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Abstract: In this paper, we define some new vector fields along a space curve with nonvanishing curvatures in Euclidean
4-space. By using these vector fields we determine some new planes, curves, and ruled hypersurfaces. We show that the
determined new planes play the role of the Darboux vector. We also show that, contrary to their definitions, osculating
curves of the first kind and rectifying curves in Euclidean 4-space can be considered as space curves whose position
vectors always lie in a two-dimensional subspace. Furthermore, we construct developable and nondevelopable ruled

hypersurfaces associated with the new vector fields in which the base curve is always a geodesic on the developable one.
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1. Introduction

Vector fields have always been used for studying differential geometry of curves and surfaces not only in 3-space
but also in higher dimensional spaces. The most common known vector fields are natural vector fields in space,
Frenet vector fields along curves, the Darboux vector field of a curve in 3-space, normal and tangent vector fields
of surfaces and hypersurfaces, etc. These vector fields determine most geometric properties of the related object.
Frenet vector fields along a curve constitute an orthonormal frame. This frame is called the Frenet frame and it
includes all the information about the curve. The rate of change of the Frenet frame is given by Frenet formulas.
These formulas can be rewritten as vector products by means of the Darboux vector field which determines
the instantaneous axis of rotation of Frenet frame. Besides, by considering the Darboux vector field of a space
curve, we can construct a special ruled surface (called rectifying developable) on which the base curve is always
a geodesic [6]. Therefore,the Darboux vector field plays an important role for space curves in Euclidean 3-space
E3. This importance of the Darboux vector led us to look for such vector fields along a space curve in E*. In
the literature, we can find a generalized Darboux vector in E" and as a special case in E* [2]. However, it does
not serve us as we desired.

The first purpose of this paper is to look for vector fields along a space curve in E* which enable us
to rewrite the Frenet formulas as vector products. For this purpose, along a space curve with nonvanishing
curvatures in E*, we introduce four special vector fields that will serve us as we desired. Later, by using
the introduced vector fields, we define some new planes, curves, and ruled hypersurfaces. We show that the
determined new planes play the role of the Darboux vector. We characterize the new curves and study singular

points of the obtained ruled hypersurfaces. We also show that, contrary to their definitions, osculating curves of
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the first kind and rectifying curves in E* can be considered as space curves whose position vectors always lie in a
two-dimensional subspace. Furthermore, we study the developability of the ruled hypersurfaces associated with
the new vector fields. It is also shown that the base curve is always a geodesic on the obtained new developable
ruled hypersurface.

This paper is organized as follows:
Section 2 presents the Frenet formulas for curves in E* and E*, and also includes the definitions of
rectifying curve, osculating curve of the first kind and ternary product of vectors in E*. In Section 3, by

defining some new vector fields along a space curve with nonzero curvatures in E*, we introduce some planes
and curves, and give some characterizations. Finally, we define two new ruled hypersurfaces associated with

the introduced vector fields and show their developability in Section 4.

2. Preliminaries
2.1. Curves in E? and E*
Let o be a unit speed curve in E?, and {t,n,b} denote the Frenet frame of a.. The Frenet formulas are given
by
t'=kn, n' =-xt+7b, b'=-—7n, (2.1)

where k and 7 denote the curvature and the torsion of «, respectively. On the other hand, by using the

Darboux vector field d = 7t 4+ kb of the curve, we can rewrite the Frenet formulas as [7]
t'=dxt, nn=dxn, b =dxb. (2.2)

Similarly, for a unit speed curve 8 with its Frenet frame {T,N,B1,By} in E*, the Frenet formulas are

given by
T/ = HlN, N/ = 7I€1T + HQBl, Bll == 7!‘62N + HgBQ, B/Q = 7!’123B1, (23)

where T, N, B;, and By denote the tangent, principal normal, first binormal and second binormal vector fields,

respectively, and x;, ¢ = 1,2,3 denotes the i-th curvature function of the curve.

Definition 2.1 Let v be a curve in E*. ~ is called as rectifying curve [5] if its position vector lies always in
the orthogonal complement of its principal normal vector field, and v is called as osculating curve of the first

kind [8] if its position vector lies always in the orthogonal complement of its first binormal vector field.

Definition 2.2 Let {e;, e, es,e,} be the standard basis of R*. The vector

€ €y €3 €4
a1 G2 asz Qa4
by by b3 by
Ci1 C2 C3 (4

a®b®c=

4 4 4
is called the ternary (triple) product of the vectors a= 3 ae;, b= > be;, and c = > c;e; [9].
i=1 i=1 i=1

= 1=
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3. New special curves in E* and their characterizations

In this section, we define some new special vector fields along a regular curve in E*. By using these vector
fields we define some new special curves, and we give their characterizations. Also, we associate these curves
with rectifying curves and osculating curve of the first kind.

It is known that the Darboux vector field which determines the instantaneous axis of rotation of the Frenet
frame plays an important role. Inspired by the equations given in (2.2), it is natural to ask the following question:

Question 1: Are there any vector fields that enable us to rewrite the Frenet formulas (2.3) as ternary products

of related Frenet vectors?

First of all, it is clear from the ternary product that we need at least two vector fields. Unfortunately, it
is impossible to rewrite (2.3) as ternary products by using two specific vector fields.
Let 3 be a unit speed curve in E* with nonzero curvatures s, ko, k3, and {T,N, By, Bs} denotes its

Frenet frame. Let us now introduce the following vector fields defined along f:
Dy =By, Dy =koT+r1B1, D3=rsN+kBsy, Dy=T. (31)

Note that D; and Dy are the Frenet vectors of the curve, and {Dy, Dz, D3, D4} is linearly independent along
the curve. Moreover, it is clear that {D;,Ds}, {D3,Ds}, and {Ds, D3} are orthogonal sets. We denote
the subspaces spanned by {D1,Ds}, {Ds, D4}, and {D2, D3} as D;Dy-plane, D3D,-plane, and DyDs-plane,

respectively. Thus, by using these vector fields, as an answer to the above question, we may rewrite (2.3) as

follows:
T = Di®D,®T,
N = D;®Dy;®N, (3.2)
B, = D3;®D;® By, ’
B, = D3;®D,®Bs.

It is seen from (3.2) that the Frenet vectors T and N rotate around the D;Ds-plane, and the Frenet vectors
B; and B; rotate around the D3D,-plane. These two planes play the role that the Darboux vector d plays
in 3-space. Thus, considering these planes and inspired by the question of Chen [3] we may ask the following

questions:

Question 2: When does the position vector of a space curve in E* always lie in its

a) D1 Ds-plane, or
b) DsD,-plane, or
c) DyDs-plane?

For simplicity, we call such curves as D;Dy-curve, D3Dy-curve, and D2Ds-curve, respectively. The following

theorems characterize such curves.

Theorem 3.1 Let B : 1 C R — E* be a unit speed curve with nonvanishing curvatures ki, ks, ks, and let s

denote its arc-length parameter. Then, B is a D1 Dy -curve if and only if the curvatures of B satisfy

L (me)s+0\ | meras) s+
{m(s) ( Ka(s) > } + =0, (3.3)
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where ¢ is a constant.

Proof Let 3 be a D;Dy-curve with nonvanishing curvatures ki, s, k3 in E*. Then, by the definition of
D1Ds-curve, we may write

B(s) = A(s)D1(s) + p(s)Da(s) (34)
for some functions A(s) and pu(s). If we take the derivative of (3.4) according to s and use the Frenet formulas,

we obtain

(s)rs(s) =0, (3.5)
Jra(s) = 0.

where ¢ is an integration constant. Thus, substituting these results into the third equation of (3.5) gives the
desired result.

Conversely, we assume that the equation in (3.3) holds. Let us consider the vector

1 (m(s)(s+c))/Dl(S) s+c¢

ria(s) ~ ra(s)

Differentiating X (s) with respect to s yields zero vector which implies that X(s) is a constant vector. Thus,

DQ(S)

B(s) is congruent to a D;Dy-curve. O

If we use Theorem 3.1 given in [5], we may give the following corollary:

Corollary 3.2 Let :1 CR — E* be a unit speed curve with nonvanishing curvatures ki, ke, k3. Then, [ is

a D1Ds -curve if and only if B is a rectifying curve in E*.

Remark 3.3 According to Definition 2.1, position vector of a rectifying curve in E* lies always in the orthogonal
complement of its principal normal vector field, i.e. it lies always in subspace spanned by {T,B1,Bs}. However,

as a result of the above corollary, a rectifying curve in E* can be considered as a space curve whose position

vector lies always in a two-dimensional subspace which we called D1Ds -plane.

Remark 3.4 Let us reconsider the characterization (3.3) of a D1 Dy -curve. If we substitute

_r(s)(s+o)
K2(s)

and change the independent variable by using the transformation t = [ k3(s)ds in (3.3), we obtain

d2p
i -0
aiz P

which has the general solution p = ¢1 cost+cosint, c¢1,co are constants. Thus, the solution of (3.3) is obtained

: "“(2((2;0) = ¢1 cos ( / /fg(s)ds) + cpsin < / mg(s)ds) .
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Theorem 3.5 Let o : I C R — E* be a unit speed curve with nonvanishing curvatures ki, ks, ks, and let s

denote its arc-length parameter. Then, « is a D3Dy-curve if and only if the curvatures of a satisfy

()| emalomals) |
C{/ﬂ(S) (Kig(S)) } + Ko (s) +1=0, (3.6)

where ¢ is a constant.

Proof Let a be a D3Dy-curve with nonvanishing curvatures ki, #s9, k3 in E*. Then, by the definition of
D3Dy-curve, we may write
a(s) = v(s)Ds(s) + n(s)Da(s) (3.7)

for some functions 7(s) and v(s). If we take the derivative of (3.7) with respect to s and use the Frenet

formulas, we obtain

+1(s)r1(s) = 0, (3-8)

vs) = =, () = ——% (”)

k1(s) \ ka(s)

where ¢ is an integration constant. Thus, substituting these results into the third equation of (3.8) gives the
desired result.
Conversely, we assume that the curvatures of a unit speed curve « satisfy the equation in (3.6). Let us

consider the vector field

Y(s) = als) — ——Da(s) + —2 <“3(s)>/94(5).

k1(s) \ k2(s)
Differentiating Y (s) according to s yields zero vector which implies that Y(s) is a constant vector. Thus, «(s)
is congruent to a D3Dy-curve. O

If we use Lemma 1 given in [8], we may give the following corollary:

Corollary 3.6 Let a: I C R — E* be a unit speed curve with nonvanishing curvatures k1, ks,k3. Then, a is

a DsDy -curve if and only if a is an osculating curve of the first kind in E*.

Remark 3.7 According to Definition 2.1, position vector of an osculating curve of the first kind in E* lies
always in the orthogonal complement of its first binormal vector field, i.e. it lies always in subspace spanned
by {T,N,By}. However, as a result of the above corollary, an osculating curve of the first kind in E* can
be considered as a space curve whose position vector lies always in a two-dimensional subspace which we called
D3Dy -plane.

Remark 3.8 Let us reconsider the characterization (3.6) of a D3Dy-curve. If we substitute
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and change the independent variable by using the transformation t = [ ki(s)ds := f(s) in (3.6), we obtain the

nonhomogeneous second-order differential equation

d?q -1

75 +q=g(t), g(t):= o (1)

The general solution of the above differential equation is ¢ = (Cy — [ g(t) sintdt) cost+(Ca + [ g(t) costdt) sint,

where Cp,Cy are constants. Thus, the solution of (3.6) is obtained as

:zgz; _ (Cﬁ +%/sm (/nl(s)ds>ds> cos (/ nl(s)ds>+<C’2 _ %/cos (/nl(s)ds)ds) sin (/ nl(s)ds> .

Theorem 3.9 Let v : I C R — E* be a unit speed curve with nonvanishing curvatures ki, ks, ks, and let s

denote its arc-length parameter. Then, ~v is a DoDs-curve if and only if the curvatures of v satisfy

e <*’"2(5)>/ k() —1=0, @ (“2(5))/ 4 eoks(s) =0, (3.9)

K1(s) K3 (s)
where c1,co are constants.

Proof Let v be a DyDs-curve with nonvanishing curvatures k1, ks,x3 in E*. Then, by the definition of

Dy Ds-curve, we may write

7(s) = p(s)Da(s) + 6(s)Ds(s) (3.10)

for some functions p(s) and 6(s). If we take the derivative of (3.10) with respect to s and use the Frenet

formulas, we obtain

Eé(s)fﬁg(s);/ =0,
p(s)r1(s)) =0,
(P(s)r2(5)) — 8(5)ma(5)ms(5) ~1 =0, e
(6(s)r2(s))" + p(s)k1(s)r3(s) =0
The first and second equations of (3.11) yield
5s) = s pls) = =

where c1,co are integration constants. Thus, substituting these results into the third and fourth equations of
(3.11) give the desired result.

Conversely, we assume that the curvatures of v satisfy the equations in (3.9). Let us consider the vector

C2

k1(8)

k3($)

Z(s) =(s) = Dy(s) — Dj(s).

Differentiating Z(s) according to s yields zero vector which implies that Z(s) is a constant vector. Thus, v(s)

is congruent to a DyDs-curve. O
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4. Special ruled hypersurfaces in E* and their developability

In this section we introduce two ruled hypersurfaces associated to a space curve in E*. A ruled hypersurface in

E? is represented (locally) by the map
@I xR? = EY p(t,v1,02) = B(t) + vier(t) + vzea(t),

where 3 : I C R — E* denotes the base curve with unit tangent vector ey, and {e;(t),ez(t)} denotes an

orthonormal basis of generating plane along 3. Let
rankleg, e, €2, €], e5] =4 — k. (4.1)

If K =0 in (4.1), then the ruled hypersurface is called nondevelopable. If £k = 1 in (4.1), then the ruled
hypersurface is called developable [1].

Let 3:1 C R — E* be a unit speed curve with non-zero curvatures k1, ko, k3 and arc-length function s.
Let us consider the vector fields D;,1 < i < 4 defined in (3.1). Since {D;y, D2} and {Ds, D3} are orthogonal,

by normalizing these vectors we obtain the orthonormal frames {D;, D5} and {Ds, D3}, where

Ds(s) = 2(s) = ! ko(s)T(s) + k1(s)B1(s

2(5) HDQ(S)H ﬁ%(s)—l—n%(s){ 2(s)T(s) 1(8)Ba(#)} (4.2)
D7 = 3(8) = 1 K3(S I\] S Jrli S B S

5(s) |\D3(s)|| H%(S)-I—Ii%(s){ 3(s)N(s) 2(5)Ba(s)} (4.3)

If we differentiate these normalized vector fields with respect to s, we obtain

Dy (s) = o1(s) {r1(s)T(s) — r2(s)B1(s)} + 02(s)Ba(s), (4.4)

Dy(s) = —o3(s)T(s) + 0u(s) [m2(s)N(s) — 3(s)Ba(s)], (4.5)

where

6= () | @ o) =

2
K] + K3

o3(s) =
K2 2 3(s) VK3 + K3

K3 + K3
Thus, by considering the orthonormal frames {D;(s),D2(s)} and {Ds(s), D3(s)}, we define the ruled hyper-

surfaces

ouls) = (“)()/ (5), os(s) = —21E2_(y)

o(s,u,v) = B(s) +uDi(s) +vDa(s), s€l, wu,veR, (4.6)

£(s,u,v) = B(s) +uDy(s) +vD3(s), scl, u,veR, (4.7)

and call them as D;Ds-ruled hypersurface and DoDs-ruled hypersurface of 3(s), respectively.
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Proposition 4.1 Let f:1 C R — E* be a unit speed curve with arc-length parameter s. Thus,
i) (s0,u0,v0) is a singular point of Dy Dy -ruled hypersurface of B(s) if and only if it satisfies
K1(80) + uo (K2k3) (s0) +vo {o1 (kT + K3) } (s0) = 0.
ii) B is a geodesic curve on D1 Dy -ruled hypersurface of B(s).

Proof i) The partial derivatives of (s, u,v) are obtained as

vs = (L +vo1(s)k1(s))T(s) — (urs(s) + vo1(s)ka(s))Bi(s) + voa(s)Ba(s),

pu=Ba(s), @, = (m> ()T (s) + (ﬁ) (5)B1(s)-
Then, we have

k1(s) + u (koks) (s) + v {o1 (K + K3) } (s)

Ps @ Pu @ Yy =
(VK3 +K3)(s)

We know that (sg,uo,v0) is a singular point of ¢(s,u,v) if and only if (ps ® @, ® vy )(s0, g, vo) = 0. Thus,

N(s). (4.8)

the assertion is clear from (4.8).

ii) We have u = v = 0 for the points of 5. Thus, S(s) is a regular point of ¢(s,u,v) for all s € I.
Therefore, by using (4.8) the unit normal vector field of the hypersurface ¢(s,u,v) along S is given by
N(s) = N(s). Since principal normal of the curve is parallel to the hypersurface normal vector, S is a

geodesic curve on D;Ds-ruled hypersurface of 3(s). O

Proposition 4.2 Let 3: 1 C R — E* be a unit speed curve with arc-length parameter s. The DD -ruled

hypersurface associated with 5 is developable.

Proof We have

1 0 0 0
0 0 0 1
rank|T, Dy, Dy, D}, D} = rank \/K;Mg 0 \/,{{Mg 0 | =3
0 —K3 0
O1k1 0 —O01Rk2 ()
Then, according to (4.1), D;Dy-ruled hypersurface associated with 3 is developable. O

Remark 4.3 Note that, similar to the rectifying developable of a curve in E?, the DDy -ruled hypersurface of

a space curve in E* is developable, and its base curve is always a geodesic on it.

Proposition 4.4 Let :1 C R — E* be a unit speed curve with arc-length parameter s. Thus, (so,uo,vo) is

a singular point of DyDs-ruled hypersurface of B(s) if and only if it satisfies the followings:

k1(s0) + uo {o1 (k3 +K3) } (s0) — v o3) (so) =0,
{ 1(o0) o o [ £y} oo _ug o) (s0) =0
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Proof The partial derivatives of £(s,u,v) are obtained as

& = (1 +uoi(s)k1(s) —vo3(s))T(s) + vos(s)ka(s)N(s)
—uo1(8)k2(s)B1(s) + (uoa(s) — voa(s)ks(s))Ba(s),

o

ﬁ) (5)T(s) + <\/I;1+752> (5)B1(s),
i ><s>N<s>+

2 35)Ba(s).
() mes

Then, we have

vi{oa(kZ2+62)H(s)—u(r3o2)(s)

fob ot = ol \;ﬁj{é el (e (T (s) = rals)B(s))
r1(s)Fufor(k24+k2) ) (s)—v(k103)(s)

-l L} ) 1y (N(s) ~ ma()Bals)

Thus, the assertion is clear from (4.9). O

Corollary 4.5 ((s), Vs € I, is a regular point of the DyDs -ruled hypersurface.

Proposition 4.6 Let 3 : 1 C R — E* be a unit speed curve with arc-length parameter s. The DoDs-ruled
hypersurface associated with B is nondevelopable.

Proof We have

1 0 0 0
Ko 0 K1 0
w3 +R3 Vi s3
B ) N Ty K3 K2 _
rank[T, Ds, D3, Dy, D§] = rank 0 Taa 0 were=l i 4.
O1K1 0 —O01RkR2 g9
—03 O4Ko 0 —O4k3
Then, according to (4.1), DaDs-ruled hypersurface associated with 3 is nondevelopable. O

Example 4.7 Let us consider the unit speed curve given by [4]

a(s) = (cos(y1s),sin(fys), cos(l2s), sin(£ys)) ,

where {1 = /2, by = \/g The curvatures of this curve are given by k1(s) = %, Ka(s) = é\/g,
k3(s) = /2. Since these curvatures satisfy (3.6) with ¢ = _\}g’ a is a D3Dy-curve in E*. Thus, since
Ds(s) = /2 (N(s) + $Ba(s)), by using the Frenet vectors given in [4] it is easy to verify that we can write

a(s) = *%Dg(s) +0.Dy(s).
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On the other hand, if we consider (4.6), we obtain the developable D1 Dy -ruled hypersurface as

o(s,u,v) = a(s)+uBa(s) +v (?T(s) + 57‘/§B1(s))
= ((1 + %) cos({1s) + Svsin(fys), (1 + %) sin(f1s) — v cos({1s),

— 27%) cos(la8) — %v sin(f2s), ( — 2—\%) sin(fas) + %v cos(&s))

whose base curve « is a geodesic. Moreover, the point (sg,ug,vo) s a singular point on Dy Dy -ruled hypersurface

5v5

if and only if ug = —2%2, sg,v0 € R.

2
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