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Abstract: In this paper, we introduce two new subclasses of biunivalent functions analytic in the exterior of the unit
disc. The bounds obtained for the zeroth , first and second coefficient improves upon earlier known results. The results
are obtained by refining the well-known estimates for the initial coefficients of the Carth éodory functions.
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1. Introduction
Let Σ denote the class of functions f(z) of the following form:

f(z) = z +

∞∑
n=0

bn
zn

(1.1)

which are analytic and univalent in the exterior of the unit disk, written by

∆ = {z ∈ C : 1 < |z| < ∞} . (1.2)

The function f ∈ Σ has a compositional inverse f−1 , defined by

f−1(f(z)) = z (z ∈ ∆)

and
f(f−1(w)) = w (w ∈ range of g).

The inverse of the function f is represented by the following series:

f−1(w) = g(w) = w +

∞∑
n=0

Bn

wn
(M < |w| < ∞,M > 1). (1.3)

By substituting w = f(z) in the above series (1.3) the coefficients Bns of f−1 can be expressed in terms of the
coefficients bns of f(z). Thus, for initial values of n we have

B0 = −b0, B1 = −b1, B2 = −(b2 + b0b1), B3 = −(b3 + 2b0b2 + b20b1 + b21) (1.4)
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and so on. In two recent interesting papers [10, 17], the coefficient estimate problem for the functions f and f−1

have been discussed when f is a member of the class Σ in addition to being a starlike function. We say that
the function f ∈ Σ is biunivalent in ∆ if f−1(w) has analytic continuation to ∆ . The subclass of Σ consisting
of biunivalent functions shall be denoted here by B. The study of biunivalent analytic functions on the unit
disc was initiated by Lewin [12]. Prominent work on biunivalent functions can be found in [1–3, 11–13, 18–21].
Recently, Srivastava et al. [16] discussed afresh the old problem of finding coefficient bounds for biunivalent
analytic functions. At present there is renewed interest for research on this topic. There are about more than
one hundred follow up research papers on the estimates of the initial coefficients of functions which belong to
different subclasses of biunivalent functions which are analytic in the interior or exterior of the unit disc.

The objective of the present paper is to introduce two new subclasses of biunivalent functions analytic
in the exterior of the unit disc and to find estimates on the coefficients |b0|, |b1| , and |b2| for the functions in
these newly introduced subclasses of Σ . We now define the following.

Definition 1.1 A function f(z) given by the series (1.1) is said to be in the class BKα
λ if the following

conditions are satisfied:

f ∈ σ, ℜ
{

zf ′(z)

λz + (1− λ)f(z)

}
≤ απ

2
(z ∈ ∆), (1.5)

and

ℜ
{

wg′(w)

λw + (1− λ)g(w)

}
≤ απ

2
(w ∈ ∆), (1.6)

where g is the analytic continuation of f−1 to ∆.

Definition 1.2 A function f(z) given by the series (1.1) is said to be in the class BKλ(β) if the following
conditions are satisfied:

f ∈ σ, ℜ
{

zf ′(z)

λz + (1− λ)f(z)

}
> β (z ∈ ∆), (1.7)

and

ℜ
{

wg′(w)

λw + (1− λ)g(w)

}
> β (w ∈ ∆), (1.8)

where g is the analytic continuation of f−1 to ∆.

In the particular case λ = 0 the class BKλ(β) reduces to the class BK(β) consisting of bistarlike
functions order β in the exterior of the unit disc. We shall also need the Carathéodory class P [5] consisting of
analytic functions p : U → C satisfying ℜ(p(z)) > 0 and p(0) = 1 . Recently, Halim et al. [6] obtained bounds
for |b0| and |b1| for the f ∈ BK(β) 0 ≤ β < 1. These bounds were improved in [7].

In the present paper, the method is suitably modified to find the estimates on |b0|, |b1| , and |b2| for the
function class BKα

λ and BKλ(β). The bounds obtained for |b0| and |b1| for f ∈ BKα (0 < α ≤ 1) are improved
as obtained earlier in [6, 14, 15]. The estimates in [7] for |b0| and |b1| for the function class BK(β) follows as
a particular case of our results. The methods adopted and developed in this paper are applicable for finding
improved coefficient estimates for the several subclasses of biunivalent functions studied in the literature, for
example in [4, 8, 9, 14, 15].
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2. Coefficient bounds for the function class BKα
λ and BKλ(β)

We state and prove the following:

Theorem 2.1 Let the function f(z) given by the series (1.1) be in the class BKα
λ (0 < α ≤ 1, λ ≥ 0). Then

|b0| ≤
√
2α

|1− λ|
√
1 + α

λ ̸= 1, (2.1)

|b1| ≤
2α

|2− λ|
λ ̸= 2, (2.2)

and

|b2| ≤
2α

|3− λ|



1 + 2(1+2α)

3
√
1+α

(0 < α ≤ 1, 0 ≤ λ ≤ 1)

α(3−2λ+λ2)−2(2−3λ+λ2)
α(5−4λ+λ2)−2(2−3λ+λ2) +

2(1+2α)

3
√
1+α

(0 < α ≤ 1, 1 ≤ λ ≤ 2)

α(3−2λ+λ2)+2(2−3λ+λ2)
α(5−4λ+λ2)+2(2−3λ+λ2) +

2(1+2α)

3
√
1+α

(0 < α ≤ 1, λ ≥ 2, λ ̸= 3) .

(2.3)

Proof Let f(z) be a member of the class BKα
λ (0 < α ≤ 1, λ ≥ 0). Then by Definition 1.1, we have the

following
zf ′(z)

λz + (1− λ)f(z)
= [p(z)]α, (2.4)

and
wg′(w)

λw + (1− λ)g(w)
= [q(w)]α, (2.5)

where p(z)

p(z) = 1 +
c1
z

+
c2
z2

+
c3
z3

+ ......... (z ∈ ∆), (2.6)

and

q(w) = 1 +
l1
w

+
l2
w2

+
l3
w3

+ ......... (w ∈ ∆). (2.7)

are functions with positive real part in ∆.

Now, equating the coefficients of zf ′(z)
λz+(1−λ)f(z) with the coefficients [p(z)]α we get the following:

−(1− λ)b0 = αc1, (2.8)

−(2− λ)b1 + (1− λ)2b20 = αc2 +
1

2
α(α− 1)c21, (2.9)

−(3− λ)b2 + (1− λ)(3− λ)b0b1 − (1− λ)3b30 = αc3 + α(α− 1)c1c2 +
1

6
α(α− 1)(α− 2)c31. (2.10)

Similarly, a comparison of the coefficients of both sides of (2.5) yields:

(1− λ)b0 = αl1, (2.11)
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(2− λ)b1 + (1− λ)2b20 = αl2 +
1

2
α(α− 1)l21, (2.12)

and

(3− λ)b2 + [(3− λ) + (3− 2λ)(1− λ)]b0b1 + (1− λ)3b30 = αl3 + α(α− 1)l1l2 +
1

6
α(α− 1)(α− 2)l31. (2.13)

Equations (2.8) and (2.11) give the following relation between c1 and l1 :

c21 = l21. (2.14)

We shall first obtain a refined estimate for |c1| for our future use. For this purpose we add (2.9) with (2.12)
and using c21 = l21 from (2.14) we get the following:

2(1− λ)2b20 = α(c2 + l2) + α(α− 1)c21. (2.15)

Substituting b0 = − α
1−λc1 from (2.8) in the above relation, we get after simplification

c21 =
c2 + l2
1 + α

. (2.16)

Now using well-known estimates |c2| ≤ 2 and |l2| ≤ 2 we get

|c1| ≤
2√

1 + α
. (2.17)

In (2.15) we replace c21 = c2+l2
1+α from (2.16) and get the following

b20 =
α2

2(1− λ)2(1 + α)
(c2 + l2). (2.18)

Therefore, on appropriately using the well-known estimate |c2| ≤ 2 and |l2| ≤ 2 , the relation (2.18) yields our
assertion (2.1) for |b0|.

To find bounds on |b1| , we subtract (2.12) from (2.9) and use the relation c21 = l21 and get

−2(2− λ)b1 = α(c2 − l2). (2.19)

Similar to our considerations for |b0| , in this case we make use of the estimates |c2| ≤ 2 and |l2| ≤ 2 and obtain
our claimed estimate at (2.2) on |b1|.

We, next, derive a relation between c1(c2 − l2) and c3 + l3 for our use. For this purpose we add (2.13)
and (2.10) and then use the relation c21 = l21. After simplification we have

(9− 10λ+ 3λ2)b0b1 = α(c3 + l3) + α(α− 1)c1(c2 − l2). (2.20)

Next, by substituting b1 = −α(c2−l2)
2(2−λ) from (2.19) and b0 = − αc1

1−λ the above equation (2.20) takes the form

c1(c2 − l2) = µ1(c3 + l3), (2.21)
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where µ1 = 2(2−3λ+λ2)
α(5−4λ++λ2)+2(2−3λ+λ2) . We notice that 0 < µ1 ≤ 1 for every λ ≥ 0.

We next find bounds for |b2|. For this purpose we subtract (2.13) from (2.10), use the relation c21 = l21

and get the following after simplification

−2(3− λ)b2 = (3− 2λ+ λ2)b0b1 + 2(1− λ)3b30 + α(c3 − l3)

+ α(α− 1)c1(c2 + l2) +
1

3
α(α− 1)(α− 2)c31

= (9− 10λ+ 3λ2)b0b1 − (6− 8λ+ 2λ2)b0b1 + 2(1− λ)3b30

+ α(c3 − l3) + α(α− 1)c1(c2 + l2) +
1

3
α(α− 1)(α− 2)c31. (2.22)

We replace (9−10λ+3λ2)b0b1 with α(c3+ l3)+α(α−1)c1(c2− l2) from (2.20), b0 = − αc1
1−λ and b1 = −α(c2−l2)

2(2−λ)

in Equation (2.22). We, thus, express b2 in terms of the coefficients of p(z) and q(w) as follows

−2(3− λ)b2 = 2αc3 −
α{(1− λ)α+ (2− 3λ+ λ2)}

(2− 3λ+ λ2)
c1(c2 − l2)

+α(α− 1)c1(c2 + l2)−
α(5α2 + 3α− 2)

3
c1c

2
1. (2.23)

We substitute c1(c2 − l2) with µ1(c3 + l3) from (2.21) and c21 by c2+l2
1+α from (2.16) in (2.23), which after

rearrangement and simplification gives

−2(3− λ)b2 = 2α

(
α(4− 3λ+ λ2) + (2− 3λ+ λ2)

α(5− 4λ+ λ2) + 2(2− 3λ+ λ2)

)
c3

− 2α

(
α(1− λ) + (2− 3λ+ λ2)

α(5− 4λ+ λ2) + 2(2− 3λ+ λ2)

)
l3

+
α(1 + 2α)

3
c1(c2 + l2). (2.24)

Now we apply triangle inequality in (2.24) and refined estimate for |c1| from (2.17). This gives

|b2| ≤
α

|3− λ|

{
α(4− 3λ+ λ2) +

∣∣2− 3λ+ λ2
∣∣

α(5− 4λ+ λ2) + 2 |2− 3λ+ λ2|
|c3|

+
α |1− λ|+

∣∣2− 3λ+ λ2
∣∣

α(5− 4λ+ λ2) + 2 |2− 3λ+ λ2|
|l3|

+
(1 + 2α)

3
√
1 + α

|c2 + l2|

}
.
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Next using the usual bounds |cn| ≤ 2 (n = 2, 3), |ln| ≤ 2 (n = 2, 3) we have

|b2| ≤
2α

|3− λ|

{
α(4− 3λ+ λ2) +

∣∣2− 3λ+ λ2
∣∣

α(5− 4λ+ λ2) + 2 |2− 3λ+ λ2|

+
α |1− λ|+

∣∣2− 3λ+ λ2
∣∣

α(5− 4λ+ λ2) + 2 |2− 3λ+ λ2|

+
2(1 + 2α)

3
√
1 + α

}
.

The above expression simplifies to the following form for different range of λ .

|b2| ≤
2α

|3− λ|



1 + 2(1+2α)

3
√
1+α

(0 < α ≤ 1, 0 ≤ λ ≤ 1)

α(3−2λ+λ2)−2(2−3λ+λ2)
α(5−4λ+λ2)−2(2−3λ+λ2) +

2(1+2α)

3
√
1+α

(0 < α ≤ 1, 1 ≤ λ ≤ 2)

α(3−2λ+λ2)+2(2−3λ+λ2)
α(5−4λ+λ2)+2(2−3λ+λ2) +

2(1+2α)

3
√
1+α

(0 < α ≤ 1, λ ≥ 2, λ ̸= 3) .

This is precisely the estimate of (2.3). The proof Theorem 2.1 is completed. 2

Taking λ = 0 in Theorem 2.1 we get the following results.

Corollary 2.2 For the function f ∈ BKα represented by the series (1.1) then

|b0| ≤
√
2α√

1 + α
,

|b1| ≤ α,

and

|b2| ≤
2α

3

(
1 +

2(1 + 2α)

3
√
1 + α

)
.

Theorem 2.3 Let the function f(z) given by the series (1.1) be in the class BKλ(β) (0 ≤ β < 1, λ ≥ 0). Then

|b0| ≤


√

2(1−β)

|1−λ|
(
0 ≤ β ≤ 1

2 , λ ̸= 1
)

2(1−β)
|1−λ|

(
1
2 ≤ β < 1, λ ̸= 1

) (2.25)

|b1| ≤
2(1− β)

|2− λ|
(λ ̸= 2) , (2.26)
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and

|b2| ≤
2(1− β)

|3− λ|



1 +
√

2(1− β)
(
0 ≤ β ≤ 1

2 , 0 ≤ λ ≤ 1 or λ > 3
)

1 + 4(1− β)2
(
1
2 ≤ β < 1, 0 ≤ λ ≤ 1 or λ > 3

)
(3−3λ+λ2)
9−10λ+3λ2 +

√
2(1− β)

(
0 ≤ β ≤ 1

2 , 1 ≤ λ < 3
)

(3−3λ+λ2)
9−10λ+3λ2 + 4(1− β)2

(
1
2 ≤ β ≤ 1, 1 ≤ λ < 3

)
.

(2.27)

Proof Let f(z) be a member of the class BKλ(β) (0 ≤ β < 1, λ ≥ 0). Then by Definition 1.2, we have the
following

zf ′(z)

λz + (1− λ)f(z)
= β + (1− β)p(z), (2.28)

and
wg′(w)

λw + (1− λ)g(w)
= β + (1− β)q(w). (2.29)

where p(z) and q(w) are given by the Equations (2.6) and (2.7) respectively.

Now, equating the coefficients of zf ′(z)
λz+(1−λ)f(z) with the coefficients of β + (1− β)p(z) , we get the following

−(1− λ)b0 = (1− β)c1, (2.30)

−(2− λ)b1 + (1− λ)2b20 = (1− β)c2, (2.31)

−(3− λ)b2 + (1− λ)(3− λ)b0b1 − (1− λ)3b30 = (1− β)c3. (2.32)

Similarly, a comparison of the coefficients of both sides of (2.29) yields:

(1− λ)b0 = (1− β)l1, (2.33)

(2− λ)b1 + (1− λ)2b20 = (1− β)l2, (2.34)

and
(3− λ)b2 + [(3− λ) + (3− 2λ)(1− λ)]b0b1 + (1− λ)3b30 = (1− β)l3. (2.35)

Equations (2.30) and (2.33) give the following relation between c1 and l1 :

c21 = l21. (2.36)

We shall first obtain a refined estimate for |c1| for our future use. For this purpose we add (2.31) with
(2.34)

2(1− λ)2b20 = (1− β)(c2 + l2). (2.37)

Substituting b0 = − 1−β
1−λc1 from (2.30), in the above relation we get the following

c21 =
c2 + l2
2(1− β)

. (2.38)
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Now using the well-known estimates |c2| ≤ 2 and |l2| ≤ 2 we get

|c1| ≤

{√
2

1−β

(
0 ≤ β ≤ 1

2

)
2

(
1
2 ≤ β < 1

)
.

(2.39)

The relation (2.38) also yields

|c2 + l2| ≤

{
4

(
0 ≤ β ≤ 1

2

)
8(1− β)

(
1
2 ≤ β < 1

)
.

(2.40)

An application of (2.39) in (2.30) gives the following

|b0| ≤


√

2(1−β)

|1−λ|
(
0 ≤ β ≤ 1

2 , λ ̸= 1
)

2(1−β)
|1−λ|

(
1
2 ≤ β < 1, λ ̸= 1

) (2.41)

This is precisely our assertion at (2.25).
To find bounds on |b1| we subtract (2.34) from (2.31) and get

2(λ− 2)b1 = (1− β)(c2 − l2). (2.42)

We, use the estimate |c2| ≤ 2 and |l2| ≤ 2 and obtain our claimed estimate at (2.26) on |b1| . That is

|b1| ≤
2(1− β)

|2− λ|
(λ ̸= 2) . (2.43)

In order to find a bound for |b2| we subtract (2.35) from (2.32) and get

−2(3− λ)b2 = (3− 2λ+ λ2)b0b1 + 2(1− λ)3b30 + (1− β)(c3 − l3). (2.44)

We shall express b2 in terms of the first three coefficients of the functions p and q . For this purpose we add
(2.35) with (2.32) and get the following after simplification

(9− 10λ+ 3λ2)b0b1 = (1− β)(c3 + l3). (2.45)

We replace b0b1 with 1−β
9−10λ+3λ2 (c3 + l3) from (2.45) and b0 by − 1−β

1−λc1 in (2.44). We thus have the following
after simplification

−2(3− λ)b2 = (1− β)(c3 + l3) +
(1− β)(3− 2λ+ λ2)

9− 10λ+ 3λ2
(c3 + l3)− 2(1− β)3c1c

2
1. (2.46)

We substitute c21 = c2+l2
2(1−β) from (2.38) in (2.46), which after rearrangement and simplification gives

−2(3− λ)b2 = (1− β)

{
4(3− 3λ+ λ2)

9− 10λ+ 3λ2
c3 −

2(3− 4λ+ λ2)

9− 10λ+ 3λ2
l3 − (1− β)c1(c2 + l2)

}
.
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Now, we apply triangle inequality in (2.3), and use the refined estimate for |c1| in the range 0 ≤ β ≤ 1
2 from

(2.39) and refined bound for |c2 + l2| in the range 1
2 ≤ β < 1 from (2.40). This gives, for λ ̸= 3

|b2| ≤
(1− β)

2|3− λ|


4(3−3λ+λ2)
9−10λ+3λ2 |c3|+ 2|3−4λ+λ2|

9−10λ+3λ2 |l3|+
√
2(1− β)|c2 + l2|

(
0 ≤ β ≤ 1

2

)
4(3−3λ+λ2)
9−10λ+3λ2 |c3|+ 2|3−4λ+λ2|

9−10λ+3λ2 |l3|+ 8(1− β)2|c1|
(
1
2 ≤ β < 1

)
.

Next, using the usual bounds |cn| ≤ 2 (n = 1, 2, 3) and |l3| ≤ 2 we have

|b2| ≤
2(1− β)

|3− λ|


2(3−3λ+λ2)
9−10λ+3λ2 + |3−4λ+λ2|

9−10λ+3λ2 +
√
2(1− β)

(
0 ≤ β ≤ 1

2

)
2(3−3λ+λ2)
9−10λ+3λ2 + |3−4λ+λ2|

9−10λ+3λ2 + 4(1− β)2
(
1
2 ≤ β < 1

)
.

The above expression simplifies to the following form for different range of λ .

|b2| ≤
2(1− β)

|3− λ|



1 +
√
2(1− β)

(
0 ≤ β ≤ 1

2 , 0 ≤ λ ≤ 1 or λ > 3
)

1 + 4(1− β)2
(
1
2 ≤ β < 1, 0 ≤ λ ≤ 1 or λ > 3

)
(3−3λ+λ2)
9−10λ+3λ2 +

√
2(1− β)

(
0 ≤ β ≤ 1

2 , 1 ≤ λ < 3
)

(3−3λ+λ2)
9−10λ+3λ2 + 4(1− β)2

(
1
2 ≤ β ≤ 1, 1 ≤ λ < 3

)
.

This is precisely our estimate at (2.27). The proof Theorem 2.3 is completed.

Remark 2.4 For the function h ∈ BK(β) represented by the series (1.1), the bounds |b0| and |b1| are given
by

|b0| ≤

{√
2(1− β) 0 ≤ β ≤ 1

2

2(1− β) 1
2 ≤ β < 1,

|b1| ≤ 1− β (0 ≤ β < 1) ,

and

|b2| ≤
2(1− β)

3


1 +

√
2(1− β) 0 ≤ β ≤ 1

2

1 + 4(1− β)2 1
2 ≤ β < 1.

These are particular cases of our result in (2.25) and (2.26) when λ = 0 . The bounds for the zeroth and the
first coefficients are previously known in [7] and the bound on the second coefficient is new.

2
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