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Abstract: In this paper we consider the Euler—Poisson system (describing a plasma consisting of positive ions with a
negligible temperature and massless electrons in thermodynamical equilibrium) on the Sobolev spaces H*(R?), s > 5/2.
Using a geometric approach we show that for any time 7' > 0 the corresponding solution map, (po,wuo) — (p(T),u(T)),
is nowhere locally uniformly continuous. On the other hand it turns out that the trajectories of the ions are analytic

curves in R3.
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1. Introduction

The initial value problem for the Euler-Poisson system in R3 is given by
p + div(pu) =0,
us + (u-Viu=-V0,
e’ — A6 = p, (1.1)
lim p=1,

|| =00

u<0) = Uo, p(O) = Po,

where 0 : RxR? — R is the electric potential, p : RxR? — R the ion density and u = (uy, uz, u3) : RxR3 — R3
the ion velocity. The equations (1.1) describe the dynamics of a plasma consisting of positive ions with negligible
temperature and massless electrons in thermodynamical equilibrium. The ions are described by conservation of
mass (first equation) and conservation of momentum for charged particles (second equation). The third equation
is the Poisson equation for the electric potential, where the Boltzmann relation “electron density = e?” is used.
The fourth equation is the assumption that the plasma is uniform at infinity.

The system (1.1) is well posed in the Sobolev spaces H*,s > 5/2, see [14] and see also [6] for local well-posedness
of a modified version of (1.1) in 1D. More precisely, given (pg,ug) € (1+H*~1(R?)) x H*(R?; R?) with po(z) > 0

for all = € R3, there is T' > 0 such that we have a unique solution

(pu) € C (10, T): (1 + H}(RY)) x H*(R%;R?))
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o (1.1). Moreover, the solution map
(po, uo) = (p(T),u(T))

is continuous. To state our main result we denote the time 7" solution map by ®7. Its domain of definition
around the equilibrium point (1,0) € (1 + H*~}(R?)) x H*(R*R3) by Ur C (1 + H*"}(R3)) x H*(R3;R3).
We then have

Theorem 1.1 Let s >5/2 and T > 0. Then the solution map
Or: Up — (1+ B (RY) x HY(RER),  (po, o) > (p(T), u(T))
is nowhere locally uniformly continuous.

Theorem 1.1 tells us that the dependence of system (1.1) on the initial conditions is very “rough”, i.e.
that it is not more than continuous. That the solution map of the modified version of (1.1) in 1D does not
have the property of being uniformly continuous on bounded sets was established in [8]. They used an approach
similar to the one in [7] developed for the incompressible Euler equations. We think that with the improvements
made in the recent work [2], one could use the methods in [7] to prove Theorem 1.1. However, we proceed in
a different way. Our approach is more along the lines of [10, 11, 13]. In [10] the analog of Theorem 1.1 was
proved for the incompressible Euler equations, in [11] for the Holm-Staley b-family of equations, and in [13] for

the inviscid SQG equation.
We also show
Theorem 1.2 The trajectories of the ions are analytic curves in R3.
The particle trajectories are given by integrating
y=wuoy, ~(0)=zcR3

From ODE theory we know that the maximal regularity guaranteed for v is determined by the regularity of u.
However, Theorem 1.2 tells us that the trajectories are always analytic, even if u has just Sobolev regularity

H?, which is very astonishing. This phenomenon occurs also in other hydrodynamical models, see [4].

To establish our results we give in a first step a geometric formulation of (1.1). The strategy is to express

(1.1) in Lagrangian coordinates, i.e. in terms of the flow map
pr=uop, ¢(0)=id,

where id : R? — R? is the identity map. This approach was popularized by the work cited in [1, 5] for the
incompressible Euler equations. In a second step we use the fact that a modified vorticity is “transported” by

the flow to produce perturbations which are irregular in some sense.
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2. Geometric formulation
To motivate the geometric formulation let us assume that (p,u) is a solution to (1.1). Consider the flow map
of u, i.e.
e =uop, ©0)=id.
We take the ¢ derivative in

2 (det(dp)p o 9) = (divu) o o det(dg)p o o + det(dp) (pi + (- V)p) 0 9 = 0,

where dy denotes the jacobian of ¢. Reexpressing gives

0= (o) ="

Denote by 6 = F~1(p) the solution for # in (1.1). We can thus write

w+ (u- V)u = VFI((detlzzlsp)) o).

Using @y = (uy + (u- V)u) o

e (i) o)

Our goal is to prove that the right hand side above is an analytic expression in ¢. However, first we have to

introduce the appropriate functional space for . Consider for s > 5/2
D (R?) = {¢:R®* - R?| ¢ —id € H*(R*R?) and det(d,p) > 0 Vo € R?}.

By the Sobolev imbedding theorem this space consists of C! diffeomorphisms. As a subset of id +H*(R?; R?)
it gets a differential structure and is a connected topological group under composition, see [9]. We know that
every u € C([0,T); H*(R3;R3)) generates a unique flow ¢ € C*([0,T]; D*(R3)) with ¢(0) = id, see [12]. To

handle the elliptic equation in (1.1) we use the lemma from [14].

Lemma 2.1 Let p € 1+ HS 1(R3) with p >0 in R3. Then there is a unique 6 € H*T1(R3) with
e — A =p.
Denote this § by F~1(p). We also introduce the following open subset of H*~(R3)
U,={pe H 'R | p(z) > -1 Vz e R’}
In particular our p in (1.1) lies in 1+ Uj.

Lemma 2.2 Let pg = po — 1 € U;. Then there is an open set W C H*~2(R3) with po € W and an open set
V C H*(R3) such that
VCH R =W CH 2R3, e’ —1-A0

is an analytic diffeomorphism.
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Proof From the Banach algebra property of H® we see that
1
s (M3 s (M3 0 _ ~ pk
H*(R?) — H*(R®), 0 —e —1_k2k!9
=1

is analytic. Therefore
I:H*(R®) — H3R?), #—e —1- A8

is analytic. Let 6y = F~*(po). The differential of T' at 6y is given by
do, T : H¥(R®) — H*"2(R®), h s e% - h— Ah,

which by linear elliptic theory is known to be an isomorphism. By the inverse function theorem we get open

neighborhoods of 6y in H*® resp. py in H* 2 on which I is an analytic diffeomorphism. O

For ¢ € D*(R3) we denote by R, the linear map f + f o . This map is continuous on H ' for
0 < s’ <s. Note also that R,-1 = R;l. For I' introduced above, i.e.

I:H¥R®) — H3(R?), 0—e —1- A6,

one sees that it is injective, see [14]. Therefore, we can use I'"! in the following. Using the notation of Lemma

2.2 we have:

Lemma 2.3 Let pg = po — 1 € U; and ¢o € D*(R3). Then there is an open neighborhood W x V C
D3 (R3) x H*72(R3) of (w0, p0) such that

WXV = H®), (¢,) R (poe™)
s analytic.
Note that by Lemma 2.2 the expression R,I'"!(po ™) is defined for W and V small enough.

Proof Consider the map

IT: (p,0) = (o, RyI(B o). (2.1)
Note that
H(‘)Dv 9) = (@7 60 -1- RAPA(G o (pil))'
We have
3
R,A(o¢p™) =Y R,0cR;'R,0.R;"0.
k=1

By the chain rule
RV(op™) = [dp"]7V0,

which shows that for 1 < s’ <s and k=1,2,3
D*(R®) x HY (R®) — H*'(R®), (p,0) = R,0uR;'0
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is analytic, see also [12]. Thus, II is analytic. Let 6y = F~!(pg). The differential of II at (yo,0o) is of the

form

g 0
d(y.00)11(9, h) = ( * Ry, (e"oosoal “(hopyt) — A(ho(p&l)) ) 7

showing that it is an isomorphism. By the inverse function theorem we conclude that II is an analytic
diffeomorphism in a neighborhood of (g, 8y) in D*(R?) x H*(R?). Since

R,I N (pop™)

is the second component of II™! the claim follows. O

Note that det(dp) € 1+ H*~'. The map

DR x (1+Uy) = HHRD), - (,00) = s

is analytic. Thus, we get from Lemma 2.3 that

DR x (14 0p) =+ B, (o) s 00 = BT (20— 1) 07

is analytic. However, we need more regularity for V.

Lemma 2.4 The map
D (R3) x H*(R3) x H*"%(R3) — H*(R?)
(.0.7) = Bo(e" " = 8)H(pop™)
is analytic.

Proof We proceed as in Lemma 2.2 and look at the inverse expression, so consider

0 : D (R?) x H*(R?) x H*(R?) — D*(R?) x H*(R?) x H*"?(R?)

(2.2)
—1
(SD’ 0, 6) = (()07 97 RQO(GOOLP - A)(f © 80*1)),
which is analytic. Its differential is of the form
g 0 0
dip0.60Og, 0, f)=1 0 h L
# & Ry(e? —A)(fop™)
By the inverse function theorem we get the conclusion as:
ot -1/ —
Rp(e”? = A)Hpoyp™)
is the third component of ©71. O

Combining Lemmas 2.2-2.4 we have

2771



INCI/Turk J Math

Proposition 2.5 The map
DA (R?) x (1 +Up) — H*(R*R?)

oo (5 (i) )

s analytic.
Proof Applying V to e/ — A = p gives

e’ Vo — AV =Vp
or

V= (e —A)1Vp
and

R,V0 =R, ((6(90@)0@*1 B A)AVp) _

oo (175 (s

D(R?) x (1+Up) — H*(R), (p,p0) = 00

Substituting p gives

Since

and

D (R?) x (1+Up) = H**(R*R%), (0, p0) = [dp"] 'V (detp(zw)>

are analytic we get by Lemma 2.4 that
D*(R®) x (1+Up) — H*(R*R?),  (,p0) > Vo

is analytic, which concludes the proof O

Consider the differential equation for the variables (¢,v) € D*(R3) x H*(R3;R3)

d v
dt ( . > N ( ~R, (VF*l((detp(igw)) 0@*1)> > : (23)

By Proposition 2.5 this is an analytic ODE depending analytically on the parameter py. Consider the Cauchy

problem with initial conditions ¢(0) = id and v(0) = ug. The solution ¢ provides via

ult) == pu(t) o p(t)" and P“):(det(?;(t)))‘)@(f)l

a solution to (1.1) in (p,u) € C([0,T7; (1 + U;) x H*(R*;R3)). Thus, by the existence and uniqueness result
for ODEs and the composition properties of D*(R3) we get the local well-posedness of (1.1), see also [12].

Furthermore, as the trajectories of the ions are described by the analytic curves
t— o(t,x)

we get Theorem 1.2.
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3. Nonuniform dependence

We denote by w the vorticity of u, i.e

w = curlu.

Taking curl in the second equation in (1.1) gives
wi+ (v Vw+dive - w — (w- V)u=0. (3.1)
Now we take the ¢ derivative in

% (det(dep)[dy] w0 ) =det(dp) divuo pldgp] 'wo

— det(dp)[dp]~[dey][dg] 'wo

+ det(de)[dip] ™ (wi + (u - Vw) o .

Using dyp; = duo ¢ - dy and (3.1) gives

% (det(dp)[dyp] 'wop) =0

or
1

wlt) = (det(dw))

where wg = curlug. With the help of (3.2) we can express w(t) as some sort of “pullback” of wy. This will be

[dso(t)]wo) o(t) ™, (3.2)

useful for our purpose. For the time 7" > 0 we denote as above by Ur C (1 + Uj;) x H*(R*;R?) the domain of
definition of the time 7' solution map ®7 around the equilibrium point (1,0) € (1+ H*~1(R3)) x H*(R3;R3).

With U1 we denote the solution map in Lagrangian coordinates, i.e.
Uz : Ur — D*(R?),  (po,uo) — ¢(T),

where ¢(T) denotes the time T value of the ¢ component of the solution in (2.3) with initial conditions

©(0) =1id and v(0) = ug. Note that Ur is analytic. Later we will use the following technical lemma.

Lemma 3.1 There is a dense subset S C Urp with the property that for each (pe,us) € S we have that
ue is compactly supported and there are h = (h,,h,) € H*"HR3) x H*(R*R3) and 2* € R3 such that
dist(z*,suppue) > 2 (i.e. the distance of the point x* to the support of ue is greater than 2) with

(dipe,ua)Ur(h)) (%) # 0.

Proof Our strategy is to get an equation for d(; o)V . Consider for small |e|, p € H*~*(R?) and u € H*(R* R?)
the ODE (2.3)

d (e) 0@ . )
dt ( i > - < G(p,1+2p) ) ;P90 =idv(0) = ea,

where G is the corresponding expression from (2.3). In particular we have
Oty =id, vO@F) =0 vt>0.
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We consider the variation

Calculating the variation in the ODE we get

% ( gf ) _ ( d@d,l)g?acp,ﬁ) ) . 0p(0) = 0,0(0) = a. (3.3)

We calculate d(jq,1)G . Note that with the maps from (2.1) and (2.2)

Gl +9) = (07 (. (Tl ol = 1, Ias T ).

Using the rules for differentiating determinants we have for k =1,2,3

tr([de] "' Ordyp).

— L det(dp) tr([dy] Opdp) = —

P 1
Mdet(dp)  (det(dy)) det(dy)

Thus, the derivative of

R L tr([jw]:gl;lw)
o e IV s = " det(dg) 4 ] g%dﬂ*l@idg

in direction of w € H*(R3;R?) at ¢ = id is given by

1 1 01w o1 ((911111 + Oqwq + 83’(1)3)
tr(dw) 1 + dwT 1 + Oawa — 62(61101 + Owa + 83w3) R
1 1 83’[03 83(81’101 + 3211)2 + 8311)3)

which we denote by B(w). We see that B : H*(R3;R3) — H*"2(R3;R3) is a continuous linear map. The
partial derivative of G with respect to ¢ at (id, 1) is then given by

Bl 1.1y G(w) = [(da,00) ], (w) + [(dia,0)©) 5, (1) + [(da,00) ], (Bw)

=04+0+(1-A)"'Bw=(1-A)"'Bw
for w € H*(R?*R?). We introduce
A: HY(R*R?) — H*(R*R?), ww (1—-A)"'Buw.

It is a Fourier multiplier operator with a continuous L°° multiplier

ma(€1,62,83) = 5 | —i€1 — &2 + 162 —3i& + &3 —183 — 163 + £283

1 ( —3i& + & —i§ — i€ +&1&  —i& — i3+ 61&3 )
AP\ Lig) —idy+ 616 —its—ita+ 6285 —Bics+&3 )

where & = (£1,&2,£3). The partial derivative of G with respect to p at (id, 1) in direction of p € H*71(R3) is

ap|(id,1) G(p)=(1— A)_lvﬁ-
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Hence (3.3) reads as

i(gf>:(91 IS)(gf)+( (1—A0)1Vp>’ dp(0) = 0,0v(0) = a.

By Duhamel’s principle the solution at time T > 0 is given by

00(T) \ _ m( 0 T r—sm 0
( oor) )= \a)T) © (1-A)1vp ) 3
0 Id
e (8 1)
For 9p(T) the only contribution comes from the right up entry. We have

TR (T— 52k+1 &
M — < * ko (2k+1)'A ) resp. eT=9)M — < * Dkeo (2k+1)' A )

where

* * *

Integrating gives

oo T2k+1 T2k+2 X L
——A"(1-A)""Vp.
kzzo i Tt e AT
Consider the operator
oo
T2k+1
K=
2 R

0

It is a Fourier multiplier operator with multiplier

oo 2k+1
=3 e ma(©)F
(2k + 1)! ’

k:O

which is a continuous and bounded function with m(0) = T - Id. Therefore, m is different from zero. Thus,
there is @ € H*(R3;R?) with
Ku #0.

Now fix (pe,ue) € Ur with u, compactly supported. Take x* € R? with dist(z*,supp(ue)) > 2. Since K is a

Fourier multiplier operator it is translation invariant. Thus, we can find h, = (- + Az) with
(Kha)(2) # 0.
With this choice of h, and h, =0 we have
(d1,0)P7(hp, h)) (27) = (0p(T)) (") = (Khy)(2™) # 0.

Take an analytic curve v = (71,72) : [0,1] — Ur connecting (1,0) with (pe,us) with the property that the
second component o (t) is always compactly supported. This is clearly possible as we can take an arbitrary

analytic curve and then multiply v with a cut-off function. Now consider the analytic curve

a:[0,1] = Rt (dyyUr(hp, b)) (%)
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As «(0) # 0 there is a sequence ¢, T 1 with a(t,) # 0 for n > 1. We can put all these v(¢,) to S after moving

x* outside of the support of the cut-off function if necessary. By this construction we see that S C Ur is dense.
O

We can now prove Theorem 1.1.

Proof [Proof of Theorem 1.1] We fix (pg,uo) € S where S C Ur is as in Lemma 3.1. In successive steps below
we will choose R, > 0 and then show that for all 0 < R < R,

7| By (po.u0))

is not uniformly continuous, i.e. that the time 7' solution map ®r restricted to Bgr((po,uo)) is not uniformly
continuous. As S is dense in Ur this suffices clearly to finish the proof.
Thus, denote by g = ¥r(po,ug). By continuity we can choose Ry > 0 and C; > 0 such that

1 1
churluHs_l < ||d . [dp](curl ) o<p71|\3_1 < Ch| curl u||s—1 (3.4)

et(dyp)

for all u € Bg, (ug) € H*(R?*R?) and ¢ € Bg,(¢o) C D*(R?) where B, denotes the ball of radius r in the

corresponding spaces, see e.g., [9, 12]. Consider the Taylor expansion

1
\I]T(pO + hpvu' + hu) = \IIT(pMUO) + d(pnu.)\IjT(h) + /0 (1 - t>d(2p.+th,),u.+thu)\PT(hv h)a

where h = (h,,h,) € H*71(R3) x H*(R3;R3). In the following we use the norm
A = lRplls—1 + [[hulls-
By the smoothness of ¥ we can choose 0 < Ry < R; and Cy > 0 with

1830 ey ¥ (R h2)|s < Co[[a]] - [[[P2]]

and
1dG5, 50y YT (ha, ha) — i, oy ¥ (R, h2)lls < Colll(Be — postie — we)[|| - [I[Bal]] - |||l

for all (pe,Us), (Do, Us) € Br,((po,u0)) and hy,ho € H*7H(R3) x H*(R*R3). Since (po,up) € S there is by
Lemma 3.1 a corresponding z* € R3 with dist(suppug,z*) > 2 and h = (h,, h,) € H*71(R3) x H*(R3;R3)
with

m = | (d(poup)¥r(h)) (z*)] >0,

which we fix. Here |- | denotes the euclidean norm in R?. Consider the distance

d = dist(po(supp uo), wo(B1(z*))) > 0.

Because of s > 5/2 we have by the Sobolev imbedding theorem

Ifller < ClIfIl

for some C' > 0. Thus, there is 0 < Ry < R, with
(W1 (pe, ue)(p) — Ur(pe,ue) ()| < Lip—q| Vp,qg R (3.5)
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(U7 (pe, ta)(p) — po(p)| < d/4 VpeR? (3.6)

and for all (pe,us) € Br, ((po,uo)) € Ur. Finally we take 0 < R, < R3 small enough and N large enough to

ensure

forall n > N.

- ~ 1 ~ 1 m
CColl|Rl[] - R3/4+CngIIIhIII R, JrCCzﬁthlll2 <o

Now fix 0 < R < R.. We will construct two sequences of initial data ((pén),u(()n))) ((pé"), ~(n)))n21 C

Br((uo, po)) with

whereas

(8™, uf™) = 5, @™ — 0 as n — oo

lim sup [[| (o5, u§™)) — @0((75", a5™))[]] > 0.

n—oo

m
Define the radii r, = Sl with the Lipschitz constant from (3.5). With that take a sequence (wp)n>1 C
n >

H*(R3;R3) with

suppw, C B, (z*) C R® and ||w,||s = R/2.

For some technical reason we assume additionally divw, = 0 which is not difficult to arrange. Finally define

resp.

We clearly have that

py” _<Po>+< 0 )
u(()n) Uo Wn,

(B, as™), (057, ul”) € Br((po,uo)) ¥n > N,

where IV is some large number. Taking IV large enough we can assume r, <1 for n > N. Furthermore, by

construction

Let

Similarly

We also introduce

Since

(o5, uS™) = (35, a5 = 0 as n — oc.

(0™, u™) = dp(p{™,ul™) resp. (™, @™ = o (50", al").

o™ = @T(pé”)7ué")) resp. @™ = \I’T(ﬁ(()n)yaén))'

w™ =curlu™ and ©™ = curla™.

e ((py”, ug™)) — (35, @i NI = |[u™ —a™ || > Ollw™ — &™),
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we get the claim by showing

lim sup |[w™ — &™)||,_; > 0.
n—oo

By (3.2) we have

1
(n) — do™1t™ (n)y-1
o = ( i ) 0 (6)
and
1
~(n) Ao 5(n)y-1
where
w(()n) = curl ugn) = curlug + curlw,
and
- (n) ~(n) 1
wy - =curluy * = curlug + curlwy, + - curl hy,.

By (3.4) we have

1 1
~(n)] = ~(n)y—1
1 (g 4915 curt ) o (60) s =0
as n — 0o. Therefore,

lim sup |[w™ — @™ ||, = limsup|| (
n— o0 n—00

1 J—
W[dw(n)](curl ug -+ curl wn)> o (cp(”)) 1

1 (n o
- <det(d¢(”))[d(p( ) (curlug +curlwn)) o (™) |s_1.

Consider the supports of the above expressions. We have by (3.6)
supp ((curl)uo o () ™) ,supp ((curl uo) o (3™) ™) € wo(supp ) + Basa(0),

where we use A+ B={a+b|a€ A,be B}. As suppw,, C Bi(z*) for n > N we have again by (3.6)
supp ((curl Wp) © (go("))_l) , Supp ((curl Wy) © (gé("))_l) C po(B1(z™)) + Baya(0).

By the choice of d the supports are in fixed sets which are positive apart. Thus, we can “separate” the || -||s—1

norms with a constant, see [13]. Thus, there exists a constant C' > 0 such that

1
li ) _ M, > Cli do™ 1w, (n)y—1
imsup [[wi" — @ [o—1 > Climsup | det(d@(n))[ @™ (curlwn) ) o (")

1
e [ap™ (-1
<det(d¢(n)) [ }(Curlwn)) o (&™) ls-1-
We claim that the supports of the above expressions are also apart. To show this we use the Taylor expansion

~(n 0 1
90( ) = \I/(poqu) + d(po,uo)\:[l(< ) + 7h’)

W, n

! ) 0 1 0 1
+ L ATVRTRTTPINS 1( S % (O B DX

n n

2778



INCI/Turk J Math

and

N 0 ! 0 0
SD( ) — \Il(po,uO) +d(po,uo)‘ll(( w,, >) —‘r/o (1 _t)d%po,u()thw,L)\IJ(( w, ) , ( w,, )) dt.

The difference is

~(n n 1
<P( ) — <P( = Ed(po,uo)‘l’(h) + I+ I + I,

where
1 0 0
2
I :/o (1-1) (d(po+t%hp,uo+twn+t%hu)\y B d("o’“”tw")\y) (( Wn > ’ < Wn )) “
and
1 ) 0 1
I, = 2/0 (1- t)d(p0+t}Lhp,uo+twn+tihu)\p(( Wn, ) 7ﬁh) a

and

1
1 1
_ 2
Iy = /0 - t)d(ﬂo-i-t%hp,uo-‘rtwn-i-t%hu)W(Eh’ gh) dt.
Using the estimates for d?>¥U from above we have
1 2 2
112lls < CoIAl[] - [lwalls = ColllRll] - B/4

and

1 1
1Ells < 2Co—I[Al| - [fwalls = Co—[lIBl] - R

and

1 2
13lls < Co IR
By the Sobolev imbedding we then have
* * * ~ = 1 =~ 1 m
(@) + [T (@) + [ s(27)] < CC||Rl]] - B?/4+ CCo—|[[A]]] - R+ CCo—5|[[A]]]* < o

for n > N by the choice of R,. Thus, we have

) = ™ (@) 2 | (g P2 () (&)~ 5+ = -
By (3.5) we have
supp ((curlw,) o (¢™) ™) € Bir, (¢"(2)) = B (¢ (a"))
and

supp ((curlw,) o (5™)™") € Brr, (6(2) = B (¢ (a")).

8n
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So the supports are apart in such a way that we can separate the H*~! norms (see [13]) with a constant C' > 0

like

. [dip™] -1 _ [ [dgt™] ~(n)y—1
fim sup | <det(d¢<n>)<‘3““w”) ° (P77 = | Fogragmmy (Cwrlwn) ) o (@)l
. [dip(™] (n)\~1 [dg™)] ~(n)y—1
> Chrrlnﬂsotip [l <det(dga(")) (curlwy) | o (™) H|s—1 + | Jet(dp™) (curlwy,) | o (™)™ H|s—1.

Using (3.4) we can estimate this from below by

C . ce .,
= limsup || curlwy,||s—1 > —— limsup ||dwy,|s-1,
CQ n—oo 02 n—oo

where the last inequality with some C' > 0 follows from the Biot-Savart law (see [3]) for divergence-free vector

fields (Here is where we use divw, = 0). We have the following general equivalence

[lwnlls ~ [[wn|l2 + ||dwn|[s—1-

Moreover,

4 ~ 4
lwnllze < llwnllz=y/ 5778 < Cllwnlley/ 573 = 0

since wy, is supported in B, (z*). Therefore,

lim sup ||dwy,||s—1 > K limsup ||w,]||s > KR/2

n—oQ n—oo

for some K > 0. Altogether we have

CCK
limsup ||[@™ — w™||,_1 > R.
n—)oop || || t= 202
The proof of Theorem 1.1 is now complete. O

1]
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