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Abstract: This article introduces approximately rings, approximately ideals, and approximately rings of all approx-
imately cosets by considering new operations on the set of all approximately cosets. Afterwards, some properties of

approximately rings and ideals were given.
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1. Introduction

Proximal relator space is a pair (X,Rs) that consists of a nonempty set X and set of proximity relations Rs
defined on X . There are different types of proximity relations such as Efremovi¢ proximity, Wallman proximity,
descriptive proximity, and Lodato proximity [1, 7, 11]. In proximal relator space, the sets consist of nonabstract
points which have location and features.

The aim of this concept is to obtain algebraic structures in proximal relator spaces using descriptively
upper approximations of the subsets of nonabstract points. In 2017 and 2018, approximately semigroups
and approximately ideals, approximately groups, and approximately subgroups were introduced by Inan [2-4].
Approximately I'-semigroups were also introduced [5]. In these articles some examples of these approximately
algebraic structures in digital images endowed with proximity relations were given. Approximately algebraic
structures satisfy a framework for further applied areas such as image analysis or classification problems. The
other theories of proximity spaces were introduced by Kula [8]. In the present article an explicit characterization
of the separation properties and Tychonoff objects are given in the topological category of proximity space.

Essentially, the focus of this article is to obtain approximately rings, approximately ideals, and approxi-
mately rings of all descriptive approximately cosets by considering new operations on the set of all descriptive
approximately cosets. Furthermore, some properties of approximately rings and approximately ideals will be
introduced.

2. Preliminaries
Let X be a nonempty set and R be a family of relations on X. Let R be a family of proximity relations
on X, then (X, Rs) is called proximal relator space. Rs contains proximity relations, for example Efremovié¢

proximity g [1], Lodato proximity o, [7], Wallman proximity d,,, or descriptive proximity dg [10, 11, 13].
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Throughout this article, the Efremovi¢ proximity [1] and the descriptive proximity relations are consid-
ered.
An Efremovi¢ proximity § is a relation on P(X) that satisfies the following conditions:

¢« A0OB=BJA.

e« A6B=A+#0 and B#0.

e« ANB#0= A4 B.

« A§(BUC) & AGBor AGC.
s {z}d{y} & v=y.

e AJ B=3E C X such that A ¢ F and E¢ § B (Efremovi¢ Aziom).

Lodato proximity [7] swaps the Efremovi¢ Aziom with:

Ad BandVbe B,{b} 6§ C = A C (Lodato Aziom).

Let X be a set of nonabstract points which has a location and features [6, §3] in (X,Rs,). Let
® = {p1,...,pn} be a set of probe functions that represents features of x € X .

A probe functions @; : X — R represents features of a sample nonabstract point. Let ®(x) =
(p1(x),...,on(x)), (n € N) be an object description denoting a feature vector of 2, which provides a description
of each x € X . After choosing a set of probe functions, one obtains a descriptive proximity relation 04 .

[9] Let X be a set of nonabstract points and A, B C X . The set description of A C X is defined with

Q(A) = {®(a) | a € A}.
The descriptive intersection of A and B is defined with
AQB: {re AUB|®(x) € Q(A) and @ (z) € Q(B)}.
[10] If Q(A) N Q(B) # 0, then A is called descriptively near or descriptively prozimal to B. And it is
denoted by AdeB.

[12] Let (X,Rs,) be a descriptive proximal relator space and A C X. Let (A4,0) and (Q(A),-) be

groupoids. Let us consider the object description ® by means of a function
P:ACX — QUA)CR", 22— D(x), z€ A.

The object description @ of A into Q(A) is an object descriptive homomorphism if ® (xoy) = & (z) - @ (y)
for all x,y € A.

Definition 2.1 [3] Let (X,Rs,) be a descriptive proxzimal relator space and A C X . A descriptively upper
approximation of A is defined with
O*A={xe X |xisA}.

It is clear that A C ®*A for all A C X.
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Lemma 2.2 [3] Let (X,Rs,) be a descriptive prozimal relator space and A, B be subsets of X . Then
(i) Q(ANDB) = Q(A)NQ(B),
(ii) Q(AUB)=Q(A)UQ(B).

Definition 2.3 [3] Let (X, Rs,) be a descriptive prozimal relator space and let “- 7 be a binary operation on

X. G C X is called an approximately groupoid if x -y € ®*G for all z,y € G.

Definition 2.4 [2] Let (X,Rs,) be a descriptive prozimal relator space and let “-” be a binary operation on

X. G C X is called an approximately group if the following conditions are true:

(AG1) x-y € ®*G for all z,y € G,
(AG2) (xz-y)-z=ua-(y-z) property holds in ®*G for all x,y,z € G,

(AG3) There exists e € ®*G such that x-e = e-x = x for all x € G (e is called the approximately identity
element of G ),

(AG4) There exists y € G such that x-y =y-x =e forall x € G (y is called the inverse of x in G and denoted

as v71).

S C X is called an approzimately semigroup if

(AS) -y € ®*S forall z,y € 9,

(AS3) (z-y)-z=ux-(y-z) property holds in ®*S for all x,y,z € S

properties are satisfied.

If approximately semigroups have an approximately identity element e € ®*S such that z-e=e-z =2
for all x € S, then S is called an approxzimately monoid.

If z-y=y-x for all x,y € S holds in ®*G, then G is called commutative approzimately groupoid

(semigroup, monoid, or group).

Theorem 2.5 Let (X,Rs,) be a descriptive prozimal relator space and G C X be an approximately group.
Then the following are true:

(i) There is one and only one approximately identity element in G.

(ii) There is one and only one inverse of elements in G.

(iii) If either x -z =y-z or z-x =z -y, then x =y for all x,y,2 € G.
Theorem 2.6 [2] Let G be an approximately group, H be a nonempty subset of G and ®*H be a groupoid.

H is an approxzimately subgroup of G if and only if x=' € H for all x € H.

Let G be an approximately groupoid in (X,Rs,), © € G and A, B C G. Then the subsets = - A, A -
z,A-B C ®*G C X are defined as:

z-A=zA={za|a€ A},
A-x=Azx = {ax |a € A},
A-B=AB={ab|a <€ A,b<c B}.
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Lemma 2.7 [2] Let (X,ds) be a descriptive prozimity space, A,B C X and A, B, Q(A), Q(B) be groupoids.
If : X — R" is an object descriptive homomorphism, then

Q(A)Q(B) = Q(AB).

Theorem 2.8 Let G be an approzimately group, H be an approzimately subgroup of G and G/, be a set of
all descriptive approximately left cosets of G by H. If (*G) /,, € ®*(G/,,), then G/,, is an approximately
group under the operation given by xH © yH = (z-y) H for all z,y € G.

3. Approximately rings

Definition 3.1 Let (X, Rs,) be a descriptive proximal relator space and “+ 7, “ 7 be binary operations on

X. RC X is called an approzimately ring if the following conditions are satisfied:

(AR1) R is an abelian approzimately group with “+ 7,

(AR3) R is an approzimately semigroup with “- 7,

(AR3) Forall z,y,2€ R, z-(y+z2)=(z-y)+(x-2) and (x+y) 2= (x-2)+ (y-2) properties hold in P*R.
In addition,

(ARy) If x-y=y-x for all x,y € R, then R is a commutative approzimately ring.

(ARs5) If ®*R contains an element 1g such that lg-x =2 -1g =z for all x € R,

then R is called an approzimately ring with identity.

These conditions have to hold in ®*R. Addition or multiplying of finite number of elements in R may
not always belong to ®*R. Therefore, we cannot always say that nz € ®*R or " € ®*R for all x € R and
some n € Z*. If (?*R,+) and (P*R,-) are groupoids, then nx € ®*R for all integer n or " € ®*R for all
positive integer n, for all z € R.

An element z in approximately ring R with identity is called left (resp. right) invertible if there exists
y € R (resp. z € R) such that y -z = 1g (resp. = -2z = 1g). The element y (resp. z) is called a left
(resp. right) inverse of x. If & € R is both left and right invertible, then z is called approzimately invertible
or approzimately unit. The set of approximately units in an approximately ring R with identity forms is an
approximately group with multiplication.

An approximately ring R is an approximately division ring iff (R\ {0}, ) is an approximately group, that
is, each nonzero element in R is an approximately unit. Moreover, an approximately ring R is an approximately

field iff (R\ {0},-) is a commutative approximately group.

Example 3.2 Let I be a digital image endowed with dg . Iis composed of 16 pizels (image elements) as shown
in the Figure 1.
An image element x;; is a pizel in the location (i,j). Let ¢ be a probe function that represents (Red,

Green, Blue) RGB codes of pizels that are given in Table .
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X30 X32 X33

Figure 1. Digital image I and subimage R.
Table 1. RGB codes of pixels.

Red | Green | Blue Red | Green | Blue
Too | 193 | 202 253 Too | 100 | 160 145
xo1 | 193 | 202 253 ro1 | 204 | 245 185
Too | 100 | 160 145 Too | 181 | 232 231
o3 | 204 | 245 185 | xo3 | 100 | 160 145
19 | 237 | 198 169 | w30 | 204 | 245 185
x11 | 237 | 198 169 | z3; | 100 | 160 145
T12 | 204 | 245 185 | w32 | 200 | 200 250
x13 | 100 | 160 145 x33 | 170 | 240 200

Let

I x1T — 1
(Tij, TR1) > @i + T

)

Tij + Tkt = Tmn 5, 4+ k=m (mod 2) and j +1=n (mod 2)

be a binary operation on I such that 0 <1i,5,k,1 <3. Let R={x¢1,210} C I.
From Definition 2.1, descriptively upper approzimation of R is ®* R = {x;; € X | x;;0,R}. Hence,
0 (zi;) NQ(R) #0 such that x;; € I, Q(R) = {¢(xij) | zij € R}. From Table,

O(R) ={¢(zo1),¥(z10)}
— {(193,202,253) , (237,198, 169)}.

Hence, we get ®*R = {xq0,To1,Z10, %11} as in Figure 2.

Thus, R is an abelian approzimately group with “4+ 7 in (I,Rs,) from Definition 2.4. Furthermore, let

oI xT — 1
(@ij, Thi) > Tij - Tt = Tpr, p = min{i,k} and r = min {j,1}

be a binary operation on I. Then it is obivious that R is an approximately semigroup with “-7 in
(X, Rsg). Also for all z;;, Tri, Tmn € R,
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Xo0 Xo1 X03

X10 X11 X712

X30 X32 X33

Figure 2. Descriptively upper approximation of R.
Tij - (k1 + Tn) = Tij - Tt + Tij - Tonn and (Tij + Tht) © Tonn = Tij © Tmn + Tkl - T properties hold in
®*R. Consequently, R is an approximately ring.
In addition, since for all z;;,xp € R, Tij - Ty = Tiy - 55, R is a commutative approzimately ring in

digital image I .
Lemma 3.3 All ordinary rings in proximal relator spaces are approximately rings.

Proposition 3.4 Let (X,dg) be a descriptive proxzimity space, R C X be an approximately ring and 0 € R.
If 0-x,z-0 € R, then for all x,y € R

e z-0=0-2=0,

Definition 3.5 Let (X,0s) be a descriptive proximity space, R C X be an approzimately ring and S be a
nonempty subset of R. S is called approximately subring of R, if S is an approximately ring with binary

operations “+ 7 and “-” on approximately ring R.

Definition 3.6 Let R be an approzimately field and S C R. S is called approzimately subfield of R, if S is
an approxzimately field.

Theorem 3.7 Let (X,dg) be a descriptive proxzimity space, R C X be an approzimately ring and (®*S,+),
(®*S,-) be groupoids. A nonempty subset S of R is an approzimately subring of R iff —x € S for all x € S.

Proof Let S be an approximately subring of R. Hence, S is an approximately ring and —x € S forall x € S.
On the other hand, let —x € S for all © € S. Then since (®*S,+) is a groupoid, (S,4+) is a commutative
approximately group in (X,Rs,) by Theorem 2.6. From the hypothesis, since (®*S,-) is a groupoid and
S C R, then associative condition is satisfied in ®*S. Hence, (S,-) is an approximately semigroup. For all
z,y,2€ SCR, y+2z€ ®*S and z-(y+2) € ®*S. Moreover, z-y+x-z € ®*S. Since R is an approximately
ring, x- (y + 2) = (z - y) + (z - 2) property holds in ®*S. Moreover, it is clear that (z +y) -z = (x-2)+ (y - 2)
property satisfies in ®*S. Therefore, S is an approximately subring of R. a
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Theorem 3.8 Let (X,00) be a descriptive proximity space, R C X be an approximately ring, S1 and Ss two
approximately subrings of R and ®*S1, ®*Sy be groupoids with the binary operations “+ ” and “- 7 If

(q>*51) N ((P*SQ) = o* (Sl n SQ) B
then S1 NSy is an approximately subring of R.

Corollary 3.9 Let (X,09) be a descriptive proximity space, R C X be an approximately ring, {S; | i € A} be
a nonempty family of approximately subrings of R, and ®*S; be groupoids. If

n@sy=o(ns).

iEA €A

then [ S; is an approzimately subring of R.
i€EA
Definition 3.10 Let (X,0s) be a descriptive prozimity space, R C X be an approximately ring and I C R. T

is a left (right) approzimately ideal of R provided for oll x,y € I and for allr € R, x+y € ®*I, —x € I and
r-x€®I (v-red).

A nonempty set I of an approximately ring R is called an approzimately ideal of R if I is both a left
and a right approximately ideal of R.

There is only one trivial approximately ideal of approximately ring R, that is, R itself. Moreover, {0}

is a trivial approximately ideal of approximately ring R iff 0 € R.
Lemma 3.11 Every approximately ideal is an approximately subring of approzimately ring R.

Theorem 3.12 Let (X,04) be a descriptive proxzimity space, R C X be an approzimately ring, I; and I two
approximately ideals of R and ®*I;, ®*Is be groupoids with the binary operations “+ 7 and “- 7. If

(") N (") =" (I1N1L),
then Iy N Iy is an approzimately ideal of R.

Proof Let I; and I> be two approximately ideals of R. It is obvious that I; N Is C R. Consider z,y € I1N15.
Since I; and Iy are approximately ideals, Iy C ®*I; and Iy C ®*I5, we have z + y,—x,r - € ®*I; and
x4y, —x,r-x € DIy, that is, x + y,—z,r -z € (D*I1) N (P*]3) for all z,y € [; NI, and r € R. Assuming
(®*I) N (®*L) = * (I1 N I3), we have x +y,—z,r -z € ®* (I; NI3). From Definition 3.10, Iy NI is an
approximately ideal of R. O

Corollary 3.13 Let (X,ds) be a descriptive proximity space, R C X be an approzimately ring, {I; | i € A}
be a nonempty family of approximately ideals of R and ®*I; be groupoids with the binary operations “+ 7 and
({. 72 If

n@n=-o(nn).

iEA 1EA

then () I; is an approzimately ideal of R.
1EA
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Let R be an approximately ring and S be an approximately subring of R. The left weak equivalence

relation “py” defined as

zpy & —x+ye Su{e}.

A weak class defined by relation “p;” is called an approxzimately left coset. The approximately left coset
that contains the element x € R is denoted by Z,, that is,

Zr={x+s|seS, ze€R, x+seR}U{z}.

Similarly, we can define the approximately right coset that contains the element = € R denoted by Z,,
that is,

Zr,={s+z|seS, z€R, s+xe€ R}U{z}.
We can easily show that 2, =z + S and &, = S+. Since (R, +) is an abelian approximately group, &, = Zr

and so we use only notation Z. Then

R/, ={x+ S|z € R}

is a set of all approximately cosets of R by S. In this case, if we consider ®*R instead of approximately ring
R
(®*R)/, ={z+ S|z € ®*R}.

Definition 3.14 Let (X,04) be a descriptive proximity space, R C X be an approzimately ring, and S be an
approzimately subring of R. For x,y € R, let x +S and y+ S be two approximately cosets that determined
the elements x and y, respectively. Then the addition of two approximately cosets determined by x +y € ®*R

can be defined as
(@+y)+S={(z+y)+s|[s€S, z+ye PR, (z+y)+seRtU{z+y}

and denoted by
(z+S)®(y+9S)=(x+y) +S.

Definition 3.15 Let (X,0s) be a descriptive proximity space, R C X be an approzimately ring, and S be an
approzimately subring of R. For xz,y € R, let x + S and y + S be two approximately cosets that determine
the elements x and y, respectively. Then the multiplying of two approximately cosets that are determined by
z-y € P*R can be defined as

(x-y)+S={(z-y)+s|seS, z-yc®R, (z-y)+secRyU{z- -y}

and denoted by
(x+S) oW+ =(x-y)+5.

Definition 3.16 Let R/, be a set of all approximately cosets of R by S, o (A) be a descriptive approzimately
collections and A € P(X). Then

o (Rl)= U &

§a(A4) ) R/, 20

is called upper approzimation of R/, .
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Theorem 3.17 Let R C X be an approzimately ring, S be an approzimately subring of R and R/, be a set
of all approzimately cosets of R by S. If (P*R)/, C ®*(R/,), then R/, is an approzimately ring under the
operations given by (x +S) D (y+S)=(x+y)+S and (x+S) O (y+S)=(z-y)+ S forall x,y € R.

Proof (AR;) Let (?*R)/, C ®*(R/,). Since R is an approximately ring, (R/,,®) is an abelian approxi-
mately group of all approximately cosets of R by S from Theorem 2.8.

(AR3) (AS7) Since (R,-) is an approximately semigroup, x -y € ®*R for all z,y € R and
(z+S)Oy+S)=(x-y)+S € (P*R)/, for all (x+5),(y+S) € R/,. From the hypothesis, (z +5) ®
(y+8)=(-y)+S5 €N (B) (R/,) forall (x+5),(y+5)€R/,.

(AS2) Since (R,-) is an approximately semigroup, associative property holds in ®*R. Hence,

(z+S)oy+95)o(z+9)

(z-y)+5)0(E+5)=(zy) 2)+5

= (@ (-2)+5=@+50(y-2)+59)

(z+S5)o((y+5) 0 (z+59)

holds in (®*R) /, for all (x +5),(y+S5),(2+ 5) € R/,. By the hypothesis, associative property holds
in ®* (R/,). Therefore, (R/,,®) is an approximately semigroup of all approximately left cosets of R by S.

(ARj3) Since R is an approximately ring, left distributive law holds in ®*R. Forall (x +.5),(y +95),(# + S5) €

(z+S)oy+S) e (z+29))
(z+9) ©(ly+2)+5)
= (- (y+2)+S5=((z-y)+(z-2)+S
(z-y)+S5)@((z-2)+5)
(z+S)ow+S)e(z+S5) o (z+9).
Hence, left distributive law holds in (®*R) /,. Moreover, it is clear that right distributive law is satisfied
in (P*R) /,,

(z+9)Dy+9)o0(=+S)=(z+9)0(=+9)d(z+S5)o(2+19))

for all (x+95),(y+95),(z+S5)eR/,.

By the hypothesis, distributive laws are satisfied in ®* (R/,). Consequently, R/, is an approximately
ring. O

Definition 3.18 Let R C X be an approzimately ring, S be an approzimately subring of R. The approximately
ring R/, is called an approzimately ring of all approzimately cosets of R by S and denoted by R/,S

Definition 3.19 Let (X,ds) be a descriptive proximity space, Ry, Ro C X be two approzimately rings and 1
be a mapping from ®*Ry into P*Re. If Y (x +y) =¢ (z)+¢ (y) and ¥ (x-y) =¢ (z) ¢ (y) for all z,y € Ry,
then 1 is called an approximately ring homomorphism and also, Ry is called approximately homomorphic to
Ry, denoted by Ry ~, Ro. An approrimately ring homomorphism 1 of ®*Ry into ®* Ry is called

(i) an approxzimately monomorphism if ¢ is one-to-one,

(it) an approximately epimorphism if ¥ is onto,

(iii) an approzimately isomorphism if 1 is one-to-one and onto.

Theorem 3.20 Let Ry, Rs C X be two approximately rings and 1 be an approximately homomorphism of
®* Ry into ®*Ry. Then the following properties are true:
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(i) ¥ (OR,) = Og,, where Or, € ®*Ry is the approzimately zero of Rz.
(i) Y (—x) = = (z) for all x € Ry .

Proof (i) Since ¢ is an approximately homomorphism, ¢ (Og,) - ¢ (Or,) = ¥ (Og, -Or,) = ¥ (0gr,) =
¥ (OR,) - Og,. Thus, we have ¢ (Ogr,) = Og, by the Theorem 2.5 (iii).

(ii) Let « € Ry. Then ¢ (z) + ¢ (—z) = ¢ (zr+ (—x)) = ¥ (0r,) = Or,. Moreover, it is clear that
Y (—x)+ 19 () =0p, forall x € R;. From Theorem 2.5 (ii), since 3 (z) has a unique inverse, ¢ (—z) = — (x)
for all z € R;. O

Theorem 3.21 Let (X,d¢) be a descriptive proximity space, Ry, Ry C X be two approzimately rings and
be an approximately homomorphism of ®* Ry into ®* Ry and ®*S be a groupoid. Then the following properties
hold.

(i) If S is an approzimately subring of R1 and ¢ (®*S) = &*¢ (S), then ¢ (S) ={¢ (z) |z € S} is an
approximately subring of Rs.

(i) If S is a commutative approzimately subring Ry and i (9*S) = &%) (S), then ¢ (S) is a commutative

approximately subring of Rs.

Proof (i) Let S be an approximately subring of R;. Then 0g € ®*S and by Theorem 3.20 (i), 1 (0g) = Og,,
where Op, € ®*Ry. Thus, Or, = ¢ (0g) € ¢ (P*S) = @*¢ (S5). Hence, ¢ (S) #0. Let ¢ (x) € ¥ (S), z € S.
Since S is an approximately subring of Ry, —z € S C ®*S for all x € S. Thus, —¢ (z) = ¢ (—x) € ¥ (P*5) =
O*q) () for all ¢ (x) € ¢ (S). Hence, by Theorem 3.7, ¢ (S) is an approximately subring of Rs.

(ii) Let S be a commutative approximately subring and % (), (y) € ¢ (S). We have ¢ (S) which is
an approximately subring of Re by (i), that is, ¢ (S) is an approximately ring. Then ¢ () -9 (y) =¥ (z-y) =
Y (y-xz) =1 (y) ¢ () for all ¥ (z),9 (y) € ¥ (R1). Hence, ¢ (S) is a commutative approximately subring of
Rs. O

Definition 3.22 Let Ry, Re C X be two approzimately rings in (X,0s) and 1) be an approximately homomor-
phism of ®*Ry into ®*Ry. The kernel of 1, denoted by Keri, is defined as

Kerp ={z € Ry | ¢ (x) =0g,}.

Theorem 3.23 Let Ry, Ry C X be two approzimately rings in (X,0s) and ¢ be an approximately homomor-
phism of ®*R; into ®*Ry, ®*Kerty be a groupoid with “+ 7 and “ 7. Then O # Keriy is an approzimately
ideal of Ry .

Proof Let x,y € Kery. Then ¢ (x + (—y)) = ¢ (z) +¢¥ (—y) = ¢ () —¢ (y) = Op, —O0p, = Or, € ®*Ry
and so x + (—y) € ®* (Kery). Let r € Ry. Then ¢ (r-x) =4 (r)- ¢ (z) =4 (r)-0r, = O0p, € P*Ry and so
r-x € ®* (Kery). Similarly, z-r € ®* (Kerty). Hence, from Definition 3.10, Keriy is an approximately ideal
of R1 . O

Theorem 3.24 Let R be an approximately ring in (X,0s) and S be an approximately subring of R. Then the
mapping I : ®*R — ®* (R/,S) defined by I (z) =+ S for all x € ®*R is an approximately homomorphism.
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Proof By definition of II and Definition 3.15,

Dz+y)=(+y)+S=@+9ey+5=MI(z)d(y),
Hz-y)=(-y+S=@@+5)oy+S5) =I1(z)oll(y)

for all z,y € R. As a result, from Definition 3.19 II is an approximately homomorphism. O

Definition 3.25 The approximately homomorphism 11 is called an approzimately natural homomorphism from
O*R into ®* (R/,S).

Definition 3.26 Let Ry, Ry be two approzimately rings in (X,de) and S be a nonempty subset of Ry. Let
X : (I)*Rl — (P*RQ

be a mapping and

XS:X‘S:S—><I>*R2

be a restricted mapping. If x (x +y) = Xs (z +y) = x5 (2) + X5 () = x (@) +x (y) and x (x-y) =X (v y) =
Xs () - xs (¥) = x(x) - x (y) for all x,y € S, then x is called a restricted approxzimately homomorphism and

also, Ry is called restricted approximately homomorphic to Rs, denoted by Ry ~, Rs.

Theorem 3.27 Let Ry, Re C X be two approzimately rings in (X,0¢) and x be an approximately homomor-
phism from ®*Ry into ®*Ry. Let (®*Kerx,+) and (®*Kerx,-) be groupoids and (®*Ry)/, be a set of all
approzimately cosets of ®*Ry by Kerx. If (P*Ry) /, C ®* (Ri/,Kerx) and ®*x (R1) = x (P*Ry), then

Ri/,Kerx ~, x (R1) .

Proof Since (®*Kery,+) and (®*Kery,-) are groupoids, from Theorem 3.23 Kery is an approximately
subring of R;. Since Kerx is an approximately subring of R; and (®*R;)/, C ®*(R:/,Kerx), then
R,/,Kery is an approximately ring of all approximately cosets of R; by Kery by Theorem 3.17. Since
O*x (R1) = x (P*Ry), x (R;) is an approximately subring of Rs. Define

P ®* (Ri/,Kerx) — ®*x(Ry)

le pKerx (A) ’A € (@*Rl) /p
A M“‘{ew5 A¢ (R,

where

tRy/,Kerxy — ®*x(R1)
24 Kerx > Gy, e (@4 Kery) = x (@)

_
TJZ)Rl /pKerx Ri/,Kerx

for all  + Kerx € Ri/,Kerx.

Since

x+Kerx={x+k|keKerx,z+kec R }U{x},

y+ Kerx={y+k |k € Kerx,y + k' € R} U {y}

and the mapping x is an approximately homomorphism,
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x4+ Kerx =y + Kery

= xcy+ Kery

= ze{y+k |k eKerx,y+k € R} or z € {y}

= z=y+k,y+k ERorax=y

= —ytz=(-y+y +k, orx(@)=x(y)

= —y+z=Fk

= —y+ze€Kery

= X(-y+2)=exn)

= xX(-y)+x(@) =eyn,)

= =X +x () = ex(ny)

= x(@)=x(y)

= le/pKETX (x+ Kery) = ¢R1/0K”X (y + Kery)
Therefore, ¢R1/pK”X is well defined.

For A,B € ®* (R1/,Kerx), let A= B. Since the mapping v is well defined,

Ry /pKerx

_ le/pKeTX (A) ,A S (@*Rl) /,o
v = {ex (Rq1) ,A¢ (D*Ry) /p
_ /(/)Rl/pKerX (B) 7B S ((I)*Rl) /p
ex (Ri) B ¢ (2"Ry) /p
= ¥(B)

Therefore, 1 is well defined.
For all « + Kery,y + Kerx € Ry/,Kerx C ®* (R,/,Kerx),

Y ((z+ Kerx) @ (y + Kerx))

Uy, wem (@ + Kerx) & (y + Kerx))
Uiy, (@ +y) + Kerx)

X (z+y)

X () +x(v)

= ke @ Kerx) + v, (Y + Kerx)
= Y(z+ Kerx) +¢ (y+ Kery)

and

Y ((x+ Keryx) © (y+ Kery))

Uy siceny (T + Kerx) © (y + Kerx))

Xy, xemy (2 y) + Kery)

X (z-y)

X (z) - x (y)

Uy sprcers @+ Kerx) -ty (y+ Kerx)
Y (2 + Kerx) - ¢ (y + Kerx).

Therefore, 1) is a restricted approximately homomorphism by Definition 3.26. Hence, Ri/,Kerx =,
X (11).
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4. Conclusion

To extend this work, one could study the properties of other approximately algebraic structures arising from

proximal relator spaces. Hopefully this concept provides a fundamental framework for some theoretical and

applied sciences.
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