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Abstract: We consider new kinds of max and min matrices, [amax(i’”]i’jZl and [ami“(i»j)]i,]‘21 , as generalizations of

the classical max and min matrices. Moreover, their reciprocal analogues for a given sequence {a,} have been studied.
We derive their LU and Cholesky decompositions and their inverse matrices as well as the LU -decompositions of their

inverses. Some interesting corollaries will be presented.
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1. Introduction
There are many interesting and useful combinatorial matrices defined by a given sequence {a,},~,. One of

them is known as the Hankel matrix and defined as follows:

apg a1 az
ay az as
a2 a3 a4

for more details see [17]. Considering some special number sequences instead of {a,},,, there are many

special matrices with nice algebraic properties. Some authors [8, 19] studied the Hankel matrix by considering

the reciprocal sequence of {an},~, of the form

-11 1 q
aop aq az
1 1 1
a1 az az
1 1 1
az asz a4
They are called the Hilbert and Filbert matrices when a,, = n+1 and a,, = F,, 41, respectively, where F,, stands

for the nth Fibonacci number. Kilig and Prodinger [10] gave some parametric generalizations and variants of
the Filbert matrix.
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In this paper, we define four new combinatorial matrices, which we called max and min matrices and
their reciprocal analogues whose entries run in left-reversed and up-reversed L-shaped pattern, respectively.

By a given sequence {a,}, we define the matrices M;, My, M; and Ms as

1
(M1);; = @max(i,j)» (Ma);; = ———
amax(i,j)
and
1
(Ml)ij = Qmin(i,j)> (MQ)ij = -
@min(s,5)
Clearly, the matrices M; and M; have the forms
a1 a2 a3 --- an 1
az a2 a3z -+ QAp
az as as tee Qp
M, =
Gp  Ap  Gp e (229
and
i ay ap ai e ay 1
ay az a2 e ag
a az az --- as
My =
ay a2 ag --- Ay
It is worthwhile to note that if the sequence {a,} is increasing, then amax( ;) = max(a; a;) and
Umin(s,j) = min(a;,a;). Conversely, if the sequence {a,} is decreasing, then apay,;) = min(as,a;) and

Amin(s,j) = Max (ai,aj). Thus, our matrices are the generalizations of the classical max and min matrices.

For some particular sequences, some special cases of these matrices were studied in [3, 5, 6, 13, 20].

o Frank [6] studied the matrix

max(n+1—d,n+1-75)icp
which is called the Frank matrix.

o Choi [3] gave the Cholesky decomposition of the matrix

1 1
max ( ——, —— 5
1+1 5+1 0>

which is called the loyal companion of the Hilbert matrix.

The above matrices are the special cases of the matrix Mj.

The following matrices are the particular cases of the matrix M, which were studied before.

2011



KILIG and ARIKAN/Turk J Math

o Trench [20] found eigenvalues and eigenvectors of the matrices
[min(i7j)]1gi,jgn and  [min(2i — 1,25 — 1)]1§i,j§n'
Afterwards, Kovacec [13] presented a different proof for the same problem.

o Fonseca [5] studied general cases of the matrices considered in [13, 20] by defining the matrix
[min(ai — b,aj — b)]lgi,jgn for a > 0 and a # b. Then he computed eigenvalues and eigenvectors of this

matrix by computing its inverse. He also presented a result without proof in Remark 2.1. Our results will

be given for the matrix M; would provide a proof for this remark.

Recently, Mattila and Haukkanen [14] studied more general matrix families. Let 7' = {a1, a2, ...,a,} bea
finite multiset of real numbers, such that a; < ag < --- < a,. They considered the matrices [max(a;, aj)]1<i_j<n

and [min (a;,a;)]; <ij<n defined on the set 7'. They computed the determinants, inverses, Cholesky decompo-
sitions of these matrices and examined positive definiteness of them. They used the meet and join matrices, see
[7], as a tool to obtain their results. Moreover, they indicated that it is difficult to verify their results by using
only basic linear algebra methods.

We will study various properties of the matrices My, Ma, M;, and My, defined by any sequence {a,},
such as LU -decomposition, inverse, Cholesky decomposition. In Section 2, we focus on the matrices M; and
M. We will only give the proofs of the results related with the matrix M;. The others can be similarly done.
In Section 3, we examine the matrices My and M. This section will show us how Lemma 2 is useful, which
we will give at the end of this section, to derive new combinatorial identities.

One can derive many results on the above mentioned combinatorial matrices by applying our results to
some particular sequences {a,}, . Additionally, our results provide alternative proofs for the results given in
[14].

Finally, we give some further applications of our main results. For example, we shall give an idea about
how we could obtain a sequential generalization of the Lehmer matrix and its reciprocal analogue.

Throughout the paper, we use the letters L, U, and, f/, U for the LU -decompositions of a given matrix
and its inverse, respectively. We denote the (i, j)th entries of a given matrix M and its inverse M~! by M;;
and M igl , respectively. Similarly calligraphic letters will be used for the results related with a matrix in written
calligraphic font. Also we assume that {a,} is any sequence such that a; # 0 and a; # a;41 for all ¢ > 1.

In general, for each section, the size of the matrix does not really matter except the results about inverse
matrix, so that we may think about an infinite matrix M and restrict it whenever necessary to the first n rows
resp. columns and use the notation M,,.

The matrix D (a) = [D;;] stands for a diagonal matrix constructed via the given sequence {a,}, defined
by

Dij _{ 0 otherwise.

We have the following lemmas for later use.
Lemma 1 Let {a,} be a real sequence. Then for all i,j > 0, we have

Omax(i,5) dmin(i,j) = Ailj-
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Lemma 2 Let H = [H;j] be a square matriz and suppose that its LU -decomposition, inverse, LU -decomposition
of its inverse and Cholesky decomposition are known with the matrices L = [L;;], U = [U;;], H™ = [H;l] )
L= [IA/W] LU= [ﬁlj] and C = [C;;], respectively. Assume that a new square matriz H = [H;;] is defined with
the entries of the matriz H and terms of given nonzero sequences {s,} and {my} such that H;; = H;js;m;.

Then we can determine the LU -decomposition, inverse, LU -decomposition of its inverse and Cholesky decom-
position of the matriz H as shown

i
Lij = Lij*_ and Ui]’ = Uijsimj,
> 11
_ _1 5 _ _
Lt =L = and Ul =U;j'——,
J 1] X vJ 3 . .
S S5 My
-1 111
My =Hyj ——,
S5 My
11
~ A~ M ~ A
,Ci':LZ J and UZZUiff
J J J J )
Tin Sj m;
A—1 _ 71" =1 _ =1, .
Eij —L” : and Z/{ij _Uij 5;M;
my;
and when for all i > 1, s; = m;,
Cz'j = C’ijsi.

Proof By our assumption for the matrix #, first we can write
H=D(s)-H-D(m).
Since the LU -decomposition of the matrix H is known, namely H = L - U, we write

’HD(S)~L’U«D(m)D(5)~L~D(i>'D(s)~U~D(m).

Here we see that D (s)-L-D (1) is a unite lower triangular matrix and D (s)-U - D (m) is an upper triangular

matrix. So
£:D(S)~L-D<1) andU =D (s)-U-D(m),
s

which gives the LU -decomposition of H. Moreover, we immediately derive

H _D<1> -H1~D<1).
m s
For the Cholesky decomposition of H, consider
H=D(s)-H-D(s)=D(s)-C-CT-D(s)" =(D(s)-C)-(D(s)-O)",
as claimed. O

Lemma 2 allows us to derive many new matrix identities. For instance, the Pascal matrix [(“Z” )Lj>0
and its some variants have been studied by many authors, for more details see [4, 11, 18]. In [18], the LU-

decomposition of the Pascal matrix was given. Since
S 1+ g
(z—f—])!:( ,j) x il x gl
)
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by choosing s; = i! and m; = j! in Lemma 2, one can easily find the related results for the matrix [(i + j)!]; ;50

For more identities, we refer to [12].

2. Max-matrices and their reciprocal analogues

In this section, we derive the LU -decompositions, inverses, Cholesky decompositions and LU -decompositions

of the inverses of the matrices M; and Ms, respectively.

2.1. Max-Matrix M;

We start with the LU -decomposition, M1 = L -U :

Theorem 1 For i,5 > 1,

a
— ifi>],
Lij=4q 4
0 otherwise

and
aj Zfl = 1,
a; (a;—1 — a;
Uy = Wl ma) sy
aj—1
0 otherwise.

Now we shall give the inverse matrices L= and U~! by the following result.

Theorem 2 For i,5 > 1,

i a;

P e L R R R
0 otherwise

and
() — U po<j—i<landj#1,
ai (aj—1 — aj)
Uij = — ifi=j=1,
ai
0 otherwise.
Now we compute the inverse matrix (‘Ml);1 as follows.
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Theorem 3 For 1 <i,7 <n, (Ml)gl is the symmetric tridiagonal matriz defined by

1
ifi=j=1,
a1 — az
Lt ifl#i=j#n,
) (aiv1 —ai) (a; — ai-1)
(Ml)ij = a
" ifi=j=n,
an (anfl - an)
1
ifi=j+1.
Q; aj—1

For the Cholesky decomposition, M; = C - CT, we have the following result.

Theorem 4 For i,j > 1, C is the lower triangular matriz defined by

a;

ifj =1,
Gy = Var

Q; o
\/ajaj,l (0771 — aj) Zf] > 1.

5051

We will give the LU -decomposition of (Ml);l, that is (Ml);1 = L, -U,, and also the inverses of these

factor matrices by the following results.

Theorem 5 For 1 <1i,7 <n,

po_{ D) fo<i—j<,
t 0 otherwise
and
1
— ifi=j=n,
(275
T i 1
Ui=93 (-1)" ——— if0<j—i<1andi#n,
(a; —a;y1)
0 otherwise.
Theorem 6 For 1 <1i,7 <n,
i [ 1 iz
Y 0 otherwise
and
K an if j =n,
Ui;1 = a; — Qj41 ifi<j<nmn,
0 otherwise.

Remark 1 If the sequence {a,} is positive and decreasing, then the matriz My is a positive definite matriz,
which can be easily seen from its LU -decomposition. On the other hand, the sequence {a,} is negative and

increasing, then the matriz My is a negative definite matriz.
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2.2. Proofs

Now we will present the proofs of the results given in the previous subsection.

In order to prove My = L - U, it is sufficient to show that

min(,5)

Z LiqUqgj = amax(i,j)-

d=1
Consider
min(4,5) min(i,j)
S Lty = eyt Y Bt
idVdj = J
d=1 = % Gd—1
min(z,5)
PN (1_ ! ) _ i,
- (e} - )
ai = agqg  ad—1 QAmin(i,5)

which, by Lemma 1, equals apyayx(i,j), as expected.

Define the matrix T' = [T};] with

o1 iz,
771 0 otherwise.

It is easy to see that

-1 [ ()T <i—j <1,
g 0 otherwise.

Thus, the proofs related with L=, U1, L1 and U; ! follow from Lemma 2.

>
>

In order to prove the LU -decomposition of (Ml);l, it is sufficient to show that (M), = U, ' L,*
Consider
n—1 n—1
Z UZEIL;JI = Z (ad - adJrl) +anp = amax(i,j)7
d=max(i,5)id d=max(,j)
as desired.

For the Cholesky decomposition, i.e. M; = C - C”T, consider

min(i,5) min (i)

a;Qj a;Q;
E CiaCjq = + g (@d—1 — @q) = Amax(i )
i—1 ay s aqaqd—1

which completes the proof.

Finally, in order to prove M; - M1_1 = I, we have three cases: j =1, 1 < j <n and j = n. For these
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cases, consider the following equalities, respectively.

— Amax(i,1) Amax(i,2)
M), (M) = ( — 5
(M) ;4 (M1) gy a1 — ag + 4 — a1 1

(Ml) (Ml)_l _ Omax(i,j—1) Amax(i,j5) (ajfl - aj+1) + Amax(i,j+1) i
) o= = 0;,
TR ey —ai (a4 —ag) (05 —aj1) o —ag

M I B

— Amax(i,n—1) An—10max(i,n)
My). . (M) = ( .
( l)ld ( 1)dn Ap — Ap—1 + an (anfl - an) "

Y
Il
—

where d; ; is Kronecker delta. By all of them, the proofs are complete.

2.3. Reciprocal Max-matrix M,

Similarly we shall give all results related with the matrix My without proofs. All the proofs can be similarly

done as in the previous subsection.

Theorem 7 For i,j > 1,

Yy,
Li; = i
0 otherwise
and

1

— ifi=1,

a;

Uy=q @za) s oy
a;a;
0 otherwise.

Theorem 8 For i,5 > 1,

LD o<,
0 otherwise

and
(-1 8% 0 <j—i<landj#£1,
Ul — (a; —aj-1)
o ay ifi=j=1,
0 otherwise.
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Theorem 9 For 1 <i,7 <mn, (MQ);I is the symmetric tridiagonal matriz defined by

_amay Fiziel
(az —a1)
2 (4. _ .
ai (@iq1 — ai—1) Flti=j4n,
1 (ai+1 - ai) (ai - ai—l)
(M2)ij = )
e ifi=j=n,
(an - anfl)
__why ifi=j+1.
(ai—1 — a;)

Theorem 10 For i,j > 1, C is the lower triangular matriz defined by

Vau

Qi

ifj =1,
Cij =
aj — Qj—1
Q;

ifj > 1.

Theorem 11 For 1 <i,j <n,

i {(—Ui” fo<i—j<1,
ij

0 otherwise
and
an ifi=j=n,
N itj  Qi41Q; . .
U.. = 1) T if0<j—i <1,
* =1 (ait1 — ai)
0 otherwise.

Theorem 12 For 1 <1i,5 <n,

i1 1 ifi>j,
1 0 otherwise

and

1 o
- Zf] =n,
Qn,

1) aipi—a; L. .

ij — fi<j<n,

aj+1a;

0 otherwise.

3. Min-matrices and their reciprocal analogues
In this section, we list the LU -decompositions, inverses, Cholesky decompositions and LU -decompositions of

the inverse matrices of M; and M, respectively. We omit the results related with L=, U1, L' and U!
here. They could be easily obtained as in the proof in Section 2.2.
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Theorem 13 For the matriz My,

Lo — 1 ifi >,
Y1 0 otherwise,
ay ZfZ = 1,
Uyj=4¢ ai—a;—1 ifj>i>1,
0 otherwise,
= ifi=j=1,

ay (az - a1)

(@iy1 — ai—1) ) -
(a1 —a;) (a; — a;_1) if1#i=j#n,

-1
(Ml)ij =

! ifi=j=n

D E—— 1 = = s

(an - an—l)
1

— ifi=j7+1,

(a¢71 - ai)
Var ifj=1,

Cij=19 Va—aj—1 ifj>1,
0 otherwise,
X ()Y o<i-j<l,
Lij == a;
0 otherwise,
(1) B 0 <j—i<1andi#n,
aj (@i+1 — ai)
T — 1
Vi = — ifi=j=n,
an
0 otherwise.

Note that the inverse matrix (M 1)71 is a symmetric tridiagonal matrix of order n.

Remark 2 By the LU -decomposition of the matriz My, it is seen that if a1 is a positive real number and the
sequence {anp} is increasing, then the matriz My is a positive definite matriz. Conversely, if a; is a negative

real number and the sequence {a,} is decreasing, then the matrix My is a negative definite matriz.

Theorem 14 For the matrix My, we have

i

0 otherwise,

1
— ifi=1,
a
R a;_1 — a;
Vii=) = ifjzi>1,
a;Qi—1
0 otherwise,
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2
_ % ifi=j=1,
(a1 — az)
a? (ai—1 — aiq1) ; S
L) G @ ey THEIEIEN
— (3 K3 (3 11—
(M2)ij =
el fi=j =,
(an—l - a'n)
S - ifi=j+1,
(a; —a;i—1)
1
— if j =1,
1 N /7
Cij = \/(ljaj,1 (aj,1 — aj) ij > 1,
a;a5—1
0 otherwise,
. (- I o<i-j<l,
Li; = a;
0 otherwise,
(—1)H MY <<,
. — aj (ai — ait1)
ig an ifi=j=n,
0 otherwise.
Proof By Lemma 1, we can write
a;ia; 1 Umax(i,j)
amin(i7j) = and = .
Amax(i,5) Qmin(i,5) a;a;
So all claimed results follow by Lemma 2 and the results of Section 2. O

Note that the inverse matrix (Mg)_l mentioned in Theorem 14 is a symmetric tridiagonal matrix of

order n.

4. Applications

First, we present an application which is a prototype to derive some determinant identities.

Corollary 1 Let T1 and T be the matrices defined by [max (i,5)],<; j<, and [min (i,5)],<; ;<,, respectively.

Then
det Ty = (=1)""'n and detTy = 1.

Proof Let {a,} be the sequence of natural numbers, a, = n, which is increasing. Thus, amymax(;,j) = max (i, )
and @pin(i,;) = min (4, 7) . Determinant of a matrix is equal to product of elements of the main diagonal entries

of the triangular matrix U, which comes from its LU -decomposition. Thus, by the LU -decompositions of M;
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and M, we obtain

det T1 =

(_1)d _ n—1
e
L,

detT2 = 1=

n
d=2
n
d=1

as claimed. O

Recall the well-known Lehmer matrix H (see [16]) defined by

Hyy — min (4, )

max (i, )

By Lemma 1, one can write the (i, j)th entry of it as:

min (4, j) ij ij

max (i,j)  (max (i,j))° max (% j2)’

Using Lemma 2 and the results for the matrix M, by taking a, = n?, i.e. Umax(i,j) = Max (iQ,jQ), it is
easily rediscovered the LU -decomposition, inverse and Cholesky decomposition of the Lehmer matrix. Also,
the results of [1, 9] can be reobtained by using similar approach.

Moreover, our results give us an idea to find a sequential generalization of the Lehmer matrix. For
example, we define the matrix H = [H,;;] for any positive and strictly increasing sequence {a,} by

min (a;, a;) a;a;
H’L” g —

max (a;,a;)  max (af,a?)

Thus, by our general results, the LU -decomposition, inverse and Cholesky decomposition of the matrix H
could be derived but we omit the details here due to the similarities with the following example. The interested
reader could find a lattice-theoretic generalization of the Lehmer matrix in [2].

The following example will be a reciprocal-sequential generalization of the Lehmer matrix.
Corollary 2 Let {a,} be a positive and strictly increasing sequence and H = [H;;] be the matriz defined by

max(a;,a;
Hij: ( ) J).

min (a;, a;)

Then
Sifi> g,
Lij=4 @

0 otherwise,

ifi=1,
bt — by)
Uy=3 Gl =b) oy
a;b;_1
0 otherwise,
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j

NG ifj=1,
_ a; L
Cij = m\/bjbjﬂ (bj—1—b;) ifj>1,
0 otherwise,
by
P
(bl _ b2) Zfl J )
bi (bi—1 —biy1) ) .
1 =
| GGy THEEIE
Oaren I A
a;a; o
b)) ifi=j+1,

where H™' is a symmetric tridiagonal matriz of order n and b; = a?.

Proof Since {a,} is a positive and strictly increasing, by Lemma 1, we have

max (a;, a;) a;a;
rH,’j = - e .
min (@i, @;)  Dmin(i,j)
Hence, the proof follows by Lemma 2 and the results of the matrix My for the sequence {b,}. O

Note that when a,, = n, we get the reciprocal analogues of the usual Lehmer matrix. By using same
approach, one can also derive related results for any positive and strictly decreasing sequence {a,} .

Now we would like to give a useful note for the reader. There are some classes of matrix families, whose
LU -decomposition, inverse, determinant etc. cannot be directly derived by our results. Nevertheless our results
allow to guess their properties such as LU -decomposition, inverse with less effort. One of the examples of these
kinds of matrix families is the matrix family obtained by deleting certain band entries starting from the upper
right corner or the left down corner of the matrices My, My, My, or My. Then our results will give inspiration

to obtain their properties. To show this, we shall give an example.

Corollary 3 For positive integer 1, define the matriz F = [F;;] with entries

Foo = Amax(i,j) le =g,
t 0 otherwise.

Then for i,7 > 1, the LU -decomposition of the matrixz F is

Sifi> g,
Lij=4 aj
0

otherwise,
and
a ifi=1andj<r+1,
a ifj>r+landi=j—r,
U’Lj_ aj(al*l_ai) ifitr—1>j>i>1,
ai—1
0 otherwise.
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Clearly, for n =8 and r = 3, it takes the form

a; a2 a3 Qa4 0 0 0
az a2 a3 Qa4 as 0 0
az a3 a3 a4 a5 ag 0
ag Q4 Q4 Qa4 a5 G ar
as as as as as Gag ar as
as G G G G G a7 ag
ay ay ay ay ar ar ar ag
ag ag ag dag ag ag ag das

Fs =

The matrix F is obtained from the max-matrix by deleting the entries after rth superdiagonal (Note that
similar example can be obtained for the matrix which is obtained by applying the same process to min-matrix).

Now we prove the claimed LU -decomposition of the matrix F just above.

Proof We should show that
min(,5)

Fij = Z LiqUg;.
d=1

The proof for the case j < r + 1 can be similarly done as in Subsection 2.2. Now consider for j > r + 1 and

{ Z ] -
min(z,5) min(z,5) min(z,5) 1 1
a;a; a;a;
LiaUg = —> + Z LiaUgj = — + aia; Z ( - )
aj—r : aj—r X Qq Qd—1
d=1 J d=j—r+1 J d=j—r+1
o aiaj —ua o

Amin(s,5) max(h,4)

And the final cases j > r+ 1 and ¢ < j — r can be easily computed as 0, which completes the proof. O

The particular case 7 = 1 can be found in [6].

In general, we encounter a special family of the Hessenberg matrices for the case r = 1. By its LU-
decomposition, we can compute their determinants. It would be valuable to note that Hessenberg matrices are
very important combinatorial matrices. We could refer to a recent work [15] to see how Hessenberg matrices are
useful matrices for deriving combinatorial identities involving integer partitions and multinomial coefficients.

One can also obtain similar results for the matrix which is derived by deleting the entries of max-matrix
(or min-matrix) after rth subdiagonal. We left the details to the interested reader.

As a conclusion remark, our results cover the results for the matrices [max (a;, a;)]; ;o and [min (a;, a;)]; ;-
(also their reciprocals analogues) when the sequence {a,} is increasing or decreasing. Unfortunately, if a se-
quence {c,} is neither increasing nor decreasing, such as unimodal sequences, then our results do not work for
the matrices [max (c;, ¢;)]; ;5o and [min (c;, ¢;)]; ;50
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