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Abstract: In this paper, we introduce two new subclasses of biunivalent functions analytic in the exterior of the unit
disc. The bounds obtained for the zero'™, first and second coefficient improves upon earlier known results. The results

are obtained by refining the well-known estimates for the initial coefficients of the Carthéodory functions.
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1. Introduction

Let ¥ denote the class of functions f(z) of the following form:

f(z) = z—l—ZZ—Z (1.1)
n=0

which are analytic and univalent in the exterior of the unit disk, written by
A={zeC:1<|z] <oo}. (1.2)
The function f € ¥ has a compositional inverse f~!, defined by

i) =2 (z€d)

and
f(f1(w)) =w (w € range of g).

The inverse of the function f is represented by the following series:
— B
f_l(w):g(w)zw—kz:—n (M < |w| < 00, M >1). (1.3)
n=0 w

By substituting w = f(2) in the above series (1.3) the coefficients B,,s of f~! can be expressed in terms of the

coefficients b, s of f(z). Thus, for initial values of n we have

By = —bo, By = —bl, By = —(bg + bobl), Bs = —(b3 + 2bgbs + bgbl + b%) (14)
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and so on. In two recent interesting papers [10, 17], the coefficient estimate problem for the functions f and f~1
have been discussed when f is a member of the class ¥ in addition to being a starlike function. We say that
the function f € ¥ is biunivalent in A if f~!(w) has analytic continuation to A. The subclass of ¥ consisting
of biunivalent functions shall be denoted here by 8. The study of biunivalent analytic functions on the unit
disc was initiated by Lewin [12]. Prominent work on biunivalent functions can be found in [1-3, 11-13, 18-21].
Recently, Srivastava et al. [16] discussed afresh the old problem of finding coefficient bounds for biunivalent
analytic functions. At present there is renewed interest for research on this topic. There are about more than
one hundred follow up research papers on the estimates of the initial coefficients of functions which belong to
different subclasses of biunivalent functions which are analytic in the interior or exterior of the unit disc.

The objective of the present paper is to introduce two new subclasses of biunivalent functions analytic
in the exterior of the unit disc and to find estimates on the coefficients |bgl,|b1], and |bs| for the functions in

these newly introduced subclasses of . We now define the following.

Definition 1.1 A function f(z) given by the series (1.1) is said to be in the class BKY if the following

conditions are satisfied:

z2f'(2) am
feo, m{/\z+(1—)\)f(z)}<2 (z € A), (1.5)

and

wg' (w) ar
gﬁe{>\UHL(1—/\)9(W)}< g (wed) (1.6)

where g is the analytic continuation of f~! to A.

Definition 1.2 A function f(z) given by the series (1.1) is said to be in the class B\ (B) if the following

conditions are satisfied:

2f'(2)
feo, §R{)\Z+<1_)\)f(2)}>ﬁ (z € A), (L.7)

and

5 { wy' (w)

ot /\)g(w)} >0 (weA), (1.8)

where g is the analytic continuation of f~! to A.

In the particular case A = 0 the class BI\(8) reduces to the class BI(B) consisting of bistarlike
functions order § in the exterior of the unit disc. We shall also need the Carathéodory class P [5] consisting of
analytic functions p : U — C satisfying R(p(z)) > 0 and p(0) = 1. Recently, Halim et al. [6] obtained bounds
for |bp| and |by| for the f € BK(S) 0 < < 1. These bounds were improved in [7].

In the present paper, the method is suitably modified to find the estimates on |bo|, |b1], and |bs| for the
function class BKS and BK,(5). The bounds obtained for |by| and |b1| for f € BK* (0 < a < 1) are improved
as obtained earlier in [6, 14, 15]. The estimates in [7] for |bg| and |b1| for the function class BL(S3) follows as
a particular case of our results. The methods adopted and developed in this paper are applicable for finding

improved coefficient estimates for the several subclasses of biunivalent functions studied in the literature, for
example in [4, 8, 9, 14, 15].
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2. Coefficient bounds for the function class B¢ and By (5)

We state and prove the following;:

Theorem 2.1 Let the function f(z) given by the series (1.1) be in the class BKS (0 < a <1, A >0). Then

\/ﬁa
bol < — Y25 N£1, 2.1
bl T viTe 7 (21)

2a
|b1] < m A#2, (2.2)

and
1+ 2029) 0<a<1,0<A<1)
2 a(3-2242)—2(2-3A42) |, 2(142a)

|b2| < 13—l a(5—4X+22)—2(2—3X+X2) + 3V1+a 0<a<l 1sA<2) (23)

(B3=22+2H)+2(2—37+2?) | 2(142a)
s nny T 3ae 0<a<L A>21#3).

Proof Let f(z) be a member of the class BKS (0 < @ <1, A > 0). Then by Definition 1.1, we have the

following

2f'(2) _ o
and
wg'(w) _ a
where p(z)
p(z):1+%+%+%+ ......... (z € A), (2.6)
and
q(w)zl—l—%—i—%-ﬁ-%—&— ......... (w e A). (2.7)

are functions with positive real part in A.

zf'(z)

Now, equating the coefficients of Faon7 With the coefficients [p(z)]* we get the following:

7(1 — )\)bo = Qcy, (28)
—(2=N)by + (1= N)?b3 = acy + %a(a —1)ci, (2.9)
—(3=A)ba 4+ (1 = A)(3 = Nboby — (1 — )33 = acs + a(a — 1)eien + %a(a — (o —2)c. (2.10)

Similarly, a comparison of the coefficients of both sides of (2.5) yields:

(L= XN)bo = oy, (2.11)
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(2= A)by + (1 —N)202 = aly + %a(a - 1), (2.12)
and
(3—=Nba +[(3=X) 4+ (3—=2N)(1—\)]bobs + (1 = A\)?b} = ads + aa — 1)l + %a(a —D(a—=2). (2.13)
Equations (2.8) and (2.11) give the following relation between ¢; and Iy :
=1 (2.14)

We shall first obtain a refined estimate for |c¢1| for our future use. For this purpose we add (2.9) with (2.12)

and using ¢} = 7 from (2.14) we get the following:

2(1 — A28 = a(e2 + 1) + aa — 1)d. (2.15)
Substituting by = —1%5c1 from (2.8) in the above relation, we get after simplification
2 Cco + l2
= . 2.16
1 1+a ( )

Now using well-known estimates |co| < 2 and |lo| <2 we get

cal < . 2.17
ol < <= (2.17)
In (2.15) we replace ¢} = % from (2.16) and get the following
o2
b = (c2 +12). (2.18)

201 — 22(1 + o)

Therefore, on appropriately using the well-known estimate |co| < 2 and |l3] < 2, the relation (2.18) yields our
assertion (2.1) for |bg].

To find bounds on |b1|, we subtract (2.12) from (2.9) and use the relation ¢? =2 and get
72(2 - /\)b1 = OL(CQ - ZQ) (219)

Similar to our considerations for |by|, in this case we make use of the estimates |co| < 2 and |lz| < 2 and obtain
our claimed estimate at (2.2) on |b].
We, next, derive a relation between c¢;(ca — l3) and ¢z + I3 for our use. For this purpose we add (2.13)

and (2.10) and then use the relation ¢ = 3. After simplification we have

(9 — 10X + 32\H)boby = a(cs +13) + ala — L)ei(cx — lo). (2.20)
Next, by substituting b, = 70‘2((622_7)[\2)) from (2.19) and by = — <% the above equation (2.20) takes the form
01(02 — lg) = [Ll(Cg -+ 13), (221)
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2(2—3X+12)
a(5—AA++22)+2(2—3AFA2)

where puq = . We notice that 0 < 3 <1 for every A > 0.

We next find bounds for |bg|. For this purpose we subtract (2.13) from (2.10), use the relation ¢ = I3
and get the following after simplification

—2(3 = N2 = (3 — 2\ + A%)boby + 2(1 — N33 + ez — 13)
1
+ala—1eci(ea+ 1) + ga(a —1)(a—2)
= (9 — 10X\ + 3X2)bgby — (6 — 8\ + 2X%)boby + 2(1 — \)3b3

+a(es —Il3)+ala—1)ci(ca+ 1) + %a(a —1)(a—2)c. (2.22)

We replace (9—10A+3A%)boby with a(es+13)+a(a—1)ci(ca —1z) from (2.20), by = — £ and by = —QQ(((:;:/I\Q))

in Equation (2.22). We, thus, express by in terms of the coefficients of p(z) and g(w) as follows

a{(l=Na+(2-3x+ 1)}

—2(3 — /\)bg = 2(163 — (2 “ 3 n )\2)

C1 (62 - 52)

aha® +3a—-2)

+a(a—1)ci(eo +1z) — 3 c1¢f. (2.23)

We substitute ci(ca — la) with py(cs + I3) from (2.21) and ¢ by % from (2.16) in (2.23), which after

rearrangement and simplification gives

—2(3—)\)b2:2a<a(4_3)\+)\2)—|—(2_3)\+)\2) )03

ald —4AX+A2) +2(2 - 31+ \2)
Ly a(l=X)+ (2 =31+ 2% ;
NaG-r+a)122-3r+A2) )7
a(l+ 2a)
3

61(02 +12) (224)

Now we apply triangle inequality in (2.24) and refined estimate for |¢;| from (2.17). This gives

o < —© a4 =3+ A%) + |2 = 3X 4+ A?|
BN ald — 4N+ 22) +2[2 — 30+ A2

|cs]

all = A+ ]2 —3x+ A?|
a(d—4X+A2) +2[2 - 31+ A2

+(1+2a)| N
—— | C: .
3Vita - 7

|I3]
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Next using the usual bounds |¢,| <2 (n =2,3),|l,] <2 (n =2,3) we have

|ba

< 200 | a(4—3X+2%) + 23X+ A2
TN ) a6 — 4N AZ) £ 22— 3A + A2

all = Al +]2—-3X+ A%
a5 — 4N+ X2) +2[2 = 3) + \?|

n 2(1 + 2a)
3Vita |

The above expression simplifies to the following form for different range of A.

2(142a)
1+ S 0<a<1l,0<A<1)

2« a(3=20+22)—2(2—3A+A2) | 2(1+2a) O<a<l,1<A<2)

b2 < B3N] | A 228 T 3/

a(3—22+A%)42(2-32+2%) | 2(142a)
a(B_IAAD) 22 3A D) T 3vTTa O<a<l, A=2,A#3).

This is precisely the estimate of (2.3). The proof Theorem 2.1 is completed. O
Taking A = 0 in Theorem 2.1 we get the following results.

Corollary 2.2 For the function f € BK* represented by the series (1.1) then

V2a
Vifta’

|bo| <

|b1| S «,
and
2a 2(1+ 2a)
bo| < — (1 + ——= ).
bl = 3 < 3M1+a)

Theorem 2.3 Let the function f(z) given by the series (1.1) be in the class BIA(B) (0 < B <1, A >0). Then

|bo| < (2.25)
P (B<B<LA#D)
i< T 0. (2.20
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and
1++/2(1-7) (0<B<i,0<A<1lorr>3)
1+4(1—-p)2 (3<B<L0<A<1lorA>3)

b2] < 20-5)

STBN ) o
G +V2(1-8) (0<B<i1<A<3)

(2.27)

e +40-8?  (FSpsL1SA<Y).

Proof Let f(z) be a member of the class BIy(5) (0 < S < 1, A > 0). Then by Definition 1.2, we have the

following

)
Az + (1 _ )\)f(z) =0+ (1 ﬁ)p( )7 (2.28)

and
W) 54 (1 - Bg(w). (2.29)

Aw + (1= A)g(w)

where p(z) and ¢(w) are given by the Equations (2.6) and (2.7) respectively.

zf'(z)

Now, equating the coefficients of SOV

with the coeflicients of 8+ (1 — 8)p(z), we get the following

—(1=X)bo = (1 = B)ex, (2.30)
—(2=N)by + (1= N)?03 = (1 — B)ca, (2.31)
—(3=A)ba 4+ (1 = A)(3 = Nboby — (1 — N\)3b3 = (1 — B)cs. (2.32)

Similarly, a comparison of the coefficients of both sides of (2.29) yields:

(1=X)bo = (1= pB)l, (2.33)
(2= N)b1+ (1= A)%b5 = (1 = B)la, (2.34)

and
(3= Nba +[(3 =)+ (3—2X)(1 — N)]boby + (1 — X\)3b3 = (1 — B)l3. (2.35)

Equations (2.30) and (2.33) give the following relation between ¢; and I :
A= (2.36)

We shall first obtain a refined estimate for |c;| for our future use. For this purpose we add (2.31) with
(2.34)

2(1 = \)?b3 = (1 — B)(ca + ). (2.37)

Substituting by = —%cl from (2.30), in the above relation we get the following

2 Cg+l2

] = —5) (2.38)
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Now using the well-known estimates |ca| < 2 and |l3] < 2 we get

le1] < { 5 (0s9<3) (2.39)
2 (h<p<)
The relation (2.38) also yields
+ (=s<
|02+l2§{8(1ﬂ) (%§5<1) (2.40)

An application of (2.39) in (2.30) gives the following

2(1—
R RS Y
|bo| < (2.41)
= (B<B<1A#))

This is precisely our assertion at (2.25).
To find bounds on |by| we subtract (2.34) from (2.31) and get

2()\ - 2)b1 = (1 — /3)(02 — lg) (242)
We, use the estimate |cz| < 2 and |l2] < 2 and obtain our claimed estimate at (2.26) on |by|. That is

by < 2(21_f|) (A £2). (2.43)

In order to find a bound for |by| we subtract (2.35) from (2.32) and get
—2(3 = N)by = (3 — 2\ + A\?)boby 4+ 2(1 — A)3b3 + (1 — B)(c3 — I3). (2.44)

We shall express by in terms of the first three coefficients of the functions p and ¢. For this purpose we add
(2.35) with (2.32) and get the following after simplification

(9 — 10X + 3X)boby = (1 — B)(c3 + 13). (2.45)

We replace boby with %(03, +13) from (2.45) and by by —%61 in (2.44). We thus have the following

after simplification

(1-B)(3—2X+ %)

—2B=Nbr = (1= B)es +1ls) + g o e

(c3 +13) — 2(1 — B)3cic. (2.46)

We substitute ¢ = 26("’;:[52) from (2.38) in (2.46), which after rearrangement and simplification gives

AB-30FN)  2B-4A+ Y
9—10A1+3x2 37 910N+ 322

—2(3 — )\)bg = (1 — ﬁ) { I3 — (1 — 6)61(82 =+ ZQ)} .
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Now, we apply triangle inequality in (2.3), and use the refined estimate for |c;| in the range 0 < § < 3 L from

(2.39) and refined bound for |cy + 5| in the range 1+ < 8 <1 from (2.40). This gives, for A # 3

4(3—3A+\2 2|3—4A+A
(1-8) 9(710>\+3>\2)|C3| + 9| 10>\J:_3>\2| lls| + 2(1 = B)lez + L2 (0 <p< %)
|ba| <
2|3 Al 4(3—32+)2
—3A+A 34NN
9(710,\+3>\2) |es| + 9| 10/\+3>\2| 3] + 8(1 — B)?|ea (3<B8<1).

Next, using the usual bounds |c,| <2 (n =1,2,3) and |l3] <2 we have

2(3=32+X?%) [3—4X+ 22| 1
2(1— g) | 9-10AFBX? +ooonaae T V20 -8) (0<8<3)
|bo| < ———7°
3= Al 2(3—3A+)?) [3—4X 4+

2 1
o-Toxian T otoagane +4(1—5) (3<B<1).

The above expression simplifies to the following form for different range of A.

1++/2(1-8) (0<B<i,0<A<lor)>3)

21— B) 14+ 4(1—p)? (3<B<1,0<A<lor)>3)
< 22T F)
|b2| < 3\

_ 2
SR +V2(0-P) (0<B<i1<A<3)

3—3XA4+A2
ERER 4182 (3<B<1L1<A<3).
This is precisely our estimate at (2.27). The proof Theorem 2.3 is completed.

Remark 2.4 For the function h € BK(B) represented by the series (1.1), the bounds |bg| and |b1| are given
by

b <17 0<B<1),
and

1++/2(1-B)

o
IA
=
IA

N[—=

2(1 - p)

|ba] <
1+4(1 - B)?

=
IN
=
AN
—

These are particular cases of our result in (2.25) and (2.26) when A = 0. The bounds for the zeroth and the

first coefficients are previously known in [7] and the bound on the second coefficient is new.
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