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Abstract: In this paper, we focus on weak-stability and saddle point theorems of multiobjective optimization problems

that have an infinite number of constraints. The obtained results are based on the notion of weak-subdifferentials for
vector functions. Some properties of weak stability for the problems are introduced. Relationships between strong duality

and saddle points of the augmented Lagrange vector functions associated to the problems are investigated. Connections
between weak-stability and saddle point theorems of the problems are established. An example is given.
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1. Introduction

It is well known that the notion of subdifferentials for convex functions is important in convex analysis,
optimization theory, and variational analysis [13]. Optimality conditions for convex optimization problems
are usually represented in terms of subdifferentials of convex functions. Note that this notion may not be
suitable for the cases of nonconvex optimization problems. Hence, it is necessary to generalize this concept
for nonconvex functions. Such generalized subdifferentials for nonconvex functions were proposed by several
mathematicians, such as Clarke [3], Rockafellar [12, 14], Mordukhovich [11], and Azimov and Gazimov [2].
One of the generalized subdifferentials mentioned above, which has attracted several researchers recently, is the
notion of weak-subdifferentials introduced by Azimov and Gazimov. In [2], based on the notion of supporting
cones, the authors proposed the notion of weak-subdifferentials for scalar nonconvex functions. Moreover, with
a type of augmented Lagrange function, which was constructed by using supporting cones to the epigraph of a
perturbation function, the relationships between stability and duality of nonconvex problems via the augmented
Lagrangians are investigated. Several papers related to this topic were published, where the obtained results
were based on the use of weak-subdifferentials [4-10, 15]. Recently, this notion was developed for vector functions
defined on a normed space [9]. Inspired by this work, very recently, it was extended to vector functions defined
on a linear space and was applied to a multiobjective semiinfinite optimization problem [16]. Then dual problems
via augmented Lagrange vector functions were studied. In that paper, a concept of weak-stability for vector
functions was proposed and the relationships between weak-stability and strong duality for the problems were
investigated.
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In optimization theory, there exists a close connection between the notion of strong duality and saddle
point theorems (see [17] for more details). Hence, it is worth studying such relationships for the case of
multiobjective semiinfinite optimization. Note that the relationships between weak-stability, strong duality, and
saddle point theorems for a scalar nonconvex optimization problem based on weak-subdifferentials for scalar
functions were introduced in [2]. Furthermore, the results were extended for scalar semiinfinite optimization
problems in [15]. Very recently, the results were developed for multiobjective problems. In [16], the relationships
between weak-stability and strong duality for semiinfinite optimization problems are studied. Motivated by the
observations above, in this research, based on the notion of weak-subdifferentials for vector functions, we study
the relationships between weak-stability and saddle point theorems for multiobjective optimization problems
that have an infinite number of constraints. In our research, besides studying the relationships between weak-
stability and saddle point theorems, connections between strong duality and the existence of saddle points of
the problems are also investigated. Hence, the relations among weak stability, strong duality, and saddle points
theorems for the problems are studied.

The results in this paper are divided into two parts. The first part is devoted to investigating some
properties of weak-stability for the multiobjective optimization problem. The second part concerns saddle point
theorems for augmented Lagrange vector functions. We also show that there exists a close connection between
the pairs of efficient solutions of a multiobjective optimization problem and its dual problem with saddle points
of the corresponding vector Lagrange function. Then saddle point theorems for the multiobjective optimization
problems are given.

The paper is organized as follows. In the second section, we recall the results on weak-subgradients for
vector functions and the theorem that connects the property of weak-stability with the property of L-lower
Lipschitz. The main results are given in Sections 3 and 4, where results on weak-stability for a multiobjective

optimization problem are given and saddle point theorems are introduced. An example is given in the last part.

2. Preliminaries

Let T be an arbitrary index set. We use the following notations: R” := {u = (u); | v € R,t € T}, RY :=
{fueRT |u, >0,t € T} and RT := {u € RT | u; <0,¢t € T}. Let A : T — R be a real function such that
A(t) = A € R for each ¢t € T but only finitely many A; differ from zero. We need the following linear space:

RT) = {X = (M)ser | A&t = 0 for all ¢ € T but only finitely many A, # 0}.
For A € R(T) | its supporting set, denoted by T()), is defined by
TN :={teT| N\ #£0}.

It is obvious that, for a given A € R(") | the set T(\) is a finite set. The subset of R() where its elements
satisfy Ay > 0 for all ¢ € T' is denoted by Rf). It is clear that RS_T) is a convex cone of R(T). For A\, A € R(T)

v €RT, and o € R, we define

al = (aM)ter,

)\:tj\ = ()\t:t/\t)teTy

{ ZtET()\) )\t’ll,t lf T()\) 7é @7
0 = 0.

<)\7u> = Z)\tut = if T()\)

teT
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Let us define the function p : R” x R(T) — R as follows:

_ Yeroy lwl, TN #0,
P, A) '_{ 0, o T(\) = 0.

The notation ||u||x is used instead of the value of the function p at (u, ).
Let us denote D := R. The notations D°, D*, and Op stand for the interior of D, D\ {Op}, and
(0,0,...,0), respectively. Then, for y,z € R™, we understand that

y=z<y—z=_0p,
y§D°Z<:>ny€Doa
y<prz&z—y€ D*
y<pzez—yeDbD

and
Yy¥£€pez&z—y gD,
Yy<Lp 2z —y & D*
y€pzez—yé€D.

‘We need some more notations below:

R :=RU {+oc0},

R" :=RxRx...xR,(m component),

L:={\ ... A" N eRD jec M}, M:={1,2,...,m},
Ly={(A\L,...,am), N eR ie MY,
Lo={(\,....am),x eRY) i e MY

For u € RT, A= (\',...,A™) € L, we define
(Ayu) = (()\l,u>, cey ()\m,u>)

and

llulla = |lulls = { OzteT(Z\) |uel,

where A:= 37" A

For convenience, we recall some basic concepts and results.

Definition 2.1 [16, Definition 3.2] Given A € £ and ug € RT, the A-neighborhood of ug € RT with the radius
€ > 0 is defined by
UM (ug) == {u € RT : |ju — ugl[s < €}

We note that the two following definitions are developed from the original ones for real valued functions,

which were introduced in [2].

Definition 2.2 [16, Definition 3.3] Let h : RT — R be a vector function such that domh # 0, i.e. domh; # 0
for all i € M, and let uy € domh. The weak-subdifferential of the function h at ug is denoted and defined by
the set

9" h(ug) == {(A,k) € L x R | h(u) — h(uo) >p (A, u — ug) — klju — ug||a, Vu € RT}.
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Each pair (A k) € 0¥h(ug) is said to be a weak-subgradient of h at ug.
If 0% h(ug) # 0, then we say that h is weakly subdifferentiable at ug.
If h is defined on the set S C RT | we use the notation 9¥h(uo) instead of d“h(ug).

Definition 2.3 [16, Definition 3.4] Given A € L, a vector function h : RT — R™ domh # 0, is called A -lower
locally Lipschitz at ug € domh if there exist a vector L € RT and a A-neighborhood UM (ug) such that

h(u) — h(ug) >p —L|lu — uol|a, Vu € U™ (up).
The vector function h is called A-lower Lipschitz if the inequality above holds for all u € domh.

The following proposition and corollary are developed with inspiration from Theorem 1 and Corollary 2,

respectively, in [2] (see also [1]).

Proposition 2.4 [16, Theorem 3.2] Let h : RT — R™ be a vector function such that domh # 0 and ug € domh.
The following statements are equivalent:

a) h is weakly subdifferentiable at g,

b) h is A-lower Lipschitz at ug,

c) h is A-lower locally Lipschitz at ug and there exist numbers p € R and q € R™ such that

h(u) >p —pllulla + ¢, Vu € RT.

We understand that a vector function h : RT — R is said to be bounded below if each component
function of h is bounded below.

Corollary 2.5 Let h: RT — R™ be a A-lower Lipschitz function at ug € domh. If the function h is bounded

below, then it is weakly subdifferentiable at uyg .
Proof If the function A is bounded below then there exists a vector m € R™ such that
h(u) > m,Yu € domh.

Hence,
h(u) > —0[jul[s +m,Vu € domh.

Combining this and the assumption that h is a A-lower Lipschitz function at ug € domh, we get the desired

conclusion by applying Proposition 2.4. O

Let us consider the following problem:

(MP) Minimize f(x)

where f; with ¢ € M and ¢, with ¢ € T are real valued functions defined on a linear space X, T is as above,
and S is a nonempty subset of X . Denote by A the feasible set of (MP). Set

R .= f{e e R™ : |e| <1,t € T(N)}

1956



SON and WEN/Turk J Math

and

Fi={(\k) eRD xR, |3e e R ke — A e R}

We need the following function (see [15]):

w(u, \, k) : RT x RT) x Ry — R,

where
W, \, k) = { zl,lpeE]Rg\T){<k€7U> | ke — X € RSFT)}v ;8; i g’ (2.1)
The augmented Lagrange vector function associated to (MP) is defined by
L(z, A k) := (L1 (z, A kY), ..o, L (2, A, E™)), (2.2)
where
Li(z, X' k') := fi(x) — (N, (9e(2))e) + w((ge(2)), ', k7)€ M. (2.3)
The perturbation function ¢; : X x RT — R associated to f;, i € M, is defined by
Hence, the perturbation vector function ¢ : X x RT — R" is
oz, u) = (gbl(m, u), ..., dm(x, u)) (2.5)

We need the following lemmas. They are quoted from the ones in [16].

Lemma 2.6 For each i € M, let L; be the augmented Lagrange function defined by (2.3) and let ¢; be the
perturbation defined by (2.4). One has

Li(z, N\ k) if xe€S and (\Nk) e
infT{qﬁi(sc,u) —(Nu) +E|ulla} =4 —o0 if x€S but(N\k)¢F,
uek +00 if x¢S6.

F

)

Lemma 2.7 For each i € M and for every x € S, it holds that

fi(x) if gi(x) <0,V €T,

sup Li(x, A\ k) = { 400 otherwise.

(M\k)EF

Definition 2.8 For the problem (MP), a point z € A is said to be:
i) an efficient solution of (MP) if there is no x € A such that f(x) <p- f(z).
ii) a weakly-efficient solution of (MP) if there is no © € A such that f(x) <pe f(z).
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The efficient solution set of (MP) is denoted by E(MP). Assume that E(MP) # (.

We note that the following duality scheme is also a generalization of the duality scheme given in [2]. The
dual problem for (MP) is formulated as follows (see [16]):

(MD) Maximize H(A,k)
subject to (A, k) € F™,

where H : F™ —R" is defined by
H(Aa k) = (Hl(A7 k)a sy H’m(Aa k))v

and
Hi(A k) = igfLi(x,x', k"), (\' k) € F.

Definition 2.9 For the problem (MD), a pair (A, k) € F™ is said to be:
i) an efficient solution of (MD) if there is no (A, k) € F™ such that
H(AK) <p- H(AK),
ii) a weakly efficient solution of (MD) if there is no (A, k) € F™ such that
H(A k) <pe H(A k).
The set of efficient solutions of (MD) is called the efficient solution set of (MD) and is denoted by E(MD).

Definition 2.10 The strong duality between (MP) and (MD) holds if there exist & € E(MP) and (A, k) €
E(MD) such that f(z) = H(Ak).

In the next section, we establish a connection between weak-stability and the saddle point theorem for
(MP).

3. Weak-stability of (MP) and related properties

For the function ¢ defined by (2.5), let us consider the following vector function G defined as follows:
G(u) == (igfgzﬁl(x, u), igfd)z(x, u), ... ,igfd),n(x, u)). (3.1)

Suppose that domG # ). It is obvious that infs ¢;(x,0) = infs f;(x) for each ¢ € M. We recall the notation

of weak-stable introduced in [16].
Definition 3.1 The problem (MP) is said to be weak-stable if 0¥ G(0) # 0 and G;(0) is finite for any i € M .

Theorem 3.2 For the problem (MP):
i) If there exist (A, k) € F™ and T € A such that L(z,A k) > ¢(Z,0) for all x € S and infy f;(x) is
finite for all i € M, then (MP) is weak-stable.
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ii) If (MP) is weak-stable and (infs f1(z),...,infx fr(x)) € f(A), then there exist (A, k) € L X @T and
z € A such that
L(z,A k) > ¢(Z,0),Vz € S.

Proof i) Suppose that there exist (A, k) € L4 X RT and z € A such that
L(z,A k) > ¢(Z,0),Vo € S.

Then, for any i € M, we get
Li(z, A, k%) > ¢4(Z,0),Vz € S.

By Lemma 2.6, we get
inf {¢;(x,u) — (N, u) + E|ju

xi} = ¢i(2,0),Vz € S.

u€RT
Hence,
irelg{gbi(x,u) — (A u) + k|l } > ¢4(Z,0),Vu € RT.
Thus,
inf i (2, u) — (AN u) + K |ul|xi > ¢i(2,0) > inf ¢;(x,0), Yu € RT.
We get

Gi(u) = Gi(0) > (X', u) — k'||ul

Ayt € M.

Note that G;(0) = inf4 f;(x) is finite. Hence, for each i € M, G; is weak-subdifferentiable at w = 0. Thus,
the vector function G is weak-subdifferentiable at « = 0. The problem (MP) is weak-stable.

ii) Suppose that (MP) is weak-stable and (infy fi(x),...,infs fi(z)) € f(A). By applying Theorem 4.3
in [16], the strong duality between (MP) and (MD) holds. Using an argument as in the proof of Theorem 4.3
in [16], there exists (A, k) € F™ and Z € A such that

H(A k) = f()-
Since f(z) = ¢(z,0) and H;(A, k) = infg L;(z, \!, k"), it is easy to deduce that

Lz, A, k) > ¢(Z,0),Yz € 8.

The following theorem is developed from Theorem 6 in [2].

Theorem 3.3 For the problem (MP), suppose that (infa f1(z),...,infa fin(x)) € f(A). Then (MP) is weak-
stable if and only if both the following conditions hold:

i) There exist A € L, L € RT, U*(0), and z* € S such that
o(x,u) — ¢(x*,0) >p —L|ul|r, YV € S,Yu € U(0). (3.2)
ii) There exists vectors p € R and g € R™ such that

d(z,u) >p —p|ulla + ¢,V € S,Vu € RT. (3.3)
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Proof If (MP) is weak-stable, then G is weak-subdifferentiable at «w = 0 and G;(0) is finite for each i € M.
By Proposition 2.4, there exists A € £ such that the function G is A-locally lower Lipschitz at v = 0 and
there exist vectors p € R" and ¢ € R™ such that

G(u) = (irslf¢1(x,u), A igf(ﬁm(x,u)) >p —pllulla +q,Vu € RT.

Hence,

o(z,u) >p —pllulla + ¢, Vu € RT ¥z € S. (3.4)

On the other hand, since G is A-lower locally Lipschitz at u = 0, there exist a A-neighborhood U*(0) and a
vector L € R such that

G(u) — G(0) >p —Ll|jula, Vu € U™(0).

Note that
G(0) = (inf61(2,0), .., inf 1 (,0)) = (inf fi (), inf frn(2)) € ().

Then there exists a* € A such that (infs f1(z),...,infs fn(2)) = f(2*). This implies that
o(x,u) — ¢(x*,0) >p —L|ul|r, Yz € S,Yu € U(0).
Conversely, suppose that conditions i) and ii) hold. Note that
G(0) = (igfgbl(x,O), e ,igfqu(x,O)) <p (61(x,0),...,0m(x,0)) = ¢(x,0),Vz € S
and G;(u) = infg ¢;(x,u) for all ¢ € M. Hence, from (3.2), we get
G(u) — G(0) >p —Ll|jul|a, Vu € U™(0).

Thus, G(u) is A-locally lower Lipschitz at « = 0. On the other hand, since (3.3) holds for all z € S, by taking

the infimum over S, we get

G(u) >p —pllulla + g, Vu € RT.

Thus, by applying Proposition 2.4, G is weak-subdifferentiable at u = 0, and (MP) is weak-stable. O

Theorem 3.4 For the problem (MP), suppose that (infa f1(x),...,infa fin(x)) € f(A). Then (MP) is weak-
stable if and only if there exist A€ L, L € R and z* € S such that

oz, u) — ¢(z*,0) >p —L|ulla,Vz € S,Yu € RT. (3.5)
Proof Suppose that there exist A € £, L € R, and z* € S such that (3.5) holds. By (3.1), we obtain
G(u) — ¢(x*,0) >p —L||lu||a,Vz € S,Yu € RT.
Moreover, since ¢(z*,0) > G(0), the inequality above implies that
G(u) — G(0) >p —Ll|jul|a, Vu € RT,
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The function G is A-lower Lipschitz at v = 0. From this it can be deduced that the problem (MP) is weak-stable
by Proposition 2.4.

Conversely, suppose that (MP) is weak-stable. Hence, the function G is A-lower Lipschitz at v =0, i.e.
there exists A € R’ such that

G(u) — G(0) >p —L||u|ls,Vu € RT.

Hence,
d(z,u) — G(0) >p —Ll|ju||a, Yz € S,Yu € RT.

Since G(0) = (infa fi(z),...,infs fm(z)) € f(A), there exist x* € A such that G(0) = f(z*) = ¢(z*,0). The
desired conclusion is derived a
4. Saddle point theorems
Let us consider the vector Lagrange function L given by (2.2), where A € £ and k € R]".
Definition 4.1 A pair (z,A) € S x L_ is called a saddle point of the vector function L if the following
inequalities are satisfied for some k € R :
L(z, A k) #p L(Z, A k),Y(A, k) € F™, (4.1a)
L(z,A k) #p L(z,A k),Vx € S. (4.1b)

(T)

i) — (N (ge(2))e) + w((ge(®)), N, k) > —(N, (9:(2))e) +w((9:(2)), \L, k), i € M, with at least one strict
inequality;

i) £:(Z) — (N, (9:(2))e) +w((g6(2)), N, kY) > filx) — (N, (ge(2))e) +w((ge(x)), N, k), i € M, with at least
one strict inequality.

That is to say that there exist no \' € R and x € S, such that:

Theorem 4.2 If (z,A) € S x L_ is a saddle point of the vector function L and g;(x) < g¢(z) for all x € S
and for all t € T, then T is an efficient solution of (MP) and (A, k) is an efficient solution of (MD).

Proof Suppose that (Z,A) € S x £_ is a saddle point of the vector function L for some k € R. From
(T)

Definition 4.1, there exists no A\* € RY’ such that

with at least one strict inequality, and there exists no z € S such that
Fi(@) = filx) = (N, (9:(2) = ge(@)) + w((90(2)), X' B') = w((ge()), N, k) 2 0,0 € M, (4.3)

with at least one strict inequality.
First, we claim that & € A. Assume to the contrary that Z ¢ A. Then there exists ¢ty € T such that
9t,(Z) > 0. For i € M, choose A\* such that A* <0 and A\j = Al for all ¢ € T'\ {to}. Since Al* < 0 is chosen

arbitrarily, by letting )\%: — —00, we get
("= X gu(2)) = (N, = Aif)gey (T) = +o0,
i.e. there exists A' € R such that the left-hand side of (4.2) tends to 400, a contradiction.
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Next, we prove that £ € E(MP). It needs to be proved that there is no « € A such that f(z) <p« f(Z).
Suppose to the contrary that there exists © € A such that f(x) <p« f(Z). Then

fi(z) < fi(2),Vi e M, (4.4)

with at least one strict inequality. Since g;(z) < g,(Z) for all t € T,

(N (ge(2)) < =N, (9¢(2)))- (4.5)

On the other hand, if ¢;(z) < ¢¢(Z) for all t € T then

sup {(ke,gi(z)) | ke — X € RSFT)} < sup {(ke,g:i(7)) | ke — \" € RSFT)}.

(T) (T)
eEin eG]RS\i

This is equivalent to
w((ge(x)), X', k') < w((ge(2)), N, ). (4.6)

Adding side by side (4.4), (4.5), and (4.6), we can see that there exists z € A such that (4.3) holds, a
contradiction.
To complete the proof, we prove that (A, k) is an efficient solution of (MD). It needs to be proved that
there exists no (A*, k) such that
H(A k) <p- H(A* k). (4.7)

Suppose to the contrary that there exists (A*, k) such that (4.7) holds. There exists ¢ € M such that
Hi(‘/_\7 k) < HZ(A*7 k)a
or in other words,
igfLi(:r,Xi,ki) < inf Li(z, A kD).
Thus, there exists « € S such that
Li(z, N' kY < Li(x, X' kY.
Thus,
— (N, ge(@)) + w((ge(2)), A KY) < =N, ge(@) + w((ge(2)), A7 K,
or in other words,
0< <5‘l - )‘*i’ gt(x)> + w((gt(x))’ )‘*iv kz) - w((gt(‘T))’ j‘i’ ki)v
a contradiction to (4.2). O
Theorem 4.3 If the strong duality between (MP) and (MD) holds then the function L given by (2.2) has a

saddle point.

Proof Let Z be an efficient solution of (MP) and (A, k) be an efficient solution of (MD) with some k € R7".
Since the strong duality between (MP) and (MD) holds,

f(@) = H(A k).
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Hence, for every @ € M, we get
Thus,
[:(Z) < Li(x, N\ k"), Vo € S,i € M. (4.8)

By Lemma 2.7, from the above inequality, we get

fi(z) < Li(z, A, k) < sup  Li(z, N\, k%) = fi(z),i € M. (4.9)
(M ki)eF

Thus, f;(%) = L;i(Z, \',k*). We claim that (4.1b) holds. Suppose to the contrary that there exists ' € S such
that
L(z', A k) < L(z, A k).

Combining this with (4.9) and (4.8), we deduce that
Li(I/, j\i, k‘l) < Li(i‘, j\i, k‘l) = fl(i‘) < Li(l‘, S\i, kl),Vx €S,

a contradiction. To complete the proof, we need to show that (4.1a) holds. Suppose there exists (A, k') € F™
such that
L(z, N K') > L(z, A, k). (4.10)

By (4.9), we get
Li(Z,\ kY < fi(z),i € M,Y(\', ") € F.
This implies that
Li(Z, A, kY < f(Z) = Li(Z, A, kY, V(N kY € Fri e M. (4.11)

Since inequality (4.11) holds for all (X%, k%) € F,i € M, we get a contradiction to (4.10). O

Corollary 4.4 For (MP), suppose that (infa f1(x),...,infa fi.(x) € f(A). If the problem (MP) is weak-stable
then the function L given by (2.2) has a saddle point.

Proof The desired conclusion can be obtained by combining Theorem 4.3 in [16] and Theorem 4.3. O

Corollary 4.5 For the problem (MP), and the function L given by (2.2), if there exist (A, k) € F™ and T € A
such that L(x, A, k) > ¢(Z,0) for all x € S then the function L given by (2.2) has a saddle point.

Proof The desired conclusion can be obtained by combining Theorem 3.2 and Theorem 4.3. O

Corollary 4.6 For the problem (MP) and the function L given by (2.2), suppose that both of the following
conditions hold:
i) There exist A € L, L € RT, U*(0), and z* € S such that
o(x,u) — ¢(z*,0) >p —L|ul|r, Yz € S,Yu € U(0). (4.12)
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ii) There exists vectors p € RT* and g € R™ such that

o(z,u) >p —pllulla +¢,Vz € S,Vu € RT. (4.13)
Then the function L has a saddle point.

Proof The desired result follows by combining Theorem 3.3 and Theorem 4.3. O

Corollary 4.7 For the problem (MP), if there exists A € L such that function G is A-lower Lipschitz at u =0
and (infa f1(z),...,infs fir(x)) € f(A), then the function L has a saddle point.

Proof Suppose that there exists A € £ such that function G is A-lower Lipschitz at uw = 0. By Corollary 2.5,

the function G is weakly subdifferentiable at « = 0. Since (infa fi(x),...,infa fin(z) € f(A), G;(0) is finite

for all ¢ € M. Hence, the problem (MP) is weak-stable by Definition 3.1. The conclusion follows by Corollary

4.4. O
The following example illustrates Theorem 4.3.

Example

(MP;) Minimize (—x,xz?)
tr—1<0,teT=]0,1],
x €8 :=10,00).

It is easy to check that the feasible set of (MP1)is A =[0,1] and Z = 0 is an efficient solution of (MP1).
The dual problem of (MP;) is formulated as follows:

(MD;) Maximize H(A,k)
(A k) € F?,

where H(A, k) = (Hi(A', k'), Hy(A%, k%)) and H;(\, k') = infyeg Li(x, A', k%) with i=1,2. We have
Li(z, 2 k%) = —2 — (AL, (to — 1)) + w((te — 1), A\ EY), t € T,
Lo(x, A kYY) = 2% — (V2 (tr — 1)) +w((te — 1), A2, k), t € T.

Note that R&T) is compact. By (2.1), there exists e', % € RE\T) such that

Li(z, L kY = —o+ (ktet — AL (tr — 1)), t € T, ket — A1 >0
= 2+ [Sier kel = ADJe — Ter (e} — M)
= [Zth t(klé% =) — 1z — ZteT(k € — i)

and
LQ(.’L‘,)\Q, kg) =z2 4+ <k2’2 — 22 (te — 1)), t €T, k22— X2>0
=a2” + [ZteTt(kzétQ - )\%)]x - ZteT(kQétQ - /\f)

It is easy to check that

: 1 7.1\ *ZQT(klé% - )‘%) if ZteT(klé% - )‘%)t Z 1
if L, A% b )_{ —oo it S, op(klel — At < 1,

1964
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and
: 2 12y _ _ 2.2 y\2
inf Ly(z, A, k?) = > (Ke; = \)).
teT
It is obvious that (A, k) = ((A', k'), (A%, k?)) = ((04,0), (04,0)) € E(MD) and H(A,k) = (0,0) = f(z), where
Z =0 € E(MP). The strong duality between (MP;) and (MD;) holds.
We claim that (z,A) is a saddle point of the function L(x, A, k) = (L(m, AL EY), Lx, A2, k:2)), i.e. there
(1)

i) — (A (g6(2))e) +w((g:(2)), AL ED) > — (N (96(2))e) +w((g¢(T)), AP, k)5 € M, with at least one strict
inequality, and

i) £:(Z) — (N, (ge(@))e) +w((ge(2)), A, kY) > fil) — (N, (ge(2))e) +w((gs(2)), N, k%), 5 € M, with at least
one strict inequality.

exist no \* € RY"’ and x € S, such that:

Suppose to the contrary that there exists \! € R(_T) such that i) is satisfied with a strict inequality. Then
— (A% (1)) + w((—1)e, A KY) > w((—1)¢,0,k") (4.14)
with some i € {1,2}. Note that A\’ € R 1t is easy to check that
W((=1)¢, AL EY) < w((—1)4,0, k).

This and (4.14) allow us to deduce that —(\?,(—1);) > 0, a contradiction
Next, assume to the contrary that there exists x € S such that ii) is satisfied with a strict inequality.

Then we get
Fi(0) + w((=1)¢,0,kY) > fi(x) + w(te —1);,0,k"),

with at least an index i € {1,2}. Note that # = 0 is an efficient solution of (MP). Since A’ = 0, by (2.1), we
get T(\") = ). Hence, from the inequality above, it is deduced that
fi(0) > fi(=).

If z€ S\ A then fi(z) > 0= f;(0), a contradiction. If x € A, it contradicts the fact that z = 0 is an efficient
solution of (MP ). The proof is completed.
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