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Abstract: In stochastic dynamic games, when the number of players is sufficiently large and the interactions between
agents depend on empirical state distribution, one way to approximate the original game is to introduce infinite-
population limit of the problem. In the infinite population limit, a generic agent is faced with a so-called mean-field
game. In this paper, we study discrete-time mean-field games with average-cost criteria. Using average cost optimality
equation and Kakutani’s fixed point theorem, we establish the existence of Nash equilibria for mean-field games under
drift and minorization conditions on the dynamics of each agent. Then, we show that the equilibrium policy in the
mean-field game, when adopted by each agent, is an approximate Nash equilibrium for the corresponding finite-agent

game with sufficiently many agents.
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1. Introduction

In this paper, we consider discrete-time mean-field games subject to average-cost criteria with Polish state and
action spaces. These games arise as the infinite population limit of finite-agent dynamic games, where agents
interact through the empirical distribution of their states. The main goal in mean-field games is to establish
the existence of an optimal policy and a state distribution that are consistent with each other. Then, this
optimal policy, when adopted by each agent, forms an approximate Nash equilibrium for finite-agent games
with sufficiently many agents.

Mean-field games have been introduced by Huang et al. [18] and Lasry and Lions [20] to approximate
continuous-time differential games with a large but finite number of identical agents interacting with each other
via empirical distribution of their states (i.e. mean-field term). The key feature of this approach is to transform
the game problem into a nonclassical stochastic control problem by passing to the infinite-population limit. In
the infinite population limit, since empirical state distribution converges to a deterministic probability measure
by the law of large numbers, agents are decoupled from each other and each agent is faced with a stochastic
control problem that has a constraint on the distribution of its state. The latter problem is called mean-
field game in the literature. The optimal solution of this stochastic control problem provides an approximate
Nash equilibrium when the number of agents is sufficiently large. In continuous-time differential games, this
optimal solution is characterized by a Fokker—Planck equation evolving forward in time and a Hamilton—Jacobi—

Bellman equation evolving backward in time. We refer the reader to [3, 7, 8, 11, 16, 17, 23, 29] for studies of
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continuous-time mean-field games with different models and cost functions, such as games with major-minor

players, risk-sensitive games, games with Markov jump parameters, and LQG games.

Discrete-time mean-field games have not been studied much in the literature. Existing works have mostly
studied games with finite or countable state spaces subject to finite-horizon or infinite-horizon discounted cost
criteria. Gomes et al. [10] considered a discrete-time mean-field game with a finite state space over a finite
horizon. In [1], discrete-time mean-field game with countable state-space was studied subject to an infinite-
horizon discounted cost criterion. The authors in [9, 21, 22, 24] consider discrete-time mean-field games with
linear state dynamics. There are only three papers [5, 31, 32] studying discrete-time mean-field games subject
to average cost criteria. In [32], the authors considered discrete set-up for average-cost mean-field games. In
[5], the author considered average-cost mean-field games with o-compact Polish state spaces. In that paper, it
was assumed that, for the finite agent game problem, the dynamics of agents do not depend on the empirical
distribution of the states. Under strong regularity conditions on system components, Biswas [5] established
the existence of Nash equilibria for finite-agent games and then showed that these Nash equilibria converge
to mean-field equilibria in the infinite-population limit. These imposed regularity conditions are in general
prohibitive because they are stated in terms of a specific metric topology on the set of policies, and appear
to be too strong to hold under reasonable assumptions. Wiecek [31] considered average-cost mean-field games
with compact state spaces. This setup is the closest to the one studied in this paper. However, in addition
to the state space being compact, the author in [31] also used a completely different technique to establish
the existence of equilibrium in the infinite-population limit. Namely, the auhtor in [31] proved the existence
of mean-field equilibrium using ergodic properties of Markov chains induced by policies whereas we employ
here the dynamic programming principle, stated through average cost equation, to establish the existence of

mean-field equilibrium.

In [26] we studied infinite-horizon discounted-cost version of the same problem. Under mild assumptions
on the system components, we first established the existence of mean-field equilibrium and then proved that the
equilibrium in the mean-field game constitutes an approximate Nash equilibrium for finite-agent games when
the number of agents is sufficiently large. However, in the average-cost set-up, it is infeasible to establish similar
results under similar assumptions as analysis of average-cost criterion is much more difficult than discounted-cost
criterion. Therefore, to establish similar existence and approximation results, we impose drift and minorization
conditions on the system dynamics of each agent, which are a bit strong but are quite common to study
average-cost stochastic control problems.

The paper is organized as follows. In Section 2, we introduce the infinite-population mean-field game
and define mean-field equilibrium. In Section 3, we formulate the finite-agent game problem of the mean-field
type. In Section 4, we prove the existence of a mean-field equilibrium. In Section 5 we establish that the
mean-field equilibrium policies lead to an approximate Nash equilibrium for finite-agent games with sufficiently

many agents. Section 6 concludes the paper.

Notation. For a metric space E, we let C,(E) denote the set of all bounded continuous real functions
on E endowed with sup-norm ||g|| = sup.cg |g(e)|, which turns C3(E) into a Banach space. Let P(E) denote
the set of all Borel probability measures on E. A sequence {u,} of measures on E is said to converge weakly to
a measure g if [_ g(e) pn(de) — [ g(e) p(de) for all g € Cy(E). We endow P(E) with weak topology induced
by weak convergence of probability measures. This topology is known to be metrizable, and if E is complete

and separable, then P(E) is also complete and separable under weak topology. For metric spaces E; and E3, a
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stochastic kernel (- |e1) (or reqular conditional probability measure) on E5 given E; is a measurable function
~v : E; — P(E3). A probability measure p is called an invariant probability measure of a stochastic kernel ~
on E given E if u(-) = [z (- |e) u(de). For any subset B of E, we let 9B and B¢ denote the boundary and

complement of B, respectively. The notation v ~ v means that the random element v has distribution v.

Unless otherwise specified, the term “measurable” will refer to Borel measurability.

2. Mean-field games and mean-field equilibria

The discrete-time mean-field game model is specified by (X, A, p,c, po) , where X and A are the Polish (complete
and separable metric space) state and action spaces, respectively. The stochastic kernel p : Xx AxP(X) — P(X)
denotes the transition probability law of the next state given the previous state-action pair and state-measure.
The measurable function ¢ : X x A x P(X) — [0, 00) is the one-stage cost function. The probability measure g
denotes the initial distribution of the state. A policy 7 is a stochastic kernel on A given X; that is, 7 : X — P(A)
is a measurable function, where P(A) is endowed with the Borel o-algebra generated by the weak convergence
of probability measures. Let II denote the set of all policies. According to the Tonescu Tulcea Theorem [13],
an initial distribution pg, a policy 7, and a transition probability p define a unique probability measure P™#0
on (X x A)*°. The expectation with respect to P™*0 is denoted by E™#o.

Given any state-measure pu € P(X), a policy 7* € II is optimal for u if

J/L(Tr 7#0) = #Iellf_‘l ‘]lt(ﬂ'vﬂo)a

where

I, o) = Timsup LB | 57 eta).aft) )|

T—o0 =0
is the average cost of policy m with state-measure p. In this case, the evolution of the states and actions is
given by

£(0) ~ o, (t) ~ p(-Jat — 1), alt — 1)), £> 1,
a(t) ~w(-|z(t)), t > 0.

Define the set-valued mapping ¥ : P(X) — 2 as WU(u) = {w € Il : 7 is optimal for u and po = u}.

Conversely, we define another set-valued mapping A : II — 2PX) as follows: given 7 € II, the state-

measure ., is in A(r) if it is a fixed point of the following equation:
pe() = [ plCloa ) wldale) ir (o)
XxA

Under Assumption 1, which is given below, one can prove that A(7) has a unique element for all 7. Therefore,
it is indeed a single-valued mapping.
The notion of an equilibrium for the average-cost mean-field game is defined via these mappings ¥, A

as follows.

Definition 2.1 A pair (m,p) € II x P(X) is a mean-field equilibrium if 7 € ¥(pu) and p € A(m).
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The main goal in average-cost mean-field games is to establish the existence of a mean-field equilibrium.
To that end, we impose the assumptions below on the components of the mean-field game model. Note that a
function w : X — [0,00) is called a moment function if there exists a nondecreasing sequence of compact sets
K, T X such that
lim inf w(z) = cc.

n—oo ¢ K,

Assumption 1 (a) The cost function c is bounded and continuous.

(b) The stochastic kernel p is weakly continuous; that is, if (Tn,an, pn) = (T,a, 1), then p(-|Tn, an, in) —
p(-|z,a, p) weakly.

(c) A is compact.

(d) There exists a nondegenerate subprobability measure X on X such that

p(- |z, a,p) = A(+)
forall z € X, a €A, and p e P(X).

(e) There exist a constant « € (0,1) and a continuous moment function w : X — [0,00) such that

Wﬁgmnéw@ﬂwmmm<amw+éw@M@) (2.1)

If we define the following substochastic kernel p(-|z,a, p) = p(-|z,a, ) — A(-), then (2.1) can be written as

Lo [ wl itdyla.a.p) < aute) (2:2)
Note that condition (e) is so-called ‘drift inequality’ and condition (d) is so-called ‘minorization’ condition,
both of which were used in the literature for studying ergodicity of Markov chains (see [14], and references
therein). These assumptions are quite general for studying average cost stochastic control problems. Indeed,
Assumption 1-(d) is true when the transition probability satisfies conditions R1(a) and R1(b) in [15] (see also
[15, Remark 3.3] and references therein for further conditions). For Assumption 1-(e), we refer the reader to the
examples in [14, Section 7.4] to see under which conditions on the system components Assumption 1-(e) holds.

The main result of this section is the existence of a mean-field equilibrium under Assumption 1.

Theorem 2.2 Under Assumption 1, the mean-field game (X,A,p, c) admits a mean-field equilibrium (7*, u*).

It is important to note that mean-field games are not games in the strict sense. They are stochastic
control problems subject to a constraint on the distribution of the state at each time step. In other words, we
have a single agent and represent the collective behavior of (a large population of) other agents by an exogenous
state-measure p € P(X). This measure p should also be consistent with the state distributions of this single
agent when the agent acts optimally. The proof of Theorem 2.2 is given Section 4. To establish the existence
of a mean-field equilibrium, we use dynamic programming principle for average-cost criterion, which is stated
via average cost optimality equation (ACOE), in addition to fixed point approach that is commonly used in

classical game problems.
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3. Finite player game
The motivation for studying mean-field games comes from the challenges to establish the existence of Nash

equilibria for large population stochastic dynamic games with mean-field interactions. More precisely, suppose

that we have a discrete-time N-agent stochastic game with state space X and action space A. For every
t€{0,1,2,...} and every i € {1,2,..., N}, let 2¥(t) € X and a¥(t) € A denote the state and the action of
Agent ¢ at time ¢, and let

N
V() = 5 D davin() € PX)

denote the empirical distribution of the states at time t (i.e., mean-field term), where ¢, € P(X) is the Dirac
N

measure at «. The initial states x;' (0) are independent and identically distributed according to g, and, for

each t > 0, next states (z (¢t +1),...,2zN (¢t + 1)) are generated according to the probability distribution
N
N
[Lp(aa @+ Dl @), (1), ™).

i=1

A policy for a generic agent is a stochastic kernel 7 on A given X. The set of all policies for Agent ¢ is denoted
by II;. Let (V) = Hiil ;. Welet #V) = (z!,...,7N), 7* € II;, denote the N-tuple of policies for all the
agents in the game. Under such N -tuple of policies, actions (ad¥ (¢),...,a¥(t)) at each time ¢ > 0 are generated

according to the probability distribution
N .
[~ (dal )] ().
i=1

Note that agents can only use their local states when constructing their control laws. For Agent i, the average

cost under the initial distribution o and N-tuple of policies #(N) € (V) ig given by

T-1
1
JiN(ﬂ-(N), o) = limsup fE"(N)’““ {Z e (), a) (), ez(sN)) .

2 » g
T—o0 =0

We now define the notion of Nash equilibrium for this game problem as follows.

Definition 3.1 An N -tuple of policies w(N*) = (7, ..., 7N*) constitutes a Nash equilibrium if

S, ) = . I,
mrell;

for each i =1,..., N, where 71'(_]\;*) = (m7*) 4.

It is known that it is in general prohibitive to establish the existence of Nash equilibrium under decen-
tralized information structure. Moreover, when the number of agents is large, obtaining Nash equilibrium is
computationally intractable. Therefore, it is of interest to prove the existence of approximate Nash equilibrium.

To that end, we introduce the following solution concept:
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Definition 3.2 An N -tuple of policies #™N*) € (N) is an e-Nash equilibrium (for a given € > 0) if

JZ(N)(W(N*)yﬂO) < 71—1125 Ji(N)(W(_]\IL/*)ﬂTia ;U'O) +e

for each i=1,...,N.

In mean field games, the aim is now to show that the policy 7* in the mean-field equilibrium, when adopted
by each agent, is e-Nash equilibrium for games with sufficiently many agents. To that end, we need to impose
additional assumptions on the components of the game model.

Let p denote the following metric on P(X) that metrizes the weak topology:

(1) =§Oz-m [ s@utan) — [ sy viam)|.

where f,, € Cp(X) and || fm|| < 1 for all m (see [25, Theorem 6.6, p. 47]). Define the following moduli of

continuity:

welr) = sup  sup le(w,a, ) — c(w,a,v)].
(z,a) EXXA  HV:
p(p,v)<r

In addition to Assumption 1, we impose an additional assumption, which is stated below.

Assumption 2 (a) The transition probability p(-|z,a) does not depend on pi.
(b) we(r) =0 asr—0.

For average cost criterion, Assumption 2-(a) is quite common to establish the existence of approximate Nash

equilibrium (see [5, 31]). The following theorem is the main result of this section, which states that the joint

*

policy w(N*) = (m*,...,7), where 7* is repeated N times, which itself is obtained from the mean-field

equilibrium, is an e-Nash equilibrium for sufficiently large N.

Theorem 3.3 For any € > 0, there exists N(g) such that for N > N(¢), the N -tuple of policies #N*) is an
€-Nash equilibrium for the game with N agents.

The proof of this theorem is given in Section 5.

4. Proof of Theorem 2.2

Under Assumption 1, for any (7, 1), there exists a unique probability measure fi ,, such that
o) = [ (-l p) wdal) s () (41)
XxA

(see [30, Theorem 3.3], [12, Lemma 3.4]). Given p € P(X), we define the operator T}, : Cy(X) — C(X) as

ac

7, ute) = wip e(oa) + [ )yl = [ ) ()|
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=i e, )+ [ uo) e,

ac

Under Assumption 1, T}, is a well-defined operator. One can also prove that T}, is a contraction operator with
modulus  =1—X(X) € (0,1) [27, Theorem 3.21]. Therefore, for each p, there exists a fixed point h, € Cp(X)
of T,, by Banach Fixed Point Theorem. The following theorem characterizes the optimal policies for each

state-measure  using the operator 71),.

Theorem 4.1 Given p € P(X), a policy 7 is optimal for p when x(0) ~ pr,,, if
v ({ @)l + [ mytan) tantoanp) = Tn, f) =1,

where vy ,(dz,da) = pr ,(dx) m(dalx) and h, is the fized point of T), .

Proof Note that if T, h, = h,, then we have

hu(x) + pp = min [C(w,a,u) +/Xhu(dy)p(dy|x,a,u)],

where p, = [\ h,(dz) A(dz). The last equation is called average cost optimality equation (ACOE) in the
literature [13]. Since
ET[hyu(z(n))]

lim ——————= =0,
n—oQ n

for all 7, as h is bounded, we have [13, Theorem 5.2.4]

Pu = T}rellf[ (T, pom i) =2 T

Suppose that 7 satisfies the hypothesis in the theorem. For each n > 1 and v € P(X), we define

|
A

n

Jun(m, hyyy) = E™ [ c(z(t),a(t), p) + hu(xz(n))

t

o(0) ~].

I
=)

We claim that, for each n > 1,

J,u,n(ﬂ'v hua Nfr,u) =np, + /X hu(dx) /Lw,u(dz)'
Claim clearly holds for n = 0. Suppose it holds for n and consider n + 1:

J/J.,’I’LJrl(ﬂ-’ h/u M‘n’,u) = /

. A|:C(.T,a,llz)+/XJp,,n(ﬂ-vhu7§y)p(dy|x7auu):| 7r(da|:v) /J/Thlb(d'r)
X

—~

a

2 [ el aun) wldale) o (d2) + [ T )
XxA X

=

—~
=

O [ et [ [t vutan)] oasle.a, | wtdake) e, ()
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:an—I—/X A{c(m,a,u)—&—/Xhu(dy)p(dyac?mu) Vr,p(da, da)
X

©@ np —|—/ [Tuhu(m) + Pu} Ve, u(da,da)
XxA

(d)
= (n—i—l)pu-‘r/ hu(x) Mmu(daj>7
XxA

where (a) follows from (4.1), (b) follows from
Tu®stns) = [ T ) )

and induction hypothesis, (c) follows from the hypothesis in the theorem, and (d) follows from T}, h, = h,,.
This completes the proof of the claim. Note that

1
Ju (7, tr ) = limsup —J, n (7,0, oz )

n—oo T

n—oo

— lim sup% [J,m(w, Py i) — E™ [hu(fc(n))]]

a 1
@ limsup —Jp o (7, Ay tor )
n

n—oo
. 1
= limsup — {npu + / hy(dx) ,um#(dx)}
n—oo N X

=pu=J

W

where (a) follows from the fact that h, is bounded. Therefore, 7 is optimal. O
Define the set P.(X) as

Pe(X) = {u e P(X) : /Xw(x)u(dx) < fxw(x)/\(d““")}

1l—«

Since w is a continuous moment function, P.(X) is compact [13, Proposition E.8]. We also define

E={reP(XxA):v(dzr,da) = u(dz) m(da|z) for some (m, ) € II X P.(X)}.

Note that compactness of A and compactness of P.(X) imply that Z is tight [13, Definition E.5], and so, = is
relatively compact [13, Theorem E.6]. Since w is continuous, Z is closed. Therefore, = is compact. For any
v € P(Xx A), we let v; denote the marginal distribution on X.

Note that (m,p) is a mean-field equilibrium if 7 € U(A(7)). We transform this fixed point equation
7 € W(A(r)) into a fixed point equation of a set-valued mapping from = to 2P7**A) | To that end, we define

the set-valued mapping I' : & — 2PX*A) a5 follows:

I'(v) = C(v) N B(v),

where
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and

Blv) = {y' : y’({(m,a) : ol a,11) —&—/Xhl,l(y)ﬁ(dy\a:,a,yl) _ T,,lh,,l(x)}) _ 1}.

Note that the set C(v) characterizes the equation p = A(w) and the set B(v) characterizes the equation
7 € U(u). Under Assumption 1-(e), one can easily prove that the image of = under T is contained in 2%; that

is, I'(v) C 2. Indeed, fix any v € Z. It is sufficient to prove that C(v) C E. Let v/ € C(v). We have

Jwtvitan = [ [ w ptdyle.on) vide.d)

< /Xaw(x) vi(dx) + / w(y) A(dy) (by Assumption 1-(e))

X
< Jx w(@) A(dz)

o (as v1 € Pe(X)).

Hence, v] € P.(X). This completes the proof of the claim. Therefore,

[:=Z— 25
A point v € = is a fixed point of T' if v € I'(v). The following proposition makes the connection between

mean-field equilibria and the fixed points of T".

Proposition 4.2 Suppose that T' has a fized point v. Disintegrate v as v(dz,da) = vy (dz) w(da|x). Then the

pair (w,v1) is a mean-field equilibrium.

Proof Let v € I'(v). Since v € C(v), we have A(7) = vy = piz,, . Moreover, since v € B(v), 7 is optimal
for v; when x(0) ~ v; by Theorem 4.1; that is, 7 € U(v4). This completes the proof. O

By Proposition 4.2, it suffices to prove that I' has a fixed point in order to establish the existence of a mean-field
equilibrium. To prove this, we use Kakutani’s fixed point theorem ([2, Corollary 17.55]). Note that = is convex.

Furthermore, it can be proved that C(v) N B(v) # 0 for any v € E. Indeed, we define

p()= [ bl vd, da).
XxA
Moreover, let f: X — A be the minimizer of the following optimality equation:

d%ﬂ@wﬂ+AmAwﬂ@MN@wﬂ

ac

- in£ |:C(J,‘,a,l/1) —|—/hV1 (y) p(dy|x, a,v1)].
X

Existence of such an f follows from the Measurable Selection Theorem [13, Section D]. If we define v'(dx,da) =
p(dx) 05z (da), then it is straightforward to prove that v € C(v) N B(v), and so, C(v) N B(v) # (. We can
also show that both C(v) and B(v) are convex; thus, their intersection is also convex. Moreover, Z is a convex
compact subset of a locally convex topological space M(X x A), where M(X x A) denotes the set of finite
signed measures on X x A. Therefore, to establish the existence of a fixed point of I' via Kakutani’s fixed point,

we only need to prove the following:

471



SALDI/Turk J Math

Proposition 4.3 The graph of T', i.e., the set
Gr(I) :={(r,§) e ExE: e (1)},
is closed.

Proof Here, we adapt the proof of [26, Proposition 3.9] to the average cost criterion. Let {(V("), f("))}n>1 -

Z x Z be such that ¢ € T(v(™) for all n and (v™, &™) — (v,€) as n — oo for some (v,€) € = x Z. We
prove that £ € I'(v), which completes the proof.
We first prove that £ € C(v). Note that, for all n, we have

fln)(') :/x Ap(~|x,a,l/£"))1/(")(dx,da). (4.2)

Let g € Cy(X). Then, by [19, Theorem 3.5], we have

lim / /g(y)p(dy|x,a,u ) v (da, da) / / p(dy|z, a,v1) v(dx, da)
OO XA JX XxA

since (™ — v weakly and Jx 9(y) p(dy|z, a, an)) converges to [, g(y) p(dy|z,a,v1) continuously” (see [28,

p. 388]). This implies that the sequence of measures on the right-hand side of (4.2) converges weakly to

JxsxaP(- |z, a,v1) v(dx, da). Therefore, we have

&() :/x Ap(~\:z:,a,1/1)1/(d:c,da),

which means that £ € C(v).
We now prove that £ € B(v), which implies that £ € T'(v). To prove this, we use the continuity properties

of the average cost optimality equation. For each n, let us define

F™(z,a) = ¢(x, a, 1/1 /h o« (y) p(dy|z, a, 1/5 ))
and

F(z,a) = c(z,a,v1) /hl,1 p(dylz, a,v1).

By definition,

h o (z) = inf F™(z,a) and h,,(z) = inf F(z,a).

a€A a€A

By assumption, we have

1=¢m ({(m,a) : F(”)(m,a) = huin) (:c)}), for all n.

*Suppose g, gn (n > 1) are measurable functions on metric space E. The sequence g, is said to converge to g continuously if
limn— 00 gn(en) = g(e) for any e, — e where e € E.
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Let A™ = {(z,a) : F™(z,a) = huin)(a:)}. Since both F( and hVin) are continuous, A™ is closed. Define
A= {(z,a) : F(z,a) = hy, (z)} which is also closed as both F' and h,, are continuous.

We first prove ¢ € B(v) by supposing that F (") converges to F' continuously and th") converges to hy,
continuously, as n — oo. Then, we prove these statements.

For each M > 1, define closed set BM = {(z,a) : F(z,a) > hy,(z) + (M)}, where e(M) — 0 as
M — co. Since both F and h,, are continuous, we can choose {e(M)}r>1 so that £(OBM) =0 for each M.

As A=y, BM and BM ¢ BM+! we have by the monotone convergence theorem

" (42N AM) =liminfe™ (BY 0 AM).
Hence, we have

1 = lim sup ljiérijgof{f(") (A N A(")) 4™ (BM N A(”))}

n— oo

< lim inflim sup{f(") (AN AM) 4 £0(BM 0 AM) }

—©  n—oo

Fix any M. Note that £ converges weakly to & as n — oo when both measures are restricted to BM | as
BM s closed and £(0BM) =0 (see [6, Theorem 8.2.3]). Furthermore, 1,(m)pum converges continuously to 0.
Indeed, if (z(™,a(™) — (x,a) in BM | then

lim F™ (2™ o) = F(z,a)

n—oo

> hy, () + (M)

= lim hu(n) (l‘(n)) + €(M)

n—oo
Hence, for large enough n, we have F(™(z(™ ¢() > h (™), which implies that (z(™, a(™) ¢ A so
1
Lyoynpa (2, a™) = 0. Therefore, by [19, Theorem 3.5], for each M, we have

lim sup €™ (BM N A(”)) =0.

n—oo
Therefore, we obtain

1 < limsup ™ (A N A("))

n—oo

< limsup €™ (A)

n—oo

< &(A),

where the last inequality follows from the Portmanteau Theorem (see [4, Theorem 2.1]). Hence, £(A) = 1. This
means that £ € B(v). Therefore, £ € I'(v) which completes the proof under the condition that F() converges

to F' continuously and h ) converges to h,, continuously, as n — oo, which we prove next.
1

For continuous functions, continuous convergence is the same as uniform convergence on compact sets

(see [19, Lemma 2.1]). Therefore, we show that F (") uniformly converges to F over compact sets and h o
1
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uniformly converges to h,, over compact sets, as these functions are continuous. Furthermore, if h ) converges
1

to h,, continuously, then F(™ also converges to F continuously. Indeed, let (z(™,a(™) — (z,a). By [19,

Theorem 3.5] we have

lim F™ (z™ ¢™) = lim [c(sr:,a,uyl))—i—/hu(n) (y)ﬁ(dy|a:,a,y§n))}
X 1

n—oo n—oo
= [C(I,a,ul)—i—/h,,l(y)ﬁ(dy|x,a,1/1)}
X
= F(x,a).

Therefore, it is enough to prove that h (. uniformly converges to h,, over compact sets. The following
1

proposition establishes this result.

Proposition 4.4 For any compact K C X, we have

lim sup ’hyw (x) = hy, ()] = 0.
1

n—,oo reK
Proof To ease the notation, let T = Ty(n) , h(m) = h”m , T'=T,,,and h=~h,,. Let u(()n) =up =0 and
1 1
u,(;:_)l = T(")u,(cn) and ug4+1 = Tug.

Since T and T are contractive operators on Cy(X) with modulus S, it can be proved that
™ — R, Jug — hl| < Lo 8%, (4.3)

for some constant Lg.

For any compact K C X, one can prove that

lim sup ‘ugﬁn) (z) — up(z)| =0, (4.4)

n—oo zeK

for all £ > 0. Indeed, fix any compact K C X. Since uén) = ug = 0, the claim trivially holds for k = 0.

Suppose that the claim holds for k. Then, consider k + 1:

sup [ul") (z) — wppa (2)]
zeK

= sup
rzeEK

min [c(:c,a, Vin)) + / U;(.cn)(y) ﬁ(dylx,awf”))}
X

a€cA

— min [C(%a,m) +5 /X uk(ym(dym,ul)ﬂ

< sup |c(x, a, I/YL)) —c(z, a, 1/1)|

o (z,a)e K XA

+  sup / ugcn) (y) p(dy|x, a, VYL))
X

(z,a)€e K XA
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- / ui(y) By, a, )|
X

Note that ¢(-, -,V(”)) converges to ¢(-, -,v) continuously as n — co. Furthermore, since u](cn) converges to u

continuously, by [19, Theorem 3.5] [, u,, M) () p(dyl-, -, 1™ converges to Sy ue()B(dyl-, -, v1) continuously as
n — 00. Since continuous convergence is equivalent to uniform convergence over compact sets for continuous

functions, the last expression goes to zero as n — oco. This proves (4.4).

Using (4.4), we now complete the proof of Proposition 4.4. Fix any compact K C X. For all £k > 0, we

have

sup [1) (z) = h()] < A" —u || + sup [u™ (2) — up(@)| + |lux — b
zeK rzeK

< 2LoB* + sup [ul” () — ux(z)| (by (4.3)).
rzeK

This last expression can be made arbitrarily small by first choosing large enough %k and then large enough n.
O

This completes the proof of Proposition 4.3 as F(") converges to F continuously and h ) converges to
1
h,, continuously by Proposition 4.4. O

Recall that = is a compact convex subset of the locally convex topological space M(Xx A). Furthermore,
I’ has closed graph by Proposition 4.3, and it takes nonempty convex values. Therefore, by Kakutani’s fixed

point theorem (see [2, Corollary 17.55]), T' has a fixed point. Then, Theorem 2.2 follows from Proposition 4.2.

5. Proof of Theorem 3.3

To prove Theorem 3.3, we mimic the idea used in [31] of formulating N-agent game as a stochastic control

problem over an extended state space and action space. Namely, we consider N-agent game as a stochastic

control problem with state space XV = Hl 1 X, action space AN = Hl 1 A, transition probability
N
PN(dyla ey dyN|$17 ey TN, ALy ey aN) = Hp(dyz|xz7 ai)a

and one-stage cost function

Here, the initial state (z1(0),...,zx(0)) is generated by the product measure ul’ = vazl o . For any N-tuple

of policies wV) | the average-cost of this stochastic control problem is the same as the average-cost of Agent 1

in the game; that is,

TN (w N )7Mo)—llm5up E™ ”“J[ZCN N (0), .., aN (@), (0),...,aN (D) |.

T—o0

Suppose that Assumptions 1 and 2 hold. Then, for all N, the following are satisfied:
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(i) The one-stage cost function CV is bounded and continuous.

(ii) The stochastic kernel PV is weakly continuous and satisfies

N
PN(-|xy,...,xN,0a1,...,aN) ZAN('):HA('), Y (21,..,2n) € XN (ar,...,ay) € AN (5.1)
=1
sup / u)N(yl,...,yN);ﬁN(dyh...,yN|x17...,xN,a1,...,aN)ganN(xl,...,xN),V(ml,...,xN)GXN
(a1,...,an) J XN
(5.2)
where wN(xla"'axN) :Hivzlw(yl) and ]aN('|ZE1,...,1‘N,CL1,...,(IN) :p("$1,...,$N,a1,...,aN)*)\N(')-

Under (5.1) and (5.2), for any (") the following stochastic kernel on XV given X

N
("xla"'7xN):/ PN('|.’L'17...,J,‘N,a1,...,G,N) Hﬂ-(da‘i‘xi)
AN

i=1

(N)

Pﬂ'
has an unique invariant distribution p.x € P(XYV) and we have

TN (), o) = /

XN x AN

N N
1
c (xl,al, N 2%) Hwi(daimi) ey (dxy,y ... daN).

(see [30, Theorem 3.3], [12, Lemma 3.4]). Moreover,

N
ey (dxy, ..., dey) = H o, (d),
i=1
where, for each i =1,..., N, ur, is the unique invariant probability measure of the stochastic kernel

/Ap(-|x,a) m;i(dalx).
The following result is the key to prove Theorem 3.3.
Proposition 5.1 For any m € II;, we have
[ () = I (w7 )| < V),

where

N

e(N) = /XN_leN_l“’” <p (“NLZI‘SI)) p*(dms) . (o) + we (2- (1 - % + ;V)) .

Note that, by law of large numbers and the fact that w.(r) =0 as r— 0, ¢(N) =0 as N — co.
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Proof Fix any policy « for Agent 1. Since pu, is the unique invariant distribution of the stochastic kernel

Jap(-|z,a)7(da|x), we can write

Tir(rapo) = [ elarar i) wldanfen) un(do)
XxA
(see [30, Theorem 3.3], [12, Lemma 3.4]). Then, we have
’Ju*(ﬂ,uo) - J1N (W 7"( 1 )’Mo>’

= ‘/ c(x1, a1, p*) w(day|zy) pr(doy)
XxA

N
1
_/XNXANc<x1,a1,Nz_: ) (day|z1) Hﬂ' dal|xl) (_A{*)(d$1,...,d$]\])‘

1=2

(@)

/ c(x1, a1, ") w(day|zy) pr(dry)
XxA

5., N—-1 1 &
_ /XXA [/XN 1 c (ml,al, ;[1 + NN—12511> ,u*(dxg)...u*(de)]w(daﬂxl),u,r(dml)
<| [ cloran ) atdarfon) s ()
XxA
1 N
- /X><A [/szl ¢ (5517@17 N_1 Zd’v) p*(dzs) .. ~M*(d$N)} m(das|z1) pr (dy)

+ ’ /X><A [/sz_l c (xl,al, Nl_ 1 idx) u*(d9€2)~-~M*(d$N)]7T(da1|x1)Hw(dml)
— /XxA[/XNl c <z1,a1, % + — N i > *(dxz) . *(dIN)]W(da1|931)Mw(dI1)
[ e <p<u*, . i%)) ) o) e (2 (1= 254 ).

=2

where (a) follows from the fact that p* is the unique invariant probability measure of the stochastic kernel
Jap(- |z, a) 7*(daz) and g, is the unique invariant probability measure of the stochastic kernel [, p(- |z, a) 7(da|x),

and (b) follows from

N N
1 Oy N-1 1 N-1 1
—_ _— =2-({1-—+—=.
'(’<z\7—1§5’”1’1\7Jr N N—1;5’“> ( N +N)
This completes the proof. O

Now, we are ready to prove Theorem 3.3. We prove that, for sufficiently large N, we have

JN (N ),uo)<7r1€nf JN(m (_]\Z]),ﬂ'7u())+€ (5.3)
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for each ¢ = 1,..., N. Since the transition probabilities and the one-stage cost functions are the same for all
agents in the game, it is sufficient to prove (5.3) for Agent 1 only. Given € > 0, for each N > 1, let #() e II;
be such that

. : €
JNGEWN) w* o wt we) < inf JN(mwt, o w w) + =
melly 3

Let N(e) be such that ¢(N) < £ for all N > N(e). Then, by Proposition 5.1, we have

- 2e
inf JN(m,m*, . 1% o) € > JlN(ﬂ'(N),ﬂ'*,...,ﬂ'*,/Lo)+ —
melly 3

~ 13
> Jus (W(N),uo) + 3
> inf J- (7, o) + =
_T:Iell'l w705 Ko 3

= JM* (7T*7 /’LO) +

Wl M

2 ']{V(ﬂ-*7ﬂ-*a s 77T*7/J'0)'

This completes the proof of Theorem 3.3.

6. Conclusion
This paper has considered discrete-time mean-field games subject to average cost criteria, for Polish state and
action spaces. Under drift and minorization conditions on the state transition kernel, the existence of a mean-
field equilibrium has been established for infinite-population game models using the average cost optimality
equation. We have then applied the policy in mean-field equilibrium to the finite population game and have
proved that it constitutes an approximate Nash equilibrium for games with a sufficiently large number of agents.
One interesting future direction of research to pursue is to study partially observed version of the same
problem. By converting partially-observed system into a fully-observed one over a belief-state space, it might

be possible to establish similar results for the partially-observed case.
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