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1. Introduction

The classical additive functional equation
fle+y) = f@)+ f(y) (A)

was first studied by Cauchy in 1821 for continuous function f:R — R; the solution takes the form f(z) = ax
for some a € R (see e.g. [3, Chapter 1]). This result of Cauchy has been extended in various directions. In
particular, for f : C — C, we have the following result taken from the book [3, Theorem 1.21]: the general
solution f: C — C of (A) is given by f(z) = A1(z) +iAz(z) + As(y) +iA4(y), where z = x+iy (z,y € R), and
A :R—=R(j=1,2,3,4) are real additive functions, i.e. satisfying (A). In 1903, Pexider solved the functional

equation
fle+y) =g(x)+ h(y), (PA)

referred to as the pexiderized additive functional equation, for unknown functions f,g,h : C — C, and found
that the solutions of (PA) are given by f(x) = a+A(x)+0b, g(z) = a+A(z), h(x) = A(x)+b, where A: C — C
is a complex additive function, and a,b are complex constants (see [3, Chapter 1]).

The classical concepts of odd and even functions have been extended to that of type-j functions by

Schwaiger in [6]. These are components f; of a function f defined by
n—1

fi(@) = % S WM fwhe) (=01, 1)
k=0

and satisfy f;(wz) =w’ f;(z), f= Z}L:_Ol f;, where w := exp(2mi/n) is a primitive n*" root of unity. Schwaiger

adopted this concept and solved the following system of functional equations satisfied by components of the
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exponential function

fi(x +w™y) ZWU Om gy () fi—e Z WM () favie(y) (G=0,1,...,n—1) (1.1)

l=j+1

where m € {0,1,...,n—1} is fixed. The stability of the system (1.1) was established one year later by Férg-Rob
and Schwaiger in [2]. The results in [6] and [2] were simplified and systematized by Muldoon [4] through the
use of circulant matrices. In [5], Laohakosol and Ponpetch used Muldoon’s approach [4] to solve a circulant
functional equation for the quadratic function, i.e., a system of functional equations satisfied by components of
the quadratic function derived via their corresponding circulant matrices, and established its stability.

In this work, through the concept of type-j function, we derive a circulant matrix functional equation
for the additive function. Given such a circulant matrix functional equation, their component solutions are

determined, and the stability of such system is established.

2. Preliminaries

This section consists of two parts. The first part lays out the notation and terminology that will be kept fixed

throughout, while the second part lists (without proofs) basic results needed later.

2.1. Notation

th

For a fixed integer n > 2, let w = exp(27i/n) be a primitive n** root of unity. The n x n (symmetric) Fourier

matrix and its conjugate matrix are defined, respectively, by

1 1 1 cee 1 1 1 1 1
1 w! w2 L 1 w w? wn !
F = 1 w2 w4 cee w2(n-1) T N T Wt 2(n—1)
Vil : . : ’ Vi
1 w_(n_l) w_Q(n_l) PR w_(n_1)2 1 wn_l w2(n_1) “ e w(n_l)Q

Note that .# is unitary, i.e., FF* =1 = .%*% , where I denotes the n x n identity matrix.

1 0 --- 0
0 w --- 0
The diagonal matrix Q is defined by Q = diag(l,w,w?,...,w" 1) =
o0 ... !
Given a sequence {ag,...,an—1} C C, its circulant matriz is defined by
ao ay - Qp-1
. ap—1 Qo - Gp—2
circ(ag, a1, ..., Qp_1) = . . . :
a1 as e ag
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aon 0
0 al
its diagonal matrix is defined by diag(ag, ai,...,an—1) :=
0 0 - apng
The circulant matriz corresponding to the sequence {0,1,0,...,0} is
010 --- 0
001 --- 0
7= circ(0,1,0,...,0)= | ¢ 1 .
000 -+ 1
100 -~ 0

The circulant matriz corresponding to a function f, with j-component f;, is defined by

fo(z)  fi(z)
frn-1(z)  folz)

F(z) := cire(fo(2), f1(2), ..., fo-1(2)) =
fiz)  fa(z)

2.2. Basic results

The following results are taken from [4, 5].

1) If A = circ(ag,ay,...,an_1), then FAF* = /n diag(F*a)", a
transpose.

fn-1(z)
fn—Q(I)

fo@)

= lag, - .- ,an_l}T , T denoting

2) For a nonnegative integer m, if A is a circulant matrix, then % (Q~"AQ™) F* = o™ (FAF*)n~™.

3) Any f:C — C can be written uniquely as f(z) = fo(z)+ fi(z)+- -+ fn_1(z), where each j-component

fi (7=0,1,...,n—1) is a type-j function that can be obtained from

fo() f(z) /@)
f1§$> :%y f(b;fw) :%y* f(wE x)
fn-1(x) flwrtz) flw= (D)

4) The circulant matrix F(x) corresponding to f : C — C satisfies

FF(z).7* = diag (f(2), f(wz),..., f(W"!

F(w™z) = Q" "F(x)Q™ (m € N).

7)) (2.1)

5) For a nonnegative integer m, if B = diag(bg,b1,...,bp—1), then 7" Br~™ = diag(bm, bm+1, - - - » bmtn—1),

where suffixes are taken modulo n.

6) If B = diag(bo,b1,...,bn—1) is a diagonal matrix, then F#*B.% is a circulant matrix, i.e. F*BZ =
CiI‘C(do,dh sy dn_1), where dj = (l/n) Z;é wn_kjbk (j = O, 1,...,n— 1)

7) For m € {0,1,...,n — 1}, d = ged(n,m), we have s +tm # u + vm (mod n), for every s,u €
{0,1,...,d—1} and t,v € {0,1,...,n/d — 1}, except when s =u, t = v.
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3. A circulant functional equation

We begin by deriving a circulant equation for the additive function.
Theorem 3.1 If f,g,h:C — C satisfy (PA), then their circulant matrices ¥, G, H satisfy
Fz+y) =G(z)+H(y) (z,yeC).
More generally, we have
F(z+w™y) = G(z)+ Q" "H(y)Q" (z,y€C; me{0,...,n—1}).
Proof From the basic result (2.1) of property 4) in the last section, we have
G(z) + H(y) = Z*diag (g(x), g(wx), ... ,g(w”flx)) F + F*diag (h(y), h(wy), ..., h(w"ily)) F
= F*diag (g(as) + h(y), g(wz) + h(wy), ..., glw" z) + h(w”fly)) F

= Zdiag (f(z + ), f(w(z +v)),.... f(W" (2 +y) F =F(z+y).

Using this last relation together with the basic result (2.2) of property 4), the last assertion is immediate.

Our next step is to solve the circulant equation (3.1)

Theorem 3.2 Let F,G,H be circulant matrices whose first rows are, respectively,

(f0($)7 fl(x)7 SRR fnfl(x))’ (90($>7gl($)7 ce- 79n71(l‘))a (ho(l”)’ hl(ﬂ;‘), ceey hnfl(l'))v

where fi,gi,h; : C = C are arbitrary functions which need not be components of any functions. Let
{0,1,...,n—1}, d:=ged(n,m). If F,G,H satisfy

F(z +w™y) = G(z) + Q""H(y)Q",
then

e when d =n, we have

fo (.’1?) AO (.’17) + ’LU()(O) + ’Uo(O)
f1 (l‘) B Ly A1 (l‘) + w1(0) + v (O)
E -~ Vn :
L fnfl(w) ] L Anfl(x) + wnfl(o) + ’Unfl(o)
go(z) ] [ Ao(x) +v0(0)
gi(x) | 1, Ay (z) +v1(0)
: CVn :
L gnfl(x) h L Anfl(‘r) + ’Unfl(o)
h()(fE) Ao(.’ﬂ) + ’U)O(O)
hl(ac) B Lg A1(x) + wq (0)
: WV : ’
L hn_l(IL‘) An_1($) -+ wn_l(())
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where A; :C — C (i =0,1,...,n— 1) are additive functions and

n—1 n—1
vil) = S wilgu(e), wilw) = 3 whhe(x) (i=0,...,n— 1) (3.6)
£=0 =0
e when 1 <d<n, we have
[ fo(fﬁ) 1 [ 040(1?) + Cm(O) + Bo(O)
fi(z) am () + Com(0) + B (0)
D i (3.7)
: vn :
| fa—1(z) | L @(n/a—1)m () + Clnyaym(0) + Bja—1)m(0)
[ go(@) [ ao(z) + Bo(0)
91() m () + B (0)
" _ 14 . (3.8)
: vn :
| gn-1(z) | | @m/d—1)m(2) + Bnja—1)m(0)
ho(x) ag(w™z) + Cpry (0)
hi(x) am (W) + Cap, (0)
oLy +Gam (3.9)
: vn :
L hnfl(x) O‘(n/dfl)ma‘}mx) + C(n/d)m(o)
where, for j=0,1,...,n/d—1,
Ao+ij$§ U0+jm20§ w0+(j+1)m20§
Arpjm(@ V145m (0 W14 (j+1)m (0
ajm () = . , Bim(0) = : » Clivnm(0) = :
Ad—11jm(x) va—14m(0) Wa—1+(j+1)m(0)
and Agtjm :C—C (k=0,1,...,d —1) are additive functions.
Proof From (3.2), we have
FF(z+w"y)F* = FG(x)F + FQ "H(y)Q".F*.
Using the basic results 1) and 2), this relation takes the form
Uz +w™y) = V(z) + W (y), (3.10)
where
diag(uo(2), 11(2), - un_1(2)) = U(z) = FF(2)F* = v/t ding(F* F(z))T (3.11)
diag(vo(z),v1(x), ..., vn_1(z)) = V(z) = FG(z).F* = /n diag(F*g(z))" (3.12)
diag(wo(x), w1 (), ..., we_1(x)) = W(z) = FH(2).F* = \/n diag(F*h(z))" (3.13)
W (z) = 7™W(z)n ™. (3.14)
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Equation (3.10) and the basic result 5) yield the following system of n equations

ug(r +w™y) = vo(7) + wm(y)

Up—1 (2 + W"Y) = va—1(2) + Wingn—1(y).

Using the basic result 7), we subdivide these n equations into d different classes, each with n/d equations,

briefly written as
Ukt jm (T + W™Y) = Vg jm (T) + Wit j+1ym(y) (G =0,1,...,n/d=1;k=0,1,...,d - 1). (3.15)
For each j € {0,1,...,n/d—1} and k € {0,1,...,d — 1}, replacing y = 0 in (3.15), we have
Ukt jm (T) = Vet jm (T) + Wiy (j+1)m (0), (3.16)
while replacing « = 0 in (3.15), we have
Wkt jm (WY) = Vit jim (0) + Whep (j+1)m () (3.17)
Substituting (3.16) and (3.17) into (3.15), we get
Ukt jm (T + W) = Ukt jm () = Wit (j11)m (0) + Ukg jm (W™Y) = Ok (0)-
Replacing y by w™™y in the last equation and adding —wj4(j+1)m(0) — Vk4m(0) to both sides, we obtain
Ukt jm (T + Y) — Wrt (j4+1)m(0) — Vietjim (0)
= Ukt jm(T) = Wey G4+ 1)m (0) = Vit jm (0) + Ukt jm (Y) — Wi (j41)m(0) — Vkrjm (0). (3.18)
Defining
Appjm () = U jm (2) — Wt (j11)m (0) — Ve jim(0) (5 €{0,1,...,n/d -1}, k€ {0,1,...,d - 1}),

the relation (3.18) shows that it is an additive function. Substituting back into (3.16) and (3.17), we have, for
j=01,....,n/d—1, k=0,1,...,d 1,

U«k-i—jm(x) = Ak-&-jm(x) + Wk (j+1) (O) + 'Uk-i-jm(o)a (3-19)
Vk+jm () = Akt jm () + Vet jm (0), (3.20)
wk+(j+1)m(9:) = Ak+jm(wm:€) + wk+(]’+1)m(0), (321)

where Apyjm, are additive functions. If d = n, then m = 0 and from (3.19), (3.20), and (3.21), we get, for
k=0,1,....,n—1,

ug(z) = Ag(z) + wr(0) + vE(0), vi(z) = Ap(z) + v£(0), wi(z) = Ag(z) + wi(0). (3.22)

From (3.11), (3.12), (3.13), and (3.22), we get the three solution matrices (3.3), (3.4), (3.5).
If 1 <d < n, then using (3.11)—(3.13), (3.19)—(3.21), we similarly get the three solution matrices (3.7)—
(3.9). O
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Remark. If the functions f;, g;,h; (i =0,1,...,n — 1) in Theorem 3.2 are identical, then (3.2) becomes
F(x +w™y) =F(z) + Q" "F(y)Q™.

The solutions thus take the form:

e when d=mn,

fo(x) Ao ()
Al 1 | Aule) 593
A IV A B (323)
fn—l(l') An_l(z)
where A; :C— C (i =0,1,...,n — 1) are additive functions;
e when 1 <d<n,
Jfo(x) ()
h@ Lz ) (3.24)
: S Vn : '
fn—1(z) a(w/d=Dmyg)

where a(x) = [Ao(z), A1(x),..., Ag_1(z)]T and Ay :C - C (k=0,1,...,d — 1) are additive functions.

4. Stability

In this section, we establish the stability of the circulant equation (3.1). As in [4], we use the usual 1-norm for

a square matrix A = (a; ;)o<i j<n—1 defined by

0<i<n—

n—1
| Al = max 12 |ai, -
j=0

Throughout this section, let ¢ : C x C — [0,00) be a mapping satisfying the condition that the sum
SosotT Y (p(tha, thy) + (e, 0) + ¢(0,t%y)) converges for all z,y € C and for all integers t > 2.

Theorem 4.1 Let F,G,H be circulant matrices whose first rows are, respectively,
(f0($)7 fl(x)a EREY fn—l(m))a (go(l‘), gl(x)7 v ,gn—l(l')), (ho(.’I}), hl(.’I)), RN} hn—l(x))7

where fi,gi;,hi : C — C are arbitrary functions which need not be components of any functions, let m €
{0,1,...,n—1}. If F, G, H satisfy

[F(z +w™y) — G(z) = Q" "H(y)Q"| < ¢(z,y), (4.1)

then there exists a circulant matriz A(x) = circ(ag(x),a1(x),...,an-1(2)), a; :C—->C (j =0,1,...,n—1)

satisfying the matriz additive equation

Alz+y)=A(z)+ Ay) (4.2)
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and
IF() ~ A@)] <n Y @ ) (4.3)
/=1
t—1
IG(z) — A)] < n26(2,0) + 1Y @y(a, £z) + [HO)] (4.4
=1
t—1
IH(z) - A()]| < n26(0,2) + 1Y Bo(w™z, ™z) + |GO)]], (45)
=1
where

=3 D fn (@t e, thwTmy) + d(t e, 0) + 90, tw™™y)) + [V(0)]| + [ W (0)]}
£=0

with V(0) = diag(vo(0),v1(0),...,vn—1(0)), W,,(0) = diag(wm(0), wm+1(0), ..., Wmin-1(0)), vi,w; are as
defined in (3.6) with suffizes taken modulo n, and A(zx) := QmA(w™x)Q™™ is a circulant matriz satisfying
(4.2), and whose first row is (ag(x),a1(x),...,an_1(2)), aj(z) = w™Dma;(wmz) (j=0,1,...,n—1).

Proof Multiplying the expressions in (4.1) by ||.#|| on the left side and by ||.%*|| on the right side, we obtain
|FF(x +w™y)F" = FG(x)F" — FQ HY)Q"F"| < || Z] o, y) |77
By the basic results 1) and 2), this last inequality is of the form
U@z +w™y) = V(z) = Wi (y)|| < no(z,y), (4.6)
where U, V, W, W,, are as defined in (3.11)—(3.14). Substituting y = 0 into (4.6) we have
IV(z) + W, (0) = U(z)]| < no(z,0), (4.7)
and similarly substituting = 0 into (4.6), we have
IV(0) + Wi (y) — U(w™y)|| < ng(0,y). (4.8)
Using (4.6)—(4.8), we get
[0z +w™y) = U(z) = Uyl = [[V(0) + Wi (0)]| < [[U(z +w™y) = U(z) = Uw™y) + V(0) + W, (0)]|
<n(d(z,y) + o(2,0) + ¢(0,9))
Replacing y by w™ ™y, we get
[U(z +y) = Ux) = Ul < n(o(z,0™™y) + ¢(x,0) + ¢(0,w™™y)) + [V(0)[| + [Wr (0)]].

, if 5 =
Since U(z) = diag(uo(x), u1(x), ..., un-1(x)) = (wi;j(2))g<; j<p_1» Where u; (z) = {ZZ(JU) lf = y J , by the
ShIs ifi#j

definition of norm, we get

max Z Jui (@ +y) — i (@) —wig(y)| < n(Sz,w™™y) + 6(2,0) + (0,0~ "y)) + V(0] + [[Win (0)]].

0<i<n—1
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For each ¢ =0,1,...,n — 1, we have

ui(e +y) = ui(z) — ui(y)| < n(G(z,w™™y) + ¢(x,0) + ¢(0,w™™y)) + [V(0)[| + [Wr (0)]-

By [1, Theorem 13.3, p. 131], there exist unique additive functions s; : C — C satisfying (A) such that

lu;(x) — si(z |<Z(I>tx€a: (t=0,1,...,n—1).

si(z) dfi=j . Using the

Let S(z) := diag(so(z),51(2), ..., sn-1(2)) = (5,5(2))g<; j<n_1, Where s;;(z) = {O oy

definition of norm, we have

0<i<n—1

lU(z) — S(z)|| = max Z lui j(z) — si;(2)] < i Dy (z, lx). (4.9)
=1

Multiplying the expressions in (4.9) by |.#*|| on the left side and by ||.%#|| on the right side, and using (3.11),
we get (4.3), where A(z) = .Z*S(x).#. Since S(z) is a diagonal matrix, the basic result 6) shows that A(z)

is a circulant matrix whose first row is (ao(z),a1(z),...,an—1(x)), where
1 n—1
EZW" ’”sk (j=0,1,...,n—1).
k=0

Since each sy satisfies (A), the function elements a; satisfy (A), i.e. A(z) satisfies (4.2).

Multiplying the expressions in (4.7) by ||.Z#*|| on the left side and by ||.%]| on the right side, and using
(3.11)—(3.13), and the basic result 2), we get

1G(z) — A()[| - [IF(z) — A(z)]| - |[27"H(0)Q"| < [|G(z) + Q7"H(0)Q™ — F(z) + A(z) — A(z)]|
< n?¢(z,0).
and using (4.3) the assertion (4.4) follows.

Multiplying the expressions in (4.8) by |#*|| on the left side and by |.#| on the right side, and using
(3.11)—(3.13), and the basic result 2), we get

127" H(y)Q™ — A(w™y)[| = [F(w™y) = A(w™y)| = [GO)]

<[|G(0) + Q" H(y)Q™ — F(w™y) + A(w™y) — A(w™y)|| < n°¢(0,y).

Using (4.3), we get

[ H)™ — Ay < n?6(0,9) + 1 S @y(w™y, o™y) + |G(O)]). (4.10)

m=1

Multiplying the expressions in (4.10) by ||2™|| on the left side and by [|2~™|| on the right side, we obtain (4.5).
O

Taking ¢(x,y) = ¢ in Theorem 4.1, we get the following
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Corollary 4.2 Let € > 0 be fized. If F,G,H satisfy

[F(z +w™y) = G(z) = Q""H(y)Q™| <e, (4.11)

then there exists a circulant matriz A satisfying (4.2) and

IF(z) — A(z)]| < 3n%c +nl[V(0)]| + n[|[W,, (0)]] (4.12)
IG(2) = A(@)]| < 4ne + [ V(0)[| + n W (0)] + [[EL(0) | (4.13)
[H(2) — A(@)]| < 4ne + [ V(0)[| + n[| W (0)] + [|G(0)]- (4.14)

5. Examples

We end the paper by working out two examples, first for Theorem 3.2, and second for Theorem 4.1.
Example 1. For n = 3, the matrix equation (3.2) yields the following three systems of functional equations,

corresponding to the three possible values of m € {0, 1, 2},

e m=0; folz+y)=go(@)+ho(y), filr+y)=g1(x)+h(y), falz+y)=g2(x)+ha(y)

o m=1; fo(z+wy)=go(@)+ho(y), filz+wy)=gi(2)+whi(y), folz+wy)=ga(x)+w?ha(y)

o m=2 folw+w’y)=go(x)+ho(y), filz+wy)=g1(2) +whi(y), folz+w’y) = g(x)+wha(y).
(Observe that these systems are equivalent in the sense that each one of them can be transformed to (PA) by

variable changing.)

In any case, d = ged(3,m) = 1 and the solution functions take the form

fo(l’) 1 ao(l’) + Cm(O) + Bo(O)
filz) | = Tﬁ am (x) + C21, (0) + By, (0)
| fol@) | 3| aam(@) + Cm(0) + B (0)
[ go(z) | 1 ao(w) + Bo(0)
gi(z) | = —397 am(x) + Bm(0)
| g2(z) | @2m () + Bam(0)
[ ho(z) 1 ap(w™z) + Cp(0)
hi(z) | = —3? am (W) + Cap, (0)
| ha(x) Qo (W) + Cs, (0)

where ajm(7) = Ajm(x), Bjm(0) = vjm(0), Cir1ym(0) = wi+1)m(0) (j = 0,1,2), and Aj,, : C — C are

additive functions.

Our second example also treats the case n = 3 with constant bound in Theorem 4.1.
Example 2. Let

Pz, y) = K, fi(z) = Ai(x) + ai, gi(z) = Ai(x) + bi, hi(x) = w ™A (w™z) + ¢ (i=1,2,3),

where A; are additive functions and K, a;, b;, c; are constants, and let

F(z) = cire(fo(), f1(), fa(2)), G(z) = circ(go(x), 91(2), g2(2)),
H(x) = circ(ho(z), hi(x), ho(x)), A(z) = circ(Ag(z), A1(x), Aa(z)).
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Clearly, A satisfies (4.2). The hypothesis (4.1) here takes the form
[F(z +w™y) = G(z) - Q""H(y)Q"| < K,

which is equivalent to
[[cire(fo(z + w™y) — go(x) — ho(y), f1(z + w™y) — g1(x) — W™ hi(y), f2(z + w™y) — g2(x) — w* " ha(y))|| < K.

Using the definitions of norm and f;, g;, h;, this last inequality yields
2
Z \ai — bl — Cil = ||circ(a0 — b() — Cp,01 — b1 — C1,02 — bg — Cg)” S K (51)

From (3.12) and (3.14), we see that V(0) and W,,(0) are diagonal matrices, while from their definitions, we

see that H(0) and G(0) are circulant matrices. By direct computation, we get

y(z,y) = Yt~ TV OK + VO + [Wa(O)l) = 7= OK + [V©O)| + [Wn(0)]).
£=0
IVO)Il = goax [vi(0)], where vi(0) = > _w"bi,
£=0

(0 — it
W, (0)]| —Orga<x2|wz( )|, where w;(0) Zw Cis

2
IH(0 H—Zlczl and [|G(0)]| = Ibil.
£=0

Regarding the assertions in (4.3)—(4.5), we get

2
D lai| = |leire(fo(x) — Ao(2), fi(x) — Ai(2), folw) — As(2))|| = ||F(x) — A(z)]
=0

2
< 27K + 3012?;(2 Zw Jr?)()rglaé(2 Zw cil, (5.2)
2
D 1bil = [leire(go(e) — Ao(x), g1(x) — A1(2), g2(2) — A2(2))|| = |G(z) — A(2)]
=0
2 2
il il .. )
<36K—|—3 Jnax Zw b; +30121ia<X2 Zw ¢ +Z|CZ|7 (5.3)
== le=0 =0
2 —
D leil = lleire(ho(z) — Ao(w™ ), h(2) — W™ Ar (™), ha(z) — ™ As(w™2))|| = |H(z) — A(2)]
i=0
2 2 2
< il il | .
< 36K+30rgza§><2 ;w b; +3Or£;cx§xQ ;w Ci +§|bl\ (5.4)

The hypothesis (5.1) and the assertions (5.2)—(5.4) are satisfied by choosing for example a; = 0,b; = ¢; (i =
0,1,2).
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