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Abstract: The aim of the present paper is to investigate the starlikeness, convexity, and close-to-convexity of some
partial sums of the generalized Koebe function. Furthermore, we give some special results related with special cases of
¢ constant. The results, which are presented in this paper, would generalize those in related works of several earlier

authors.
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1. Introduction
Let A be the class of analytic functions in the open unit disk D = {z € C: |z| < 1} and let S be the class of

functions f that are analytic and univalent in D and are of the form
(oo}
f(z) :z—|—Zakzk. (1.1)
k=2

Three most famous subclasses of univalent functions are the class S*(«) of starlike functions of order «a, the

class K(a) of convex functions of order a and the class R(«) of close-to-convex functions of order a. By

definition, we have

2f(2)

f(2)
()
f'(2)

S*(a)z{féS:?R( >>a;z€]D);0<a<1},

K(a)z{f&é’:@?(l—k >>a;z€]D>;0<a<1}

and
R(@)={feS:R(f'(2) > 2€D; 0<a<1}.
The classes consisting of starlike, convex, and close-to-convex functions are usually denoted by S* = §*(0),
K = K(0) and R = R(0), respectively (see Duren [1]). It is well known that the familiar Koebe function
f(2) given by
z

1
f(z)zmzz

<1ii)2—1]:z+§kzk (1.2)
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is the extremal function for the classes S and S*. Furthermore, the functions g(z) and h(z) given by

g(Z)=1i2=z+Zz’“ (1.3)
k=2

and
h(z)=—z—-2log(l—2)=2z+ ,522 e (1.4)

are the extremal functions for the class K and R, respectively.

For a function f(z) given by (1.1), we introduce the partial sums of f(z) by
n
fn (2) :z—|—Zakzk. (1.5)
k=2

Note that generally, the partial sum cannot preserve the same character as the initial function. For example,
fn(2) ¢ 8" for f(2) = go5z =2+ SoreokzF € 8* and g,(2) ¢ K for g(2) = 125 = 2+ Y oy 2 € K. Szegd

=

[4] proved that if f(z) € 8*, then f,(z) € 8* for |z| <1/4 and f,(z) € K for |z| < 1/8.

2. Main results

The generalized Koebe function is defined by

1 1 N 2¢2 +1 2 3
fc(z):%{(ltz> —1}:2’—&—0224— C;_ 23 4 C;Cz4+... (2.1)

where ¢ a nonzero complex constant. In special cases of ¢, we obtain some familiar functions. For ex-
ample, fa(z) = f(2) and fi(z) = g(z) are given by (1.2) and (1.3), respectively. Hille [3] proved that
fe is not univalent in D if and only if ¢ is not in the union A of the closed disks {|z+ 1] < 1} and
{]z = 1] < 1}. Unlike, Yamashita [6] gave radius of univalency of f. in the non-Euclidean disk A(z,w) =

{w sw—z| ’1 — Ew’ <r, z€ ID)} . In this paper, for the generalized Koebe function f.(z) given by (2.1),

we consider the partial sums

22 + 1
crls (2.2)

fes(z) =2+ c2? +

and
22 +1 5 2c+c
3 20+ 3 A

fea(z)=z2+c” + (2.3)

Owa et al. [4] studied radii of starlikeness and convexity of given order for partial sums fi 3 (2), f23 (2), fi,4(2),
and fa4 (2). In 2012, Hayami et al. [2] considered several special partial sums for the extremal functions f(z),
g(z), and h(z) of the classes §*, K, and R given by Egs. (1.2)—(1.4), respectively. In our paper, we investigated
the starlikeness, convexity, and close-to-convexity of the partial sums f. 3 (z) and f.4 () defined by Egs. (2.2)
and (2.3), respectively.
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2.1. Radii for starlikeness of functions f.3 and f.4

For the partial sums f.p (k = 3,4) of the function f(z) given by (2.1), we begin with considering the radius
r for for € S*(a) (k = 3,4) which means that f.; belongs to the class S*(a) in D, = {z € C: |z| < 7,
0 <r < 1}. First, for the function f.3(z) given by (2.2), we obtain radius of starlikeness.

Theorem 2.1 Let ¢ > 0. Then, f.3(z) € S*(«), where

_ . 2_ 2 1
2—cr sz <r S 8+13c“—+/64+196¢2+145¢

Q= (C 7.) _ 170T+72023+1T2 2¢(2¢2+1)
’ 9 _ 12415¢2 4 (44 (13410¢?) )% +2(14-2¢%) R(r,c) if 8+13c*>—/64+196c2145c% <r< 32437¢2
2(4+5¢?)(3—(1+2c¢?)r2) 2¢(2¢2+1) 32+103¢24-78c*

Here,

R(rye) = /(4 +5e2)(9+ 3(2+ 2)r2 4 (1 + 2¢2)2r4)) /(1 + 2¢2).

Proof We consider « := a(c,r) such that

Z ég(Z)) cz+ 2
T = >« 2.4
<f"‘v3(z) 1+ cz + 25+ 52 (2.4)
for
2 3 ol
0< <ot i3 V64 +196¢2 + 145¢7
2¢(2¢2 +1)

It follows from (2.4) that for z = ret?

cz+2
R 22 +1
14 cz 4 25,2

(1_2c +1 2) (1+2c +1 2+crcos€)

1— 762;27“2 + (7262)3“) rd 4+ 2er(1+ 7263“7“2) cosf + 47“272625rl cos2 6

That is,
(1 — —202“7"2) (1 4 2 2et 2 4 cr cos 9)

<2—-a.
D)
1— Cz+2r2 + (—2023“) rd +2cr(1+ —263+1r2) cosf + 47“2—2023+1 cos2 6

Now, let the function g.(t) be given by

(1 _ 2(:23+1r2> (1 42 +1 2 +crt)

242, 9 224112, 4 2¢241, 0 22¢241 49’ (t = cosd),
1— S22p2 4 (2521 pd 4 20p(1 + 258y 2)g 4 4p22¢ Ly

ge (t) =

so that we have
2¢2 +1
gé (t) = —cr |:1 _ers 3+ 7‘2]

2 2 2
{1 + (3 +2)r2 + (2c3+1) pl g 82041, (1 + 2c23+17,2) ¢+ dr2 2c23+1t2]

X

2
[1 - CZT“?"Q + (2623“)27"4 + 2er(1+ 262%17“2)t + 47“2%752}
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By setting

22 + 1\ 82c2 +1 2¢2 + 1 2¢2 41
h“(t):1+(3c2+2)r2+<c3+> R c3+ T<1+ 03+ T2>t+4r263+t2,
c

we see that

(i) he(t) < 0= g.(t) >0,

(ii) he(t) > 0= g.(t) <O,

(iii) he(t) =0 for t =¢t; and t =¢2 (t1 > t2). We can easily see that t3 < —1. Since

2
2 (14 2552 + \/ggii‘{ (14 25202 4 (251)°)
t] = <0,
2cr

we discuss the following two cases t; < —1 and —1 < t; < 1. If

2 _ 2 1
0<7’§8+13C V64 + 196¢ +145c,
2¢(2¢2+ 1)

then t; < —1 holds true, so that h(t) > 0. Consequently, we conclude that

2
1— 2c +17,2

)< ge(-)= ——3 < 2_q.
g2 (1) <01 =

That is,
) 1— 2c23+17,2 ; 2 _ e
o = —_ = _
1—cr+ 7262"'1 r2 1—cr+ 726?'1 r2
Thus, we have
z2fl (2
%<1+ 6’3( )) >
fe,3(2)
and
5 2 —cr 0< < 8 + 13¢? — V64 + 196¢2 + 145¢*
a=3-———— r .
l—cr+ 2c23+17az = 2¢(2¢2+1)

Similarly, if

8 + 13¢2 — V64 + 196¢2 + 145¢% e \/ 32 + 37¢2
2¢(2¢2 4+ 1) — V 32+ 103¢2 + 78¢*’

then the case —1 < t; < 1 holds true, so that

1241562 4 (4 + (13 4+ 10¢)c?)r? 4 2(1 4 2¢*) R(r, ¢)
N 2(4 4 5¢2)(3 — (1 + 2¢2)r?) '

Je (t) < e (tl)

Therefore, we obtain that

12+ 15¢% + (4 + (13 4+ 10¢?)c?)r? + 2(1 + 2¢3)R(r, )

a=2 24+ 52)(3 — (1 +22)2)
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 /GITT962 1451 . .
for 8+13¢’ 26?;1;??)‘:2“4"04 <r< %, which evidently complete the proof of Theorem 2.1. O

Next, for the function f.4(z) given by (2.3), we obtain radius of starlikeness.

Theorem 2.2  Let ¢ > 0. Then, the partial sum f.4(z) € S*(«), where

3 —2cr + @4l +1) 7
3 Y
1—cr+ 7263“7“2 — 2ctey3

a:=alcr)=4—

for

2 1—4c?(3+c%)
1+2¢ +T(c) + — 75—

0<r<
ST 4e(2 + ¢?)

Here,

- §/1 + 78¢2 + 48¢* + 8¢6 + 4¢(2 + ¢2)V/8¢S + 52t + 87¢2 + 3.

Proof For fo4(z) =z + 22+ 250153 4 26204 e have

zfe4(2) 1+ 2cz+ (22 +1)22 +M23
N = % 2241 2
fealz) 1+ cz+ 254152 4 2edc® 3

2
4% 3+ 2cz + 7(263“) 22
14 cz+ 2023+122 + 20§c3 23

. 2 .
4% 3+ 2cre® + %rzem
B 1+ crel® 4 22351,202i0 4 20463 130300 | °

By using Mathematica (version 8.0), we find that the expression in (2.5) takes on its minimum value for 6 = .
This yields

zf£4(z)> 3 — 2cr 4+ 2D +1) r?
R : >4 — 0<r<rp).
( foa(2) CorEae_mas (0<Tsn)
Now, let the function h(r) be given by
2
3_9 + (2¢“+1) 2
h(r)=4— S — 0 <r<rp).

1_07“4‘#7“2—%7"3
Since 0 = h(rg) < h(r) <1 for

2 2
1+2c¢2+T(c)+ 7174%((3)“ )
4c(2 + ¢?)

To =

where

= {/1 + 78¢2 + 48¢* + 8¢6 + 4¢(2 + ¢2) /8¢S + 52t + 87¢2 + 3,
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we readily have

2
2fl (2 3 —2cr 4 2
%<f,4( )>>a(c7r)—4— A T
Jea(2) 1—c7“+7203+1r—72cgc r

which completes the proof of Theorem 2.2.
Corollary 2.3 Radius of starlikeness of order o of the special cases of function f.3 is as follows:

i f13(2)€8%(a) for a= 47, +3 (0 <7 <0.1063)

3321—22557‘2—2\/451\/729-1—5137‘2—‘,-1217"4 (01063 <r< 09017)

or a= 2214—902r2

ii fi3(z) € S*(a) for a= =2~ +3 (0 < r <0.1459)

r2—r4+1

0-15r" 2VBVIErZErT () 1459 < 7 < 0.569 16)

or a= 6(1—r2)

ili f53(2) € S*(a) for a= % +3 (0 <r<0.1282)

63— 175" —/TOVOLI22195rT () 1282 < r < 0.43901)

or a= 427012

v fos(2) € () for a = 52521 +3 (0<r < 0.1031)

6=30r"OVIEZA0T (01031 < r < 0.3261)

or o= I(1—-3r2)

v f33(2) € 8*(a) for a = w5 =2~ +3 (0 <r <0.07453)

%r2—3r+1
_ 63-665r2—2y/15/0T 337 F36TT
or a = 63=665r"—2VI9VO4 3823611 (00745 < 1 < 0.2239)
i fr e s f = ™2 13 (0<7r<0.07159
vi fr3(2) (a) for « Sy +3 (0<r< )
(14272)/9+3(2+72)r2+(1+272)2r4
or =5+ gty + <<1+z\7{2>r273>¢4+13ﬂ2+1oﬂ4 (0.07159 < r < 0.21432)

vii fi3(2) € S*(a) for a = 22—~ +3 (0 < r < 0.05758)

1172 —4r+1

or a =

203857 T/ G2 H121rT (005758 < r < 0.16978) .

Corollary 2.4 Radius of starlikeness of order o of the special cases of function f.a is as follows:

1,.2_ 2
ifia (2) € S*(a) for a =4 — Al LR

_ 19,3 411,21
st tapri—grtl

(0 < r < 1.3576)

i f14(2) € S* (@) for o = =243 44 (0 <1 < 0.6058)

r3—pr2 +r—1

2r2-2y/2r43
4Vor3—5r24/2r—1

iii f5,4(2) €S*() for a= +4 (0<r<04674)

iV fou(z) € 8(a) for a =4 — 343 (0 <1 < 0.3545)
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19,2
v f34(2) € 8*(a) for a = ur;‘f%% +4 (0<r<0.25)

2
"T'H ) r2—2nr+3

vi fra(z) € 8%(a) for a= ( +4 (0 <r<0.2398)

#) (wr3+4r2)4+mr—1

vil fiu(2) € S*(a) for o =4 — —HrE=sdd (0 < < 0.1921).

2.2. Radii for convexity of functions f.3 and f.4

In this subsection, we discuss radius problems for the partial sums f.r (k= 3,4) to be in the class C(a).

Theorem 2.5 Let ¢ > 0. Then, f.3(z) € C(a), where

— . z_m
= aler) = 3 - 1—2072”E&-1(2§Qi-1)r2 ifo<r< c(2§;r+111)c e (2.6)
ai=a(cTr)= 9 _ 1+c2+(1+(3+2c2)c2)7'2+(1+202)P(7‘,C) ’Lf 243c*—AF11c2 474 <r< 8+7c2 ’
2(14+c?)(1—(142¢?)r?) c(2c?2+1) — 24+471c?+46¢*

Here,

P(r,c) = /(1 + ) (14 2r2 + (1 +2c2)2r4)) /(1 + 2¢2).

Proof We consider o := a(c,r) such that

z2flls(2) 2cz+2
R(1 = =R(3- 2.7
( + L3(2) ( 1+2cz+(262+1)22) - 27)
2+ 3c¢2 4411+ 7ct
0<r< 5 — 5 -
c(2¢2+1) 2(2¢2 +1)

R cz+1
14 2cz+ (2¢2 +1)22
1 N (1— (22 + 1) r?) (1+ (202 + 1) 72 + 2cr cos §)
2 {1 — 212 4 (22 + 1)%1% + der cos 6 + 4erd (262 + 1) cos 0 + 4r2(2¢2 + 1) cos? §

for

Following from (2.7), we obtain

and consequently

(1 — (22 + 1) r?) (1+ (202 + 1) 72 + 2¢r cos 9)

: <2-a. (2.8)
1—2r2 4+ (22 + 1)"r* + 4dercos 0 + 4er? (2¢2 + 1) cos 6 + 4r2(2¢2 + 1) cos? 0
Now, we let the function g.(t) be given by
1— (22 4+ 1)) (14 (22 + 1) r? + 2crt
ge (1) S )r?) (L4 ) ) , (t=cos), (2.9)

1= 224 (22 + 1)%rt  der (14 (2¢2 + 1) 12) ¢+ 4r2(2c2 + 1)12
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so that we have

ge(t) = —2r[l—(2c"+1)r7

X

(2.10)

[c +2¢ (42 +3) 12 4 ¢(22 + 1)1 4 dr (22 + 1) (14 (262 + 1) r2) t + der? (22 + 1) tﬂ

2
[1 —2r2 4 (2¢2 + 1)°rd 4 dert + derd (2¢2 + 1) ¢ 4 4r2(2¢2 + 1)t2}

By setting

he (£) = ¢+ 2¢ (462 +3) 12 + ¢(2¢ + 1) + 4r (22 +1) (14 (2 + 1) 12) t + der? (26 +1) £,

we see that

(i) he(t) <0 = g.(t) >0,

(i) he (£) > 0 = g, (t) <0,

(iii) he(t) =0 for t =¢; and t =2 (t1 > t2) where t2 < —1. Furthermore, since

-1+ 22+1)r?) + \/llj;; (1 +2r2 + (2¢2 + 1)2r4>

t1 = <0
! 2cr ’

we consider the radius 7 in the two cases t1 < —1 and —1 < t; < 1.

Case I: Taking

o<r

- 2432 —VA+ 112+ 74
- c(2¢241)

implies that ¢t; < —1, so that h(t) > 0. Consequently, we conclude that

_ 2 2
1 (20 +1)r <9—a

L (1) < go(—1) = <
9e (8) = g0 (=1) 1—2cr+ (224 1)r2

That is,
1— (22 +1)r? 2(1—cr)
a=2— =3 - .
1—2cr+ (22 +1)r2 1—2cr+ (22 +1)r2
Thus, we have
z2fla(z
11+ f,c’3( ) >«
c,S(Z)
and
— 2 _ 2 7
o3 2(1—cr) 0<T§2—|—30 Va4 112 4+ Tc .
1—2cr+ (224 1)r2 c(2¢2+1)

Case II: If we take

2+302—\/4—|—1102+7C4<r<\/ 8 + 7c2
c(2¢2+1) V244 71c% 4 46¢*

(2.11)

(2.12)

(2.13)

(2.14)
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then the case —1 < ¢; < 1 holds true, so that

14+ + 1+ (3 +22))r? + (1 +2¢%)P(r,c)

9e () < ge (1) = 21+ &)1 - (1+22)7)

Therefore, we obtain that

1+ A+ 1+ B+2¢3)A)r? + (14 2¢%)P(r,¢)

=2
“ 201+ 2)(1— (1+2¢2)r2)
for 2+3¢” ;{2?; _:11)02'”04 <r <,/ %,Which evidently completes the proof of Theorem 2.5. O

Theorem 2.6 Let ¢ > 0. Then, the partial sum f.4(z) € C(a), where

3 —der + (262 + 1)r?

a:=a(r)=4-— ’
") 1—2cr+ (2¢2+1)r2 — 4(2%63)743
for
2 9—4c>(23+47¢%)
0<r< ot MO+ 5
=T 16¢(2 + 2) :
Here,

M(c) = </27 + 6¢2(187 4 70c2 + 4¢t) + 16¢(2 4 ¢2)v/88¢6 + 572¢* + 954¢2 + 81.

2 3
Proof For f.4(z) =2+ cz? + 255H 2% 4 2¢2¢ 24 we have

2fi (2 2cz +2(2¢2 +1)22 + 4 (2¢ + ) 23
R(1+ ,‘”4( ) _ R(1+ ( ) (4(20+03)) (2.15)
574(2) 1 + 2cz + (2C2 + 1)22 + fz?’

3+ 4cz + (2¢% +1)22
= 4-R 4(2c+c3
1+2cz+ (22 +1)22 + (C;'c ) 3

iR 3 + dere’® 4+ (2¢% + 1)T262i9
14 2crei® + (2¢2 + 1)r2e2i0 4 74(26;03)7“3631'9 .

By using Mathematica (version 8.0), we find that the expression in (2.15) takes on its minimum value for 6 = 7.
This yields

! -2 2c2 + 1)r?
%<1+ZC’4(2)>24 8- 2cr+ (2 + 1) (0<r<rg)

A e
Now, we let the function h(r) be given by

3—2 2¢2 + 1)r2
h(r) =4 — R i U
172cr+(202+1)r277( c;rc)r3

Since 0 = h(rg) < h(r) <1 for
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7C2 C2
. 3+ 6c2 + M(c) + 25 EHTE)

16¢(2 + ¢2)

where

M(c) = i/27 + 6¢2(187 4 70¢2 + 4c*) + 16¢(2 + ¢2)1/88¢6 + 572¢* + 954¢2 + 81,

we readily have

2V (z 3_4 2¢2 4 1)72
R{1+ /074() >a(r)=4- CT+(C+27‘2+3)
ca(2) 1—2cr+ (22 4+ 1)r2 — (C%T?’
which completes the proof of Theorem 2.2. O

Corollary 2.7 Radius of convexity of order o of the special cases of function f.s is as follows:

%T—Q
7‘27%r+1

ifis (z) € C(a) for a = +3 (0<r<0.07188)

11
9

or o = HO=S0r—yTINE BRI (0.07188 < r < 0.52004)

i f13(2) €Cla) for a = 53525 +3 (0 <7 <0.10319)

or a= 640”;{@53”“““ (0.10319 < r < 0.32616)

iii f54(2) € Cla) for a= 2222 43 (0 <r <0.09214)

or o = STV (009214 < 1 < 0.25071)

iv fa3(2) € Cla) for a = 537725 +3 (0 <1 <0.07504)

3(5—75r° —/BV1+2r2+81r7)
10(1—972)

or a =

(0.07504 < r < 0.18569)

v fs3(2) € Cla) for a = 582 +3 (0 <r <0.05466)

or a = 30=950r —VISOVI2RE361T (0,054 66 < r < 0.12718)

Vi fr3(2) €C(a) for a = oyt gy +3 (0<7 <0.05254)

3—5(1+27r2)7“2—(1+27"2)\/@
f3r24274 (005254 <r S 012169)

2(1—(14272)r2)

or a =

vii fi3(2) € Cla) for a = ;52— +3 (0 <r <0.04237)

_ - o= T I
or o = P2y BOIVIEEION (0.04237 < 7 < 0.09631).

Corollary 2.8 Radius of convexity of order o of the special cases of function f.4 is as follows:

. 2 4,43
i f14(2)eC(a) for a=4- &2 (0 < r <0.90870)

_ 76,34 11,2 2
st sr+1
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i fia(z) €Cla) for a =4 — 3048 (0 < r < 0.35456)

see ',‘2_ 'S
ili f5,4(2) €Cla) for a=4— 7%\%&;*5\7{?7;3’5”1 (0 <r<0.26324)

iv fou(2) €C(a) for a =4 — — 2848 (0 <7 <0.19334)

v faa(2) €Cla) for a =4 — —f9E212H3 (0 < < 0.13271)

(27r2+1)r2 —47r+3
(2472)r3—(2m2+1)r2427r—1

vi fra(2) €C(a) for a = 2= +4 (0 <7r<0.12703)
3

vii fi4(2) € C(a) for a =4 — -3 =108 (0 <1 <0.10078).

2.3. Radii for close-to-convexity of functions f.3 and f..

In this subsection, we give radius problems for the partial sums f.r (k= 3,4) to be in the class R(«).

Theorem 2.9 Let ¢ > 0. Then, the partial sum f.3(z) € R(a), where

o= afor) 1-— 2§r + (2¢2 +1) r? if0<r< 555 (2.16)
- ’ - c . c V24+3c2 .
s — 2+ 1)1 i g < < ﬂ(2t2+1)

Proof A simple computation gives us that
R(fls(2) = R(1+42cz+ (2 +1)27)
= 1—(2¢% +1)r* + 2crcosf + 2(2¢% + 1)r? cos? 0
for z = re?. Letting
ge () =1 — (22 + 1)r? + 2ert + 2(2¢% + 1)r?t?,  (t = cosb).
We can easily see that
gl (t) = 2er +4(2¢2 + 1)t =0

for t; = < 0. Here, there are two cases according to ;.

__—¢
2r(2¢2+1)

CaseI: Let 0 <1 < Therefore, we have t; < —1. This implies that

__c
2(2¢241) "

ge(t) > ge(-1)=1-2er+ (22 +1)r* = a(e,r)

— a c _ 5¢2 +4
N 2(2c¢2+1))  2(22+1)

Case II: Let 2(262‘“) <r< f\2/(22t§i21). Therefore, we have —1 < t; < 1. Consequently, we conclude that
t)y > (t)*M7(202+1)r2'*a(cr)
9e - ge\l1) = 2<202 + 1) e 9
V2 +3c2
a|l ——1]=0
V2 (2¢2 + 1)
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This completes the proof of the theorem. O

Reasoning along the same lines as in the proof of the Theorem 2.1 for the f.4 (%), we obtain the following
theorem. We omit the details.

Theorem 2.10 Let 0 < c < 4/ 3‘[% = 0.34831. Then, the partial sum f.4(z) € R(c), where

3 16cr3(2 + ¢2)

a=aler)=1—(2¢+1)r* = 2cr (1 =224 )r?) +2(2¢* + 1)r? 3

for
14+2¢2 —/1—8c2—2c4
O0<r< .
"= 6c(c? +2)

Corollary 2.11 Radius of close-to-convezity of order o of the special cases of function f.3 is as follows.

i f13(2) € R(a) for a= Lr2—2r4+1 (0<r<0.13636) or a = 2 — Hr? (0.13636 < r < 0.88374)
ii f13(z) € R(a) for a =3r? —2r+1 (0 <7 <0.16667) or v = 2 —3r? (0.16667 < r < 0.52705)
iii f55(2) € R(a) for a=5r" —2v2r +1 (0 <r <0.14142) or a = —5r% (0.14142 <7 < 0.4)
iv fasz(2) € R(a) for a=9r? —4r+1 (0 <r <0.11111) or a = g —9r2 (0.11111 < r < 0.29397)

v f33(2) € R(a) for a =197 —6r +1 (0 <r < 0.078947) or a = 22 — 19r? (0.078947 < r < 0.20042)

vi fr3(2) € R(a) for a= (22 +1)r? —27r +1 (0 <r < 0.07574)

or a =342 2 (277 +1) (0.07574 < r < 0.19169)

vii fi3(2) € R() for « =33r —8r+1 (0 <r <0.0606) or a = 25 —33r? (0.0606 < r < 0.15152).

Corollary 2.12 The partial sum f1 4 (2) € R(«x), where

2 11 4
a=aler)= 3" <?;)8T2—1) +§r2—38%r3+1

0<r<0.21985.
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