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Abstract: Generalizing earlier results, sums over the products of the Gaussian g-binomial coefficients are computed.
Some applications of the results for special choices of ¢ are emphasized. The results are obtained by the elementary

technique of partial fraction decomposition.
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1. Introduction

Define the second-order linear sequences {U,} and {V,} for n > 2 by
Un=pUp 1+ Un 2 and V,, = PVa1+ Voo,

with initial values Uy =0, U; =1 and Vy = 2, Vi = p, respectively.

The Binet formulse are

n _ An 1 — g™
Un:i& ﬂ :an71 q
a—pf 1—gq

, Vo =a"+8"=a"(1+4q"),

where o, 8 = (pFVA)/2 with ¢ = B/a = —a~? and A =p? +4, so that o = ig~1/2.
In the special instance p = 1, the sequences {U,} and {V,,} are reduced to the Fibonacci sequence {F,}
and the Lucas sequence {L,}, respectively.

For integers n and k such that n > k > 0 and integer m, the generalized Fibonomial coefficients with

indices in arithmetic progressions are defined by

{n} B UnUsim - - - Unm
kS v UmUzm - U) UmUsin - - Ugn—ym)

with {Z}U_m = {S}U_m =1 and 0 otherwise. When m = 1, we have the generalized Fibonomial coefficients,
denoted by {Z}U When U, = F,, then the generalized Fibonomial coefficients are reduced to the usual

Fibonomial coefficients, denoted by {Z} P
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Various sum formulae including the Fibonomial coefficients with the Fibonacci and Lucas numbers as
coefficients have been studied by several authors (for more details, see [9, 10, 13, 16, 17]). For example,

Marques and Trojovsky [13] showed that for positive integers m and n,

4n+2

Z (_1>(J<§1) dm + 2 I o dm + 2 F4n+3
. . 2m—+1—j 47l+3

=0 J F F2m+1

and

ff(—n(%){%}fnﬂm_j = 2 Foamn 427":(_1)@){4;7%}1? Lom_;.

=0 I =0

The Gaussian ¢-binomial coefficients are defined by

m (4 9)n

k. (¢0)e(@@)n—r

where (z;q),, is the g-Pochhammer symbol, (x;q), = (1 —z)(1 — zq)...(1 —2¢" ') with (x;¢)o = 1.

We recall some useful formulee [1, 6]:

and

TS

k=0

The link between the generalized Fibonomial and Gaussian ¢-binomial coefficients is

{Z} = omk(n—Fk) Bﬂ with ¢ = f/a = —a"2 or a = ig=1/2.
Uim qm

Various sum formule including the Gaussian ¢-binomial coefficients with certain weight functions have
been studied by several authors [9, 10]. They also gave some applications by using the link between the
generalized Fibonomial and Gaussian g¢-binomial coefficients to sums including the generalized Fibonomial
coefficients.

Melham [14] derived families of identities between sums of powers of the Fibonacci and Lucas numbers.
In his work, while deriving these identities, he conjectured a complex identity between the Fibonacci and Lucas

numbers. We recall this conjecture:

(a) Let k,m,n € Z with m > 0 show that

m—1 m+1
Fn+k+m7j

= (Fnj=1)m-1) Fomt 1)ktm—j

Fm+1

77"(’;"'3) n—mk

+(=1) = Flnt1)(n+3)-

H;'nzl Flnt1)k+;
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(b) The Lucas counterpart of (a) is given by

m—1 m+1 m-+1 m+1 . .
Ln+k+m—j n (_1)% Ly _ {5 2 F(m+1)(n+%) if m is odd,

— (Frn—j—1)tm—1)Fmt1)k+m—j 5%L(m+1)(n+%) if m is even,

i= H1 Flnt1)k+j
]:

where (Fy,)(y) is the “falling” factorial, which begins at F, for n # 0, and is the product of m Fibonacci
numbers excluding Fy. For example (Fg)5) = FeFsFuF3Fy and (F3)5) = F3FoF1F_1F_5. For m > 0, define
(Fo)(m) = F_lF_Q . ..F_m and (FO)(()) =1.

The authors of [7] converted the sum identities conjectured by Melham into ¢-form. Recall that the first

sum identity (a) takes the form

q

m—1
n+k+m—j)m+1

i, m—1] (1—¢
E 1) 7 +1)/2 o —
x c (=1)"q [ j } 1 — g(m+Dkt+m—j
j=0 q

m(m+1)(2k+1)
2

_ (1 B qw> (¢ Dmt1)k+m (—1)"g (1= gy,

(Q;Q)(m—i-l)k

They used the contour integration method to prove this sum identity.

Quite recently, Li and Chu [12] used the g-derivative operator to prove the same conjecture. There are
many kinds of combinatorial sums as well as various proof methods. For example, for the method of integral
representation of combinatorial sums as a proof method that is mainly based on the use of residues, we refer to
[5].

Recently, Kili¢ and Prodinger [10] computed the following sum identity in closed form for any positive

integer w, any nonzero real number a, nonnegative integer n, and integers ¢ and r such that » > —1 and
t>—n:

M-

[n} (_qu(jﬁl)“j_;_
= lil, (ag’; ¢ )rsa

As a particular consequence of the above sum, Kili¢ and Arikan [8] presented a proof of Clark’s conjecture.
More recently, Kili¢ and Prodinger [11] presented and proved (using only the elementary partial fraction

decomposition method) three sum identities. For any real numbers a and b:

n

sum; = > [n Z k] m (~1)*q(5) = (a — ¥,
= (L]
SUM, = zn: [n Z k} q m q(l)kq(g)"’“q_kl_aa

k=0

and

“n+k—-1] [n k1) _pa—qF
SUM3 = » [ . } [k} (—1)kq< ) nkiq%_
k=0 qL%lq
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In this paper, inspired by the results of [11], we will present and compute a general sum formula including
the Gaussian g-binomial coefficients with a certain rational-parametric weight function. Namely, we consider

the sum S(n;t,a,p,r):

“n+k] [n k 1
S(n;t,a,p,r) = [ ] { ] -1 kq(z)+k(t*n) )
( ) g q( ) (ag®; p)rt1

If one chooses specific values of the parameters, many known formulee can be derived from the above
sum.

For example, one can obtain the three sums from [11] from the sum S(n;t,a,p,r) as follows:
o For any values of a and p, setting » = —1 in the sum S(n;¢,a,p,r), we get SUM; as

SUM; = aS(n;0,-,-,—1) — S(n; 1,-,-,—1).

e When r =0, t =1 and p = ¢ in the sum S(n;t,a,p,r), we obtain SUM, as

SUMy = S(n;1,a,q,0).

e Since
[n—l—k—l] {n] {n—i—k] {n] 1—q"
k q k q k a k ql—q"“f

and

1 1 b

=g )1 —bg") ~ (1 bg (A —q%) (b g1~ bg")

we obtain SUM3 from the sum S(n;t,a,p,r) via

1—gn
SUMg = # [S(n:1,4",-,0) —aS(n;2,¢",-,0)]
b 1 _ N
+ % [S(n:1,8,+,0) = aS(n; 2,b,-,0)].
—q

Thus, our results generalize the results of [11].

We use a partial fraction method to prove our claims (for earlier results using this approach, we refer to
[2-4, 15]). All identities we will obtain hold for general p and ¢. Finally, we will present some applications of
our results for some special choices of p and q.

Throughout the paper, we assume that a, g, and p are nonzero real numbers; n is a nonnegative integer;

and r > —1 is an integer such that ap’q’ # 1 for all i € {0,1,...,n} and j € {0,1,...,7}.
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2. The main results

Theorem 2.1 For positive integer t such that t <r+n+ 2,

n

kz_: [n ’ k} ; [n} q(—l)kq(g)-‘r(t—n)kl

(ag®;p)rs1

_ gt Z pR(i=2t43) (ap*q"; @)n
= (@p"; Ont1(P; D)k (D5 P)r—k

(1) ()

t—r—2

x ;; [t . " ) k} q(_l)kq("il)+k(2+n+r—t) zk: {7" Jlf q p {” +: - l] q(apr)— .

=0

Proof First we rewrite the LHS of the claim as

(g~ (g ™) (~1)kq(a) k(-
kZ:O (q Dn—r (@7 =a)lg " —ap)...(¢F —ap")
Define
h(z) = (z—q)...(z—q") 2t 1

(1—2)(1—zq)...(1—zq")(z—a)(z—ap)...(z—apr)g

Then the partial fraction expansion gives us

Mo =Y {" ' k} q [Z] q(_l)kq(’“zl)+k<t—n> 1

k=0 (1 = 2¢*)(agk; p)ria1

T

A ‘. B
+kzszzpk+zzi:'
=0 k=1

If we multiply both sides of the above equation by z and then let z — oo, we obtain

Y ”“1 m ko) +@-mp___ L
— -1 q 2 n A + B 5
kZ:O |: k q k q( ) (a’q 7p r4+1 Z F !

or

> {n : k} [ZLU)@(’;)HW’“ ZA’“ o

k=0 (ag®;p)ri1

Now, for 0 < k < r, we compute the coefficients A, and B; via

Ay = (2 — ap)h(2)

and B; = [z7'|h(z).

zZ=ap

l

(2.1)
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First consider the coefficients Ay :

A = (2 — aph)h(z)

z=apk

(ap* —q) ... (ap* —q") "t ph(r—t+1)
(1 —apk)(1 —apbq)...(1 — apkqm)

).
o 1
) (apF — ap-1)
1

* (ap* — ap® ) (apk — ap®2)) . (apF — ap")

(ap® — a)(ap* — ap

ar—t+1pk(r—t+1)

- et
X (—1)*
akp(3) (1 — pk)(1 — p*=D) ... (1 - p)
1
X

arkphr=h) (1 —p)(1 —p?)... (1 —plr=h)
n+kp%k(k—2t+3) (apkq—n; Dn
(ap®; @)nt1 (0;2)k (D5 D)

1ot (n) (51

= Qa q

For the coefficient B;, consider

By = [z 1h(2)

_ [zf2fr+t] (Z_(I)(Z—qn) 1
(%5 @)ng1 (z—a)(z—ap)...(z—ap")

n

[Ta-="¢"

_ [Z—Q—’I‘-i-t]zn k=1
r+1
(2 Qnir (=1 1ar+1p(E) (za=1p=ri ),y

e ) L, n+k
%[2 2—r+t ]Z l: L ] ok
2 k>0 q

ar+1p(
r+k Z2 \F [ k(M5 —k
-1
SNSRI T
k>0 P k=0 t"q
(=Dt —2—r4t—n k- [ k (*1Y) ,—k
Zm[z ]chz Z 3 (-1) ERP
k>0 k=0 L"q
where
k
k=Y abr i,
1=0
with

1
alzl:r—;_l] lrlandb[:[n?_l} .
pap q
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Finally, for ¢t <n 4 r + 2, we get

—1)r+1 n k L
B1 _ ( ) T+1) —2 r4+t— n chzkz |: :| + )Z—k:

GTHP( k>0 -0

- t—r—2
B (_1) +1 T . l: n :| (_1)k+n+7‘*tq(k+2+;+r_t)

- k
ar+1p( b = t—r—2—kJ,

= —(—]_)n+ta7’r71q(n+rgt+3)p7(rgl)

t—r—2
k+1 ntr— n
S NN P
k=0

as claimed. O
In Theorem 2.1, we assumed t to be a positive integer. Now we separately consider the case t = 0 with

the following result.

Theorem 2.2
n n+k n k _n ]_ no— nt1
Z|: :| [ :| (_1)kq(2) kT = (—1) q ( 2 )
k=0 q q aq™ipP)r+1
1l r k,,—n. )
a(—1) U ) ST (L) k) (ap*q™ " q)n .
(=0 k:o( ’p (ap®s @)n+1(p; P)i (D3 D)r—k
Proof Define
_ o r+1
h(z) = (z=¢q)...(z—¢q"™) >

(1 -2)1—-2q)...(1—2¢") (z—a)(z—ap)...(z —ap")’

By partial fraction expansion, we write

=SR] [P] (e () 1
h() kz_;){ k }q[k]q( 1) I (1_qu)(aqk;]9)r+1
T Ak
+kzzoz_apk.

Since lim, o 2h(2) = (—1)"+1q—("§1), we write

(-1t (T Z["”“} ] e

where Ay = (2 — ap®)h(2) for 0 <k <r. Thus, the proof follows. O

z=ap
Now we present some corollaries of Theorem 2.1.
Corollary 2.3

(ag*;p)rs1 p
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Proof If we choose ¢t =1, then (’2“) + k= (’H;) and —r — 1 < 0. By Theorem 2.1, the result follows. O

Corollary 2.4 For any positive integer t such that t < r + 2,

n r k —n.
Z |:TL + k:| |:n:| (_1)kq(g)+(t7n)k 1 — alftq("';l)(_l)n (_1) ka(k 2t+3) (ap q vQ)n )
ol BRI PR L1 (ag"; p)rs1 = (ap*; @)nt1 (P )k (D P)r—k
Proof Since t —r —2 < 0, the last sum in the RHS of Eq. (2.1) equals 0 and so the claim follows. O

Corollary 2.5 For any positive integer t such that t <n+1,

k=0 - Jt—1—F

Proof The claim follows from Theorem 2.1 with » = —1. O
3. Further corollaries

In this section, we will present several generalized Fibonomial-Fibonacci-Lucas sum identities as corollaries of

our results.

Corollary 3.1 For n >0,

Zn:{n—i-k} {n} (_1)nk+(k;1) 1
v kg Unyki1Vaskr2Unyrts

—1 —1 -1
_ (_1)(71;1) [{Qn} 1 B {2n+2} A n {2n+3} U7L+2:|7
n Sy Uspir VP n+1f, UiV n+1/f, U

where A = p? + 4 is defined as before.

Proof Note that A = (o — )2 = —¢~!(1 — ¢)?. Thus, this sum can be equivalently rewritten in g-form as

1-9° < {n+k]qm — (—1)kq(3)+@-n)k

st L]k k], (1 —qnPRFn) (14 qnhi2)(1 — gnihss)

_ F”}l(—l)‘gqé"u"“(l —q) {2n+2}1(—1)‘3q5"2+"“(1 —q)°
nl, (1-¢")(1+q)? n+1 (1—-¢*)?(1+4q)

—1 n
2n + 3 (_1)_%+1q%nz+n+2(1—q)2(1—q +2).
n+1 (1-¢?)3

Applying Corollary 2.4 to the above sum on LHS for the parameters ¢t = r = 2, a = ¢"™', and p = —¢q, it

equals

Cn intima sem (=g D ((—1)kgE ),
(-1) Tl - ) Z(( :

o = (DR Qg (=43 = Or (=6 —@)2—k
= (—1)"Bgan sl [ (G)n(l—q)  (=¢*ga(l—9* a(¢%q)n(1 — g)?
@11+ 0?2 ("1 (1+9)? (@501 (1 +0)(1—¢?) ]
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After some algebraic operations and simplifications, the claim follows

Corollary 3.2 For n >0,
n —1
Z {n + k’} {n} (_1)nk+(g) Vieta _ (_1)(7131)+1 Upio {271 + 1} [ Vosi  Ungo .
k=0 U k U Un+k+1Un+k+3 U2 n U Un+1Un+2 U2n+3
Proof We rewrite the claim in ¢-form as follows:
i [n : k} {n} Q(’;)Hl_n)k(_l)k +11:1_ v Fk+3 (3.1)
— Lkl (1 —gntFt)(1 — gnthts)
_ gz ) Lig"™ g
l—g¢> [ n ], [A=g")(A—=q"?) 1—g+3]
Consider the LHS of Eq. (3.1) as
" n+k] [n] (» 1+ gkt?
[ 1] [ ot iy e
=k k], (1 —gnthth)(1 — gnthts)

=S(n;1,¢", % 1) +¢*S(n; 2,¢" 1, g%, 1).

By Theorem 2.1, we have that

n1 (2:9)n 5 (@ )
S(ni1,q" ", ¢% 1) = "2 1"[ —q
( ) e 0 0=~ @@= )
and
") ¢ Dn (% On
S(n:2,q" " q% 1) = ¢ (-1 ”[ ( - :
‘ ) e 0 (=@~ @@= @)
The claim follows now after some simplifications. O
Corollary 3.3 Forn>1,
n k .
Z {TL + } {Z} a—k(_l)nk+(k+1)UkUk+2 A71/2(_1)(2) [Un2+na2 o (_1)nﬂn2+n+2UnUn+1] )
k=0 U U
Proof If we convert the claim into ¢-form, then we have to prove that
“n+k] [n K,
Z [ :| |: :| (71)kq(2) k(l - qk: . qk+2 + q2k+2) (32)
qLMlq
= (-1" [q(ngl)(l — gy - 3 =g -q")]

I—gq
Represent the LHS as

“n+k] [n K _,
Z { k } [k] (—1)kq(2) P-4+ )"+ ) =To — (1+ )T+ ¢° T,
k=0 qL¥lq
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with
T Z

k=0

[”Z*ﬂ m}(UkJ@+Umh

for 0 < j < 2. By Theorem 2.2 and Corollary 2.5, we get

= (-1)g (), 1 = (1))
and
" 1— qn 1— q7z+1
T — _1 n <2> _ n
5= (-1)"q e U1,

After some simplifications, we obtain

n " 1—ag")(1 — n—+1
To— (1+¢*)Ti + ¢*T> = (*Dn‘f( ;1)(1 — ") - (71)nq(2)+2( 1 1)(_ p c )7
which equals the RHS of Eq. (3.2). Thus, we have the conclusion.
Corollary 3.4 For n > 3,
D S
= EJulkly Ur41Uk 12Uk 43
Proof If we convert the LHS of the claim into g-form, we get
(1-9° ¢ [n+kz] {n] ko (5)+@-mk__ L
— L
o’ kzzo ko], Lk q( ) (@" 15 9)s
which, by Corollary 2.4, equals
1—a)3 /n 2 ) ktl-n. o)
( 3q) Ly Z(il)kq(;) _ (q ;q) ,
a P (@ Oni1 (6 Dr(@3 0)2—k

which, since (¢¥*17";¢),, =0 for k=0,1,2 and n > 3, equals 0, as claimed.

Now we recall an auxiliary result from [15], for which we will prove a g-analogue.

Corollary 3.5 For 0<m <mn,

—~ (n+k\(n\, . m+k 1 (j+m—1)2
2 (L)) 5 G g

Proof Consider the sum

“n+k] [n . 1 — gtk " . .
SnZkZJ ) L{k]q(—l)" kWZ(—U [S(n;0,¢7*™,.,0) = ¢™S(n; 1,¢7*™, ., 0)].
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) ) 1_gn
Since limg—1 1—_‘1(1 = n, we observe that

By Theorems 2.1 and 2.2,

B D B G R e ) PN 0 PR U T 1)
() (@™ q)ns1
Jjt+m—mn.
= q—("f) _ q(n;1)+m(q+7,q)n<1 — )
(q] m§q)n+1
. 2
_ () ) (% @) 4m (1 ¢).

(Q; Q)j+mfn71 (Q§ Q>j+m+n

Multiplying this by % and then performing the limit ¢ — 1, we finally have

1. 1 (j+m—1)2
- lims, = - — — ; )
ja—1 jo G+m=—n—-1I(G+m+n)

and so the proof is complete. O

The above example is a prototype of how to deduce binomial sum identities from our main results by

performing the limit ¢ — 1.
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