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Abstract: Our aim in the present paper is to initiate the study of submanifolds in an almost poly-Norden Riemannian
manifold, which is a new type of manifold first introduced by Sahin [17]. We give fundamental properties of submanifolds
equipped with induced structures provided by almost poly-Norden Riemannian structures and find some conditions
for such submanifolds to be totally geodesics. We introduce some subclasses of submanifolds in almost poly-Norden
Riemannian manifolds such as invariant and antiinvariant submanifolds. We investigate conditions for a hypersurface of
almost poly-Norden Riemannian manifolds to be invariant and totally geodesic, respectively, by using the components of
the structure induced by the almost poly-Norden Riemannian structure of the ambient manifold. We also obtain some

characterizations for totally umbilical hypersurfaces and give some examples of invariant and noninvariant hypersurfaces.

Key words: Bronze mean, poly-Norden structure, poly-Norden manifold, invariant submanifold, antiinvariant subman-
ifold

1. Introduction

In Riemannian (as well as semi-Riemannian) manifolds, different geometric structures such as almost complex
structures, almost product structures, almost contact structures, and almost paracontact structures allow

significant results to emerge while investigating differential and geometric properties of submanifolds.

As a generalization of the golden mean, the number ¢ = 1+T‘/5 = 1.618... is known as a solution of the

2 —z —1 =0, Spinadel introduced a family of metallic proportions in [5]. The positive solutions of

equation x
the equation 22 — px — ¢ = 0 create members of the metallic proportions (or means) family, which are called

(p, q) metallic numbers and denoted by

p+/p? +4g

O = LV (L1)

The well-known members of the metallic means family are the golden mean, the silver mean, the bronze mean,
the copper mean, etc. The members of the metallic means family have important mathematical properties in
physics and art.

In recent years, inspired by the golden mean and the metallic mean, the golden structure on a Riemannian

manifold and metallic Riemannian manifolds were introduced in [4] and [14], respectively. Golden Riemannian
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manifolds, which can be viewed as one of the most important subclasses of metallic Riemannian manifolds, and
their submanifolds have been studied extensively by many geometers (see [7-9, 12]). Poyraz Onen and Yasar
[16] initiated the study of lightlike geometry in golden semi-Riemannian manifolds by investigating lightlike
hypersurfaces of a golden semi-Riemannian manifold. Since the metallic structure on the ambient Riemannian
(or semi-Riemannian) manifold provides more general geometric results than the consequences provided by the
golden structure on submanifolds, the metallic Riemannian (as well as semi-Riemannian) manifolds have been
studied by many authors. Invariant, antiinvariant, semiinvariant, slant, and semislant submanifolds of a metallic
Riemannian manifold were studied in [3, 10, 11]. Some special types of lightlike submanifolds on a metallic

semi-Riemannian manifold were introduced in [1, 6].

In 2011, by a different approach, Kalia [15] introduced a new bronze mean and studied bronze Fibonacci
and Lucas numbers. The author showed the relationship between the convergents of continued fractions of
the power of bronze means and the bronze Fibonacci and Lucas numbers. Note that, unlike the bronze mean
contained by the metallic means family defined in [5], that new bronze mean given by Kalia [15] cannot be

expressed with o, , for any positive integers p and q.

Considering the study on a Riemannian manifold with the golden structure [4] and the bronze mean
introduced by [15], Sahin in [17] defined a new type of manifold equipped with the bronze structure and named
it an almost poly-Norden manifold. He gave some important geometric results and investigated the constancy

of certain maps.

In the present paper, we initiate the study of submanifolds in almost poly-Norden Riemannian manifolds.

2. Preliminaries

The positive solution of

22—mz+1=0

is called the bronze mean [15], which is defined by

A family of sequences (fy,,,) given by the recurrence

fm,n+2 = mfm,n-H - fm,n s

where f,,, 0 =0 and f,,1 =1, is called the bronze Fibonacci numbers. The bronze Lucas numbers denoted by

(Im,n) are a sequence family characterized by
lm,n+2 = mlm,n+1 - lm,n )

where I, 0 =2 and l,,1 = m. For the bronze means, the continued fractions are {m —1;1, m — 2}. Also, note

that B2 = mB*t! — B and the bronze Fibonacci numbers and the bronze Lucas numbers are related by

B" — lm,n + fm,n vm? —4
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For further reading, we refer to [15].
In [17], by using the bronze mean given in (2.1), the author defined a new type of differentiable manifold
equipped with a bronze structure. Let M be a smooth manifold. If a tensor field ® of type (1,1) satisfies

P2 =md —1I, (2.2)

then @ is said to be a poly-Norden structure on M. Then we say that M is an almost poly-Norden manifold
equipped with a poly-Norden structure ®. An almost poly-Norden structure d is an isomorphism on a tangent

"~ . . vm?2— —/m2—
space of M, which has eigenvalues ””fm‘l and mfm‘i.

Also, if (M, §) is a semi-Riemannian manifold endowed with a poly-Norden structure ® such that the

semi-Riemannian metric g is ®-compatible, i.e.
§(BX,BY) = mg(®X,Y) - §(X,Y), (2.3)

equivalent to
§eX,Y) = §(X,®Y), (2:4)

for every X,Y € I'(TM), then (®, j) is called an almost poly-Norden semi-Riemannian structure and (M, ®, §)

is named an almost poly-Norden semi-Riemannian manifold [17].

Proposition 2.1 [17] Every complex structure J on a semi-Riemannian manifold induces two poly-Norden

structures on M given by

3 T—mZ . .
@1:%I+7mj, By =

5 - J 2<m<2

Conwversely, every poly-Norden structure ® on M induces two almost complex structures on this manifold given

as follows:

m 2 ~

- 2 -
n P, -2<m<2

J=— I+ d, Jy= I—
! V4 —m?2 V4 —m? 2 V4 —m2 V4 —m2

Definition 2.2 [17] An almost poly-Norden semi-Riemannian manifold (M, P, g) is called a poly-Norden semi-

Riemannian manifold if the almost poly-Norden structure ® is parallel with respect to Levi-Civita connection

YV on M.

Definition 2.3 [17] An almost poly-Norden structure ® is called integrable if its Nijenhuis tensor field
Ny(X,7) i [6X, 6] - B[BX, 7] — &[X, 5T + 82X, V] vanishes.

Note that Nz = 0 is equivalent to V® = 0. It was shown that every almost Norden manifold is an

almost poly-Norden manifold with m = 0 [17]. Throughout the paper we will consider that m # 0.
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3. Submanifolds of almost poly-Norden Riemannian manifolds

Let M be an n-dimensional submanifold of an (n + k)-dimensional almost poly-Norden Riemannian manifold

(M,®,g). We denote the induced Riemannian metric on M by g. For any X € I'(TM) and U € T(TM™),

we put

=
S
I

X +wX, (3.1)

A
-
Il

BU + CU, (3.2)

where fX (resp. wX) is the tangential (resp. normal) part of ®X and BU (resp. CU) is the tangential
(resp. normal) part of ®U.
From (2.4) and (3.1)-(3.2) one can easily see that

g(fX,Y) = g(X,fY), VXY eT(TM), (3.3)
g(CU, V) = g(UCV), VUV ecT(TM?). (3.4)

Also, the maps w and B are related by

g(wX,U) =g(X,BU).

The Levi-Civita connections on M and M will be denoted by V and @, respectively. Then the Gauss

and Weingarten formulas are given by

k
VxY = VxY+> hs(X,Y)N;, (3.5)
B=1
_ k
VxNg = —Ay, X+ 0sy(X)N,, (3.6)
~y=1

for any X,Y € I'(TM) and an orthonormal basis {Ny, Na, ..., N} of TM~, where 3,7 € {1,2,...,k}. Here,

hg (1 < B <k) are the second fundamental tensors that provide identification of the second fundamental form
h of M such that h(X,Y) = Zgzl hg(X,Y)Ng and Ay, denotes the shape operator in the direction of Ng
given by g(An, X,Y) = hg(X,Y). Also, 03, (1 < B,7 <k) denotes the 1-forms on the submanifold M that
satisfy Vi Nj = Z,ﬁ:l 03(X)N,. Note that if we take the covariant derivative of g(Ng, N,) = 63, on M,
then we have og, = —043.

Note that a submanifold M is called:
i) totally geodesic if h (or equivalently the shape operator A) vanishes,

ii) minimal if the mean curvature vector H defined by H = Ltraceh of the submanifold vanishes, and

T n

iii) totally umbilical if A = al, for some function a.

From (2.4) we give following.
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Lemma 3.1 Let (M,®,q) be an almost poly-Norden Riemannian manifold. Then we have

J(V5 ®)Y,2) = gV, (V3 8)2), VX,Y,Z e T(TII). (3.7)
Proposition 3.2 Let M be an n-dimensional submanifold of an (n + k)-dimensional almost poly-Norden

Riemannian manifold (M,®,g). Then we have

9(Vx 1Y, 2) = g(Y,(Vx [)2), (3.8)
forany XY, Z € T(TM).
Proof From (3.5) and (3.6) and by using equations (3.1) and (3.2), we write

(Vx®)Y = Vx®Y —d(VyxY)
~ ~ ~ k ~
= Vx[Y+VxwY —®VxY —> hs(X,Y)PNg
B=1
k k
= (Vx )Y Z (wY,Np)An, X = hs(X,Y)BNg
B=1 B=1
k
+ > {hp(X, fY) + X (9(wY, Ng)) — g(wY, N, )ogy(X)} N
B=1
k
—> hs(X,Y)CNs —wVx Y. (3.9)
B=1

If we use the fact g(wX, Ng) = g(X, éNQ), for 1 < 3 <k, the last equation above reduces to

k- ~
VAo hﬁ(sz)g(Y7(DNﬁ)
V@)Y, 2) = g((Vx f)Y,Z) — : : 3.10
o(Vx )Y, 2) = o((Vx )V.2) ;{ el S EN (3.10)
By interchanging the roles of Y and Z in (3.10) and using (3.8) we complete the proof. O

Consider that (M,®,g) is an (n + k)-dimensional poly-Norden Riemannian manifold and M is a
submanifold of codimension k in M. For any X,Y € I'(TM), we have

Vi wY = Z { g(wy, NB)) Ng —g(wY,Ng)An, X } . (3.11)

+ny 108(X)g(wY, Ng)N,

Since M is a poly-Norden Riemannian manifold, i.e. V® = 0, then by using (3.1), (3.2), (3.5), and (3.6), we

calculate

hg(X, fY) Ng
Vx fY _ PR
XY H Lpmn —g(wY, Ng)An, X s };BT)EUY/))(B}/N[?

k X(g(’LUY,Ng))Nﬁ = +Zk:1 ) . (312)
+Eha | — Sk o (X)g(wY, N;) Ny } b { N, §
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On the other hand, for any X € I'(TM) and U € I'(TM*), we write

9(U, NB)) Ng —g(U,Ng) An, X
VU= Z{ +27_ 03 (X)g(U, Ns) N, } (3.13)

By applying ® to both sides of (3.13) and using the fact that M is a poly-Norden Riemannian manifold, we
obtain

k hs(X, BU) X(g(U,N3)) BNg

mew s el o p f e
- ’ g : 3.14
—g(CU, Np) An, X } —g(U, Ng) wAy, X (3.14)

k
T E*B:l { + Zszl 9(0U7 Nﬂ)UB’Y(X) N’Y 2277:1 { fg(ijl}f\][\éﬁ);ﬁ;v(ggfcj\;v }

via (3.1), (3.2), (3.5), and (3.6).
In view of (3.12) and (3.14), we get:

Proposition 3.3 Let M be an n-dimensional submanifold of an (n+ k) -dimensional poly-Norden Riemannian

manifold (M,®, g). In this case, the followings hold:

k
(Vx /)Y => {g(wY,Ng)Ay, X + hs(X,Y)BNg},

B=1
: k hs(X,Y)CNjg
> gwY,Np)Vx Ng =wVx Y+ —hs(X, fY) Ng ,
B=1 p=1 | —X (g9(wY,Ng)) Ng

VxBU =Y X(g(U,N5)) BN

k { 9(CU,Ng) An, X — g(U, Np) f(An, X) }
= + 5%, 09,(X)g(U, N3) BN, ’

: R (g(CI(J&N]@))) + (hj(X,XB)U)] N
—g ) w 3
; 9(CU, Ng)Vx Nj = ﬂzl X (a0 Ns)ON
) + 3 04 (X)g(U, N5)ON,

Let {N1, Na, ..., Ny} be an orthonormal basis of the normal space TM~ of an n-dimensional submanifold
M in an (n+ k)-dimensional almost poly-Norden Riemannian manifold (M, ®, g). Then, for any X € T'(TM),
dX and &)Ng (1 < B < k) can be written respectively in the following forms:
. k
OX = fX + Y vs(X)Ng, (3.15)
B=1
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k
®Np =(p+ Z 0y Ny, (3.16)
~y=1

where f is a tensor field of type (1,1) on M, which transforms tangent vector field X on M to the tangential

component of ®X, while vg are real 1-forms and (g vector fields on M. Here, 6g, are differentiable real

valued functions on the submanifold M provided a k x k matrix denoted by (6sy),4 y<k"

Since g(®X, Ng) = g(X,®Ng) and g(®Ng, N,) = g(Ng, ®N,), then by using (2.3) and (3.3), we have:

Lemma 3.4 In a submanifold M of an almost poly-Norden Riemannian manifold (M, &),g), we have

vp(X) = g(®X, Np) = g(X, (p), (3.17)
k
g(f X, FY) = mg(X, fY) = g(X,Y) = > vp(X)vs(Y), (3.18)
B=1
Oy = 03, (3.19)

for all XY e T(TM) where 1 < B,y < k.

Proposition 3.5 Let M be an n-dimensional submanifold of an (n + k)-dimensional almost poly-Norden

Riemannian manifold (M,®,g). Then there exists a structure (f,9,v8,C8, (08y) s r) 0n M induced by the

almost poly-Norden structure of M , which satisfies

k
PX = mfX -X =Y vs(X)Gs, (3.20)
B=1
k
vs(fX) = mug(X) = Os,0,(X), (3.21)
y=1
k
vy(Cp) = mbpy — 3y — D OaOx, (3.22)
A=1
k
fl = mG =) 050, (3.23)
~y=1

for all X e T(TM).

Proof Applying @ to both sides of equation (3.15) and using (2.2), we have
~ ~ k ~
meX — X =& (fX)+ Y _ vs(X)® Ny,
p=1
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which implies

k
mfX+mY vs(X)Ns—X = X+ vs(fX)N
B=1 B=1

+Zvﬁ (C,B+Z9ﬁv )

If we equate the tangential and the normal parts of the last equation we obtain (3.20) and (3.21), respectively.

From (3.16) we write

k
g(@Ng, ®N,) = g((s,¢y) + Y Opaba. (3.24)
A=1
Also, from (2.3), we have
g(®Ng, ®N,)) = mbg, — .. (3.25)
Then, by using (3.19), (3.24), and (3.25) we obtain (3.22). Finally, taking X = (g in (3.21) gives (3.23) and we
complete the proof. O

Proposition 3.6 Let M be an n-dimensional submanifold of an (n+k)-dimensional poly-Norden Riemannian

manifold (]\;[,i),g). Then the following equations hold:

k k
FANG X +Vx G =Y 0 AN, X =) 05,(X)G = 0,
y=1 v=1
k
X(0p2) + ha(X, Cs) + hp(X,60) + Y (05,090 (X) = O4205,(X)) = 0.
~y=1

Proof From (3.5), (3.6), (3.15), and (3.16), we calculate

(Vx ®)Ns = Vx®N;—d (@X Nﬁ)

k k
= Vyx (Cﬁ +) 0, N7> - (—ANﬁ X+) am(X)J\g)

y=1 =1

k k k
= VxG+ Y X(Op,)N,+> 05y (—ANW X4y M(X)NA>

y=1 =1 A=1

k

+fAN, X +wAN, X =D oy (X (CW+ZQVANA>

y=1 =

k k
= fAN X +Vx(p =) AN, X =) 05, (X)G,

y=1 y=1
k k k
D X (Os)Ny+ D 0500 (X)Ny +w Ay, X — D 05y(X)05 Ny
y=1 v,A=1 ¥, A=1
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Since M is a poly-Norden manifold, i.e. (Vx é)Ng =0 for all X € T'(T'M), then by equating the tangential

and the normal parts of the last equation above we complete the proof. O

Theorem 3.7 Let M be an n-dimensional submanifold of an (n + k)-dimensional poly-Norden Riemannian

manifold (M, i),g). If (3 (1 < B <k) are linearly independent and f is parallel with respect to the Levi-Civita

connection on M , then M is totally geodesic.

Proof From the first equation given in Proposition 3.3, we can write

wY Ng ANBX Z) +h5(X Y) (BNg,Z)} = O,

HMW‘

for all Z € I'(T'M), which implies

Zvﬁ Vhs(X, Z) = ZUB Vhs(X,Y),

via (3.17). If we change the roles of X and Z in the last equation, we get

k k
Z Y)hs(X,Z) = Z X)hg(Y, Z).

Hence, 22:1 va(Y)hg(X, Z) is symmetric and also skew-symmetric in X, Y. Then we get

k
Z Y)hs(X, Z) =0,

which implies
k
> g(Y, hs(X, Z)BNp) = 0.
B=1

Since BNg = (3 (1 < 8 < k) are linearly independent, we complete the proof. O

3.1. Invariant submanifolds of almost poly-Norden Riemannian manifolds

Definition 3.8 Let M be a submanifold of an almost poly-Norden Riemannian manifold (]\;L(i),g). If
P (T,M) C T,M for any point p € M then M is called an invariant submanifold.

Assume that M is an n-dimensional invariant submanifold of an (n+k)-dimensional almost poly-Norden

Riemannian manifold (M, ®, g). Then from (3.15) we have vs = 0 (equivalently, (s = 0) for 1 < 8 < k. The

converse of the last statement also holds.
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Proposition 3.9 Let M be an n-dimensional invariant submanifold of an (n + k)-dimensional almost
poly-Norden Riemannian manifold (]\;[,ti),g). Then the matriv © = (0sy),,, of the induced structure
(f,9,08,C8, (08y) ps i) @5 an almost poly-Norden matriz; that is,

@2 =mO — Ik,
where I, denotes the unit matriz of order k.

Proof Since M is an n-dimensional invariant submanifold, then from (3.22) we have

k
> 05:0ry = mbsy — 35,
A=1
for 1 < 3,y < k. If we denote the matrix (0g,),,, by ©, we complete the proof. O

Proposition 3.10 Let (f,g,v3,(s, (08y) ) be the induced structure on an n-dimensional submanifold M
of an (n + k)-dimensional almost poly-Norden Riemannian manifold (M,&),g). Then M is an invariant

submanifold if and only if the induced structure (f,g) on M is an almost poly-Norden Riemannian structure.

Proof Assume that M is an invariant submanifold. Since vg =0 (equivalently, (g =0) for 1 < 8 < k, then
from (3.18) and (3.20), we see that

f2X = mfX —X,

for all X, Y € I'(T'M), which imply that (f,g) is an almost poly-Norden Riemannian structure on M.

Conversely, if (f,g) is an almost poly-Norden Riemannian structure on M, then from (3.20) we write

k
> vs(X)¢s =0,
B=1

for all X € T'(T'M), which shows
’Ug(X) =0.

Hence, M is an invariant submanifold. This completes the proof. O

Example 3.11 Let R* be the 4-dimensional real number space with a coordinate system (x1,%o,y1,v2). We
define

o R* — R*
(w1, 22,91,%2) —  P(x1,22,91,92) = (Bm21, Bmxa, (M — By) y1, (M — Br) y2)

m+vm2—4
2

where B, = . Then (R*,®) is an almost poly-Norden manifold [17]. If we consider the usual scalar

product {,) on R*, then we see that it is ® -compatible and (R4, P, (,)) is an almost poly-Norden Riemannian

manifold.
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Now assume that M is a submanifold of (R*,®,(,)) defined by
L1 =22, Y1 =Y.
In this case T(TM) = Span {X,Y}, where
X; = (1,1,0,0), X5 =(0,0,1,1).

It is easy to see that ®X = B, X and ®Y = (m — B,,)Y , which imply that M is an invariant submanifold of
(R ®,(,)).

3.2. Antiinvariant submanifolds of almost poly-Norden Riemannian manifolds

Definition 3.12 Let M be a submanifold of an almost poly-Norden Riemannian manifold (M,‘i),g). If
d (T,M) C (T,M)* for any point p € M then M s called an antiinvariant submanifold.

Assume that M is an n-dimensional antiinvariant submanifold of an (n + k)-dimensional almost poly-
Norden Riemannian manifold (M, ®,g). In this case, from (3.15) and (3.16), for any X € I'(TM), ®X and
éNﬁ (1 < B < k) can be written respectively in the following forms:

k
X =) wp(X) N, (3.26)
~ k
ONs =Cs+ Y 0sy Ny (3.27)
~y=1

As a consequence of Proposition 3.3, we have:

Proposition 3.13 Let M be an n-dimensional antitnvariant submanifold of an (n + k)-dimensional poly-

Norden Riemannian manifold (]\;[, é,g). In this case, the followings hold:

k k
> g(@Y,Ns)An, X = = hs(X,Y)BNg,
B=1 B=1

k k
i LNy — hs(X,Y) CNg
;g(@/, N5)Vx Ns = VXY+;_1{ X (9(wY, Ng)) Ng }

Proposition 3.14 Let M be an n-dimensional antiinvariant submanifold of an (n + k) -dimensional almost

poly-Norden Riemannian manifold (M, ®,g). Then there exists a structure (9,058,885 (08) i) 0N M induced
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by the almost poly- Norden structure of M , which satisfies

k
X o= =) ws(X)es,
B=1
1 X
vp(X) = m Zeﬁwv’y(X)a
y=1
k
vy(Cp) = mbpy — 3y — D OsaOxy,s
A=1
1 k
CB = E Zeﬁvc'yv (328)
y=1
k
g(XaY) = 721}/3(){)1}[3(}/)’
B=1

for all X, Y € T(TM). Moreover, if M is a poly-Norden Riemannian manifold then we have

M=

Vx( = (OpyAn, X + 03,(X)Cy)

1

2
Il

X(0px) + ha(X, () + hp(X, () =D (087091 (X) — 04105, (X)) .

k
=1

Y

4. Hypersurfaces of almost poly-Norden Riemannian manifolds

Suppose that M is a hypersurface in an (n+1)-dimensional almost poly-Norden Riemannian manifold (M , P, 9).

In this case (3.15) and (3.16) can be written as follows:

dX = fX +v(X)N, (4.1)

ON =(C+0N, (4.2)
where v(X) = g(X, (), for all X e I'(T'M).

From Lemma 3.4 and Proposition 3.5, we have:

Proposition 4.1 Let (f,g,v,(,0) be the induced structure on a hypersurface M of an almost poly-Norden
Riemannian manifold (M,®,g). Then for any X,Y € T(TM) we have

X = mfX - X —v(X),

o(fX) = (m=0)u(X),
v(() = 6(m—0)—-1, (4.3)
f¢ = (m=0)
g(f X, fY) = mg(X,fY) - g(X,Y) = v(X)o(Y).
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For a hypersurface M, the Gauss and Weingarten formulas are given by
VxY = VxY+h(X,Y)N,
VxN = —AyxX,

for any X € [(TM) and N € ['(T M), respectively.

If (M ., g) is a poly-Norden Riemannian manifold, by using Proposition 3.3 we get the following:

Proposition 4.2 Let (f,g,v,(,0) be the induced structure on a hypersurface M of a poly-Norden Riemannian
manifold (M,®,g). Then we have

(Vx )Y =ou(Y)AnX + h(X,Y)¢, (4.4)
(Vxv)Y = —h(X, fY) + 6h(X,Y), (4.5)
X(0) +2h(X, () =0, (4.6)
FANX +Vx ¢ —0ANX = 0. (4.7)

Corollary 4.3 Let (f,g,v,(,0) be the induced structure on a hypersurface M of a poly-Norden Riemannian
manifold (]\;[,Ci),g). Then we have
(Vxv)Y =g(Vx (Y). (4.8)

Corollary 4.4 Let M be an invariant hypersurface of a poly-Norden Riemannian manifold (M, <i>, g) with the
induced structure (f,g,v,(,0). Then f is parallel with respect to V.

Theorem 4.5 A hypersurface M of an almost poly-Norden Riemannian manifold (.7\2/, <i>,g) is invariant if and

only if the normal vector of M is an eigenvector of ® with the eigenvalue 6.

Proof Assume that M is an invariant hypersurface in (M, ®, g). Then we have v = 0 (or equivalently ¢ = 0),
which implies ®N = 0 N, via (4.2).

Conversely, let the normal vector N of M be an eigenvector of & with the eigenvalue 6. Hence, we get
¢ = 0. This completes the proof. O

Theorem 4.6 Let M be a hypersurface of an almost poly-Norden Riemannian manifold (M, ,g) with the

induced structure (f,g,v,(,0). Then M is invariant if and only if either 6 = m — By, or 6 = B

Proof Since v(¢) =¢g(¢,{) =0 (m —0) —1,if M is an invariant hypersurface, then we have

0> —mb+1=0,

m=yvm?2—4
2

which implies either 6 = or 0 =

@. Conversely, if either § = m — B,, or 0 = B,,, then we

get v(¢) = ¢g(¢,¢) = 0. This completes the proof. O
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Theorem 4.7 Let M be a noninvariant hypersurface of an almost poly-Norden Riemannian manifold (M, P, 9)

with the induced structure (f,g,v,(,0). Then the following are satisfied equivalently:

(i) M is totally geodesic,

(ii) f is parallel on M with respect to V,
(iii) V¢ =0,

(iv) Vo =0.

Proof Assume that M is totally geodesic. Then from Proposition 4.2, one can easily see that Vf = 0,
V({=0,and Vu=0.
Suppose that f is parallel on M with respect to V. Then by using (4.7) in Proposition 4.2, we write

—9(Y, () ANX = g(ANX,Y) (, (4.9)

which gives

for all X,Y € I'(T'M). Putting Y = ¢ in the last equation, since ¢ is a nonnull vector, then we have

If weput Y = Ay X, in (4.9), we get g(AnX, AxyX) = 0, which implies Ay X =0, for all X € I'(T'M). Thus,
we observe that M is totally geodesic. Also, from (4.5) and (4.7) we get V¢ =0 and Vv = 0.
Next, let V¢ = 0. Using (4.7) we write

fFANX =0ANX,
for all X € T(T'M). If we apply f to both sides of the last equation, we get
f2ANX = 0?ANX. (4.10)

By using the first equation of (4.3) and (4.6) in (4.10), we obtain
1
O(m—0)—1)ANX = —§X(9)<. (4.11)

Since v (¢) = ¢g(¢,¢) = 0(m — ) — 1 on a noninvariant hypersurface, then (4.11) can be written as

1

———X(H)C. 4.12
Y&E ()¢ (4.12)

AnX =
Applying f again to both sides of (4.12) and using Proposition 4.1, we have

1
20 —m) | ——X(0) | (=0,
( )<2|C|2 ())C
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which implies that either X (0) =0 or 20 = m. For both cases it is obvious that X (¢) = 0, and from (4.12) we
conclude that AyX =0, for any X € T'(TM). If AyX =0, then (i), (i), and (iv) also hold.

Finally, assume that Vv = 0. From (4.8) we see that V{ = 0. If ¢ is parallel on M, then it is obvious
from the above parts of the proof that M is totally geodesic and f is parallel. This completes the proof. O

Let M be a totally umbilical hypersurface of a poly-Norden Riemannian manifold (M , P, g) endowed
with the induced structure (f,g,v,(, ). Then from Proposition 4.2 we have

(Vx Y = a@X,Y)(+uv(Y)X),

(Vxo)Y = —a(g(X.fY) - 09(X.Y)),
X(00) = —2av(X), (4.13)
Vx ¢ = —a(fX-6X),
Ve = —a(m—20)(,

for all X,Y € (T M).

By using the definition of an invariant hypersurface and the fourth equation in (4.13) we get:

Theorem 4.8 Let M be a totally umbilical invariant hypersurface of a poly-Norden Riemannian manifold

(M7<i>,g) endowed with the induced structure (f,g,v,(,0). Then f = 01, where 0 is a constant function on
M satisfying either 8 =m — B, or 8 = B,,.

Conversely, suppose that M is a hypersurface of a poly-Norden Riemannian manifold (M ., g) such that
f =01, where (f,g,v,(,0) is the induced structure on M. Then from (4.13) we can easily see that Vx ¢ =0
for any X € I'(T'M), which implies that M is invariant.

Hence, we get the following.

Theorem 4.9 Let M be a hypersurface of a poly-Norden Riemannian manifold (M, é,g) endowed with the
induced structure (f,g,v,(,0). If f = 0I, then either M is an invariant hypersurface with § = m — B,

or § = B,,, or M is a noninvariant totally geodesic hypersurface of the poly-Norden Riemannian manifold
(M, ®,g).

Inspired from the examples constructed for the golden case [13] and the metallic case [3, 10, 14], we give

the following examples:

Example 4.10 Let R® be the 5-dimensional real number space with a coordinate system (x1,T2,y1,Y2,2). We
define
P : R® — R>
(251,33273/1,2!272) — (BmxlvBml'Qa(m_Bm)yla(m_Bm)y27BmZ)v
where B, = mtvym —4 V2m2*4. It is easy to see that (R5,(i>) is an almost poly-Norden manifold. Since the usual

product (,) on R® is ®-compatible, then (R®,®,(,)) becomes an almost poly-Norden Riemannian manifold.
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Now suppose that M is a hypersurface of (R, ®,(,)) defined by
xry = z.
The tangent bundle of the hypersurface is generated by {Uq, Uy, W3, Uy} | where

¥, = (1,0,0,0,1), W, =(0,1,0,0,0),
Uy (0,0,1,0,0), W, =(0,0,0,1,0).

It can be seen that ®(¥;) = B, U; and <i>(\llj) =(m—B,,)¥;, i =1,2, j=3,4, which imply that M is an
invariant hypersurface of (R®,®, (,))-

Example 4.11 Let R"* be the (n+k) -dimensional real number space with a coordinate system (T1, ..., Tn, Y1, .., Y -
We define

D(X1,y ey Ty Y1y s Yk ) = (Bm@1y ooy Bi@ny (M — B) Y1, ooy (M — B yg),

where B,, = mitvym-—4 V2m2*4, Then it is easy to verify that ®2 = m® — I, where I is the identity operator; that
is, (R"* ®) is an almost poly-Norden manifold (see also [17]). Since the usual product (,) on R is
& -compatible, then (R™% &, (,)) is an almost poly-Norden Riemannian manifold.

Consider the hypersphere STTF=1(r) of R"*  which is defined by

n k
STFRTL(rY = {(21, ooy Ty Y1y ey Yk Zx? + Zy? =72 472 =r} C R

The normal vector field of S"**=1(r) at any point (x1, ..., 0, Y1, ..., yr) € S"TE7L(r) is given by

1
N = ;(-’1717 s Ty Y1, “‘7yk:)~

Then there exists a tangent vector (X1, ..., X, Y1, ..., i) on S"TE=1(r) for every point (1, ..., Tn, Y1, Yi) €
SnHE=1(r) if and only if

n k
> wXi+ > yY; =0 (4.14)
i=1 j=1
By using (4.1) and (4.2), we write
d(X,,Y;) = f(Xi,Y;) +v(Xy,Y;)N, (4.15)
®N = (+6N, (4.16)

where (X;,Y;) = (X1, .00, Xo, V1,000, Y) € Ty ooy, yk)S"+k_1(r). Since

.....

~ 1
ON = ;(Bmxh woiy B, (m - Bm) Yty -ees (m - Bm) yk)
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and 0 = <<i>N,N> , then we calculate
1
0 = 5 (Bri + (m = By)r3). (4.17)

By using ¢ = ON — ON and the last equation above we get

2B, —m
¢= T(r%xl, oy TE Ty, —T3YL s ey —T3YR), (4.18)
which implies

2B, —m ” u
- 2o (S ot (D
i=1 j=1

From (4.14), if we put Y. | x;X; = — Zle y;Y; =5, (4.19) can be written as

2B,, —
O (4.20)
Furthermore, by using (4.15) and (4.20) we have
2B, —m 2B, —m
f(X3,Y;) = (BmXZ- T, (m — Bp,)Y; — Tstj) ) (4.21)

Hence, S"T*=1(r) is a noninvariant hypersurface of the almost poly-Norden Riemannian manifold (R"T*, P, )
endowed with the induced structure (f,{,),v,(,0) given by (4.17)-(4.21).

Example 4.12 Consider that R>"** is the (2n + k)-dimensional real number space with a coordinate system

(1y ooy Ty YLy oovs Yny 215 -y 2k ) - We denote

(‘rla ey Ty Y1y ooy Yny 215 400y Zk) = (zhyia Zj)7

where i € {1,....,n}, j € {1,....k}, and we define

=~ m vVm m vm
(I)(Ihy’iazj) = <2 Zg 2 Z/u 2 Y + ‘T’LaBij> )

where B, = mtYm-—41 V2m2_4. One can easily see that (2.2) is satisfied and the scalar product (,) on R2"*F s

® -compatible. Then (R*"** &, (,)) is an almost poly-Norden Riemannian manifold. Let S?"t5=1(r) be the
hypersphere of R*"*  which is defined by
n k

SR () = {(zs, 94, 25) Z x? 4+ yp) + ZZjZ =i +r5+r3 =1} C RPN,
i=1 J=1
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In this case, the normal vector field of S*T*=1(r) for any point (x;,y;,z;) € S*"k=1(r) is given by

1
N=- iy Yiy <5 ).
HERES

A wvector field (X1, ., Xn, Y1,y Yo, Z1, oy Zy) on S?"PE=1(r) at each point (xi,yi,2;) € S™TF=1(r) will be
denoted by (X;,Y;, Z;). Since X 1N, then we have

n

k
Z(l“ixi +v:Ys) + Z 2jZ; = 0. (4.22)
=1

i=1

Applying & to N, we get

By using 0 = <§>N,N>, we obtain

2

1 n
0 = = (m(rf +72) 4+ vVm2 — 4inyi + er§> .
i=1

From (4.2) and (4.1), we obtain

(e A e ]

and
n k
m2 —4
v (X, Y3, Z5) = —- S @Y+ yX)+> %7
i=1 j=1
Moreover, we calculate
X+ Y — Lo (X, Y, Zy) @
f (Xi,Yi,Zj) = %Yz + \/7712274)(Z — %U (Xi,Yi,Zj)yl,
Bij — %’U Xi,}/z, j)Zj

Hence, S*"*t5=1(r) is a noninvariant hypersurface of the almost poly-Norden Riemannian manifold (R*"t% &, (,))

endowed with the induced structure (f,{(,),v,(,0) given above.
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