Turkish Journal of Mathematics Turk J Math

(2020) 44: 108 — 117

© TUBITAK
TUBITAK Research Article doi:10.3906 /mat-1907-34

http://journals.tubitak.gov.tr/math/

Weighted composition operators from the Bloch space to nth weighted-type
spaces

Ebrahim ABBASI'®, Songxiao LI>*®, Hamid VAEZI?
!Department of Mathematics, Mahabad Branch, Islamic Azad University, Mahabad, Iran
Institute of Fundamental and Frontier Sciences,
University of Electronic Science and Technology of China, Chengdu, Sichuan, P.R. China
3Department of Pure Mathematics, Faculty of Mathematical Sciences, University of Tabriz, Tabriz, Iran

Received: 09.07.2019 . Accepted/Published Online: 02.11.2019 . Final Version: 20.01.2020

Abstract: In this work, we characterize the boundedness of weighted composition operators from the Bloch space and
the little Bloch space to nth weighted-type spaces. Some estimates for the essential norm of these operators are also
given. As a corollary, we obtain some characterizations for the compactness of weighted composition operators from the

Bloch space and the little Bloch space to nth weighted-type spaces.
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1. Introduction

Let D be the open unit disc in the complex plane C, H(D) the set of all analytic functions on D, and
H> = H>(D) the space of bounded analytic functions on I with the norm ||f||cc = sup.¢p |f(2)|. The Bloch
space, denoted by B = B(D), is the set of all f € H(D) for which

£l = [£(0)] +§1€15(1 = 2)If (2)] < 0.

The Bloch space B is a Banach space with the above norm || - ||gz. The little Bloch space By consists of all
f € H(D) such that lim,_;(1— |2]?)[f"(z)| = 0. It is well known that By is the closure of polynomials in B.

Let 1 be a weight, which means that p is a positive and continuous function on D). Let n € N; the set
of all positive integers. The nth weighted-type space, denoted by Wy = W}(D), is the set of all f € H(D)
such that

n—1
£ lwe = > 1FD0)] + sggu@)\f‘”)(z)l < oo0.
i=0 z

It is easy to check that W} is a Banach space with the above norm. We refer the interested reader to [16-18] for
the space WJi. When n = 1, the space W}, is called the Bloch-type space. Let >0 and p(z) = (1 —|[z*)".
The space W:L coincides with the Bloch-type space B?. In particular, B! is the classical Bloch space B.
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The space Wﬁ is also called the Zygmund-type space. For more information about Bloch-type spaces and
Zygmund-type spaces, see [2, 7, 9, 21, 22].

Let g € H(D) and ¢ € S(D), the set of all analytic self-maps of D. The weighted composition operator,
denoted by C', induced by ¢ and g is defined as follows.

(CeN)(2) = 9(2)f(#(2)), feHD), zeDb.

When g =1, the operator CY is denoted by C,, and called the composition operator. If ¢(z) = z, then cy
is called the multiplication operator and denoted by M, . Interested readers can refer to [5] for the theory of
composition operators and weighted composition operators.

For any ¢ € S(D), it is widely known that C, : B — B is bounded. The compactness of C,, : B — B was
investigated in [12]. Wulan et al. [19] showed that C, : B — B is compact if and only if limy_,o [¢"||5 = 0.
Zhao in [20] characterized the essential norm of C, : B — B by using [|¢*| 5. The operator C% : B — B was
studied in [14, 15]. In [3], Colonna investigated C% : B — B by using ||g"*||5. See [6, 8, 10, 11, 13, 23, 24] for
more results of the operator CY : B — B.

Motivated by [10, 19], in this paper, we give some characterizations for the boundedness of Cg:B—=Wy;.
Moreover, we give some estimates for the essential norm of CY : B — W, . By applying these estimates, some
characterizations for the compactness of Cf : B — W), are obtained.

Throughout this paper, we will use the notation A < B if there exists a constant C' > 0 such that
A < CB. In particular, if A < B and B < A, then we write A ~ B and say that A and B are comparable.

2. Boundedness

To investigate the boundedness of C¥ : B — Wy, we need to state some lemmas. The next lemma was proved

n [21].

Lemma 2.1 For any f € B and n €N,

sup(1 — [2[))|f/(2)] = D 1FD(0)] + sup(1 = [2[*)" T D (2)].
zeD i—0 zeD

Lemma 2.2 ([11]) Let f € B. Then,

2
16)| < g flslog =, 2D,

For any a € D and i € {1,2,...,n}, set

fia(z) = (1_|a|2>i, z €D. (2.1)

1—az

It is clear that f; , € B for each ¢ € {1,2,...,n}. From Lemma 2.3 of [1], we have the following Lemma.

Lemma 2.3 For any 0#a €D and i € {1,...,n}, there exist functions v; o, € B such that

0¥ (a) = { Thamys k=1
Vi 0, ki,
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For n,k € Ny, the set of all nonnegative integers, with &k < n, the partial Bell polynomials are defined
by

_ n! T1yj1 (T2\j: Tn—k+1  \jn._
By (%1, 82, ooy Tp 1) = Z]l,h,—w(?) () 2-~-(m) e

where the sum taken over all ji, jo, ..., jn—k+1 such that
ittt in-kt1=%k J1+2jo+..+n—k+1)jr—p+1 =n.
where j1,j2, ...y fn—k+1 € No. For more information about Bell polynomials, see [4, p 134].

The proof of the following lemma is similar to the proof of Lemma 4 in [17], so we omit the details.

Lemma 2.4 Let f,h,g € H(D). Then for any n € Ny,

@D = 3 FOMN S () ) B ), h ),
=0

=i

Lemma 2.5 Let n € N and ¢ € S(D). Then for any a € D, there exists a function u, € By such that

;an u(o(a)) = v’ (o(a) = ... = u™(o(a)) =
e and @) = (@) = ... = 0 () = 0.

Proof If p(a) =0, then u,(z) =log2. For any a € D with ¢(a) # 0, set

2 n+k
2 (log m)
Yak(z) = (n+ k) log - ? —, ke{l1,2,...,n}.
1-g(a)z  (log = Zgm)" !

Then gq x € B and lim|, |1 (1-[2[?)[g}, 1.(2)| = 0. So, ga.x € Bo. Now we calculate g((:,)c(ap(a)) for s € {2,...,n}.
Set

g(z) =1, h(z) :logl_w — and f(z)=(Mn+k)z— ,yi:il
in Lemma 2.4, where v = log % We get
95H (@) = (F(R) (¢(a))
= Z SO (h((a) B i (W (p(a), - ., B~ (p(a))). (2.2)
=1
Also f'(h(¢(a))) = gqx(¢(a)) =0 and for i € {2,..., s},
FO(h(p(a)) = —pit* x4, (2:3)

where pl' ™ = (721;2!)! . After a calculation, we have

U=V i)

h(p(a) = G

110



ABBASI et al./Turk J Math

) s / a))\jr " a)) i (s—i+1) @)\ it
Bus (W (p(@),-. B pta)) :Zh!jz!...js—iﬂ(h(f!( Dy (e "'(m)

| ‘ ‘ o
_Z ¥ .S. . _ (h/(w(a)))J1+...+(572+1)Jsﬂ+1

.7& i+1 .. (S — 1+ 1)Js—z+1

s! ¢(a)
:Z il g 1141972 i Ve (1= 2)s (24)
Jilja! o femita! S (s—it 1) (1= Te(a) I?)

b3

So, from (2.2)—(2.4), for any s € {2,...,n}, we get

gk (pla)) = - TD;L Zvl byprt,

Now for any a € D with ¢(a) # 0 and coefficients ¢, ca, ..., ¢, , We set

n

da,cl,cQ,...,cn (Z) = Z Ckga,k(z)~

k=1

It is clear that dg,cy,cs,....c,, € Bo. We consider the system of linear equations

d;z,c1.,cz ..... Cn41 (@(a)) = n’)/ 2221(7} + k— ]-)Ck = Y
da,CI,CQ,‘..,Cn+1 (@(a)) = Zk:l Ck X ga,k(‘ﬁ(a’» = 0
0 o) emronss (P(0)) = - I; ey Zk L b3pg ey, = 0 25)
dé%,%.i.w<sa<a>> = e S (i T e = 0
dt(znc)1,cg,...,cn+1 (50(0’)) = _% ZZ:I (Z?:Q ’Yliib?p?—kk)ck == 0.

Similar to the proof of Lemma 2.3 in [1], we see that the system (2.5) has a unique solution and the solution is

independent of choice a and ¢(a). If ¢1,co, ..., ¢, is that solution, we get u,(2) = da.c; co.....c, (7), as desired.
O
Let ¢ € S(D), i,n € Ny and i < n. For simplicity, we set

170 =3 (o OGB! () e VG, (26)

Theorem 2.6 Let n € N, u be a weight, g € W), and ¢ € S(D). Then the following statements are equivalent.
(a) C%:B— W} is bounded.
(b) C%:Bo — W, is bounded.

(¢) sup,ep p(2)]g™ (2)|log W < oo and sup;sg ||g<,0j||W§ < 00.
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(d) sup,cp u(z)\g(”)(zﬂlogﬁ < oo and for each i € {1,...,n},

sup [|CZ fiallwy < oo, supu(2)|L]'(z)| < oo,
a€cD z€D

where f; o are defined in (2.1).

(e) sup,cp u(z)\g(”)(z)ﬂogﬁ < 0o and for each i € {1,...,n},

I
ZCTCTI
zep (1= [@(2)?)

Proof (a)= (b) It is obvious.
(b) = (¢) For any w € D, let u,, be the function defined in Lemma 2.5. Then L = sup,,¢p ||uw g < 0.
Using Lemmas 2.4 and 2.5, we get

p(w)]g™ (w)|log = 1(w)]g™ (w)|[uw (p(w))]

2z
L= [p(w) |2
= 1u(w)|(Chuw) ™ (p(w))] < |CGuwllwy < LICE[Iwy < co.

Thus, sup,cp u(z)|g(”)(z)|logﬁ < oo. Since the sequence {z7}5° is bounded in By (see [11]), we get
SUpP,>0 ||g<pj||Wﬁ < oo by the boundedness of CY : By — W};.

(¢) = (d) It follows from Theorem 3.1 in [1].

(d) = (e) It also follows from Theorem 3.1 in [1].

(e) = (a) For any f € B, from Lemmas 2.1, 2.2 and 2.4, we get

+ Cl\fllszsup

M(Z)K >(n)( )| < ||fHB SUPM( |g(")(z)|logm Sup

and for 7 =0,1,---,n—1,

+C\|f||gi IE©)

) 1O (0] < — :
|(O¢f)( )(O)| = 10g2‘g(0)||‘f“51og 1—[p(0)? i=1 [ (0)1%)"

Thus, C% : B— W), is bounded by the assumed condition. The proof is complete. O

3. Essential norm

In this section we give some estimates for [|C%[lc,s—wn , the essential norm of Cg: B — Wy . Recall that

Slle,sowy = Inf{||CY — Kl[p—wp : K is compact}.
We begin with the following lemma.

Lemma 3.1 Let n € N, ¢ € S(D) and {a;} be a sequence in D such that |p(a;)| = 1 as i — oo. Then there

exists a bounded sequence {h;} in By such that, {h;} converge to 0 uniformly on compact subsets of D and
2

hi(i(@)) = log 71—y hilp(ai) = i (pla) = . = " (p(a) = 0.
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Proof The proof is similar to the proof of Lemma 2.5. Hence, we omit the details. O

Theorem 3.2 Let n € N, u be a weight, g € H(D) and ¢ € S(D) such that CJ : B — Wy is bounded. Then

1C8lles sy = max{ A}y = max{Bi} g = | CLlle.sy oy ~ max { Tim sup g9 wy Ao },

j—o00
where
Ao = By = lim sup ju(2)[g™) (2)] log ————,
lo(2)|—1 1— ()]
. . )]
A; =limsup |C fiallwr, Bi=limsup ——————i¢c{l,...,n},
lal-1 = © " lo(z)|—1 (L= lp(2)[?)?
and f; o are defined in (2.1).
Proof First we show that
1CZlle,B,—wr = Ao = Bo. (3.1)

Let {z;} be a sequence in D such that |p(z;)| — 1 as i — co. We assume that for any i, ¢(z;) #0. Let {h;}
be the sequence defined in Lemma 4.1. Then for any compact operator K : By — WZ}, lim; 00 ||Khi||wg =0.
Thus,
. . . n 2
1(CY — K)hil|gy—wn > limsup [|CShi[lwn — limsup || Khg|[wn > hmsupu(zi)|g( )(z,)| log ———3,
K 1—00 K 1—00 " 1—00 1-—- |§0(Z7,)‘
which implies the desired result.

From Theorem 4.2 in [1], we have

o,

1CE e, oo swp = max{ A}y and  [|Cle, me—wp = max{Bi}iL,.

So,

o,

1CElle.5wyp = max{ A}, and  [|C[le, 5wy = max{Bi}i,.

From the last inequality and (3.1) we obtain

[N

1C2le,sswyp = max{A;}i_y and  [|CFle,swn = max{B;}L,. (3.2)

Next, we show that
1CElle.sswyp = max{A;}i, and  [|[Cflle,swy = max{B;}i,.

For r € [0,1), let K, f(z) = fr(2) = f(rz). Then K, : B — B is compact with ||K,|| < 1. It is obvious that
fr uniformly converge to f on compact subsets of D as » — 1. Let {r;} C (0,1) such that r; = 1 as j — oco.
Then for any j € N, C4K,, : B— W, is compact. Thus,

[CElle.sswy < limsup [|CF — CIK, || (3.3)
j—o0o
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Hence, we only need to show that

limsup [|CF — CLK, [[pwp = min{max{4;};", max{B;}i_,}.

j—oo

For any f € B such that ||f|lz <1,

n—1

1(CY — CLE) fllwg —Z Z DRICIENI e

S g () I£0)| + sup (2
k=

(= f)® (w(O))Ii(O)‘ © s al

W= £ P eI ()
k=0

=

=0

(3.4)

where N € N such that r; > % for all 7 > N. Since for any s € Ny, (f — frj)(s) converges to zero uniformly

on compact subsets of D as j — oo, by using Theorem 2.6 (d), we obtain

limsup H; =0 and limsup Hy = 0. (3.5)
j—o0 Jj—oo
In addition,
n
Y[ s sEUOCEIREL s pOROCAIEE] @0
le(z)|>rN le(2)|>rn
M;, Ny,

First we estimate My and Ny. From Lemma 2.2,

1
Mo= sup p(2)|f(e()llg™ ()] < sup p(2)|g"™(2)—=]fllzlog =Ag=DBy. (3.7)
o ()| > ()| >rn log 2 1— ()7

Similarly,

No = Ay = Bo. (3.8)
For k € {1,...,n}, by (2.6) and Lemmas 2.1, 2.3 and 2.4,
(1=l F P (p(2)] lp(2)[* IR (2)]
lo

Mp=sup p(z)

()| >rn ()l (1= lp(2)[?)*
<1flls sup  [CLokpllwy < Z 51 sup €L fallwy- (3.9)
lo()>rx =7 lalry
Taking the above limit as N — co, we obtain
lim sup My, < thsup 1C% fiallwy = max{A;}_; and limsup My = By. (3.10)
j—o0 i—1 \a\ Jj—o00

A;
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Similarly,

limsup Ny < max{4;}7 , and limsup Ny, < Bj. (3.11)

Jj—o0 Jj—o0
Thus, from (3.4)—(3.8), (3.10), and (3.11), we obtain

lim sup ||C$J — C’gKTj ||B—>W;} < min { max{4;},, maX{Bi}?:o}.

j—o0
Hence, from (3.3),
1€ 5wy < min { max{A;} o, max{Bi}i}.

Therefore,

1Clle.s—wp = max{A;}ig ~ max{B;}i,.

Finally, we show that

le,Bo—Wp = max { lim sup ||g<pj||WS,A0}. (3.12)

J—0o0

1Clle.s—wp = [ICF

Let j be any positive integer and h;j(z) = z9. Then h; € By, ||hjllz &= 1 and {h;};en converges to
0 weakly (see [11]). Hence, for any compact operator K from By into W

1 » we have lim; 0 ||Khj||WZZ = 0.
Thus,

1CS — Kl5,—swy = limsup [[(C4 — K)hjllwy > limsup [|CEh;[wn —limsup [|Kh;[lw, = limsup [lg¢’[lwy-
j—roo j—roo j—roo j—roo

Hence, [|C8|le,5,—wp = limsup;_, . [|g¢’|wn, which together with (3.1) imply

1CL 5wy = max { Tim sup L9/l , Ao }- (3.13)
j—o0

From the proof of Theorem 4.3 in [1], we have that max{A;}}_; < limsup,_, Hg<pj||wg ; hence,

max{A;};, < max { lim sup llgep? we, AO}.

J]—00

Since [|CY|le,5-wn ~ max{4;}_,, we obtain

[CZlle,Bwp = max { lim sup HgQDjHWg,Ao}. (3.14)
j—o0
Since ||C|le,8,—wp < [[CEle,5wp , from (3.13) and (3.14), we get (3.12). The proof is complete. O

It is well known that [|CZ|le, 5wy = 0 if and only if Cf : B — W} is a compact operator. Hence, we

have the following result.

Corollary 3.3 Let n € N, u be a weight, g € H(D) and ¢ € S(D) such that C% : B — W)} is bounded. Then

the following statements are equivalent.
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(a) Cf:B— W, is compact.
(b) Cg: By — Wy is compact.
(c) limsup;_, H9<Pj||Wg =0 and thUP|<p(z)|ﬁ1 u(z)|g(”)(z)\ log W =0.

(d) Forie{l,...,n}, lim sup 4|,y ||Cgfi,aHWZ} =0 and limsup),(,)_1 w(2)|g™ (2)] logﬁ =0.

. . e . n
(e) For i€ {l,...,n}, imsup,()_1 %(;)(\2))‘1' =0 and limsup,(,)|—1 w(2)|g™ (2)]log 1—\@% =0.
Remark 3.4 Putting n = 1 and p(z) = (1 — |2/*)? in Theorem 2.6 and Corollary 3.3, we get some
characterizations for the boundedness and compactness of C9 : B — B (see Theorems 2.1 and 3.1 in [15]).

Moreover, we obtain some estimates for the essential norm of C%: B — B (see [8, 10, 11]).
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