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Abstract: In the present article, we introduce two new subclasses of A-pseudo biunivalent functions with respect to
symmetrical points in the open unit disk U defined by means of the Horadam polynomials. For functions belonging to
these subclasses , estimates on the Taylor -Maclaurin coefficients ja2j and ja3j are obtained . Fekete—Szegt inequalities

of functions belonging to these subclasses are also founded. Furthermore, we point out several new special cases of our
results.
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1. Introduction and preliminaries

Let A denote the class of all functions of the form
f(z) :z—l—Zanz" (1.1)
n=2

which are analytic in the open unit open disk U = {2z : z € C,|2| < 1}, and denoted by A. Let S be class of

all functions in A which are univalent and normalized by the conditions

/

f0)=0=r(0)—1

in U. For two functions f and g, analytic in U, we say that the function f is subordinate to g in U, written

as f(z) < g(z), (z € U), provided that there exists an analytic function (that is, Schwarz function) w(z)
defined on U with

w(0) =0 and lw(z)| <1forall z€eT,

such that f(z) = g(w(z)) for all z € U.

Besides, it is known that

f(2) <g(2) (2€0) & f(0)=9(0) and f(U) C g(U).
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It is well known that every univalent function f has an inverse f~!, defined by

FHfR) =2 (2€U),
and

FHf) =w (jw| <ro(f)iro(f) = 7),

e

where
FHw) = w + agw? + (2a3 — 3a3)w® — (5a3 — Sagas + ag)w* +--- . (1.2)

A function f € A is said to be biunivalent in U if both f(z) and f~!(z) are univalent in U, and denoted by
3.

In 1967, the class ¥ of biunivalent functions was first investigated by Lewin [12] and it was derived that
|as] < 1.51. Brannan and Taha [6] also considered certain subclasses of biunivalent functions, and obtained
estimates for the initial coefficients. In 2010, Srivastava et al. [17] revived the investigation of various classes of
bi univalent functions. Moreover, many other authors ( see [1-4, 7]) have introduced and investigated subclasses
of biunivalent functions.

By S*(¢) and K(¢) we denote the following classes of functions

2f (2)
e -

S*(so)={f: fEA so(Z)}7 z e,

and

f(2)
f(2)

where S*(¢) and K (p) are the class of starlike and convex functions, respectively, were defined and studied by

Ma and Minda [14]. It is clear that if f(z) € K, then zf (z) € S*.

Sakaguchi [16] introduced the class S¥ of functions starlike with respect to symmetric points, which

K(gp)—{f:fGA,lJr <<p(z)},z€[U,

consists of functions f(z) € S satisfying the condition

22f'(2) B
%{ﬂ@—fea}>0’ <t

Moreover, Wang et al. [18] introduced the class K of functions convex with respect to symmetric points, which

consists of functions f(z) € S satisfying the condition

(£ ()
%{uw>ﬂar}>0’zeu

It is easily seen that if f(z) € K, then zf (z) € S*. For such a function ¢, Ravichandran [15] introduced the
following subclasses: A function f € A is in the class S¥(yp) if

221 (2)

& - g P 2el
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and in the class K(p) if

2(f'(2))

T+ (=2 <p(z) zeU.

Recently, Babalola [5] defined the class Ly of A-pseudo-starlike functions as follows: Let f € A and A > 1 is

real. Then f(z) belongs to the class Ly of A-pseudo-starlike functions in the unit disc U if and only if

%{z(f/(z))’\}>0’ z e U.

The Horadam polynomials h,(z) are given by the following recurrence relation (see [10])
hn(z) = pxhp_1(x) + qhp—2(x), (n€N>2),

with hy = a, he = bz, and h3 = pbx? + aq where (a,b, p,q are some real constants).

The characteristic equation of recurrence relation (1.3) is
t? — pxt —q = 0.

This equation has two real roots;

o= PEt Ve +4g
- . ,

and

P ik VP?a? +4q

2

Note that, some particular cases of Horadam polynomials sequence are listed as follows:

e If a=b=p=q=1, the Fibonacci polynomials sequence is obtained

Fo(z) =2F,_1(x) + Fo_a(z), Fi(z) =1, Fy(x) =x.
e If a=2,b=p=¢q=1, the Lucas polynomials sequence is obtained
L 1(2) = 5L 5(2) + Ln_s(x), Lo(x) =2, Li(x) = .
e If a=qg=1,b=p=2, the Pell polynomials sequence is obtained

Py(z) = 22P,1(x) + Po2(x), p1(7) =1, Pa(z) = 22.

e If a=b=p=2,q=1, the Pell-Lucas polynomials sequence is obtained

Qn—l(w) = 2$Qn—2(z) + Qn—S(x)ﬂ QO(:E) = 23 Ql(aj) = 2z.

e If a=b=1,p=2,q= -1, the Chebyshev polynomials of first kind sequence is obtained

Th—1(x) = 22T, _o(x) + T,—3(x), To(z) =1, Ti(x) = .

(1.3)
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e If a=1,b=p=2,q= —1, the Chebyshev polynomials of second kind sequence is obtained

Up—1(z) = 22U, —o(x) + Up—3(x), Up(z) =1, Ui(z) = 2.
o If x =1, the Horadam numbers sequence is obtained
hp—1(1) = php—2(1) + qhn—3(1), ho(1) = a, hi(1) = 0.
For more information associated with these polynomials see [8], (]9, 11, 13]).

Remark 1.1 [9] Let Q(x,z) be the generating function of the Horadam polynomials hy(x). Then

o0

Oz, 2) = % =5 halz)en L, (1.5)

n=1

In this paper, we introduce two new subclasses of A-pseudo biunivalent functions with respect to
symmetrical points by using the Horadam polynomials h,(z) and the generating function Q(z,z) which are
given by the recurrence relation (1.3) and (1.5), respectively. Furthermore, we find the initial coefficients and
the Fekete-Szegd inequality for functions belonging to the classes LY(\, o, x) and MY (A, a, ). Also, several
special cases to our results were obtained.

2. Coefficient bounds for the function class LY(\ «, )
Definition 2.1 A function f € ¥ given by (1.1) is said to be in the class LY(\, «, x), if the following conditions

are satisfied:

(1-a) ) +a ) - <Qz,2)+1 -« (2.1)

and
2wlg’ (w)]* ta 2[(wg' (w))']*

=) ) —glw) T *ow) — a(-w)]

< Qz,w)+1—-« (2.2)
where the real constants a, b, and q are as in (1.3) and g(w) = f~1(2) is given by (1.2).
We first state and prove the following result.

Theorem 2.2 Let the function f € X given by (1.1) be in the class LEY(\, o, ). Then

[bx|y/[bal (2.3)

el = VI@AZ + X = 1) +2a(3X2 = 1))b — 4pA2(1 + @)2]ba? — 4gar2(1 + a)?

|bx| (bx)?

< 2.4
Jas] < Br—D(L+2a) T DRI+ a2’ (24)
and for some n € R,
2 (3>\—¥;?1|+2a) s n=1] < 2(3)\—1%(1—&-201) ]
|0,3 - 77@2| < bz |3]1—n] 1> ] A (25)
M ETA—D) 120G 2 —1)|bz]2—4X2 (11 a)2(pbaZtqa)] In—1/= 2B 1) (1120) 4]

where A= (2X%2 + X — 1) +2a(3)2 — 1) — AN (1ta)® (pba’ tqa)

b2
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Proof Let f € ¥ be given by the Taylor-Maclaurin expansion (1.1). Then, for some analytic functions ¥
and @ such that ¥(0) = ®(0) =0, [¢(z)] <1 and |P(w)| < 1, z,w € U and using Definition 2.1, we can write

. 22[f (2) o 2(zf (=) 1 — wlz. B2 —a
0= F ey = i) T T - floay e
and
(1 o) 2uw(g (w)]? ta 2[(wg (w)) ] = w(a,Yw) +1—a

or, equivalently,

(1-a) 28 Fap S s =1 () — ot ha(@)2(:) @ [REF - (26)

and

(1— )22l @l* 2[(1“9_(“’)) P =1+ hi(2) — a+ ha(x)p(w) + hs(@) )P +--- . (27)

z ' z A z /Z ik
= f(2z)[f(f()]z) e [fQ([z()f(f())z)]' = 1+ ha(a)prz + [ha(x)p2 + ha(@)p]® + - (2.8)
and
w ' w A w ' w A
(1-a) g(Qw)[g_ (g(ﬂw) ta [92(5}) g_(g(?u};)y = 1+ ho(@)prw + [ha(2)g2 + ha(@)gilw® +--- . (2.9)

Notice that if
[®(2) = [prz +p22® +ps2® +--+| <1 (2€D)

and
[P (w)] = |Q1w+Q2w2 + gzw? +- <1 (wel),

then
lpil <1 and |g| <1 (i€N).

Thus, upon comparing the corresponding coefficients in (2.8) and (2.9), we have

2A(1 4 a)ag = ho(z)p1 (2.10)

220\ — 1)(1 4 3a)a3 + (3N — 1)(1 + 2a)az = ha(z)ps + ha(x)p? (2.11)

—2X\1 4+ a)az = ha(z)q1 (2.12)

[2(A% +2X — 1) + 2a(3)* + 3X — 2)] a3 — (3X\ — 1) (1 + 2a)as = ha(2)go + ha(2)q;. (2.13)
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From (2.10) and (2.12), we find that

b1 =—q1 (2.14)
and
8A2(1+ a)?a3 = h3(2)(p? + q3). (2.15)
Moreover, by using (2.13) and (2.11), we obtain
22X + A~ 1) + 4a(3X — 1))a = haa) (2 + @2) + hs (&) (5% + ). (2.16)

By using (2.14) in (2.16), we get

8A\2(1 + a)%hs(z)

2202 + A — 1) +4a(3X* - 1) — oo (22

a3 = hy(z)(p2 + ¢o). (2.17)

From (1.3) and (2.17), we have the desired inequality (2.3).
Next, in order to find the bound on |as|, by subtracting (2.13) from (2.11) and using (2.14) and (2.15) we get

ha(x)(p2 — q2) ha(z)[p? + 47

= . 2.1
BTOEBA_1D(1+2a) | SAX(1+ )2 (2.18)
Hence, using (2.14) and applying (1.3), we get desired inequality (2.4).
Now, by using (2.16) and (2.18) for some 1 € R, we get
05— a2 = [ (@) (1 — ) (P2 + q2) ha(2)(p2 — g2)
ST T AT+ A — 1) + 4a(3X% — D][he(2)]2 — 8X2(1 + a)?hs(z) | 2(3A — 1)(1 + 2a)
— ha(z) | (O, 2) + ! + (e0.2) - !
- T T BT D)1+ 2a) ) P2 T T SBA DA +20) ) B
where
’ [2(A2 + X — 1) + 4a(3)2 — 1)][h2(2)]2 — 8N\2(1 + a)2h3(x)
Thus, we conclude that
ha(x) 1
la — na| < { @D |90 < s
2hs@)10n2)| + 10012)| > sE—iires
This proves Theorem 2.2. O

For a = 0 the class LY(\, a,z) reduced to the class of A—pseudo bistarlike functions with respect to

symmetrical points. For functions belong to this class we have the following corollary:

Corollary 2.3 Let the function f € ¥ given by (1.1) be in the class LX(\,x). Then

lba| /o] 2.19)

laz| <
VIIEAZ + X — 1)b — 4pA2]ba? — 4qaX?|
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g < 2 (02
a:
S=aa—1 T A
and for some n € R,
2 3|>Z\)f‘1 s =1l < 2(3,\ 1) | Ao
las —na3| < b1 1> A
(2 NZFA—1)[bz]2—4NZ (pba®+qa)] In—1/ = 2(3>\—1)| ol

where Ag = (2)2 + X — 1) — @b tqa),

b2 2

(2.20)

(2.21)

For @ = 1 the class LY (A, 1, z) reduced to the class of A— pseudo biconvex functions with respect to symmetrical

points. For functions belong to this class we have the following corollary:

Corollary 2.4 Let the function f € ¥ given by (1.1) be in the class LX(\,1,z). Then

|bx|\/|bx]

as| <
laz] < V@2 + X —1) + 2(3A2 — 1))b — 16pA2Jba? — 16ga?]

as| L (bx)?
S1=3BA—1) ' 16X’

and for some n € R,

| A
| A

|b] In —
- =1l <
|a3—77a§| < {3(3)\ 1) 6(3)\ 1)

[bz|?|1—n|
A A1) +2(322—1)][bz]>— 1632 (pba®+qa)] ° In—1] = 6(3,\ i)

where A; = (202 + X —1)+2(3\2 - 1) — W

(2.22)

(2.23)

(2.24)

For A =1 the class LY(1, a, x) reduced to the class of biunivalent functions with respect to symmetrical points.

For functions belonging to this class we have the following corollary:

Corollary 2.5 Let the function f € ¥ given by (1.1) be in the class LX(1,c,x). Then

|bz|+/|bz|

a
loa] < VI2(1 +20)b — 4p(1 + a)2]bz? — 4qa(l + )2
lag| < |bz| (bx)?
a
=901+ 20) 41+ a)?
and for some n € R,
= =11 < sz 1B
lag — na2| < { 2029 i S I1+2a)
8 =%l = b |1 n—1> -1 __|B|
12(1+a)[bx]? —4(1+a)? (pbz2+qa)| n = 4(14+2a)

where B = 2(1 + 2a) — %.

(2.25)

(2.26)

(2.27)
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3. Coefficient bounds for the function class MX(\, a, x)

Definition 3.1 A function f € X given by (1.1) is said to be in the class ME(\ «,x), if the following

conditions are satisfied:

207 (P \*( 2P ) .
(f(Z)—f(—Z)> ([f(Z)—f(—Z)]/> “fmH e )
and
2ulg @\ (2w @) N .
<g<w>—g<—w>) ([g<w>—g<—w>1'> < e w) 1 (3:2)

where the real constants a, b, and q are as in (1.8) and g(w) = f~1(z) is given by (1.2).
Theorem 3.2 Let the function f € ¥ given by (1.1) be in the class MY (A, a,x). Then

[bx|\/|bx]

|az| < 5 5 5 pr2 2 2 (3:3)
VIICA2 (o = 2)2 + (A + 2a — 3))b — 4pA2(a — 2)2]bz? — 4gar2(a — 2)?)]
|bx| (bx)?
< 3.4
95l S G T (B 2a) T 1(a -2 (34)
and for some n € R,

S — n—1| < smr—rm—s IC

(3 95 > 1M |—23>\7 3—2a|‘
|a3—na§| < {(3,\ 1) (3—2a) A e ( 1{( ) o (3.5)

BN (a2 O Za-abel- a2 rea] 11~ 1 2 aanne—za (C]

where C = 2A2(Oé _ 2)2 + (/\ + 2 — 3) _ 4)\2(a—21))22(127b12+qa) ]

x

Proof Let f € X be given by the Taylor-Maclaurin expansion (1.1). Then, for some analytic functions ¥
and @ such that U(0) = ®(0) =0, |¢(z)] <1 and |®(w)| <1, z,w € U and using Definition 3.1, we can write

22/ ) \" [ 2F )P
- =) \Fe - =1

> =w(z,®(2)+1—-a

and

20lg () " (2w @) P \ .
<g<w>g<w>> ([ - y> — w(z (W) +1-a

or, equivalently,

207 P\ 2@ ) _ 2+ ha(@)() + -
<f<2>—f<—2>> ([f(z)—f(—zW) = 1+ Iu(2) = at ha(@)B(z) + ha(a) [R()]° + (3.6)
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and

( e ) ( s P') = 1+ (@) — a+ ha(@)o(w) + ha() B + -+ .

g(w) — g(-w) [9(w) — g(=w)]

From (3.6) and (3.7), we obtain

20 P\ [ 2 )]
o) —f— ) \Fe) - =1

and

g(w) — g(—w) [9(w) — g(—w)

( 2wy (w))* ) < 2[(wg/(w))/]/\]/> Lt byt (ha()gs - ha@)el® 4 -

Notice that if
1®(2)| = [prz +p22° +ps2® + | <1 (2€0)

and
()| = lgw + g’ + gsw® + -+ | <1 (w e ),

then
lpil <1 and |¢| <1 (ieN).

Thus, upon comparing the corresponding coefficients in (3.8) and (3.9), we have

—2Xa — 2)as = ha(x)p1

[20%(a — 2)% + 2X\(3a — 4)]a2 + (3X — 1)(3 — 2a)as = hy(2)pe + ha(z)p?
2X(a — 2)ag = ha(2)q1

[2A%(a — 2)? + 20(5 — 3a) + 2(2a — 3)]a3 + (3\ — 1)(2a — 3)az = ha(z)g2 + ha(z)q;.

From (3.10) and (3.12), we find that
b1 =—q1

and
8A* (o — 2)a3 = h3(x)(p] + ).

Moreover, by using (3.13) and (3.11), we obtain
[AX*(a = 2)* + 2(A + 20 — 3)]a3 = ha(x)(p2 + q2) + hs(2)(PT + 4)-
By using (3.14) in (3.16), we get

8A2(ov — 2)2hs(x)
[ha(2)]?

AN (=22 +2(A+2a—3) — a3 = hy(z)(p2 + @2)-

> =1+ ho(2)p12 + [ha(z)pe + ha(z)pi]z® + - --

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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From (1.3), and (3.17), we have the desired inequality (3.3).

Next, in order to find the bound on |as|, by subtracting (3.13) from (3.11) and using (3.14) and (3.15)
we get

ST 2BA-1)(3-2a])  8X2(a—2) " '
Hence, using (3.14) and applying (1.3), we get desired inequality (3.4).
Now, by using (3.16) and (3.18) for some 1 € R, we get
e = o)) (0~ )2 + g2) L @)
3 274N (a — 2)2 + 20\ + 2a — 3)][ha(x)]2 — 8X2(a — 2)2h3(x)  2(3X —1)(3 —2a)
=hy(z) || O, z) + ! +(Om,z) - !
= N2l T T SBN D) (B - 2a) ) P2 T T SBA DB - 2a) ) ©]°
where
’ [4N2(a — 2)2 + 2(\ + 2a — 3)][ha(z)]2 — 8A2(a — 2)2h3(x)
Thus, we conclude that
hz xr
lag — na2| < (3/\71)((3)72@ , [©(n,z)| < 2(3)\7&(372&) .
| 2lh2(2)]|©(n, )], [©(n, )] > m
This proves Theorem 3.2. O

For A\ =1 the class MX(\, «, x) reduced to the class of biunivalent functions with respect to symmetrical

points. For functions belong to this class we have the following corollary:

Corollary 3.3 Let the function f € ¥ given by (1.1) be in the class MX(1,a,x). Then

las] < lba]  loz| (3.19)
BRVA® )24+ 2(a — 1))b — dp(ax — 2)?]bx? — 4ga(a — 2)2)]
|ba| (bx)®
3.20
931 = 51— 2a]) T A -2 (3:20)
and for some n € R,
|b:1:\ | -1 1

= ) |1 | < |Cl‘
las — na3| < {2(3 2) o1 > 4322 . (3.21)

[[2(a—2)2+2(a—1)][bz]? —4(a—2)2 (pbz?+qa)| |77 1| 4(3— 2a) | 1‘

where C; = 2(a — 2)% +2(a — 1) — w
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