the Levi-Civita connection of the

% -associated metric coincides with the induced connection V.
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