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Abstract: The classical Gaussian o F} -series containing two free variables {z,y} and two integer parameters {m,n}
are investigated by the linearization method. Several closed formulae are derived in terms of trigonometric functions.

Some of them are lifted up, via a trigonometric integral approach, to identities of nonterminating s F5-series.
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1. Introduction and motivation

Let Z and N be the sets of integers and natural numbers with Ny = {0} UN. For an indeterminate x and
n € Z, define the rising and falling factorials by quotients of the I'-function

_ T(z+n) T+
(z)n = T and (z), = TOto—n)

Following Bailey [1], the generalized hypergeometric series reads as

ag, a a o (a0)k(ar)r -~ (ap)n
F 0, A1, """, Gp ’Z:l _ 0 1 oo D Zk~
1+pl'q [ bi, -, by kz:;] Kl (b1)g - -+ (bg)k

The multiparameter forms of the shifted factorials and the I'-function will be abbreviated respectively as

[0« By ’q _ (a)n(ﬁ)n::'((V)n

AB, -, Cl T (A)u(B)n (O)n
ey fy] - fere.ro
A B, -, C T(AL(B)---T(C)’

The aim of this paper is to investigate, by the linearization method, the following Gaussian o F} -series

with two free complex variables {z,y}:

m —

m?
Qm,n(xay) =k |: n+

f ’yﬂ where m,n € Z. (1)
2
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The domain of convergence for the above series is |y| < 1 when n > m and for |y| < 1 when n < m. This is
motivated by the two classical formulae (see Gradshteyn and Ryzhik [15, §9.12])
Qo,o(z,y) =21 [x, lx ‘ yQ] = cos(2r arcsin y),
2

sin((2x — 1) arcsiny)
2z — 1)y

z, 1—=x
Mz, y) =2F1 [ 3 ‘92} =
2

They have been employed by Chu [7, 12] and Chu and Zheng [13] to evaluate trigonometric sums and the
Riemann zeta series weighted by harmonic numbers.

The rest of the paper will be organized as follows. In the next section, we shall first reduce, by the
linearization method (cf. [3, 4, 8-10, 16-18]), the €2, ,, -series for m,n € Z to the ., ,/-series for m’,n’ € Ny,
which will be expressed, in turn, as the €, -series with the same n’ € Ny. By means of Gould-Hsu [14]
inversions, we shall establish an explicit formula for this last series in terms of the g o-series. Then, in Section 3,
the conclusive theorem is reached, which states that for any m,n € Z, the Q, ,(x,y) series can be evaluated
by a linear combination of Qg (z’,y) (with = being shifted to 2’ by integers) in the number of terms being a
bivariate cubic polynomial of m and n. Several closed formulae for the Q,, ,-series are presented as examples.
Finally, in Section 4, the trigonometric integral approach will be illustrated that leads to further hypergeometric

series identities by lifting up oF} -series to 3F5-series.

2. Reduction formulae via linearization

By means of the linearization method (cf. [3, 4, 810, 16, 18]), we shall establish, in this section, reduction

formulae for Q,, ,(z,y) so that it can be evaluated by the initial one Qg o(x,y).

21. mneZ

We start with the following linear representation lemma.

Lemma 1 (Linear representation) For A € Ny and three indeterminates {A, B,C}, there exist constants
{UiY) such that
A

(A+k)x =) (B+k)i(C+k)a_Uj (2)

=0

where U} is independent of the variable k and given by the following expression:

Ui = (-1’ (A) (C=B+)—2)(A-C)i(A=B)r—s

i (C—B — i)t
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Proof Substituting (3) into (2), we can express the resulting binomial sum in terms of hypergeometric series
and then evaluate it as follows:

A

e (c B+\—2i)(A—C)i(A—B),_
i;( 1) <i)(B+k:) (C+k)x C—B T

_[A-B.C+E|  , B-—C—-X\1+552 A-C, B+k, -\ )
| ¢c-B |7 ES214B-A-\1-C-k-X\1+B-C

_ {A—B,C—&-k} [1+B—C—/\,1—A—k—)\

C_B } =(A+Ek),

1+B-A-AN1-C—k-A|,

where the last passage has been justified by Dougall’s summation formula (cf. Bailey [1, §4.3]) for the terminating
very well-poised 5F}-series

r a, 1+ 3, b, d, -n ‘ _|1+al+a—-b—-d
5o S, 1+a—-bl4+a—-d 14+a+n o l+a-bl+a—d],
Therefore, we have confirmed the linear relation (2) stated in the lemma. O

For m,n € Z with m < 0 and/or n < 0, by specifying in Lemma 1

A— n+1i
A :=max(—m,—n) and {B—> x
C— m-z

we get from (2) the equality
A

(34n+k)r=> (x+k)i(m—z+ k)l
=0

with the connection coefficient U being given by

U (_1)i()\)()\2x+m2i)( Ltz —m—+n)(3 —z+n) )

AT ) (m—2x — )x41
Now putting the last equality inside the €2, ,, -series, we can manipulate, by interchanging the summation order,

the following double series:

A
o ( )k 33+k — x4+ k)ami, ;
Qn Uu
D G

A . .
_ i (@)im =) i g~ @+ DAt m—r— i o
=2 ( B +n+ )y -

Writing the last sum in terms of 2, ,-series, we find the reduction formula below.

Theorem 2 (Reduction formula) For m,n € Z with m <0 and/or n <0, define the natural number \ by
A :=max(—m, —n) and U} by (4). Then the following formula holds:

S U (@)i(m — x)x—i ,
Qm,n ($7 y) = u'L Qm+)\,n+/\($ + 1, y)
i=0 A (% + ’Il))\
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This theorem will be shown useful because it transforms €, ,-series for m < 0 and/or n < 0 into

Qs s -series with m/,n’ € Ny.

2.2. m,n € Ny

In Lemma 1, dividing by A* across equation (2) and then letting A — oo, we get the following limiting form.

Lemma 3 (Linear representation) For A\ € Ny and two indeterminates {B,C}, there exist constants

{UiY), such that

A
1= (B+k)i(C+E)x_iV3, (5)

=0

where Vi is independent of the variable k and given by the following expression:

i (A\C—B+A-2i
=0 () e s ©

For m,n € Ny with m < n, letting in Lemma 3

B— =z

A:=n—m and {C’—> "

we get from (5) the equality
Z x4+ k)i(m—az+ k)n_m_ﬂ/fn,n(x)
1=0

with the connection coefficient Vﬁnn(x) being given explicitly by

n—m) n—2xr — 2i
(m =22 —)p_me1

By inserting the last relation inside the €, ,-series, we get the double series

Qo (2, ) Z 2k kl S, Z (z+k)i(m — 2 + k) p—m—iVi ()
k>0 i=0

n—m

(x+i)p(n—2 =)k o
m—x)p_m_i Ve () Y.
o) 2

Writing the last sum in terms of §2,, ,,-series, we find the following formula that expresses (2,, ,,-series in terms
of Oy pn.

Theorem 4 (Reduction formula) For m,n € Ny with m < n, define the connection coefficient V;w,n by
(7). Then the following formula holds:

z:O
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When m > n, we can express the {1, ,-series by making use of the Pfaff-Euler transformation (cf. Bai-
ley [1, §1.2]):

o Fy [a’i’x} =(1—-2)" """ xFy {Ca,ccb ’$:|7

as another 2, , -series,

l—7’”, n
Qm,n(xay) = (1 _y2)2 + Ql+2n7m,n<%+x_m+nay)' (8>
Observing the fact that
1+42n—m<n = n<m,

we get, by applying Theorem 4 to the last series, another reduction formula.

Theorem 5 (Reduction formula) For m,n € No with m > n, define the connection coefficient V), ,, by

(7). Then the following formula holds:

m—n
Qo (2,y) = (1 — y?)2 ™" x Z Gt+az—m+n); Vi a3+ —m+n)
=1

X(% —x+ n)m—n—an,n(x -m+n+j— %7y)
23. m=mn €Ny

Finally, we are going to treat the remaining case m =n.

Lemma 6 (Linear representation) For A € Ny and three indeterminates {A, B,C}, there exist constants

{Witr, such that
A
(A+k)x =D (B+k)i(C+k)xiWy, 9)
i=0

where W} is independent of the variable k and given by the following expression:

Z (10)

i (AN (A—=C)i(A—B+i)
Wi= <> (C' = B)a ;

Proof Substituting (10) into (9), we can express the resulting binomial sum in terms of a hypergeometric

series:

A
Ej_w(v( zé ? DA (O + B

_[A-B.Cc+E] L[N A-cC —B—kﬁ
~| ¢c-B |, A-B1-C—k—\ '

In view of the summation formula due to Pfaff and Saalschutz (cf. Bailey [1, §2.2]) for terminating balanced
3 Fy-series
n, ,a

— , b _|le—a,c—=b
3l {c,1+a+bcn‘1} o [c,cab}n
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the linear relation (9) stated in the lemma is confirmed by simplifying the following factorial product:

A-B,C+k « A+kC—-B
C-B

A—B,C+I<:L(A+k>’\'

For n € Ny, by specifying in Lemma 6
A— =z
A—n and { B— 0
C— —z—n
we get from (9) the equality

(+k)n = Z<k>i<k —z—n)p_ W,

with the connection coefficient W! being given by

Wi = (—1)n (’;) m

Now putting the last equality inside the g o-series, we can reformulate, by interchanging the summation order

and then making the replacement k& =i + j, the following double series:

x—i—n x—n i(k—x—n)p_
Qo.o(z +n,y) Zy% ZW’ )i Jni

k>0 % (@ +k)n
_ - % <k>l (z)k (7x )k+n i ok
_gwng% k! (x)n (5

:i(_l)nwi 1+ =z)i(z+n) Qiz (ac—l—z')j(—x)jy%.

1 . /1 .
pars " (g)ilz +1) = JG+);
Writing the last sum in terms of (2, ;-series, we find the recurrence relation below.

Proposition 7 (Recurrence relation: n € Ny)

n

Qoolz +n,y) = Z(*l)i (?) W?JZQH(I +1,y).
i=0 2/%

In order to find an explicit expression for €, ,(z,y), we record here the well-known pair of inverse series
relations discovered in 1973 by Gould and Hsu [14], which has wide applications to terminating series identities
(see [2, 5, 6], for example).

Let {a;,b;} be any two complex sequences such that the ¢-polynomials defined by

n—1

d(x;0) =1 and ¢(z;n) = H(ai +xb;) for neN (11)
i=0

1828



CHU/Turk J Math

differ from zero for =, n € Ny. Then there hold the inverse series relations

n

ry = S0 (7 otism o6, (12)

=0
. 2 EYTAL a; + ib; ;
o) = (7 iy S0 (13)

Now rewrite first the binomial relation in Proposition 7 as

(22)nQ00(x +nyy) = > (=1) (’;) (2 + z)n(ff))fQ(x +1i,9).
=0 2/t

This matches perfectly to (12) under the following specifications:

f(n) = (2‘r)7lQO 0(93 +n, y)
ar =2z + k ’
N IR i
2 n

Then the dual relation corresponding to (13) reads as

N Fy g S (1) (j) %

(%)n 2 (2x)iQO,O(5E =+ Z,y)

Under the replacements  — x —n and 7 — n — k, we can highlight the resulting expression in the following
theorem.

Theorem 8 (Recurrence formula: n € Ny)

Qn,n(xa y) _ (§)n Z(_l)nfk <Z> MQO,O(AT _ k’y)

o (22— = K

3. Conclusive theorem and examples

Based on the reduction formulae derived in the last section, we can evaluate, for any m,n € Z, the §,, , series

in terms of {1}y series by carrying out the following procedure:

o Step-A: If m,n € Z with m < 0 and/or n < 0, apply Theorem 2 to express Qy,, in terms of Q,
with both m/ >0 and n’ > 0.

o Step-B: If m,n € Ny with m # n, apply Theorems 4 and 5 to express €, , in terms of Q,, with
n>0.

e Step-C: If m,n € Ny with m =n, apply Theorem 8 to express (2, , in terms of g explicitly.

Summing up, we have shown the following conclusive theorem.
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Theorem 9 (Conclusion) For any m,n € Z, the Q,, n(x,y) series can be evaluated by a linear combination
of Qoo(x',y) (with x being shifted to ' by half integers and the coefficients being rational functions of x and

y ) in the number of terms being a bivariate cubic polynomial of m and n.

According to the procedure described at the beginning of this section, we have devised appropriate
Mathematica commands to compute closed expressions for €, ,(x,y) series. Our results suggest that, in general
for m,n € Z, the series ), 5, is just a linear combination of two trigonometric functions, cos(2z arcsiny) and
sin(2x arcsiny), but with coefficients being functions that are “rational and algebraic” with respect to = and v,
respectively. In view of transformation (8), these remarkable formulae are recorded in pairs, where the variable
x is shifted to z + 3 in Qp ,(z,y) for symmetry.

The first two simplest pairs are included for integrity, even though they are well known (see [15, §9.12]
and [19, §7.3.1)], for example). Because the initial evaluation g o(x,y) is crucial, we present, in order to make

the paper self-contained, an elementary proof for its closed formula in the Appendix after the references.

Corollary 10 (Q,0(z,y) and Q; o(x + %,y))

o Fy {x, —lx ‘yQ} = cos(2z arcsiny), (Q0,0)
2
1 1 ;
s+x, =—=x cos(2z arcsin
5 —

Corollary 11 (Qy,1(z + 1,y) and Qa1(z+1,y))

1 1 . .
=4z, =-—=x sin(2x arcsin
L Fy [2 2 ‘y2] _ %, (1)
2 Ty
7 [1 +z, 1—z ‘ 2} _ sin(2z arcsiny) ()
o % Qxyﬂ ' 2t

Corollary 12 (Q_;(z — 3,y) and Qo o(z+1,y))

_ 1 _1_
B [TTE TR < a), (©-10)
2
1 I Az,
2F1[ +x lx‘ 2}(y); (Qa.0)
2 (1—y?)3

where A(z,y) = 21 sin(2z arcsiny) + v/ 1 — y? cos(2z arcsin y).
x

Corollary 13 (Q_; _i(z — 1,y) and Qo _1(z,y))

1 _1_
2F1 |:37 27 2 l o ‘y2:| = A(m,y), (Qfl,fl)
—Z 2 A(.’E, )
2F1 |: % ‘ Yy :| \/1727 (QO,—l)

where A(z,y) = /1 — y? cos(2x arcsin y) + 2xy sin(2z arcsin y).
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Corollary 14 (Qo1(z,y) and Qg1 (x + %,y))

Corollary 15 (Q22(x +1,y) and Qs 2(z + %,y))

Corollary 16 (Q2(z + ,y) and Qq2(z +2,y))

Corollary 17 (Q_3 _1(z —1,y) and Q1 _1(z + %,y))

2F1 |:x’ _§x ’ y2:| = A(x7y)7
2

(QOJ)
34 3 _ A(z,
2F1 |:2 z, 2 3 X ’ 2:| ( y)

2 -y

(Q31)
where A(z,y) = y cos(2z arcsiny) — Qm\/@ sin(2z arcsin y)

(1 —422)y/(1 - y?)°

1+2z, 1-—2
2F1[

5 ‘y2:| :A($7y)7
2

(Q2,2)
3 3 _ Az,
2F1{2+x, 2595‘@,2}— (z,y) .

’ (2s,2)
2 Vi-y?
where A(z,y) = 6y cos(2x arcsin y) — 3y/1 — y? sin(2x arcsin y)

2xy3(1 — 422?)

1 1

[ = rea

(€,2)
e R

(€24.2)
where Az, y) = 34/1 — y? cos(2z arcsin y)

(8- 6y?) sin(2x arcsin y)
4(1 — 22)y? 8x(1 — 22)y3

r—1, —z-—-1
2F1{

52| = A
2

(Q-2,-1)
1 1
s+x, 35— Az,
JF) |:2 T 2_1x‘3/2:|: (z,y) .

2 (1—y?)?

where A(x,y) = (1 — 2y?) cos(2x arcsiny) + 2zy+/1 — y? sin(2z arcsin y)

Corollary 18 (Q33(z + 2,y) and Qq3(z +2,y))

3 3
o Fy [2+x’2_

2 || =
2

(Q23,3)
24z, 2-— Az,
2F1|: T 7£L“y2:|: ( y)
3

(S 2473)
e s -2 Az sin(2x arcsin
wh re (:L’, y) = (3 Y Yy ) ( y)

454/1—y? cos(2z arcsin y)
dyt(1 — 22)(1 — 422)°

8xyS(1 — 22)(1 — 422)
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Corollary 19 (Q_so(z —1,y) and Q3o(z+ 2,y))

1, -1
o [33 acl ’ y2] = A(z,y), (Q2-2,0)
2
3 3
24z, 22— Az,
2F1[2 z, 3 x’yz}_(%; (Qs.0)
2 (1-v?)
(1—4z%+2y>+4x%y?) cos(2z arcsin y) 6zy+/1—y? sin(2z arcsin y)
where A(x,y) = e - 1= as2 .
Corollary 20 (Q_11(z — 3,y) and Qq;(z+2,y))
r—3% —x—-1,
2P |72 T2 2] = M), (Q-11)
2
24z, 2-— Az,
2F1[ x éx’ 2]:(9)25; (Qu1)
2 (1-9?)
where A(m ) _ (1—42% 42y +42%y?) sin(2z arcsin y) 3y/1—y? cos(2z arcsin y)
Y 8xy(1 — 22) 4(1 — 22)
Corollary 21 (Q_4_o(z —2,y) and Qi _s(z+ 3,y))
Y
2Fi [9“ T y] = Ala.y), (©-4,2)
2
L +x i-z 2 A(iﬁ, y)
oy |2 T2y ’y = T (91,72)
T2 (1—y?)°
where A(x,y) =2zy(1 — 2y*)\/1 — y? sin(2z arcsin y)
n (3 — 8y? + 8y* — 4a?y? + 4ay*) cos(2z arcsin y)
3 .
Corollary 22 (Q4(z +2,y) and Q5 4(z + 3,y))
24z, 2—x
2P [ ooy ’?f] = A(z,y), (4.4)
2
5 5
5+ x, 53— T 2 A(:L.7 y)
S (5.
3 V1-19?

~ 1052y(15 — 11y? — 4x?y?) cos(2x arcsin y)
B dxy™(1 — 22)(1 — 422)(9 — 42?)

where A(x,y)

3151 —y2(5 - 2y? — 8x2y?) sin(2z arcsin y)
8xy™(1 — x2)(1 — 422)(9 — 4a2?)

4. Trigonometric integral approach

In a personal communication to Richard Askey in 1977, Bill Gosper discovered the following nonterminating
series identities.
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Proposition 23 (Nonterminating series evaluation)

FHAZ24 } 2 cos(mx)

3lh
T+A+z, 42—z V3

33,5 —30, A |3 o
31 14

1
2

Proposition 24 (Nonterminating series evaluation)

At A— :1,)] 2 sin(mx)

3 A+, A—x| 33z

1+3z,1 -3z, A ’3 —F[
s, 3x—114|

3Fy

New proofs by integrating trigonometric products were found by the author [11], who also derived two

further hypergeometric series identities.

Proposition 25 (Nonterminating series evaluation) Define

1 2 s

s+AZ+A cos(mx — L)
2, \) =T 3T }6.
@A) [§+A+x,§+A—x V3

) 4
1, 3al4

Th _
- oF F”“"’ 3, A 3]—w<x,A>+w<—x,A>.

Proposition 26 (Nonterminating series evaluation) Define

A+ia-1 sin(mx + I)
2, ) =T 3T ]6.
i) [A+x+é,A—x—}3 62v/3

%4—33:,%—330, A ‘3
3, 3IN-114

Then
3F2 ] :lb(x, )‘)+¢(7$7)‘)

For the three variables {y, z,6} related by z = %yQ and y = sin#, we have the following beta integral:

1 k 1
/ A1 = 2)B 1y = (%) / AL — )B4z
0 0

A
B (%)k (A(+)§>kf {AAlBB} '

Then it is not hard to establish the following expression, which can be obtained as a particular case of

Rainville [20, Theorem 38(§56)]:

3r,m—3z,A |3

I'(A+ B) /1 A1 B-1
2l = 1— Qo n (32, )d
n+i A+Bl4 b (1-2) n(32,y)dz

e ~ I(A)(B)

2A+1 z
= 3i+B_1 11:((3);(2)) / sinA710(3 — 4sin® 0)271Q,, . (32, y) cos #d6.
0
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By making use of the trigonometric identity
sin 30 = 3sinf — 4sin® 9
and two known integrals (cf. Gradshteyn and Ryzhik [15, Entries 3.631.1 & 3.631.8])

4 21=argin T¢
sin® ! psin(cp)dy = 2 , 15
A ¥ ( 90) P aB(1+ngc7 1+gfc) ( )

™ 21=ar cog €
sa—1 2
sin®™ "t pcos(cp)dp = — -, (16)
/0 aB(HQ* 71+2 )

we can lift some identities from oF}-series to 3Fb-series. For instance, according to the closed formula of

Qo,—1(3x,y), we can first reformulate the function
Qo,—1(3z,sin ) cos = cos 6 cos(66z) + 6z sin 6 sin(66x)

1—6x 1+ 6x

= cos(60x + 0) + cos(60x — 0).

Then we can express, by choosing A = A\, B = 2\ and making the change of variable § = /3, the corresponding
integral (14) as follows:

jus

/3 sin®*~1 0(3 — 4sin? 0)**71Qp ;1 (32, sin 0) cos 6dH
0

4 1-6 1+6
:/ sin?* ! cp{ 5 ° cos(2px + £) + +6 i cos(2px — “g)}dcp.
0

Evaluating the last integral by (16) and then appealing to the triplicate relation formula (cf. Rainville [20, §20])

33)\
27T\/§

we find the following hypergeometric 3F5-series identity.

[(3)\) = FAT(A+ 30X+ 2),

Proposition 27 (Nonterminating series from Qg _1(3z,y)) Define

w(x,A);:r[l A3 At ](1+6x)cos(7rxg)-
stAtz,5+A—x V3
Then ; .
T, —ox,
3 2[ _%7 3)\ Z —1/’(13»/\)+1/1(7:E,)\)

By applying the same approach, we can also derive the identities below.

Proposition 28 (Nonterminating series from Q1(3z,y)) Define

G, \) = '+ %)F()\ — 1 — 6x)sin(rz + %) 6z sin(mz) }

1
3) [ _
(1 —3622)v/3 { T(Afta+1)P(A—z—3) A+ 2)I'(A—=z)
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Then 3z, -3z, A |3
x, —3x,

3
27

Proposition 29 (Nonterminating series from Q_; ¢(3z — %,y)) Define

P, \) = T\ + )P\ + 2) { 6 cos(mx) N (14 62)cos(mx — %) }

124/3 T(L+A+2)0(L+r—x) TL(L+A+2)D(E+A—z)

Then 1
3r — 5,3z —

3%

Lo
2 3\ ’ Z] :¢($7>‘)+¢(_$7)‘)'

1
2

Proposition 30 (Nonterminating series from Q_; _;(3z — %,y)) Define

(z, ) = LA+ 3HI(A+ 2) { cos(mx) N (1 + 6z) cos(mx — %) }
T 2v/3 D(i4+X+2)T(3+1—2) DA+ +2)D(24r—2) |~

Then 3 I 1Ly g
I i - RN I _
3Py N 4] = (@, N) + (—, ).

1
-3

Proposition 31 (Nonterminating series from 5 3(3z + 1,y)) Define

1 2 x — 1)sin(mrx + Z sin(mx
(x, ) = 2F()‘+3)F(>‘+3){(6 1) sin( +3)— (m2) }

A1 —3622)y/3 | 2TO+atHr(A—z—1)  ZT(+a)T(A—z)
Then
1+3z2,1 -3z, 1+ X3
2 33 14

2

342

] =(x, A) +(—z, N).

Proposition 32 (Nonterminating series from Q35(3z + 2,y)) Define

A+3,A+32 ] 4(6x — 1) sin(mz + §)

s ax(1—3622)V3

A) =T
vl A) [A—&-x—i—é,)\—x—ﬁ

Then 3 3
5+3z,5 -3z, 1+ A §
5 3N 14

2

3ks

‘| = q/J(xv >‘) + 7/)(7'%’ )‘)

Proposition 33 (Nonterminating series from Q4 3(3z +2,y)) Define

200N+ )TN+ 2) [ 91-922) sin(ra) L (924180 sin(ma+ %)
2L (M) T(A—z) ol Az+ ) T(A—z—3 :

w(% )‘) =

1) (1—-922)(1—3622)v/3
Then
24+3x,2—3x, 24+ )X |3

I 1+3)14

342

] = 1/)(‘%, )‘) + ¢(_‘T7 >‘)'

Theoretically, for all the remaining oF7j-series displayed in the preceding section, we can derive the

corresponding 3 F»-series identities, except for those with m—n > 1, where the extra factor /(1 — y2?)¥ = cos” 0

with v > 1 appearing in the integrand as a denominator causes substantial difficulty in the integral evaluation.
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Appendix.

Proof [Proof of the formula for Qg o(x,y).] Recalling the Pfaff-Euler transformation (cf. Bailey [1, §2.4]),

a,b _ b c—a,b x
2F1|: C‘Q?:|—(1—.Z‘) XgFl[ C‘xl]’

we can deduce the binomial series expression

z, —x . —z ) —y?
Qo,o(z,y) =2F1 [ 1 ‘92} =1 -y R [ 2, ‘ Y 5
2 2

2\x (_21' —y? k
=(1-v")" ) (2k))!2k(1yy2)

k>0

_ 2\ 2z (_1)ky2k
~a-r Y () Ty

k>0

—{ (VI D) (VIS - v D) T

Letting y = sin 6, we can simplify Qg o(z,y) further:

1 ) ,
Qoolz,y) = 5{62’“9 + 6_2“9} = cos(2z6) = cos(2z arcsin y).
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