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Abstract: In this paper, we study a class of neutral functional integrodifferential equations with finite delay in Banach
spaces. We are interested in the global existence, uniqueness of mild solutions with values in the Banach space and in
its subspace D(A). The results are based on Banach’s and Schauder’s fixed point theorems and on the technique of

equivalent norms. As an application, we consider a diffusion neutral functional integrodifferential equation.
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1. Introduction

Neutral differential equations arise in many areas of applied mathematics and for this reason these equations
have received much attention in the last few decades. In the following, we provide several examples studied in
the literature resulting from various physical systems. In [30-32] the authors studied a model for a continuous
circular array of resistively coupled transmission lines with mixed initial boundary conditions, given by the

partial functional differential equations

o (6,8~ alt ) = KAu(t,8) — alt — 1, ] + F(ua(-€) for £20,

where ¢ is in the unit circle S*, (s, €) = u(t + s,€), —r < s <0, t > 0, k is a positive constant, f is a
continuous function, and 0 < ¢ < 1. The phase space C ([—r,0], H*(S")) is the space of continuous functions
provided with the uniform norm topology. Motivated by the above model, Hale in [17-19] considered a more

general class of partial neutral functional differential equations of the form

{ %Dut = kADu; + f(uy) for t>0

uO:¢a
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with k as a positive constant, ¢ € C = C ([-r,0],C (S, R)),

0
Dv:v(O)—/ v (s)dn(s) for veCd, (1.1)

T

where the function 7 is of bounded variation and nonatomic at 0, that is, there exists a continuous nondecreasing
function p : [0,7] — Ry such that p(0) =0 and

/ iv<s> dn(s)

with || a norm in C(S1,R). The Laplace operator A = kA with domain C?(S*, R) in an infinitesimal generator

< u(e) sup |u(s)| for veCl, ee€l0,r],
—e<s<0

of a strongly continuous semigroup of bounded linear operators on C(S!,R). Adimy and Ezzinbi [1] considered
the problem

%Dut = ADus + f(uy) for ¢t>0
Uy = d)a

where ¢ € C = C ([-r,0],X), A is a nondensely defined linear operator that satisfies the Hille-Yosida condition
on the Banach space X, D : C — X is the bounded linear operator given by (1.1), and f is a continuous
function from of C into X. The model of rigid heat conduction with finite wave speeds, studied in [8], also can

be expressed as an integrodifferential equation of neutral type with infinite delay

[ / K(t— s)u )ds]: { / K(t — syu(s)ds| + f(t,u) for t>0,

where the operator A is a generator of a strongly continuous semigroup on a Banach space. Some other models

are discussed by Hernandez and Henriquez in [9, 10], namely

{ Llu(t) — F(t,u)] = Au(t) + G(t,u;) for t>0
up = ¢,

where A generates an analytic semigroup on a Banach space X, B is the phase space of functions mapping
(—00,0] into X, ¢ € B, and G, F are continuous functions from R, x B into X. For more on this topic and
related applications we refer the reader to [17] and [32], which contain a comprehensive description of those
equations.

It has been noted that partial functional differential equations with delay have attracted widespread
attention in the literature, see for example [2, 3, 7, 11-14, 20] and the references therein.

Our work is mainly motivated by [29], where the author considered the initial value problem for an

abstract integrodifferential equation

{ W (t) = Au(t) + [ g(t—su(s)ds+ f(t) for t>0
(0):x€X

In this paper, we consider more generally the initial value problem for neutral integrodifferential equations with

a finite delay, more exactly the problem

{ %[u(t) — G(t,up)] = Afu(t) — G(t, u)] + fg B(t — s,us)ds + F(t,uy), (1.9)

uO:¢7
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where A is a linear operator with domain D(A) which generates a strongly continuous semigroup (7'(t))¢>0 on
a Banach space X, ¢ € C([-r,0],X), and B, F,G are nonlinear operators with values in X. Recall that the

notation u; stands for the history function defined by
u(s) =u(t+s) for sel—r0].

We assume that
G(0,¢)=0

and we are interested in mild solutions of problem (1.2), first in the spaces C ([0,%1],X) (0 <t; < o0) and
C (R4, X), and next in the spaces C ([0,¢1],Y) and C(R;,Y), where Y is the space D (A) endowed with
the graph norm. The results are based on Banach’s and Schauder’s fixed point theorems and on the technique
of equivalent norms. As an application, we consider a diffusion partial functional integrodifferential equation.
The paper is organized as follows. In Section 2, we recall some preliminary notions and results. In
Section 3, we state and prove our main results on the existence and uniqueness, or only on the existence of mild
solutions with values in the Banach space X or in its subspace D(A), on a finite time interval [0,%1] and on
[0,00). We use the theory of ¢p-semigroups, Banach’s and Schauder’s fixed point theorems and the technique
of equivalent norms. Finally, in Section 4, as an application, we consider a diffusive neutral partial functional

integrodifferential equation.

2. Preliminaries

In this section, we recall some notions and results that we need in the following. Throughout the paper, X is a
Banach space, A: D (A4) C X — X is closed linear operator which generates a co-semigroup (7' (t)),>, on X.
For more details, refer to [24] and [28].

Recall that for such a semigroup, there exists M > 0 and w € R such that
IT (t)| < Me**, t>0, (2.1)

where |T (t)| is the norm of the bounded linear operator T (t).

We denote by Y the space D(A) equipped with the graph norm defined by
Wlpay = lvlx +1A4ylx - (2.2)

It is well known that D (A) equipped with norm || p(a)y s a Banach space.
We recall the following result from [21, p. 486].

Lemma 2.1 Let k:[0,t1] — X be continuously differentiable, and q be defined by

q(t) :/O T(t— s)k(s)ds for te]0,t4].

Then q(t) € D (A), for every t € [0,t1], q is continuously differentiable, and
t
Ag(t) =q'(t) — k(t) = / T(t — s)k'(s)ds + T(t)k(0) — k(t).
0
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In regards with the abstract initial value problem

S
~
—
=
N~—
|

Au(t) +h(t), te0,t]
u(0) = w,

where v € X and h € C ([0,¢1],X), we have the following definitions: by the mild solution of the problem,
one means the function v € C ([0,t1], X) given by

u(t)T(t)er/OtT(ts)h(s)ds7 te0,tq]. (2.3)

If v €Y and either h € C*([0,¢1],X) or h(t) € Y for all t € [0,t1] and h(t), Ah(t) are continuous in ¢
on [0,t1], then the function u () given by (2.3) is a strong solution of the problem, i.e. u € C* ([0,t1],X) N
C([0,t1],Y), u(0) = ug and u satisfies pointwise the differential equation.

In what follows, we shall work in the Banach space C ([0,%;],X) endowed with the max norm |u| =

[ule((0,627,x) = MaXee(o,i,] [u ()] , or as in [5], with a suitable equivalent norm of the form

_ —6t
g = o (Julerap ) e™")

for some 6 > 0, where it is assumed that 0 < r < ¢;, and for each ¢ € [r,t1], wu; is the function in C ([-r,0], X)
defined by

u (s)=u(t+s), sel[-r0.
It is easy to check that |-|, is a norm on C([0,¢;],X) and that
™ fulyg < fulp < Jul ,

which proves the equivalence of the norms |-| and |-|, on C([0,¢:],X).

Similarly, we shall consider the Banach space C([0,t;],Y) endowed with the corresponding max norm

[uloo = lule(o,41),y) = MaxXtefo,ty) [u (t)| pay Or an equivalent one of the form

_ —0t
uly = e, (Juloron v €")

As it will follow from the next section, the use of an equivalent norm ||, with a suitable large enough

6 > 0 is extremely convenient when dealing with Volterra-type integral operators (see also [5, 6, 26, 27]).
3. Main results
3.1. Mild solutions with values in X

First we consider problem (1.2) in a compact interval [0,¢1]. In view of (2.3), by a mild solution of (1.2) on the
interval [0,¢;] we mean a function u € C ([0,#1],X) with « (0) = ¢ (0) such that for each ¢ € [0,#1],

u(t):T(t)qS(O)—i-G(t,ﬂt)—i—/O T(t—s)/osB(s—T,ﬁT)des—l—/o T(t—s)F(s,us)ds,
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where

Our first result is about the existence and uniqueness of the mild solution of (1.2) in the set
K (t1, X) ={u € C([0,t1], X) : u(0) = ¢ (0)}.

Clearly K (t1,X) is a closed subset of the space C ([0,1],X). The result is obtained via Banach’s contraction
principle with respect to the norm |-|, on C([0,t:], X), with a suitable large enough number 6 > 0.
Here are the hypotheses:

(H) B,F,G:[0,t;]xC([-r,0],X) = X are continuous and Lipschitzian with respect to the second argument,
that is there are constants Lg, Lg, Lg > 0 with Lg < 1 such that

|B(t,u) = B(t,v)|x < L |u—="2|c(_q x)
[F(t,u) — F(t,v)[x < Lr[u—v|g_g,x)

|G(tvu) - G(tav)‘x < Lg |u - UlC([—r,O],X)

for all u,v € C([-r,0],X) and ¢ € [0,#1].

Theorem 3.1 Under the assumption (H), problem (1.2) has a unique mild solution u € C ([0,t1],X).

Proof A mild solution of (1.2) is a fixed point in K (¢, X) of the operator

t s t
(Pu)(t) =T (t) ¢ (0) + G (t, ) +/ T(t— s)/ B (s —T,ﬂf)deer/ T (t—s) F(s,us)ds.
0 0 0
Since G (0,u9) = G (0,¢) = 0, one has P (K (t1, X)) C K (t1,X) . Hence, in order to apply Banach’s contraction
principle, it remains to prove that P is a contraction on K (¢, X) with respect to a suitable norm |-|, on

C (]0,t1],X). To show this, consider two arbitrary functions u,v € K (¢;,X) and any ¢ € [0,¢1]. Using (2.1)
and (H) we have

t s
(PO = (POl < Lalin=Tleqrg + MEse™ [ [ i =Tl drds

t
+]\4LF6Wt1 /0 |a€ - 53|C([—T70LX) ds

~ —ot_ot
= Lg |t = Vt|oro,x) €€

t ps
+MLB€Wt1 /0\ /0 |1~1,-,- - 5T|C([7’I”,0],X) e_eTeerTdS

t
+MLpe“h /0 |us — 5S|C([_r70}7x) e 95¢95ds.
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It follows that
t s t
|(Pu) (t) — (Pv) (t)] x < (Lgeet + MLge*™ / / e’ drds + M Lpe*™ / eesds) lu—vl,.
o Jo 0

Since

t 1 1 t S 1
/ e ds = = (e‘% — 1) < fegt, / / eTdrds < —eet,
0 0 0 o Jo 02

we deduce that

|wmmwm@ugP@+MwnC§+%j}ﬂmm-

For t € [r,t1] and s € [—r,0], this inequality yields

L L
[(Pu) (t+s) — (Pv)(t+s)|y < [LGJrMe‘*’t1 <£+9F>} ) |y — o),
L L
< [LGJr]\/I"*’t1 <9§+ 9F>} oy — v,

Taking the maximum for s € [—r,0] gives

w LB LF
|(Pu)y = (POl eyorop.x) < {LG + Meh (92 + (,)} e’ Ju—wly,

t

for every t € [r,t;]. Now we divide by e?* and take the maximum for ¢ € [r, ;] to give

L L
o e (35

Therefore, in view of the assumption Lg < 1, for § > 0 large enough that

L L
Lg + Me¥" (9;3—&-;) <1,

the operator P is a contraction on K (¢1, X ), and according to Banach’s fixed point theorem it has in K (t1, X)

a unique fixed point.

Under a weaker condition than (H), where the Lipschitz continuity is replaced by the condition of at

most linear growth, and a stronger assumption on G and on the semigroup (7' (t)),~,, we can still prove the

existence of a mild solution in C ([0,¢1], X)), but not the uniqueness.

(Hw) () B,F,G:[0,t1]xC(]-r,0],X) — X are continuous and have a growth at most linear with respect to
the second argument, that is there are constants Lg, Lr, Lg > 0 with Lg < 1, and Cp,Cr,Cg >0

such that
IB(t:w)lx < Lpluleqrg,x) +Co

[E(t,uw)lx < Lr |ulgg o x) +CF
Gt W)y < Lalulogro.x) + Ca

for all u € C([-r,0],X) and ¢ € [0,1];

1814
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(b) G maps bounded subsets of [0, t1]xC([—r, 0], X) into relatively compact sets of X; and the semigroup
(T'(t));>0 is compact.

Theorem 3.2 Under the assumption (H,, ), problem (1.2) has at least one mild solution u € C ([0,t1],X).

Proof From (Hy )(b), the operator P from C([0,¢1],X) to its self is completely continuous. By similar

estimations as in the proof of Theorem 3.1, using the growth conditions on B, F,G, and the technique based

on equivalent norms, we obtain

L L
|Puly < {LG + M (95 + GF)] luly + ¢,

for every u € K (t1,X), where
C:Cc;—‘rMewtlthF-i-Mewht?CB.

Since Lg < 1, we may choose 6 > 0 large enough that
Lg Lp
wt
Lg + Me*™ <92+9) <1,
and then a number R > 0 such that

Ly L
[LG-i-Me“tl (eereFﬂ R+c<R

For example we can take

Lp Lgp -1
— wt
R—(l Lo — Me 1(92 +79 )) c.

Thus, the operator P maps the closed bounded convex set Kr = {u € K (t1,X) : |ul, < R} into itself.
Consequently, from Schauder’s fixed point theorem, there exists at least one u € Kr with Pu = u. Clearly u

is a mild solution of problem (1.2). O

Next we consider problem (1.2) on the semiline [0, 00) and we look for a mild solution on [0, c0), that is
a function u € C'([0,00), X)) which is a mild solution on any finite interval [0,#;]. To guarantee the existence

and uniqueness of such a solution we require the following conditions:

(H*) B,F,G:[0,00)xC([-7,0], X) — X are continuous and Lipschitzian with respect to the second argument,
that is there are continuous functions Ip,lr,lg : [0,00) — [0,00) with g (t) < 1 for all ¢ € [0,00) such
that

|B(t,u) — B(t,v)|x <lp(t)[u— U|C([—r,0],X)
[F(tu) = F(tv)|x < Ur () [u— vl 0,x)
|Gt u) = Gt )| x <l (8) [u— vl x)

for all u,v € C ([-,0],X) and ¢ € [0, c0).
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Theorem 3.3 Under the assumption (H" ), problem (1.2) has a unique mild solution u € C (]0,00), X) .
Proof It suffices to apply Theorem 3.1 to any finite interval [0,n], for any integer n > r, with

Ly = Il (t Ly = e (t Lo = la (t).
p=maxlp(), Lr=maxlr(t), Lo= maxlc()

Clearly, since I (t) < 1 for all ¢ > 0, one has L < 1. Notice that the Lipschitz constants being dependent on
n, the corresponding numbers @ and their associated norms |-|, may differ as well from one interval [0,n] to

the other.
Thus, for each such interval [0,n], problem (1.2) has a unique mild solution on [0,n], let it be denoted

by w™. The uniqueness property implies
"t (t) =u™ (t) for t€[0,n].
Based on this, the following definition of a function u € C ([0, ), X),
u(t)=u"(), tel0,n], neN, n>r

Obviously, this function u is the unique mild solution in C ([0, 00), X) of (1.2). O

An analogue existence but not uniqueness result on semiline can be established relaxing the Lipschitz

continuity conditions and reinforcing the semigroup assumption.

(H,) (a) B,F,G:[0,00) x C([-7,0],X) — X are continuous and there are continuous functions Iz, lp, g :
Ry — Ry with Ig (¢t) <1 for all ¢ >0, and ¢p,cp,ce : Ry — R, such that

[B(t,u)|x <lp @) |ulcrg,x) +cB ()

F(t )l < L () [al g + 0 (8

G(t,u)|x <l () |U‘C([—T,O],X) + ca (1)
for all w € C ([-r,0],X) and t € [0, c0);

(b) G maps bounded subsets of [0,00) x C([-7,0],X) into relatively compact sets of X; and the

semigroup (7' (t)),, is compact.

Theorem 3.4 Under the assumption (H, ), problem (1.2) has at least one mild solution u € C ([0,00), X).

Proof One solution u! € C([-r,1],X) can be guaranteed using Theorem 3.2, where t; = 1, Lp =

maxcpo,1] (B (t), Cp = maxcp)cp(t) and Lp,Lg,Cr,Cg are defined in a similar way. The solution ul

is then continued on the interval [1,2] by considering the operator
t s
(Pu)(t) = T(t—1)u'(1)+G(tu) —|—/ T(t—s)/ B (s —71,u,)drds
1 0
t
—|—/ T(t—s)F(s,us)ds,
1
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where

A fixed point of P in C ([1,2], X) is obtained via Schauder’s fixed point theorem using a similar method. This

extends u! to a solution u? € C ([-7,2], X), which in its turn is continued on the interval [2, 3], and so on. O

3.2. Mild solutions with values in D(A)

In applications, when X is a space of functions of space variables, the appurtenance of an element to the subspace
D (A) of X means some regularity with respect to the space variables. Therefore, it is of interest to guarantee
that the mild solution takes values in D (A). Recalling that Y, the space D (A) equipped with the norm (2.2),
is a Banach space, we are able to adapt the previous results to this aim assuming that ¢ € C ([-r,0],Y). Our

assumptions are now:

(A1) F,G:[0,t1] x C([-,0],Y) = Y are continuous and Lipschitzian with respect to the second argument,
that is there are constants Lg, Lg > 0 with Lg < 1 such that

|F'(t,u) — F(t’v)|D(A) <Lplu— U‘C([—r,O],Y)

G(t,u) = G(t,v)[pay < La |u— ]y
for all u,v € C([-r,0],Y) and ¢ € [0, ¢1].

(A2) B:[0,t1] x C([-7,0],Y) — X, the derivative 22 (¢,u) exists and is continuous from [0,¢;] x Y to X,
there exist constants Lpg, L}B > (0 such that:
|B(t,u) — B(t,v)|x < Lp|u— ’U|C([—r70],Y)

and

o8, . 08

B (t,u) — E(tﬂ/) N < Lplu— V(o) v)

for all u,v € C([-r,0],Y) and t € [0,¢].

Theorem 3.5 Under the assumption (A1) and (A2), problem (1.2) has a unique mild solution u € C ([0,t1],Y).

Proof Denote

(Pu) (t) = T(t)¢(0)+G(t,ﬂt)+/O T(t—s)F (s,us)ds,

(Pou) (1) = /OtT(t—s)/OsB(s—T,ﬂT)des.

As in the proof of Theorem 3.1, we obtain, this time for the norm ||, in C([0,¢1],Y), for every u,v €
K (t1,Y) :={ueC([0,t1],Y) : u(0) = ¢ (0)},

L
|Piu— Pyo|, < <Lg+M€wt19F) lu—vl,. (3.1)
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Also,

(Po) () = (Poo) ()] < M T2 fu— o, (32

Next, for an estimate of |(APsu) (t) — (AP2v) (t)|y , we apply Lemma 2.1 to

k(s) :/0 [B(s—T1,u;) — B(s—1,v.)]dr,
for which
k' (s) = B(0,us) fB(O,vS)Jr/O { B (s —Tur;) — %—5(577,%—) dr.

In this case,
q(t) = (Pu) (t) — (Ppv) ()

and since

Aq(t) /0 T(t—s)k' (s)ds —k(t)

Then

[(APyu) () — (AP0) (H)|x < + 1k (1)l x

X

/OtT(t—s)k’(s)ds

IN

t

Mt [ ()] ds + b (0)]
0

Next by similar estimations,

Lp
k(t)|x < Teet lu — v,

and
/Ot |k ()| ds < <Lf + L;;) e lu—v|,.
Hence,
[(APyu) (t) — (APy) ()] 4 < {Mewtl <LHB + ?;) + LGB] e fu—vl,. (3.3)

Now (3.2) and (3.3) yield

(Pa) () = (o) Oy < | M (252 + L}B) + 22| e -l

0 62 0
This gives
ot (2L L} Lp
[(Pow), = (Pov)yl oy < [Me “ ( g +0§> P L)y,
and after dividing by e’® and taking the maximum over ¢, becomes
2L L! L
|P2U,—P2’U|9 S |:Mewt1 ( eB + 92B> + QB:| |U—’U|‘9 . (34)
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Finally, (3.1) and (3.4) give

2L Lt L L

Thus, choosing 6 > 0 sufficiently large, the operator P is a contraction on K (t1,Y") with respect to the norm
|-]p on C'([0,t1],Y). O

Next we consider problem (1.2) on the semiline [0,00) and we look for a mild solution with values in

D (A), that is a function u € C ([0, 00),Y") which is a mild solution on any finite interval [0, ¢;1]. The hypotheses
are:

(A1*) F,G:[0,00) x C([-7,0],Y) — Y are continuous and lipschitzian with respect to the second argument,
that is there are continuous functions lg,lp,lg : [0,00) — [0,00) with g (t) < 1 for all ¢ € [0,00) such
that

[F(t,u) = F(t,0)[peay < Ue () [u = vle(ro)y)
G(t,u) = G(t,v)[peay < la () [u = vl o)y

for all u,v € C([-r,0],Y) and ¢ € [0, 00).

(A2%) B:[0,00) x C([-r,0],Y) — X, the derivative %—f(t, u) exists and is continuous from [0,00) X Y to X,

there exist continuous functions ig,1} : [0,00) — [0,00) such that:
IB(t,u) — Bt o)l < 15 () [1— Vo)

and

0B 0B
o —(t,u) — B — (t,v) . <l (t) Ju— Ve (=r0py)

for all u,v € C([-r,0],Y) and t € [0,00).

Theorem 3.6 Under the assumptions (A1*) and (A2%*), problem (1.2) has a unique mild solution u €
C([0,00),Y).

Proof The proof is similar to that of Theorem 3.3. O

4. Application

To illustrate the previous results, we consider the following diffusion model given by a neutral integrodifferential
equation with delay

[ =2 s +S£)) }=5§2{ = [0 A (s)ult + 5,€))ds
+f0 B(t—s,u(s,€)) ds+f_ (t+s§))d5 t>0, 56[0,(1] (4.1)
u(t,0) =u(t,a) =0, t>0
U(S,f)=¢(8,§), SE[—?‘,O], 56[070‘]'

1819
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With the notations
w(t)(§) = u(t€) for t>0, €€ 0,a,
P(s)(§) = ¢(s,§) for se[-r0], {€0,q],

problem (4.1) can be rewritten in the form

& [ult) = [0, () ue(9)ds] = 4 [u(t) = [°, 7 () wils))ds

+ f(f B (t — s, %u (s)) ds + ffr p(s)ui(s))ds, t>0, &€l0,al (4.2)

u(t)(0)=u(t)(m)=0, t>0

Uo ('9) = ¢(S)a s € [_Tv 0}7 g € [Ova]'

Then problem (4.2) is of type (1.2), if we let X = L?(0,a), A: D(A) C X — X be defined by
D(A) = H*(0,a) N H3(0,a), Au=1",
and for ¢t >0, ve C([-r,0,Y),
0 0
G (t,v) = / v(s)v(s)ds, B(t,v)=pB(t"), F(tv)= / p(s)v(s))ds.

Notice that the operator A defined as above is the infinitesimal generator of cg-semigroup on X (see [28, p.
64]).

Assume that
. 0
(1) ¢ € O([_T7 0]7Y)7 RV L ([_Tv O] 7R+) ’ |’Y|L1(7r,0) <1 and f,rry (8) (b (S) ds = 0.
(ii) A :R4 xR — R is continuous and continuously differentiable in its first variable; 8 (¢, ) and S; (t,x) are
Lipschitz continuous in x uniformly in ¢.
Notice that here G and F' do not depend on ¢, they are bounded linear operators from C([—r,0],Y) to
Y, and
G (tv)ly < |’Y|L1(_r,0) ‘U|C([_T,o],y)
IF )y < el Pleroyy -
Hence the hypothesis (A1*) on F' and G is fulfilled with Ip (t) = |pl;1(_, 0 and e (t) = [v|pi_pg)- As
concerns hypothesis (A2*), we refer to paper [29].

Consequently, the conditions of Theorem 3.6 are fulfilled and we have the following result.

Theorem 4.1 Under the assumptions (i) and (ii), problem (4.1) has a unique mild solution u € C ([0,00),Y).
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