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Abstract: Having a finite number of topological spaces X; and functions f; : X; — X,;, and considering one of the
following classes of functions: exact, transitive, strongly transitive, totally transitive, orbit-transitive, strictly orbit-
transitive, w-transitive, mixing, weakly mixing, mild mixing, chaotic, exactly Devaney chaotic, minimal, backward

minimal, totally minimal, 77T 4, scattering, Touhey or an F'-system, in this paper, we study dynamical behaviors of

the systems (Xi7fi)7 (HXthl)» (}—"(Hxl)v}—"(n fl))v and (]:"l(Xl)v}—"(fl))
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1. Introduction

Given a topological space X and a positive integer n, we consider the n-fold symmetric product of X, F,(X),
consisting of all nonempty subsets of X with at most n points [7]. A function f : X — X induces a map
on Fp(X) denoted by F,(f) : Fn(X) = Fo(X) and defined by F,(f)(A) = f(A), for each A € F,,(X) [3].
Thereby, the discrete dynamical system (X, f) induces the discrete dynamical system (F,(X), F.(f)).

Let Xi,..., X, be topological spaces, with m > 2 and foreach 7 € {1,...,m} let f; : X; = X; be a func-
tion. We define the function [}~ fi : [Tie, Xi — 1%, X by T2, fi((@1, .. ozm)) = (fi(@1), ..., fm(zm)),
for each (z1,...,2m) € [[i=,; X;. This function is called product function. In this way, we can analyze the
relationships between the dynamical of the systems (1) (F,([Tim; Xi), Fu(ITi2y £)); (2) (Fu(Xa), Fu(fi)), for
each i € {1,...,m}; 3) (I, Xi, [1i~, fi) and (4) (X, f;), for each i € {1,...,,m}. Hou et al. [11] consid-
ered two compact metric spaces without isolated points X and Y, and two continuous functions f : X — X
and g : Y — Y, and they showed the following result: if f and g are sensitive functions, then the function
2/x9 . 2XXY _ 9XXY g sensitive. Later, Degirmenci and Kocak [8] considered two metric spaces, X and Y,
and two functions f: X — X and g:Y — Y (not necessarily continuous) and they analyzed the relationship
between f, g and f X g when any of them is a chaotic function. In particular, they proved the following result:
if f is continuous and chaotic, and ¢ is chaotic and mixing (not necessarily continuous), then f x g is chaotic.
Later, Wu and Zhu [21] proved that for each integer m > 2, if []!", f; is chaotic in the sense of Devaney, then
for each i € {1,...,m}, f; is also chaotic in the sense of Devaney. Moreover, they proved that if [[,-, f; is
transitive, then, for each i € {1,...,m}, f; is transitive. The converse problem is not true in general. In [21],

Wu and Zhu considered metric spaces without isolated points and continuous functions. Moreover, Li and Zhou
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[13] analyzed the relationships between f, g and f x g when any of these are: topologically transitive, topolog-
ically weakly mixing, syndetically transitive, cofinitely sensitive, multisensitive and ergodically sensitive, always
considering metric spaces and functions not necessarily continuous. Wu et al. [20] studied the F-sensitivity and
the multisensitivity of the dynamical system (2X*Y 2/*9) when X and Y are both compact metric spaces.
Recently, Mangang [6] studied the Li-Yorke chaos of the product dynamical system ([];~, X;,[]i~, fi) when
each dynamical system (X, f;) has the property. In particular, he proved that (X, f) and (Y, g) are two exact
dynamical systems if and only if the product dynamical system (X xY, f x g) is exact. In this last paper, X and
Y are compact metric spaces and f and g are continuous functions. In order to make a contribution to this line
of investigation, let M be one of the following classes of functions: exact, mixing, transitive, weakly mixing,
totally transitive, strongly transitive, chaotic, minimal, orbit-transitive, strictly orbit-transitive, w-transitive,
TT, ., mild mixing, exactly Devaney chaotic, backward minimal, totally minimal, scattering, Touhey or an

F'-system, in this paper we study the relationships between the following four statements:

1. For each i € {1,...,m}, fi € M.

2. T2, fie M.

3. Fulliz, fi) e M.

4. For each i € {1,...,m}, Fn(f;) € M.

It is important to emphasize that in the aforementioned articles, the authors work with compact metric
spaces or without isolated points metric spaces and continuous function. In this paper, we are going to answer
similar questions that we can find in [6, 8, 11, 13, 20, 21], considering topological spaces and functions not

necessarily continuous.

2. Definitions and notations

Throughout this paper, m is an integer greater than one. A set is said to be nondegenerate if it has more
than one point. A (discrete) dynamical system is a pair (X, f), where X is a nondegenerate topological
space and f: X — X is a function, X is called the phase space. Let X be a topological space and let
A be a subset of X, clx(A) denotes the closure of the set A in X. The symbols Z, Z; and N denote
the set of integers, the set of nonnegative integers and the set of positive integers, respectively. Given a
finite collection of topological spaces X7, ..., X,,, the Cartesian product of these topological spaces is denoted
by [T, X,;. This space is considered with the product topology [16, p. 86]. On the other hand, given a
finite collection of functions, f1 : X1 — Xi1,..., fm : X;m — X (not necessarily continuous), we define the
product function [T, f; : [Tim, Xi — [Iie, Xi by [1in, fil(z1, .., 2zm)) = (fi(@1), ..., fm(zm)), for each
(z1,...,2m) € []I~, X;. Particularly, if X is a topological space and f: X — X is a function, the Cartesian
product of X with itself m times is denoted by X™ and the Cartesian product of f with itself m times is
denoted by f*™.

Given a dynamical system (X, f), for each k& € N, the kth iteration of f is defined as repeated
composition of f with itself k times and is denoted by f*¥. This is, f* = fo f*~!, where f! = f and
f° = idx, the identity function on X . For a subset A of X and k € Z, we denote by f*(A) the image of A
under f*, when k > 0, and the preimage under f*I when k< 0. If 2 € X, f~*(2) denotes the set f=*({z}),
for each k£ > 0.
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Let (X, f) be a dynamical system and let * € X. The orbit of z under f is the set O(z, f) =
{f*() | k€ Z,}. A point x of X is a transitive point of the function f if the set O(x, f) is dense in X . The
set of transitive points of f is denoted by trans(f). The point z is a fixed point of f if f(z) = x. The point
x is a periodic point of f if there exists k € N such that f¥(z) = x. The set of periodic points of f is denoted
by Per(f). If k = min{l € N | f!(z) = x}, we say that k is the period of x under f. A point y in X is an
w-limit point of x under f if for any &k € N and for any open subset U of X such that y € U, there exists
a positive integer [ > k such that f!(x) € U. The set of w-limit points of = under f, is denoted by w(z, f)
and is called w-limit set of x. Given a subset A of X, we say that A is +invariant under f if f(A) C A,
A is —invariant under f if f=1(A) C A and A is invariant under f if f(A) = A. A topological space X is
+invariant over open subsets under f if for each open subset U of X, U is +invariant under f. For subsets
A and B of X, it is defined the following subset of Z, ns(A,B) = {k € Z; | AN f~*(B) # 0}. A topological
space X is pseudoregular if for any nonempty open subset U of X, there exists a nonempty open subset V'
of X such that clx(V) C U [15]. Let X be a topological space, let B be a subset of X and let b € B. We
say that b is an isolated point of B if there exists an open subset U of X such that U N B = {b}. Denote by
IP(B) the set of isolated points in B. A point z of X is a quasiisolated point of X if there exists a dense
subset B of X such that x € B and z is an isolated point of B [15]. A topological space is perfect if it does
not have isolated points. The following definitions can be found in [1, 8, 15].

Let X be a topological space and let f: X — X be a function. Then f is:

e Exact, if for each nonempty open subset U of X, there exists k € N such that f*(U) = X.

e Mixing, if for each pair of nonempty open subsets U and V of X, there exists N € N such that f*(U)NV # 0,
for all k> N.

e Transitive, if for every pair of nonempty open subsets U and V of X, there exists £k € N such that
fE¥U)NV # 0 (equivalently, for each pair of nonempty open subsets U and V of X, ng(U,V)\ {0} #0).

e Weakly mixing, if f*? is transitive.

e Totally transitive, if f® is transitive, for all s € N.

e Strongly transitive, if for each nonempty open subset U of X, there exists s € N such that X = [J;_, EU).
e Chaotic, if it is transitive and Per(f) is dense in X .

e Minimal, if for each nonempty closed subset A of X which is +invariant under f, we have A = X .

e Orbit-transitive, if there exists x € X such that cly (O(z, f)) = X.

o Strictly orbit-transitive, if there exists a point = in X such that clx(O(f(z), f)) = X.

e w-transitive, if there exists € X such that w(z, f) = X.

e TT,.,if for any pair of nonempty open subsets U and V of X, the set ny(U, V) is infinite.

e Mild mixing, if for any transitive function, f; : X7 — X1, the function f x fi is transitive.
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e Exactly Devaney chaotic, if f is exact and Per(f) is dense in X .

e Backward minimal, if the subset {y € X : f*(y) = z, for some n € N} is dense in X, for every = € X .
e Totally minimal, if f® is minimal for all s € N.

e Scattering, if for any minimal function, f; : X7 — X3, the function f X f; is transitive.

e Touhey, if for every pair of nonempty open subsets U and V of X, there exist a periodic point x € U and
k € Z, such that fk(z) € V.

e An F-system, if f is totally transitive and Per(f) is dense in X .

In the diagram of Figure, we put the inclusions between some of these classes of functions for the general
case, that is to say, when X is a topological space and f: X — X is a function. For the proofs of these

inclusions see, for instance, [1, 5, 15].

Surjective Exact Mild mixing
Mixing Weakly mixing
F-system ——— T. transitive F. transitive

|

Touhey ——— Chaotic Transitive <—— w-transitive

—

E. Devaney chaotic TT, ¢ Scattering Strictly orbit-transitive

Orbit-transitive

Figure : Inclusions between some classes of functions.

When we add properties to the phase space or to the function in Figure, we obtain other relationships,
namely: Let X be a topological space and let f: X — X be a function. If X is a Hausdorff and compact
topological space, and f is a surjective continuous function, we have that if f is scattering, then f is totally
transitive [2, Theorem 2.9]. Moreover, if f is a continuous function, it follows that if f is chaotic, then f is
Touhey [18, Proposition 2.6].

Hyperspace theory started in early 1900, with the work of Hausdorff [9] and Vietoris [19]. Nowadays
hyperspaces are widely studied, mainly in continuum theory, see [12, 14, 17].

Given a topological space (X, 7) and a positive integer n, we define the n-fold symmetric product of X
by:

Fo(X)={ACX|A#0 and A hasat most n elements}.
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This set, equipped with the Vietoris topology [17], is called a hyperspace. Next we describe this topology.

Let (X,7) be a topological space. Given a finite collection of nonempty subsets Uy, ..., U, of X, we
denote by (Un,...,Uy) the subset of F,(X):

i=1

k
{Aefn(XHACUUZ- and ANU; #0, foreach ie{l,...,k}}.

The family:
B={(U,...,Ux) |Uyer, foreach i€{l,...,k}and k € N}

forms a basis for a topology on F,,(X) which is denoted by 7 and called the Vietoris topology.

3. Preliminary results
Let Xi,...,X,, be topological spaces and for each i € {1,...,m} let f; : X; — X; be a function. In this
section, we present some topological and dynamical properties of the space H;il X;. Moreover, we review the

basic results that we need to know about the function [].", f;.

Remark 3.1 Let Xi,...,X,, be topological spaces, for each i € {1,...,m}, let U;, V; be nonempty subsets of
X, foreach i€ {1,...,m}, let f;: X; — X; be a function and let k € N. Then the following hold:

1 (TT f)k =TI, fF
2 [Fu(ITZy f)F = Py 15
S If (T, [T, Us) =TI, Vi, then, for each i € {1,...,m}, fF(U;)=V;.

Lemma 3.2 Let Xi,...,X,, be topological spaces, for each i € {1,...,m}, let U; be a nonempty subset of
X;, let z; € X; and let f; © X; — X; be a function. If for each i € {1,...,m}, X; is +invariant over
open subsets under f; and, for each i € {1,...,m}, there exists k; € N such that ff‘ (z;) € U;, then, for
k = max{ky,...,kn}, it follows that, for each i € {1,...,m}, fF(x;) € U;.

Proof Suppose that, for each i € {1,...,m}, X, is +invariant over open subsets under f; and that there
exists k; € N such that f (z;) € U;. Let k = max{ky,...,kn}. It follows that, for each i € {1,...,m},
there exists I; € Z such that k = k; +1;. Thus, for each i € {1,...,m}, fF(x;) = fFtli(z) = fli(fF ().
Consequently, for each i € {1,...,m}, fF(x;) € fZlZ(Ul) By hypothesis, since, for each i € {1,...,m}, U; is
+invariant under f;, we have that, for each i € {1,...,m}, f¥(z;) € U;. O

Theorem 3.3 Let Xi,..., X, be topological spaces, for each i € {1,...,m}, let f; : X; — X, be a function,
and let (z1,...,2m) € [[1=, Xi. Then the following hold:

1. If (1,...,%m) is a transitive point of T[]~ fi, then, for each i € {1,...,m}, z; is a transitive point of

fi-

2. If w((z1,...,xm), [1iny fi) = [1in, Xi, then, for each i € {1,...,m}, w(z;, ;) = X;.
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3. For each i € {1,...,m}, x; is an isolated point in X; if and only if (x1,...,2m) is an isolated point in
H;L Xi.
4. For each i € {1,...,m}, x; is a periodic point of f; if and only if (x1,...,2m) is a periodic point of

Proof Suppose that clipm  x, (O((@1,. .., 2m), [Ti2, fi)) = [Ti2, Xi. Let i € {1,...,m} and let U;, be
a nonempty open subset of X;,. For each ¢ € {1,...,m}\{io}, let V; = X; and V;, = U;,. It follows
that [[;", Vi is a nonempty open subset of []", X;. By hypothesis, O((z1,..., %), [[1oy fi) N ([T, Vi) #
(). Then, there exists k € N such that ([[/~, fi)*((z1,...,2m)) € [[i~, Vi By Remark 3.1, part (1),
(H;Zl ey, vzm) = (FF(@1), ..., 5 (2m)), fi]f)(ffi(,) € U, . Therefore, U;, N O(z4,, fi,) # @ and
clx,, (O(@iys fio)) = Xiy -

Suppose that w((z1,...,2zm), [[1n, fi) = [Tie; Xi. Let ip € {1,...,m}, let y;y € X;,, let k € N, let
Ui, be an open subset of X;, such that y;, € U;, and for each j € {1,...,m}\{io}, let y; € X;. Moreover,
for each i € {1,...,m}\{io}, we put V; = X; and V;, = U,,. It follows that [[;, V; is a nonempty open
subset of [[\", X; such that (y1,...,ym) € [[\=; Vi. Thus, by hypothesis, there exists [ € N with { > k such
that (TT;% fi)'((%1,...,%m)) € [T/~; Vi. By Remark 3.1, part (1), we have that f! (z;,) € Us,. Therefore,
Yiy € W(Tiy, fip). Consequently, X;, = w(xs,, fiy)-

Suppose that (z1,...,%,,) is an isolated point in []", X;. Then there exists an open subset U of
[T:%, X; such that (IT", X;) NU = {(x1,...,2m)}. Even more, for each i € {1,...,m}, there exists a
nonempty open subset U; C X; such that ([T, U;) N (IT;~; Xs) = {(z1,...,2m)}. Observe that, for each
ie{l,...,m}, U;nX; ={x;}. Consequently, for each ¢ € {1,...,m}, z; is an isolated point in X;.

Now suppose that, for each i € {1,...,m}, x; is an isolated point in X;. Then, for each i € {1,...,m},
there exists an open subset U; C X; such that U; N X; = {z;}. Note that, (z1,...,2,) € [[i~, U; and
(IT2, U)n (112, Xs) = {(z1,...,2m)}. Thus, (21,...,2,) is an isolated point in []", X;.

Suppose that, for each i € {1,...,m}, x; is a periodic point of f;. Thus, for each ¢ € {1,...,m}, there
exists k; € N such that f7 (z;) = ;. Let k= ki---ky,. It follows that, for each i € {1,...,m}, fF(z;) =
z;. Hence, (fF(z1),...,f%(xm)) = (z1,...,2m). By Remark 3.1, part (1), (I[%, f)*((z1,...,2m)) =
(z1,...,%m). Therefore, (x1,...,2,,) is a periodic point of []\", f;.

Now, suppose that (21,...,2,) is a periodic point of [[!", f;. Then, there exists £ € N such that
(T, £k ((z1y- -y 2m)) = (21,. .., 2m). Thus, by Remark 3.1, part (1), for each i € {1,...,m}, fF(z;) = =,.
Therefore, for each i € {1,...,m}, x; is a periodic point of f;. O

As a consequence of Theorem 3.3, we have the following:

Remark 3.4 Let Xi,..., X, be topological spaces and, for each i € {1,...,m}, let f; : X; — X; be a function.
Then the following hold:

1. trans([12, fi) C I, trans(f).
2. w((@y, ..y om), ITL fi) S TLL wlas, fi).-
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3. IP([I", Xi) =TI, IP(X)).
4. PGT(HZ1 fi) = H7;1 Per(f;).

Corollary 3.5 Let Xi,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a
function. Then the following hold:

1 e x, (trans(TT%, f:)) C ITi~, clx, (trans(f;)) -
2. cm | x, (IT%, Per(f:) =1~ clx, (Per(fy)).

In Example 3.6 we show that the converse of Theorem 3.3, parts (1) and (2), are not true in general.

Example 3.6 Let X = {1,2} topologized with 7 = {0, X,{1}} and let f: X — X be a function given by
f(1) =2 and f(2) =1. Note that

1. cdx(O(1, f)) = X and clx(O(2,f)) = X. However, O((1,2),f x /)N ({1} x {1}) = 0. Consequently,
cxxx(O((1,2),f x f)) # X x X.

2. w(l,f) =X and w(2, f) = X . However, w((1,2),f x f) # X x X.

There exist conditions that make the converse of Theorem 3.3, parts (1) and (2) true. One of these

conditions is given in Theorem 3.7.

Theorem 3.7 Let Xi,...,X,, be topological spaces, for each i € {1,...,m}, let z; € X;, and let f; : X; — X;
be a function. Then the following hold:

1. If, for each i € {1,...,m}, w(x;, f;) = X; and X; is +invariant over open subsets under f;, then

OJ((.’L‘l, v axm)7 H:Zl fl) = H:il X

2. If, for each i € {1,...,m}, clx,(O(zy, fi)) = Xi and X; is + invariant over open subsets under f;, then:

e, x, <0 <(l’1,...,$m),Hfi>> = HXi~
i =1

i=1

Proof Suppose that, for each i € {1,...,m}, w(z;, fi) = X; and that X; is +invariant over open subsets
under f;. Let (y1,...,ym) € [[in; Xi, let k € N and let & be an open subset of [];~, X; such that
(Y1,-.-,Ym) € U. Then, for each ¢ € {1,...,m}, there exists a nonempty open subset U; of X;, such
that (y1,...,ym) € [[12;U; € U. By hypothesis, for each i € {1,...,m}, there exists I; € N such that
l; > k and fll(xl) € U;. For each i € {1,...,m}, let I = max{ly,...,l,n}. By Lemma 3.2, for each
i € {1,...,m}, we have that f/(z;) € U;. Thus, (T[\~, fi)'((z1,...,2m)) € U. Also note that | > k.
Therefore, (z1,...,Zm) € w(@1,...,&m), [[1o; fi) and w((z1,...,2m), [[ie; fi) = [1ie; Xi-

Now suppose that, for each i € {1,...,m}, clx,(O(x;, fi)) = X; and that X; is +invariant over
open subsets under f;. Let U be a nonempty open subset of H;"zl X;. Then, for each i € {1,...,m},
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there exists a nonempty open subset U; of X; such that H:’;l U; € U. By hypothesis, for each i €
{1,...,m}, Oz, f;) NU; # 0. Tt follows that, for each ¢ € {1,...,m}, there exists k; € N such that
fZ’c (z;) € U;. Let k = max{ky,...,k,}. By Lemma 3.2, for each i € {1,...,m}, we have that f¥(z;) € U;.
Consequently, ([Ti~, fi)*((z1,...,2m)) = (fFf(z1),..., [E(zm)) € [T2, Ui. Hence, O((x1,...,2m),[[1n, fi) N
U # 0. Therefore, clppm  x, (O ((x1,-..,2m), [[i2 £i) = [[12, Xi. O

As a consequence of Theorem 3.3, part (3), we have:

Corollary 3.8 Let Xi,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a
function. Then []", X, is perfect if and only if, for each i € {1,...,m}, X; is perfect.

Theorem 3.9 Let X1,...,X,, be topological spaces. Then HZ’;I X, is pseudoregular if and only if, for each
ie{l,...,m}, X; is pseudoregular.

Proof Suppose that []\~, X; is pseudoregular. Let ig € {1,...,m} and let U;, be a nonempty open subset
of X;,. Foreach i € {1,...,m}\{io}, let V; = X; and let V;, = U;,. Thus, [[;", Vi is a nonempty open subset
of [Ti~, X;. Since [[;~, X; is pseudoregular, there exists a nonempty open subset V of []~, X; such that
e, x, (V) € [1%, Vi. Moreover, for each i € {1,...,m}, there exists a nonempty open subset V; C X; such
that [[/",V; € V. Consequently, el x, (T2 V;) C TI, Vi. Then clx, (Vi) € Ui, . Therefore, X;, is
pseudoregular. Because ig € {1,...,m} is arbitrary, we have that, for each ¢ € {1,...,m}, X; is pseudoregular.

Now suppose that, for each ¢ € {1,...,m}, X, is pseudoregular. Let & be a nonempty open subset of
[T7%, X;. Then, for each i € {1,...,m}, there exists a nonempty open subset U; of X; such that [T, U; CU.
Since, for each i € {1,...,m}, X, is pseudoregular, we have that, for each i € {1,...,m}, there exists a
nonempty open subset V; of X; such that clx,(V;) C U;. Hence, [[i~, clx,(V;) C []%, U;. On the other
hand, since clypm x, ([Ti%; Vi) € [1i%, clx, (Vi), we have that clppe | x, (T2, Vi) € U. Therefore, [Ti2; X; is

pseudoregular. O

Proposition 3.10 Let X,...,X,, be topological spaces, for each i € {1,...,m}, let U; be an open subset of
X, and let f; : X; — X; be a function. Then, for each i € {1,...,m}, U; is +invariant under f; if and only
if 112, U; is +invariant under -, fi.

Proof Suppose that, for each i € {1,...,m}, U; is +invariant under f;. Let (a1,...,an) € [Tiey fi(llim, Us).-
Then there exists (z1,...,2m) € [[x, U; such that []%, fi((z1,...,2m)) = (a1,...,an). It follows that, for
each i € {1,...,m}, fi(z;) = a;. Then, for each i € {1,...,m}, a; € f;(U;). Since, for each i € {1,...,m},
U; is +invariant under f;, we have that, for each i € {1,...,m}, a; € U;. Therefore, (a1,...,a,) € [[1~, Ui.
Consequently, [, U; is +invariant under []}", f;.

Now suppose that [[;~, U; is +invariant under []\", f;. Let ig € {1,...,m} and let z;, € fi,(Us,).
Then there exists w;, € U;, such that f; (u;,) = x;,. For each j € {1,...,m}\{io}, let u; € U;. Next,
(u1,...,up) € 112, U;. Since []%, U; is +invariant under [])", fi, we have that [[;~, fi((u1,...,um)) =
(fi(wr), -, fm(um)) € T112, Ui. Thus, z;, = fi,(ui,) € Uy, . Therefore, f;,(Ui,) C U, - O
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Proposition 3.11 Let Xy,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a
function. If, for each i € {1,...,m}, U; C X, is —invariant under f;, then [[;~, U; is —invariant under

Proof Suppose that, foreach i € {1,...,m}, U; is —invariant under f;. We show that ([];~, f;) " (IT/~, Us) €
[T, U;. Let (ai,...,am) € (IT0%, fi) '(I1i~, Ui). We have that [, fi((a1,...,am)) € [[i~, Ui. It follows
that, for each i € {1,...,m}, fi(a;) € U;. Thus, for each i € {1,...,m}, a; € f; '(U;). Since, for each
i €{l,...,m}, U; is —invariant under f;, we obtain that, for each i € {1,...,m}, a; € U;. Consequently,

(a1,...,am) € [[i~, U;. Therefore, []", U; is —invariant under []", f;. O

The converse of Proposition 3.11 is not true in general.

Example 3.12 Let X = {1,2,3,4} be a set topologized with {X,0,{1,2}}, and let f: X — X be a function
given by f(x) = 1, for each x € X. Let A = {1} x {2,3,4}. Note that (f x f)"Y(A) = 0. Thus,
(f x f)"Y(A) € A. Then A is —invariant under f x f. On the other hand, f~'({1}) = X. It follows
that, f~1({1}) € {1}. Consequently, {1} it is not —invariant under f.

Theorem 3.13 Let Xi,...,X,, be topological spaces, for each i € {1,...,m}, let U; be an open subset of X;,
and let f; : X; — X; be a surjective function. Then [[", U; is —invariant under [~ fi if and only if, for

each i € {1,...,m}, U; is —invariant under f;.

Proof Suppose that [[;~, U; is —invariant under []", fi. Let ig € {1,...,m} and let a;, € figl(Ui ).
Thus, fi,(ai,) € U;,. On the other hand, since, for each j € {1,...,m}, f; is surjective, we have that,
for each j € {1,...,m}, fj_l(Uj) # (. Then, for each j € {1,...,m}\{io}, we can take a; € fj_l(Uj).
Hence, for each j € {1,...,m}, fj(a;) € U;. It follows that (fi(a1),...,fm(am)) € [1i;U;. Thus,
[T, fi((ar,...,am)) € [T/~ Ui. Then (ai,...,an) € ([Tie, fi)"*(IT;~, U:). By hypothesis, since [[;~, U; is
—invariant, (a1,...,an,) € HZ1 U;. Hence, a,, € U;,. Therefore, U;, is —invariant.

The converse implication follows from Proposition 3.11. O

Theorem 3.14 Let Xq,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a
function. Then, for each i € {1,...,m}, X; is +invariant over open subsets under f; if and only if H:’il X;

is +invariant over open subsets under [[;", f;.

Proof Suppose that, for each i € {1,...,m}, X, is +invariant over open subsets under f;. Let U be a
nonempty open subset of [[;~, X; and let (z1,...,2,) € [[i=; fi(i). Then there exists (ai,...,an) € U
such that T, fi((a1,...,am)) = (z1,...,2m). It follows that, for each i € {1,...,m}, there exists a
nonempty open subset U; of X; such that (ai,...,an) € [[i~, Ui € U. By hypothesis and Proposition
3.10, LY, fi(IT2, U:) € 112, Ui Thus, (21,...,2m) € [[iny Ui € U. Therefore, U is +invariant under
[T, fi- Because U is arbitrary, we have that [[;~, X; is +invariant over open subsets under [];", f;.

Now, suppose that [[", X; is +invariant over open subsets under [[/", f;. Let ig € {1,...,m}, let
Ui, be an open subset of X;, and, for each i € {1,... ,m}\{io}, let V; = X; and V;, = U;,. Then H:’;l V; is
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a nonempty open subset of ", X;. Since [[;~, X; is +invariant over open subsets under []!", f;, we have

that [[i~,V; is +invariant under []", f;. Then, by Proposition 3.10, U;, is +invariant under f;, . O

Theorem 3.15 Let X1,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; — X; be a
function. Then Per(I]%, fi) is dense in [[;~, X; if and only if, for each i € {1,...,m}, Per(f;) is dense in
X;.

Proof Suppose that Per([T;Z, fi) is dense in [["; X;. Thus, clfpr  x, (Per([TiZ, fi)) = [T;~; Xi. Then, by
Corollary 3.5, part (2), [[i~; clx, (Per(f;)) = [1i~, X;. Consequently, for each i € {1,...,m}, clx,(Per(f;)) =
X, . Therefore, for each i € {1,...,m}, Per(f;) is dense in X;.

Now suppose that, for each i € {1,...,m}, Per(f;) is dense in X;. In consequence, we have
that, []-, clx,(Per(f;)) = [[/~, Xi;. On the other hand, by Remark 3.4 and Corollary 3.5, part (2),

we have that [[i“, clx,(Per(fi)) = clpm x, ([[iX, Per(fi)) = clm, x, (Per (T2, fi)). Tt follows that
clipe | x, (Per([Ti2, fi)) = T;%, Xi. Therefore, Per(I[;Z, f;) is dense in [}, X;. O

Proposition 3.16 Let Xi,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X, be a
function. If trans([[;~, fi) is dense in [[i~, X;, then, for each i € {1,...,m}, trans(f;) is dense in X;.

Proof  Suppose that trans([[;~, fi) is dense in J[[", X;. Hence, clfyr x,(trans(I[;Z, fi)) = [T~ Xi.
Thus, by Corollary 3.5, part (1), [\, X; C [[I%, clx, (trans(f;)). Consequently, for each i € {1,...,m},
X; Cclx,(trans(f;)). Therefore, for each i € {1,...,m}, trans(f;) is dense in Xj. O

The converse of Proposition 3.16 is not true in general.

Example 3.17 Let X = {1,2} be a set topologized with 7 = {0, X, {1},{2}}, and let f : X — X be a function
given by f(1) =2 and f(2) =1. Note that

1. O(1, f)={1,2} is dense in X and O(2, f) ={2,1} is dense in X . Thus, trans(f) is dense in X .

2. trans(f < f)=10.

Theorem 3.18 Let Xq,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a
function. If, for each i € {1,...,m}, trans(f;) is dense in X; and X; is + invariant over open subsets under
fi, then trans([T/~, fi) is dense in [];~, X;.

Proof Suppose that, for each i € {1,...,m}, trans(f;) is dense in X; and that X; is +invariant over
open subsets under f;. Let U be a nonempty open subset of []!", X;. Then, for each i € {1,...,m}, there
exists a nonempty open subset U; of X; such that []", U; C U. By hypothesis, for each i € {1,...,m},
U; Ntrans(f;) # 0. Consequently, for each 7 € {1,...,m}, there exists x; € U; such that z; is a transitive

point of f;. Since, for each ¢ € {1,...,m}, X; is +invariant over open subsets under f;, by Theorem 3.7,
part (2), we have that (z1,...,2,,) is a transitive point of [[*, f;. Even more, (z1,...,%,) € U. Therefore,
trans([1~, fi) is dense in [[\", X;. o
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Lemma 3.19 Let Xi,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; — X; be a
function. If j € {1,...,m}, let U;,V; be two nonempty open subsets of X; and, for each i € {1,...,m}I\{j},
we put Uy = X; and V; = X, then nppm ¢ (T2, Ui, TTimy Vi) € ny, (U5, V3).

m m m m —k m
Proof Let k€ npym 5, (I[i2; Ui, [ 1,21 V). Then ([[;Z, Us) N (I1;2, fi) ~ (ILiZ, Vi) # 0. Let (y1,...,ym) €
(T2, U) 0 (TT%, f) "1~ Vi) It follows that (T~ fi)*((y1,---,ym)) € [li=, Vi- Then, by Remark
3.1, part (1), we have that (ff(v1),...,f%(ym)) € [[}~, Vi Consequently, y; € U; N ffk(Vj)~ Then,
ke ’/lfj(Uj, Vj) Thus, nym, fi(H;’ll UNH:il ‘/1) - ’/lfj(Uj, Vj) O

4. Dynamic properties of product functions

Let X1,..., X, be topological spaces and, for each i € {1,...,m}, let f; : X; — X, be a function. In this
section, we present the relationships that exist between the functions Hz”;l fi and f;, for each i € {1,...,m},
when any of them is exact, mixing, transitive, weakly mixing, totally transitive, strongly transitive, chaotic,
minimal, orbit-transitive, strictly orbit-transitive, w-transitive, 77T, , mild mixing, exactly Devaney chaotic,

backward minimal, totally minimal, scattering, Touhey or an F'-system.

Theorem 4.1 Let Xy,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a
function. Let M be one of the following classes of functions: transitive, weakly mizing, totally transitive,

strongly transitive, chaotic, orbit-transitive, strictly orbit-transitive, w-transitive, TT4 , backward minimal,

Touhey, an F-system, scattering or mild mizing. If [[;~, fi € M, then, for each i € {1,...,m}, f; € M.

Proof Suppose that [];~, f; is transitive. Let igp € {1,...,m} and let U;,,V;, be nonempty open subsets of
Xi,. Forevery i € {1,....,m}\{io}, let U; = X; and let V; = X;. Then [[;", U; and [].*, V; are nonempty
open subsets of []/", X;. Since, [[;~, fi is transitive, there exists k € N such that ([]~, f;)*([Ti~, U:) N
(IT-, Vi) # 0. Let (u1,...,um) € [[j, U; such that (TT%, fi)*((u1,...,um)) € [[i=, Vi. Thus, by Remark
3.1, part (1), we have that fF (u;,) € Vi,. Therefore, fF(ui,) € fF(Usi,) N Vig, fE(Usy) NViy # 0 and fy, is
transitive.

Suppose that [[i-, f; is weakly mixing. Let i € {1,...,m} and let &,V be nonempty open sub-
sets of X;, x Xj,. Then there exist nonempty open subsets UL, U2, V! and V2 of X, such that U} x
U2 C U and V;! x V2 C V. For each i € {1,...,m}\{io}, let U} = U2 = V! = V? = X;. Hence,
(1%, U2) % (I[%, U2) and (IT, V) x (IT, V2) are nonempty open subsets of (T[22, X,) x (T2, X).
By hypothesis, there exists ((a1,...,am), (b1,...,bn)) € (ITi2, U}) x (II[~,U?) and k € N such that
((TL%y ) x (T2, fi)*((ary - - yam)s (bry .o bw)) € (T, Vi') x (IT%, V). Then by Remark 3.1, part (1),
(fio X fio)¥((aig,biy)) € Vil x V2. Even more, (ai,,b;,) € U} x U2 . Therefore, (fi, X fi,)*(U) NV # 0 and
hence fi[x)2 is transitive. Finally, f;, is weakly mixing.

Suppose that [];~, f; is totally transitive. Let ig € {1,...,m} and let s € N. By hypothesis, ([];~, fi)*
is transitive. By Remark 3.1, part (1), [T/, f# is transitive. Thus, by the first paragraph of the proof of this

theorem, we have that f7 is transitive. Therefore, f;, is totally transitive.

Suppose that H:11 fi is strongly transitive. Let ip € {1,...,m} and let U;, be a nonempty open subset
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of X;,. Forevery i € {1,...,m}\{io}, let U; = X;. Then [[;~, U; is a nonempty open subset of []", X;. By
hypothesis, there exists s € N such that [, X; = Up_o(IT/~, f)*(ITi~, Us). Let x;, € X;, and, for each i €
{1,...,m}\{io}, let z; € X;. Then there exists k; € {0,...,s} such that (z1,...,zm) € ([T~ fi)**([Ti~, Us).
Thus, by Remark 3.1, part (1), we have that z;, € fi]zl(Ul-O). Therefore, X;, = U;_, i’f}(Ui ) and hence f;, is
strongly transitive.

Suppose that [];~, f; is chaotic. By the first paragraph of the proof of this theorem, for all i € {1,...,m},
fi is transitive. Moreover, by Theorem 3.15, for every i € {1,...,m}, Per(f;) is dense in X;. Thus, for each
i€ {l,...,m}, fi is chaotic.

Suppose that [];~, f; is orbit-transitive. Consequently, there exists (z1,...,%,) € [[;~, X; such that
e, x, (O((z1, - 2m), T2y fi)) = [1iZ; Xi. Thus, by Theorem 3.3, part (1), for every i € {1,...,m}, we
have that clx, (O(z;, fi)) = X;. Thus, for all i € {1,...,m}, f; is orbit-transitive.

Suppose that [];, f; is strictly orbit-transitive. Consequently, there exists (21, ...,2m) € []/~; X; such
that clypm , (O(TLL, fil(@1,- -+ 2m)), ITZ, fi)) = [1;Z, Xi. Therefore, by Theorem 3.3, part (1), for every
ie{l,...,m}, clx, (O(fi(x;), fi)) = X; and hence, for all ¢ € {1,...,m}, f; is strictly orbit-transitive.

Suppose that [\~ f; is w-transitive. Consequently, there exists (z1,...,2m) € [[;~, X; such that
w((@1,.. -, xm), [1iey fi) = [1i~, X;. Thus, by Theorem 3.3, part (2), for each i € {1,...,m}, w(z;, fi) = X;.
Therefore, for each i € {1,...,m}, f; is w-transitive.

Suppose that [~ fi is TT4y. Let ig € {1,...,m} and let U,,,V;, be nonempty open subsets of X;, .
For every i € {1,...,m}\{ig}, let U; = X; and V; = X;. Then by Lemma 3.19, e fi(]_[zzl U, T2, Vi) C
N, (Ui Vig) . Moreover, by hypothesis, nppm (T2, Ui, TTZ, Vi) is infinite.  Therefore, ny, (Ui, Vi) is
infinite and hence f;, is 77, .

Suppose that []", f; is backward minimal. Let i € {1,...,m}, let x;, € X;, and let U;, be a
nonempty open subset of X;,. For each i € {1,...,m}\{ip}, let U; = X, and let 2; € X;. Then [[*; U;
is a nonempty open subset of []'", X;. By hypothesis, we deduce that {A € [["", X; : ([T\~, fi)'(A) =
(#1,...,Zm), forsome I € N} N[[2,U; # 0. Let (ur,...,un) € [[1=;U; and let I € N such that
(T2 f) ((uty - um)) = (@1, ..., @) . It follows that, u,, € {y € X;, : fL (y) = x,, for some | € N} N U;, #
0. Thus, the set {y € Xy, : f. (y) = @i,, for some | € N} is dense in Xj,. Since z;, € X, is arbitrary, we have
that f;, is backward minimal.

Suppose that []", fi is Touhey. Let ig € {1,...,m} and let U,,,V;, be nonempty open subsets of X .
For each i € {1,...,m}\{io}, let U; = X; and V; = X;. Then, [[;",U; and [[.~,V; are nonempty open
subsets of []!", X;. By hypothesis, there exist a periodic point (z1,...,2m) € [[;=, U; and k € Z, such that
(T~ f)F((z1,- - y2m)) € [1i~, Vi. By Theorem 3.3, part (4), z;, is a periodic point of f;, such that z;, € Uy,
and by Remark 3.1, part (1), fF (zs) € Vi,. Therefore, f;, is Touhey.

Suppose that [[;~, f; is an F-system. Thus, [[/", f; is totally transitive and Per([];~, f;) is dense in
[T;%, X;. By the third paragraph of this proof, we have that, for each i € {1,...,m}, f; is totally transitive.
Moreover, by Theorem 3.15, for each i € {1,...,m}, Per(f;) is dense in X;. Therefore, for each i € {1,...,m},

fi is an F'-system.
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Suppose that []\", f; is scattering. Let ig € {1,...,m}, let Y be a topological space and let g : Y — Y
be a minimal function. Let &/ and V be nonempty open subsets of X;, x Y. Then, there exist nonempty open
subsets Uilo,UZ% of X, and nonempty open subsets V7,V2 of Y such that UilU x Vi CU and Ufﬂ x Vo CV.
For each i € {1,...,m}\{io}, let U} = U? = X;. Thus, [[\~, U} and [];~, U? are nonempty open
subsets of []", X;. By hypothesis, there exist ((u1,...,um),v1) € ([Ti; U}) x V4 and k € N such that
(T2 fi) x @) ((ur, -y um),v1) € (TTim, UZ) x Va. It follows that (us,v1) € UYL x V4 and by Remark 3.1,
part (1), (fi, X 9)*((uiy,v1)) € U2 x Va. Therefore, (fi, x g)*(U) NV # 0 and hence f;, is scattering.

The proof for mild mixing is similar to that given for scattering. O

The converse of Theorem 4.1 is not true in general. Let us see a partial example of this in the following;:

Example 4.2 Let f:[0,2] — [0,2] be a function given by:

20 +1, 0
fl@)=9 —2z+3, 1
—x+2, 1

INIA IA
INIA IA
[N L

T
T
T

In [8, Example 1], it is proved that f is a chaotic function. Moreover, it is proved that fx f : [0,2]x[0,2] —
[0,2] x [0,2] is not transitive and, therefore, it is not chaotic. Furthermore, in [1, 15], it is proved that for
continua and continuous functions, the notions: transitive, orbit-transitive, strictly orbit-transitive, w -transitive
and TT, are equivalent. Therefore, the converse of Theorem 4.1, for all these classes of functions are not

true in general.

Theorem 4.3 Let Xi,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a
function. Then, for each i € {1,...,m}, f; is ezact if and only if T]", f; is ezact.

Proof Suppose that []!", f; is exact. Let ip € {1,...,m} and let U;, be a nonempty open subset of X;, .
For each i € {1,...,m}\{io}, let U; = X;. Then []!", U; is an open subset of []!", X,. By hypothesis, there
exists k € N such that (TT/%, fi)*(ITi~, Us) = [T;~; Xi. By Remark 3.1, part (3), fF(U;,) = X;,. Thus, f;, is

exact.

Now, suppose that, for each i € {1,...,m}, f; is exact. Let U be a nonempty open subset of [[\", X;.
Then, for each i € {1,...,m}, there exists a nonempty open subset U; of X; such that [[/~, U; C U. By
hypothesis, for each i € {1,...,m}, there exists k; € N such that f i(U;) = X;. On the other hand, by the
diagram on Figure, we have that, for each i € {1,...,m}, f; is surjective. Then, for each ¢ € {1,...,m} and
for each | € N, f{(X;) = X;. Let k = max{ky,...,k;,}. It follows that, for each i € {1,...,m}, there exists
l; € Z such that k = k; 4+ I;. Thus, for each i € {1,...,m}, fE5(U;) = fith(U;) = f;(fj%( D) = fli(X;) =

X;. Consequently, by Remark 3.1, part (1), ([T~ f)*(II~, U:) = T1im, fF(U:) = TIi-, X;. Therefore,

(2

(TT~, f)FU) =TI~ X, and [[;%, fi is exact. O

Theorem 4.4 Let Xy,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; — X; be a
function. Then T[], f; is mizing if and only if, for each i € {1,...,m}, f; is mizing.
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Proof  Suppose that [[/*, f; is mixing. Let io € {1,...,m} and let U,,, Vi, be two nonempty open
subsets of X;,. For each i € {1,...,m}\{io}, we put U; = X; and V; = X;. It follows that [[", U;
and []",V; are nonempty open subsets of [[;~, X;. Since [[;-, fi is mixing, there exists N € N such
that (TT~, f)*(IT~, Us) N ([T~ Vi) # 0, for each k > N. Let k > N and let (ai,...,vi,...,am) €
(TT, f)R(IT%, Us) N (TT7%, Vi) Then there exists (z1,..., Uiy, .. Zm) € [[}, U; such that

m k
(Hf’> ((@1y ey Uigy e s @) = (A1y 0oy Vigye vy Am)-
i=1

K2

Thus, fF(ui,) = vi,. Thereby, v, € fF(Us,) NV;,. Consequently, ff(U;,) NVi, # 0, for each k > N.
Therefore, f;, is mixing.

Now, suppose that, for each ¢ € {1,...,m}, f; is mixing. Let & and V be two nonempty open subsets
of [[i~, X;. Then, for each i € {1,...,m}, there exist nonempty open subsets U; and V; of X;, such that
[T",U; €U and [[;~, Vi C V. Since f; is mixing, for each i € {1,...,m}, there exists N; € N such
that fF(U;)NV; # 0, for each k > N;. Let N = max{Ny,...,N,,} and let [ > N. Thus, by hypothesis
fHU)NV; # 0. Foreach i € {1,...,m}, let a; € U; be such that f!(a;) € V;. Then (a1,...,an) € [[1~, U; and
(T ) ane e vam) € TI Vie Hence, (T £)H(ans- o am) € (NI SN U] A (T Vi) Hence,
for each I > N, [(TT'%, f)MIT~, U N (TTi%, Vi) # 0. Therefore, [[~, f; is mixing. g

By Theorems 3.15 and 4.3, we have the following result.

Proposition 4.5 Let Xi,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; — X; be a
function. Then, for each i € {1,...,m}, f; is exactly Devaney chaotic if and only if [/~ f; is exactly Devaney

chaotic.

Theorem 4.6 Let Xi,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a

continuous function. If [[;~, fi is minimal, then, for each i € {1,...,m}, f; is minimal.

Proof Let ig € {l,...,m}. Since f;, is continuous, it is enough to show that, for each = € X, ,

clx,, (O(z, fi,)) = Xi,. Let x € X, for each ¢ € {1,...,m}\{io}, let z; € X; and let z;, = x. Then,
(z1,...,2m) € [[1~, X;. Since, for each ¢ € {1,...,m}, f; is continuos, we have that, [/~ f; is a minimal and
continuous function. Thus, we have that clppm x,(O((z1,...,m), [[;2 fi)) = ;2 Xi. Later, by Theorem
3.3, part (1), for each i € {1,...,m}, clx,(O(zi, fi)) = X;. In particular, clx, (O(z, fi,)) = Xj,. Considering
that = € X, is arbitrary, by [15, Proposition 6.2], f;, is minimal. O

Corollary 4.7 Let Xi,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a

continuous function. If T[/~, fi is totally minimal, then, for each i € {1,...,m}, f; is totally minimal.

Proof Let s € N. By hypothesis, ([];~; f;)® is minimal. Then, by Remark 3.1, part (1), []:~, f§ is minimal.
Thus, by Theorem 4.6, for each ¢ € {1,...,m}, ff is minimal. O
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Lemma 4.8 Let Xi,..., X1 be topological spaces and, for each i € {1,...,m+ 1}, let f; : X; = X; be a
function. If, for each i € {1,...,m}, X; is +invariant over open subsets under f; and f; X fmi1 is transitive,

then ([Ti%, fi) X fm+1 is transitive.

Proof Suppose that, for each i € {1,...,m}, X; is +invariant over open subsets under f; and f; X fm41
is transitive. Let U, V be two nonempty open subsets of ([]\~; X;) X X,4+1. It follows that, there exist
nonempty open subsets U and Us of szl X; and there exist nonempty open subsets V; and Vo of X, 1
such that, U; x Vi CU and Uy x Vo C V. Hence, for each i € {1,...,m}, there exist nonempty open subsets
UL,U? of X; such that [\, U} C Uy and []~, U? C Us. By hypothesis, there exists k; € N such that
(fi X fma1)® (UL x V1) N (U2 x Vi) # (. Then, for each i € {1,...,m}, there exists (u;,v;) € U} x V; such
that (f; X fimi1)® ((us,v;)) € U? x V. Consequently, for every i € {1,...,m}, fFi(u;) € U?. Let k =
max{ky,...,ky}. Then, by Lemma 3.2, we have that, for all i € {1,...,m}, f¥(u;) € U?. Let ig € {1,...,m}
be such that k = k;,, and let v = v;,. Thus, f&_  (v) € Va. Hence, ((u1,...,up),v)) € ([T~ U}) x V4 and
(T £ % Fs ) E (s tm),0)) € (T U2)x Va. Consequently, [(TT1% fi)% frusa S0 X V)N (Us x Va) #
(. Therefore, ([T, fi) X fm41 is transitive. a

Remark 4.9 Let X be a topological space and let f: X — X be a function. Observe that if X is +invariant

over open subsets under f, then f cannot be strongly transitive unless X has the trivial topology.

Theorem 4.10 Let Xq,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a
function. Let M be one of the following classes of functions: transitive, weakly mizing, totally transitive,
chaotic, orbit-transitive, strictly orbit-transitive, w-transitive, TTy  , Touhey, scattering, an F-system or mild

mizing. If, for each i € {1,...,m}, fi € M and X; is +invariant over open subsets under f;, then

[T fie M.

Proof Suppose that, for each i € {1,...,m}, f; is transitive. Let U and V be two nonempty open
subsets of []/~, X;. Then, for each i € {1,...,m}, there exist nonempty open subsets U; and V; of X;
such that [[",U; C U and [[;~, Vi C V. By hypothesis, for each i € {1,...,m}, there exists k; € N
such that fF(U;) N'V; # 0. For each i € {1,...,m}, let u; € U; be such that fFi(u;) € V; and let k =
max{ky,...,k,}. By Lemma 3.2, we have that, for each i € {1,...,m}, fF(u;) € V;. Hence, (uy,...,un) €
[T, Ui and (ff(w1),.... f5 (um)) € T1i~, Vi. Consequently, ([T/~, fi)*((u1,...,um)) € [Ti~, Vi. It follows
that ([T~ f)™(TT~, Ui) 0 (TTi%, Vi) # 0. Therefore, (TT~, f)¥U) NV #0 and [[;~, fi is transitive.

Suppose that, for each i € {1,...,m}, f; is weakly mixing. Let U;,Us, V1, and V5 be four nonempty
open subsets of ", X;. Then, for each i € {1,...,m}, there exist nonempty open subsets U}, U?, V! and
V2 of X;, such that []", U} Cth, [[n, U2 CUs, [, Vit € V1 and ]2, V2 C V. Since, f; is weakly
mixing, for every i € {1,...,m}, there exists k; € N such that fik"'(Uf) N V;j # (), for each j € {1,2}. For
cach i € {1,...,m}, let a; € U} be such that fF (a;) € V' and let a; € U? be such that f¥ (a;) € V3.
Let k = max{ki,...,ky}. Hence, by Lemma 3.2, for each i € {1,...,m}, fF(a;) € V;' and fF(a;) € V3.
Tt follows that (TT/", fi)*((a1,...,am)) € TI/%, Vit and ([T, fo)*((al, ..., a,,)) € TI1, V2. Consequently,
(TT2, f)R(U) Ny # 0 and (TT2, fi)*(U) N V2 # 0. Therefore, T[], f; is weakly mixing.
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Suppose that, for each ¢ € {1,...,m}, f; is totally transitive. Let s € N and let &, V be two
nonempty open subsets of [];~, X;. Then, for each ¢ € {1,...,m}, there exist nonempty open subsets U;,V;
of X; such that [[/~, U; CU and [];~, V; C V. Since, for each i € {1,...,m}, f; is totally transitive, for each
i €{1,...,m}, there exists k; € N such that (f)* (U;)NV; # 0. Hence, forall i € {1,...,m}, f*(U)NV; #0.
For every ¢ € {1,...,m}, let u; € U; be such that ff]“ (u;) € V;. Let k = max{k1,...,kmn}. By Lemma 3.2, for
each i € {1,...,m}, f*(w;) € V;. Thus, (fi*¥(u1),..., f¥(un)) € 12, £25(U;) and (f$%(u1),. .., £ (um)) €
[T%, Vi. By Remark 3.1, part (1), we have that, ([T/~, fi)**((u1,...,um)) € (IT\%; fi)**(TT%, Ui) and
(TT2 fi)**((ua, - .., um)) € TTi~, Vi. Consequently:

m sk m sk /o m
<Hfl> ((ulvvum)) € (Hfz) (HUz> OHV;
i=1 i=1 i=1 i=1

Hence, ([T, fi)® is transitive. Since s € N is arbitrary, we have that [];", f; is totally transitive.

Suppose that, for each ¢ € {1,...,m}, f; is a chaotic function. Then, for each i € {1,...,m}, f; is
transitive and Per(f;) is dense in X;. By the first part of the proof of this theorem, we have that, [\", f; is
transitive and by Theorem 3.15, Per (], fi) is dense in []", X;. Therefore, [],_, f; is chaotic.

Suppose that, for each i € {1,...,m}, f; is orbit-transitive. Thus, for all ¢ € {1,...,m}, there exists
z; € X; such that cly,(O(zi, f;)) = Xi. Then, by Theorem 3.7, part (2), clipre | x, (O (1, ..., 2m), [[12, fi) =
[T;%, X;. Thence, [, fi is orbit-transitive.

Suppose that, for each i € {1,...,m}, f; is strictly orbit-transitive. Then, for every i € {1,...,m},
there exists x; € X; such that clx, (O(fi(z:), f;)) = X;. By Theorem 3.7, part (2):

m m

Consequently clppm x, (O ((ITi% fi) ((z1, - 2m)), [Ti%, i) = [1i2, Xi. Therefore, [T, fi is strictly orbit-
transitive.
Suppose that, for each i € {1,...,m}, f; is w-transitive. Then, for every i € {1,...,m}, there exists

z; € X; such that w(x;, f;) = X;. By Theorem 3.7, part (1), w((z1,...,2m),[[1ny fi) = [1i~; X;. Therefore,
[T:%, fi is w-transitive.

Suppose that, for each @ € {1,...,m}, f; is TT4,. Let U and V be two nonempty open subsets
of [[i~, X;. Then, for every i € {1,...,m}, there exist nonempty open subsets U;,V; of X; such that
[[X,U; CU and []2, V; C V. Since, forall i € {1,...,m}, f; is TT¢ 4, we have that, for each i € {1,...,m},
ny, (U;,V;) is infinite. For every i € {1,...,m}, let k; € ny,(U;,V;). Then, for each ¢ € {1,...,m},
fzk(UZ) NV; # 0. Tt follows that, for all ¢ € {1,...,m}, there exists u; € U; such that fik"(ui) e V;. Let
k = max{ki,...,kn}. By Lemma 3.2, for every i € {1,...,m}, fF(u;) € Vi. Then [[[]~; fil*((u1,...,um)) €
T2, fiF(TTL, Us)NITZ, Vi Consequently, [T, fi]*(@U)NV # 0. Therefore, k € npym 5, (U, V). Now, since,
for each i € {1,...,m}, ny, (U;,V;) is infinite, for every ¢ € {1,...,m}, we can take k; € ny, (Ui, V;) such that
k; > k. Let ki = max{ky,...,k,}. By Lemma 3.2, for every i € {1,...,m}, fF (u;) € V;. Tt follows that,
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(T2 f (T2, Us) NTTZ, Vi # 0. Consequently, ([TiZy fi)*(U) NV # 0. Therefore, ki € npym 5 (U, V)
and k; > k. Continuing with this process, we have that npm (U,V) is an infinite set. Since U and V are
arbitrary, we have that the function [[;*, fi is TT .

Suppose that, for each ¢ € {1,...,m}, f; is Touhey. Let & and V be two nonempty open subsets
of [T7%, X;. Then, for every i € {1,...,m}, there exist two nonempty open subsets U; and V; of X; such
that [, U; CU and []*, V; C V. Since, for all i € {1,...,m}, f; is Touhey, for each pair of nonempty
open subsets U; and V;, there exist a periodic point z; € U; and k; € Z such that fik" (z;) € V;. Let
k = max{ki,...,kn,}. Then, by Lemma 3.2, we have that for each i € {1,...,m}, f¥(z;) € V;. By Theorem
3.3, part (4), we obtain that (x1,..., %) is a periodic point of [];~, f; such that (z1,...,2,) € [[1o,U; CU
and (TT~, f)F((z1,. .., 2m)) € [1/2, Vi € V. Therefore, [/, f; is Touhey.

Suppose that, for each i € {1,...,m}, f; is an F-system. Then, for every i € {1,...,m}, f; is totally
transitive and Per(f;) is dense in X;. By the third paragraph of the proof of this theorem, we have that
[T:%, fi is totally transitive. Moreover, by Theorem 3.15, we know that Per([].", f;) is dense in [\, X;.
Therefore, []1", f; is an F-system.

Suppose that, for each i € {1,...,m}, f; is mild mixing. Let Y be a topological space, let g: Y — Y be
a transitive function. By hypothesis, for each i € {1,...,m}, f; x g is transitive. Since, for each i € {1,...,m},
X is +invariant over open subsets under f;, by Lemma 4.8, ([[;~, fi) x g is transitive. Therefore, []\", f; is
mild mixing.

Suppose that, for each i € {1,...,m}, f; is scattering. Let Y be a topological space and let g : Y — Y be
a minimal function. By hypothesis, for each i € {1,...,m}, f; X g is transitive. Since, for each i € {1,...,m},
X is +invariant over open subsets under f;, by Lemma 4.8, ([[;~, fi) x g is transitive. Therefore, []\", f; is

scattering. 0O

Proposition 4.11 Let Xq,...,X,, be topological spaces and, for each i € {1,...,m}, let f; : X; = X; be a
continuous function. If for every i € {1,...,m}, f; is minimal and X; is + invariant over open subsets under

fi, then [T~ fi is minimal.

Proof Suppose that, for each ¢ € {1,...,m}, f; is minimal and X; is +invariant over open subsets
under f;. By hypothesis, we have that H?; fi is a continuous function. Thus, it is sufficient to show
that, for all (z1,...,2,) € [[i; X, e, x, (O((21, .- 2m), [[2) i) = T2y X Let (21,...,2m) €
[T:%, X;. Since, for each i € {1,...,m}, f; is minimal, we have that clx,(O(z;, f;)) = X;. Since, for
every i € {1,...,m}, X; is +invariant over open subsets under f;, by Theorem 3.7, part (2), we have that
e, x, (O((x1, s xm), [Ti2y i) = T2y Xi. Thus, since [[%, f; is continuous, we have that [[;", fi is

minimal. O

Corollary 4.12 Let X,...,X,, be topological spaces and for each i € {1,...,m}, let f; : X; — X; be a
continuous function. If for each i € {1,...,m}, f; is totally minimal and X; is + invariant over open subsets

under f;, then [[;~, fi is totally minimal.

Proof Let s € N. By hypothesis, for every i € {1,...,m}, ff is minimal and continuous. Thus, by
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Proposition 4.11, T, f# is minimal. Then, by Remark 3.1, part (1), ([];~, f;)® is minimal. Finally, since
s € N is arbitrary, we have that [[/", f; is totally minimal. O

5. Dynamic properties of n-fold symmetric product of a product space.

Let Xq,...,X,, be topological spaces. In this section we analyze some topological and dynamical properties of
the hyperspace F,, (-, X;) and their relationships with the spaces F,,(X;) and X;, for each i € {1,...,m}.

Lemma 5.1 Let Xi,..., X, be topological spaces, let iy € {1,...,m}, let n € N, let {a1,...,a,} € Fn(X;,)
with v < n, and let Uy,...,U, be nonempty open subsets of X;, such that {ai1,...,a,} € (Uy,...,Uy,). For
each i € {1,....,mi\{io} and for every L € {1,...,r}, let al € X; and let a}, = a;.

1. If, for each 1 € {1,...,r}, by=(d',....d ,....al)), then {b1,...,b.} € F,(TT\~, Xi)-

s @i

2. If, for every i € {1,...,m}\{io} and for each j € {1,...,n}, VI = X; and Vl{) =Uj, then {by,...,b.} €
(U,,...,U.), where, for all j € {1,...,n}, U; =TI, V7.

Proof It is not difficult to see that (1) is satisfied. We show that (2) is true. Let p € {1,...,r}.
Since {a1,...,a,} € (Ui,...,Uy), there exists jo € {1,...,n} such that a, = af € Uj,. Thus, b, =
(af,...,al ,...,a0) € [T2, V7o = U;-O. Therefore, b, € U?Zl Ujl-. Consequently, {b1,...,b.} C U?:1 Uj/-. Now,
we will prove that, for each j € {1,...,n}, {bl,...,b,«}ﬂUJ/- #0. Let k € {1,...,n}. Then, U,; =TI, V&,
Since {ai,...,a,} NUg # 0, there exists lo € {1,...,7} such that a;, € Uy. Hence, (a¥,..., a,...,ak,) € Uy.

’

Consequently, for each j € {1,...,n}, {b1,...,b-} N UJ/- # 0. Therefore, {by,...,b.} € (Uy,...,U,). O

Lemma 5.2 Let Xi,...,X,, be topological spaces, let I,n € N be such that | < n, for each i € {1,...,m},
let U,...,UL be nonempty open subsets of X;, and for every j € {1,...,1}, let (J;l,...,xfn) eI, X;.

If {(z2,....28) : j e {1,....,13} € (I, Ui,....TI% UL, then, for each i € {1,...,m}, {z},...,2}} €
(Ui,...,UL).

Proof Let ip € {1,...,m}. We will show that {z],..
al} C U?:1 U;O. Let k£ € {1,...,1}. By hypothesis, there exists s € {1,...,n} such that

Lal )€ (U, ... Ul). First we will prove
that {zm,...,
(zb,.. . 2k) e [[,=, UP. Then af e Ulo. Thus, ¥ € Uj= U“) Therefore, {z},...,z } C Uj= 1U70

}nUP #0. Let p € {1,...,n}. By
hypothesis, {(z],....24,) + j € {1,...,}} N[~ U} # 0. Thus, there exists j € {I,...,l} such that

(55]1, i) e[~ 1Uz Then, x EU’O Hence, {z}

Now we will see that, for each j € {1,...,n}, {xio,..., io
zl }NUjo # 0. Because p € {1,...,n} is arbitrary,
) 10} € <U{07 . 7U1i10>'
Finally, since ig € {1,...,m} is arbitrary, we have that, for all i € {1,...,m}, {x},...,2l} € (U},...,UL). O

IR 'LO

we have that, for every p € {1,...,n}, {z} ...zl } N U # 0. Therefore, {x]

5 ZO I
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Lemma 5.3 Let Xi,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; = X; be a function, let
n €N and let U, ... UL Vi, ..., Vi{ be nonempty open subsets of X;. Then, for each i € {1,...,m}:

nE (I, ) <<H Ui, ..., HU;> , <H Vi, HV,:’>> C g, (Ui, UV V).
i=1 i i=1 i=1

i=1

Proof Let k€ ng, qm, py (T2 UL, TT2 UL (TTi2y VE -+ TTi%, Vi) - Then

i=1"n

(7 (1) ({1 1)) o 1)

Now, let | <n and let {(z1,...,23):j € {1,....1}} € (1", Ui,...,[1", U%), such that

(]—'n <Hf>> ({z],...,2d) g ef{l,....[}}) € <HV1HVn>

By Remark 3.1, parts (1) and (2), we have that {(fF(2?),..., fE(z3)) 15 € {1,..., 13}y € ([T, Vi, TT, V).
Thus, by Lemma 5.2, for every i € {1,...,m}, {z},...,2t} € (Ui,...,U) and {fF(z}),...,fF@})} €
<‘/11’ R Vl>' Hence’ fOI' all i e {1’ AR 7m}7 (‘F:’L(fll))k({x}’ AR ’in ) e (‘FTL(f/L))k(<UiL7 tt '7U:l>) m <‘/11’ ) V7§>.

r'n

Therefore, for every i € {1,...,m}, k € ng, 5, (U],...,UL), (V{,...,V})). O

By Corollary 3.8 and by [4, Theorem 3.14], we have the following result.

Proposition 5.4 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a function,
and let n € N. Then the following hold:

1. For each i € {1,...,m}, Fn(X;) is perfect if and only if [[;—, X; is perfect.
2. For each i € {1,...,m}, X; is perfect if and only if F,,(ITi~, X;) is perfect.
3. For each i € {1,...,m}, F,(X;) is perfect if and only if F,,(ITi~, X;) is perfect.
By Theorem 3.9 and [4, Theorem 3.8], we have the following result.
Proposition 5.5 Let Xi,...,X,, be topological spaces and let n € N. Then the following hold:
1. For each i € {1,...,m}, X; is pseudoregular if and only if F,,([[;~, X;) is pseudoregular.

2. For every i € {1,...,m}, Fn(X;) is pseudoregular if and only if T]~, X; is pseudoregular.

Theorem 5.6 Let Xi,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a function,
and let I,n € N be such that | <n. If A={(z],...,x3,):je{1,....,1}} € Fu(II[~, Xi) is a transitive point
of Fu(ITi%, fi), then, for every i € {1,...,m}, {a},..., 2t} is a transitive point of F,(f;).
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Proof Suppose that A is a transitive point of F, ([T~ fi). Let ip € {1,...,m} and let & be a nonempty
open subset of F,(X;,). Hence, by [10, Lemma 4.2], there exist nonempty open subsets Uy,...,U, of X;,

such that (Uy,...,U,) C U. For each i € {1,...,m}\{ip} and for every j € {1,...,n}, let V/ = X, and
V/ =Uj. Then, for all j € {1,...,n}, let U; = [['_, V/. Thus, (U;,...,U,

n

of Fn(IT, Xi). By hypothesis, (Uy,...,U,) N O(A, Fu(TT, f:)) # 0. In consequence, there exists k € N

/

such that [F, ([T, f)]*(A) € (Uy,...,U,). Then {(ff(zl),..., i) = 7 € {1,...,1}} € (Uy,...,U,).

) is a nonempty open subset

By Lemma 5.2, we have that {fF(zl),...,fF(zl )} € (Ur,...,Un). Hence, [Ful(fi)l*({z},,...,2k}) €
(Ui,...,Un) CU and UNO{x},...,at }, Fulf)) # 0. Therefore, {z},...,a} } is a transitive point of
Fulfi,)- Because ig € {1,...,m} is arbitrary, we have that, for each i € {1,...,m}, {z},..., 2!} is a transitive
point of F,(f;). O

Theorem 5.7 Let Xi,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a
function, let I,n € N be such that | < n, and let A = {(:Ejl,,x{n) cje {1, 13 e Fo(IliL, Xo). If
w(A, Fo(TTi%, 1) = Fa(ll2, Xs), then, for each i€ {1,...,m}, w({zl,...,zt}, Fo(fi)) = Ful(Xi).

Proof  Suppose that w(A, F,(IT", fi) = Fu(Iln; Xs). Let i9 € {1,...,m}. Now we show that
w{azl ...zl Y Fulfiy) = Fa(Xiy). Let {a1,...,a,} € Fn(Xi,) with 7 < n, let U be an open sub-
set of F,(X;,) such that {ai,...,a,} € U and let ¥ € N. By [10, Lemma 4.2], there exist nonempty
open subsets Uj,...,U, of X;, such that {ai,...,a,} € (Uy,...,U,) € U. For each I € {1,...,r}
and for every i € {1,...,m}\{io}, let al € X; and let al = a;. Then, for all I € {1,...,7}, let
a; = (at,...,al,). On the other hand, for each i € {1,...,m}\{ip} and for every j € {1,...,n}, let
V;j = X; and Vzi = U;. Finally, for all j € {1,...,n}, let UJ/» = [1=, VZJ By Lemma 5.1, part (1),
{ay,...,a,} € Fo(TI7", Xi). Hence, by hypothesis, {a,...,a,} € w(A, Fn([]", fi)). By Lemma 5.1, part

(2), {ay,...,a.} € (Uy,...,U,). Thus, there exists s > k, such that [F. ([T, fi)]*(A) € (Uy,...,U,). By

Remark 3.1, parts (1) and (2), we have that {(f§(z%),..., f5 (z2),..., fa(z0)) :p € {1,...,1}} € (Uy,...,U,).
By Lemma 5.2, {f (z}),..., f5(#})} € (Ur,---,Upn). Thus, [Fu(fi)*({zl,....2l }) € (Ur,...,Un) CU.
Then {ai,...,a,} € w({m%ow..,xﬁo},fn(fio)). Thus, w({x}o, .. ,méo},Fn(fio)) = Fn(X5y)- O

By Theorem 3.15 and [4, Theorem 3.4], we have the following result.

Theorem 5.8 Let Xy,..., X, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a function,
and let n € N. Then the following hold:

1. For every i € {1,...,m}, Per(f;) is dense in X; if and only if Per(F,(I[/~, fi)) is dense in
2. Foreachi € {1,...,m}, Per(F,(f;)) is dense in F,,(X;) if and only if Per([[;~, f;) is dense in [[;~, X;.

By Proposition 3.10 and [4, Theorem 3.3], we have the following result.

Proposition 5.9 Let Xq,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a function,
and let n € N. Then the following hold:
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1. For every i € {1,....,m}, U; is +invariant under f; if and only if (I]\~,U;) is +invariant under

2. For each i € {1,...,m}, (U;) is +invariant under F,(f;) if and only if [];~, U; is + invariant under
H?ll fi-

6. Induced functions to n-fold symmetric products of product spaces

Let X1,...,X,, be topological spaces and for each i € {1,...,m},let f; : X; — X, be a function. In this section
we analyze the relationships between the functions F,,([[;~; fi), Fn(fi) and f;, for every i € {1,...,m}, when
any of this is exact, mixing, transitive, weakly mixing, totally transitive, strongly transitive, chaotic, minimal,
totally minimal, orbit-transitive, strictly orbit-transitive, w-transitive, 7T, mild mixing, exactly Devaney

chaotic, backward minimal, scattering, Touhey or an F'-system.

Theorem 6.1 Let X,Y be topological spaces, let f: X — X, g:Y — Y be functions and let n € N. If

Fu(f) X g is transitive, then f X g is transitive.

Proof Suppose that F,(f) x g is transitive. Let U,V be two nonempty open subsets of X x Y. Then
there exist nonempty open subsets U;,Us; of X and Vi,V of Y such that Uy x V3 C U and Uy x Vo C V.
Thus, (U;) and (Us) are nonempty open subsets of F,,(X). By hypothesis, there exists £k € N such that
(Fulf) x 9)*((Uy) x Vo) N ((Ug) x Vo) # (. Tt follows that there exists ({x1,...,2,},v1) € (U1) x Vo such
that [F,(f) x g/*(({x1,...,2.},v1)) € (Us) x Vo. Let € {xy,...,7,}. We have that, z € U; and
f¥(z) € Uy. Consequently, for each x € {x1,...,2,.}, (v,v1) € Uy x Vi and (f x g)*((xz,v1)) € Uy x Vs.
Thus, (f x g)*(U)NV #0 and f x g is transitive. O
The proof of Proposition 6.2 is followed by [4, Theorems 3.4 and 4.10].

Proposition 6.2 Let X be a topological space, let f: X — X be a function, and let n € N. Then f is exactly
Devaney chaotic if and only if F,,(f) is exactly Devaney chaotic.

Theorem 6.3 Let X be a topological space, let f: X — X be a function and let n € N. Let M be one of
the following classes of functions: Touhey, an F-system, backward minimal, totally minimal, mild mizing or
scattering. If F,(f) € M, then f € M.

Proof Suppose that F,(f) is Touhey. Let U,V be nonempty open subsets of X . Hence, (U) and (V) are
nonempty open subsets of F,,(X). Since F,(f) is Touhey, there exist a periodic point {z1,...,2,} € (U) and
k € Z such that [F,(f))*({z1,...,2.}) € (V). Then, by [4, Theorem 3.4, for each i € {1,...,r}, z; is a
periodic point of f. Furthermore, for every i € {1,...,r}, x; € U and f*(z;) € V. Therefore, f is Touhey.

Suppose that F,,(f) is an F-system. Then F, (f) is totally transitive and Per(F,(f)) is dense in F,,(X).
Thus, by [4, Theorem 4.14], f is totally transitive and, by [4, Theorem 3.4], Per(f) is dense in X . Therefore,
f is an F-system.

Suppose that F,(f) is backward minimal. Let € X and let U be a nonempty open subset of X .
Then (U) is a nonempty open subset of F,,(X) and {z} € F,(X). Since F,(f) is backward minimal, the set
{A e Fu(X) : (Fu(f)(A) = {z}, for some [ € N}, is dense in F,,(X). Thus, there exist {x1,...,2,} € (U) and
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I € N such that [F,(f)]'({z1,...,2.}) = {z}. It follows that, for each i € {1,...,r}, x; € U and f'(z;) = z.
Thus, {y € X : fi(y) = z, for some | € N} N U # (). Therefore, the set {y € X : f!(y) = z, for some | € N} is
dense in X . Because z € X is arbitrary, we have that f is backward minimal.

Suppose that F,(f) is totally minimal. Let s € N. By hypothesis, (F,(f))® is minimal. Then, by
Remark 3.1, part (1), F,(f®) is minimal. Hence, by [4, Theorem 4.18], f* is minimal.

Suppose that JF,(f) is mild mixing. Let Y be a topological space and let g : Y — Y be a transitive
function. By hypothesis, F,,(f) x ¢ is transitive. Thus, by Theorem 6.1, f X g is transitive. Therefore, f is
mild mixing.

Suppose that F,(f) is scattering. Let Y be a topological space, let g : Y — Y be a minimal function.
By hypothesis, F,,(f) x ¢ is transitive. By Theorem 6.1, f X g is transitive. Therefore, f is scattering. O

The converse of Theorem 6.3 is not true in general. Let us see a partial example of this in the following:

Example 6.4 Let X =[0,1] and let f: X — X be a function given by:

236—!—%, if x €0,
-2, if xzel;,

I;
}

— o[ b

b
)

In [10, Example 4.10], it is shown that f is a chaotic function; however, the function F,(f) is not chaotic.
On the other hand, observe that f is a continuous function. Thus, by [18, Proposition 2.6], f is Touhey. If
we suppose that Fp(f) is Touhey, again, by [18, Proposition 2.6/, F,(f) is a chaotic function, which is a
contradiction. Therefore, F,(f) is not Touhey.

Theorem 6.5 Let X,Y be topological spaces, let f: X — X, g: Y =Y be functions and let n € N. If X is

+ invariant over open subsets under f and f X g is transitive, then F,(f) X g is transitive.

Proof Suppose that X is +invariant over open subsets under f and f x g is transitive. Let & and V be
two nonempty open subsets of F,(X) x Y. Then there exist nonempty open subsets Uy, Us of F,(X) and
Vi,Vo of Y such that Uy x Vi CU and Us x Vo C V. By [10, Lemma 4.2], there exist nonempty open subsets
Ul ...,UL, UE ... U2 of X such that (Ul,...,U}) CUy and (UZ,...,U2) C Uy. Since f x g is transitive,
for each i € {1,...,n}, there exists k; € N such that (f x ¢)* (U} x V1) N (U2 x Va) # (. Hence, for every
i € {1,...,n}, there exists (u;,v;) € U} x V; such that (f x g)¥i(u;,v;) € U? x Va. It follows that, for all
i€ {l,....n}, f¥(u;) € U2. Let k = max{ky,...,k,}. By Lemma 3.2, for each i € {1,...,n}, f*(u;) € U2.
Consequently, {f*(u1),..., fF(u,)} € (U2,...,U2) which means that [F,(f)]*({u1,...,u,}) € (U, ..., U2).
Moreover, {u1,...,u,} € (Ui,...,UL). Suppose that k = k;,, where ig € {1,...,n}, and let v = v;,. Then
g"(v) € Vo and v € Vi. Finally, [F,.(f) x g]*(({u1,...,un},v)) € (UZ,...,U2) x Vo and ({ug,...,up},v) €
(UL,...,U}Y) x Va. Therefore, [F,(f) x g]*(U) NV # 0 and F,(f) x g is transitive. O

Theorem 6.6 Let X be a topological space, let f: X — X be a function, and let n € N. Let M be one of
the following classes of function: transitive, totally transitive, chaotic, Touhey, an F-system, mild mizing or
scattering. Then, if f € M and X is +invariant over open subsets under f, then F,(f) € M.
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Proof Suppose that f is transitive. Let ¢ and V be two nonempty open subsets of F,,(X). Thence, by [10,
Lemma 4.2], there exist nonempty open subsets Uy, ..., Uy, V1,...,V, of X such that (Uy,...,U,), CU and
(Vi,...,V)n C V. Since f is transitive, for each i € {1,...,n}, there exists k; € N such that f* (U;)NV; # ().
Then, for every i € {1,...,n}, there exists u; € U; such that f¥ (u;) € V;. Let k = max{ky,...,k,}.
By Lemma 3.2, for all i € {1,...,n}, f¥(u;) € V;. It follows that, {ui,...,u,} € (Ui,...,U,) and
[Fu(O1F(ur, ... un}) € (Vi,..., Vi) Therefore, [F,(f)]*(U) NV # 0 and F,(f) is transitive.

Suppose that f is totally transitive. Let s € N and let U/, V be two nonempty open subsets of F,,(X).
Then by [10, Lemma 4.2], we have that, there exist nonempty open subsets Uy, ...,U,,Vi,...,V, of X such
that, (Uy,...,U,) C U and (Vq,...,V,) C V. Since f* is transitive, for each i € {1,...,n}, there exists
k; € N such that (f*)*(U;)NV; # 0. For every i € {1,...,n}, let u; € U; such that (f*)* (u;) € V;. Let k =
max{ki,....k,}. Thus, by Lemma 3.2, for all i € {1,...,n}, (f$)*(u;) € V;. Thus, {u1,...,u,} € (Uy,...,Uy,)
and {(f*)*(u1), ..., (f)* (un)} € (Vi,..., V). So, ([Fu(H))*{uas.. . un}) € (Vi,...,Vy). Tt follows that,
([Fu(H*WU) NV # 0. Consequently, [F,(f)]° is transitive. Finally, because s is arbitrary, we have that
Fn(f) is totally transitive.

Suppose that f is chaotic. Then f is transitive and Per(f) is dense in X . Thus, by [4, Theorem 3.4],
we have that Per(F,(f)) is dense in F,(X). Moreover, by the first part of this proof, if f is transitive then
Fn(f) is transitive. Therefore, F,,(f) is chaotic.

Suppose that f is Touhey. Let U, V be two nonempty open subsets of F,(X). Then, by [10,
Lemma 4.2], there exist nonempty open subsets Ui,...,U,, Vi,...,V, of X such that (Uy,...,U,) C U
and (V1,...,V,) C V. Since f is Touhey, for every i € {1,...,n}, there exist a periodic point z; € U; and
ki € 7, such that f* (x;) € V;. Let k = max{kj,...,k,}. Then, by Lemma 3.2, for each i € {1,...,n},
f¥(x;) € V;. Consequently, [F,(f)]*({x1,...,7,}) € (V1,...,Vs). Furthermore, {z1,...,z,} € (Uy,...,U,).
On the other hand, since, for all i € {1,...,n}, z; is a periodic point of f;, by [4, Theorem 3.4], {z1,...,2,}
is a periodic point of F,,(f). Therefore, F,(f) is Touhey.

Suppose that f is an F-system. Then f is totally transitive and Per(f) is dense in X . Thus, by the
second part of this proof, we have that F,(f) is totally transitive. Moreover, by [4, Theorem 3.4], Per(F,(f))
is dense. Therefore, F,,(f) is an F-system.

Suppose that f is mild mixing. Let Y be a topological space and let g : Y — Y be a transitive function.
By hypothesis, f X g is transitive. Since X is +invariant over open subsets under f, by Theorem 6.5, F,,(f) x g
is transitive. Therefore, F,,(f) is mild mixing.

Suppose that f is scattering. Let Y be a topological space, let g : Y — Y be a minimal function. By
hypothesis, f x g is transitive. Since, X is +invariant over open subsets under f, by Theorem 6.5, F,,(f) X g

is transitive. Therefore, F,,(f) is scattering. O
Theorem 6.7 Let X be a topological space, let f: X — X be a continuous function and let n € N. If f is
minimal and X is +invariant over open subsets under f, then F,(f) is minimal.

Proof Suppose that f is minimal and that X is +invariant over open subsets under f. Since f is a
continuous function, by [4, Theorem 6.1] F,,(f) is a continuous function. Thus, to show that F,,(f) is minimal,
by [15, Proposition 6.2], we need to prove that, for each A € F,(X), clr, (x)(O(A, Fn(f))) = Fn(X). Let
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{z1,..., 2.} € Fo(X). Since f is minimal, for each ¢ € {1,...,m}, clx(O(z;, f)) = X . Let U be a nonempty
open subset of F,(X). Then, by [10, Lemma 4.2], there exist nonempty open subsets Uy,...,U, of X such
that (Ui,...,U,) CU. Consider the following cases:

Case (i): r = n. In this case, for each i € {1,...,n}, there exists k; € N such that f*(z;) € U;.
Let k¥ = max{kj,...,k,}. Then, by Lemma 3.2, we have that, for every i € {1,...,n}, f*(=z;,) € U;.
Thus, [F.(f)*({z1,...,2.}) € (Ur,...,U,). This implies that O({z1,..., 2.}, Fn(f)) NU # 0. Therefore,
cr, x)(O{z1,. .20}, Fu(f))) = Fu(X). Finally, since {z1,...,7,} € F,(X) is arbitrary, we have that
Fn(f) is minimal.

Case (ii): 7 < n. In this case, for each i € {1,...,r}, O(z;, f)NU; # 0 and for every j € {r+1,...,n},
O(zr, f)NU; # 0. Then, for all i € {1,...,7}, there exists k; € N such that f* (x;) € U; and for each j €
{r+1,...,n}, there exists k; € N such that f*i(x,) € U;. Let k = max{ki,...,k,}. Then, by Lemma 3.2, for
every i € {1,...,7}, f¥(z;) € U; and for all i € {1,...,n}, f*(z,) € U;. It follows that {f*(z1),..., f*(z,)} €
(Uy,...,U,) CU. Consequently, [Fn(f)]*({z1,...,2.}) €U. Thus, O({mx1,..., 2.}, Fn(f))U # 0. Therefore,
cr,x)(O{z1,..., 2.}, Fu(f))) = Fu(X). Because {x1,...,2,} € F,,(X) is arbitrary, 7, (f) is minimal. O

Proposition 6.8 Let X be a topological space, let f: X — X be a continuous function, and let n € N. If f

is totally minimal and X is + invariant over open subsets under f, then F,(f) is totally minimal.

Proof Let s € N. By hypothesis, f* is minimal and continuous. Hence, by Theorem 6.7, F,(f*) is minimal.
Then, by Remark 3.1, part (1), (F,(f))® is minimal. Since s € N is arbitrary, we have that F,(f) is totally

minimal. O

Theorem 6.9 Let Xy,..., X, be topological spaces, for each i € {1,...,m}, let f; : X; — X, be a function,
and let n € N. Then the following hold:

1. Fo(TT%, fi) is exact if and only if, for each i € {1,...,m}, F,(f;) is ezact.
2. Fu(lli%, fi) is ezact if and only if, for each i € {1,...,m}, f; is exact.

Proof Suppose that F, ([, fi) is exact. Let i € {1,...,m} and let & be a nonempty open subset of
Fn(Xi,)- By [10, Lemma 4.2], there exist nonempty open subsets Uy, ..., U, of X, such that (Uy,...,U,) CU.
For each i € {1,...,m}\{io} and for every j € {1,...,n}, let U/ = X; and UZO = U;. Moreover, for
all j € {1,...,n}, let U]l- = [1", U/. Note that (Uy,...,U,) is a nonempty open subset of F, ([T, X;).

Since F, (I, fi) is exact, there exists k € N such that [F, (I]~, L. UL = Fa (IT~, X;). Let
{21,...,2,} € Fu(Xy,), with 7 < n. For each j € {1,...,m}\{io} and for every I € {1,...,7} let d} € X;
and let al = 2. Finally, for all [ € {1,...,7}, let x; = (at,...,al,). By Lemma 5.1, part (1), {z},...,2,} €

’

Full%, Xi). Then {z},...,z,} € [Full"y f)I*(({U,...,U,)). Thus, there exists {(b),...,b}) : j €

(Lo P}y € Ul UL such that [Fu(TL VB b) G € {1 p}}) = {ahy.o o2l ). Hence,
{FEOL), - fEOE )Y = {21, ..., 2} Tt follows that [F,(fi)]"({b},,..., b }) = {x1,...,2,}. On the other

hand, by Lemma 5.2, {x1,..., 2.} € [Fu(fi.)]* (U1 ..., Uy,)). Therefore, F,(X;,) = [Fn(fi,)]F(U) and F,(fi,)

is exact.
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Suppose that, for each ¢ € {1,...,m}, F,(f;) is exact. Then, by [4, Theorem 4.10], for every i €
{1,...,m}, f; is exact. Thus, by Theorem 4.3, []\", f; is exact. Finally, by [4, Theorem 4.10], F,,([T;~, f;) is

exact.
Suppose that F, ([T, fi) is exact. By [4, Theorem 4.10], []\", fi is exact. Then, by Theorem 4.3, for

each i € {1,...,m}, f; is exact.
Finally, suppose that, for every i € {1,...,m}, f; is exact. By Theorem 4.3, [[;~, fi is exact. Then, by
[4, Theorem 4.10], F,,([T;~, fi) is exact. O
By Theorems 6.2 and 4.5, we have the following result.

Theorem 6.10 Let X1,...,X,, be topological spaces, for each i € {1,...,m} let f; : X; = X; be a function,
and let n € N. Then the following are equivalent:

1. For each i € {1,...,m}, f; is exactly Devaney chaotic.

2. Fu(lliZ, fi) is ezactly Devaney chaotic.

3. For every i € {1,...,m}, F,(f;) is exactly Devaney chaotic.

By [4, Theorem 4.8] and Theorem 4.4, we have the following result.

Theorem 6.11 Let X1,...,X,, be topological spaces, for each i € {1,...,m} let f;: X; — X; be a function
and let n € N. Then the following are equivalent:

1. For each i € {1,...,m}, fi is mizing.

2. FulliZ, fi) is mizing.

3. For every i € {1,...,m}, F,(f;) is mizing.
Theorem 6.12 Let Xi,...,, X411 be topological spaces, let n € N and, for each i € {1,...,m + 1}, let

fi: Xi = X be a function. If Fp(TT5, fi) X fing1 is transitive, then, for each i € {1,...,m}, Fpn(fi) X fmt1

is transitive.

Proof Suppose that F, ([T, fi) X fm+1 is transitive. Let i € {1,...,m} and let Uy, Us be two nonempty
open subsets of F,,(X;,) X Xmmt+1. Then there exist nonempty open subsets U, V of F,(X;,) and F, Fy
of X,41 such that U x Fy C Uy and V x Fy C Us. Thus, by [10, Lemma 4.2], there exist nonempty
open subsets Ui,...,U,, V1,...,V, of X, such that (Uy,...,U,) C U and (Vi,...,V,) C V. For each
i€ {1,...,m¥\{io} and, for every j € {1,...,n}, let U/ = XZ, V) = X;, U/ =U; and Vlf) = V. Finally,

i io
for all j € {1,...,n}, let U],- =TI, U/ and let V =TI, V7. Tt follows that, (Uy,...,U,) and (V;,...,V,)
are nonempty open subsets of F,([[\~, X;). By hypothes1s we have that, there exists k& € N such that
(Fu(TTy £i) X fmd)F (U, .. U x FO) O (V... Vi) X Fy) # 0. Thus, there exists ({(z,...,24,) : 1 <
n},v1) € (Uy,...,U,) x Fy such that [F, ([T £i) X frs1F(({(2h, .. 2l) s 1 <n} <o) € (Vy, ..., V) x Fy.
Then, by Lemma 5.2, {a} ... 2! } € (Uy,...,Uy) and {f}(}),..., fE (2l )} € (V4,...,V,,). Hence, we have
that ({z},,...,2} },v1) € (Ur,...,Up) x Fy and [Fo(fiy) X frma]" ({2, @l }01)) € (Va,..., Vi) X Fh.

Therefore, [Fp(fiy) X fme1)*(U1) N (Usz) # O and hence F,(fi,) X fma1 is transitive. O
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Theorem 6.13 Let Xi,...,X,, be topological spaces, for each i € {1,....m} let f; : X; — X; be a
function, let n € N, and let M be one of the following classes of functions: transitive, weakly mizing,
totally transitive, strongly transitive, chaotic, orbit-transitive, strictly orbit-transitive, w -transitive, Touhey,
an F-system, backward minimal, mild mizing, scattering or TTyy. If Fo(I11%, fi) € M, then, for every
ie{l,...,m}, Fo(fi) e M.

Proof Suppose that F,([];~, fi) is transitive. Let ig € {1,...,m} and let &, V be nonempty open subsets
of Fn(X;,). Then, by [10, Lemma 4.2], there exist nonempty open subsets Uy, ..., U,, Vi,...,V, of X;, such
that (Ui,...,U,) C U and (V4,...,V,) C V. For each i € {1,...,m}\{ip} and for every j € {1,...,n},
let U} = X;, Ul =U;, V/ = X; and V/ = V;. Finally, for all j € {1,...,n}, let U; = [[", U/

(2 K2

and V; T, V/. Note that (Uy,...,U,

n

/

) and (V;,...,V,) are nonempty open subsets of F,([[/", Xi). By

y'n

hypothesis, there exists k € N such that (F, ([[;~, J"Z))]C (U,...,UNN(V],...,V.) # 0. Hence, there exists
{(],...,21):je{l,....,r}} € (U},...,U,), with r < n such that

m k
(fn (Hf>> (@ oad) G € (Lo m})) € (Vo Vi),

By Remark 3.1, parts (1) and (2), {(fF(z]),...,f5(x3)) 5 € {1,...,r}} € (V;,...,V.). Consequently, by
Lemma 5.2, {fF («}),..., fE (2] )} € (V4,...,V,). Which means that (F(fi,))*({z}.....2}}) € (Vi,..., V).
On the other hand, {z; ,...,z} } € (U1,...,Uy). Thus, [Fn(fi))E(U, ..., U NN (VA ..., Vi) # 0. Therefore,
Fn(fio) is transitive.

Suppose that F,([];~, f;) is weakly mixing. Let ig € {1,...,m} and let Uy, Us,V1 and Vo be four
nonempty open subsets of F,,(X;,). Then, by [10, Lemma 4.2], there exist nonempty open subsets U}, ..., U},
UZ,... U2 ViV VE L V2 of X, such that (Uf,..., UL CUy, (UZ,...,U2) ClUs, (VI ...,V.)) C
Vi and (V2,...,V2) C Vy. For each i € {1,...,m}\{io} and for every j € {1,...,n}, let W/ = X;,
T/ = X;, F/ = X;, L] = X;, W = U}, T) = U?, F/ =V} and L = V2. Moreover, for all
je{l...,n}, let, W; = [[, W/, T; = [[", T, F; =1~ F/ and L; = [[}*, L. Then, (W1,...,W,),
(Th,...,T,), (F\,...,F,) and (Li,...,L,) are nonempty open subsets of F,([];~, X;). By hypothesis,
(Fu (T, fNE(WV, o s W) N (B, Fy) # 0 and (F(TT, £i) (T, ..., 1)) N (Lq,..., Ly) # 0. Thus,
there exist {(z7,...,27) :j € {1,...,r}} € (Wi,...,W,,) and {(v?,...,90,) :j € {1,....p}} € (Ty,...,T)
such that

<]:" <Hfl>> ({(le”xgm) HYES {L-nﬂ”}}) S <F1,...7Fn>

and
m k
(fn (Hﬂ)) ({(y{,,yfn) cge{l,...,p}}) € (L1,...,Ly).

Thus, by Remark 3.1, parts (1) and (2), we have that {(f¥(2?),..., fE (21 ) :j e {1,...,r}} € (F,...,F,) and
{(FF@D), . fE i) c5e{1,...,p}} € (L1,..., Ly). By Lemma 5.2, it follows that { Fxg), - fE@r )}y e

v Jig
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Vit Vi) and {fE (i) FEEDY € (V2. Vi), Then (Fu(fi)*({ziy, -2 }) € (V... V)

and (]—'n(fm)) ({yio,...,yio}) € (V2,...,V2). Moreover, {xl, . lo} € (U},...,U}l) and {y}o,...,yﬁj} e
(UZ,...,U?). Hence, we have that (F,,(fi,))*((UL,..., UNNVE ..,V # 0 and (F.(fi,)*((UE,...,U2)N
(V2,...,V2) # 0. Tt follows that, for each i € {1,2}, (Fn(fi,))*U:) NVi # 0. Finally, F,(f;,) is weakly
mixing.

Suppose that F,([];~, fi) is totally transitive. Let ig € {1,...,m}, let s € N, and let U,V be
two nonempty open subsets of F,(X;,). Then, by [10, Lemma 4.2], there exist nonempty open subsets
U,....Un,V1,...,V, of X;, such that (Uy,...,U,) CU and (Vi,...,V,) CV. Foreach i € {1,...,m}\{io}
and for every j € {1,...,n},let U/ = X;, V/ = X;, UZJ0 = U, and sz) = Vj. Moreover, for all j € {1,...,n},

let U; = [, U} and Vj/ = [I™,V/. It follows that (Uj,...,U,) and (V;,...,V,) are nonempty open

subsets of F,([[i~; X;). Then, since (F,(IT;~, fi))® is transitive, we have that, there exists k& € N such
that ([Fn ([T, f)19)F (UL, ..., U N (Vy, ..., V,)) # 0. Thus, there exists {(z],...,2%,) : j € {1,...,1}} €
(Uy,...,U,) such that [F, (H?ilfi)]Sk {(d,...,2d) : 5 € {1,...,1}}) € (V|,...,V.). In consequence,
(R @), fk(@d,) « j € {1,....03} € (V4,...,V,). Then, by Lemma 5.2, {f*(z}),..., fF(! )} €
(Vi,..., V). Hence, ([Fu(fi)®)*({al ..., 2} }) € (Vi,...,V4). Meanwhile, by Lemma 5.2, {z},...,2} } €

(Uy,...,Uy). Tt follows that ([F,(fi,)]*)*((Ur,...,U.)) N (V1,..., Vi) # 0. Consequently, ([F.(fi,)]5)*U) N
V # (). Therefore, [F,(fi,)]® is transitive. Since s € N is arbitrary, we have that F,,(f;,) is totally transitive.

Suppose that F, ([~ fi) is strongly transitive. Let iy € {1,...,m} and let U be a nonempty open
subset of F,(X;,). Thence, by [10, Lemma 4.2], there exist nonempty open subsets Uy,...,U, of X;, such
that (Uy,...,U,) CU. For each i € {1,...,m}\{io} and for every j € {1,...,n}, let U/ = X; and Ufo =U;.
Moreover, for all j € {1,...,n}, let U; = [/, U}. Note that (U;,...,U,

) is a nonempty open subset of

Fa([Ti%, X;). By hypothesis, there exists s € N such that F, ([T, X;) = Uj_o [Fn T4 .U,
Let {z1,...,2,} € Fn(X,,). For each i € {1,...,m}\{io} and for every j € {1,...,7}, let a! € X; and let
J = ;. Then, for all j € {1,...,7}, let x; = (aJ,...,al)). Note that {z),...,z} € Fo(IT, X3).
Thus, there exists k € {0,...,s} such that {z,...,z.} € [F.(IT", f)]*((Uy,...,U,)). Then, there exists
(Wl ) 5 € {Liooiph} € (UL, Uy) such that [Fo (T2, £01° Q- oswh) 2 € {Loep})) =
{x},...,2.}. By Remark 3.1, we have that {(fF(y)),...,f5@w2)) : j € {1,....p}} = {z},...,2.}. Thus,
[fn(fio)]k({yilo, <5y }) = {z1,...,2,}. On the other hand, by Lemma 5.2, {vi,, ... it € Uy, Un).
Hence, {z1,...,2.} € [Fa(fi)|*((Ui,...,Uy)). Therefore, {z1,...,2,} € Up_o[Fn(fin)*U) and F,(f;,) is
strongly transitive.

Suppose that F,([T;~, fi) is chaotic. Then F,([];~, fi) is transitive and Per(F, (%, fi)) is dense
in F,(IT2; X;). Thus, for each ¢ € {1,...,m}, F,(f;) is transitive and by Theorem 5.8, part (2), for every
ie{l,...,m}, Per(F,(fi)) is dense in F,,(X;). Therefore, for all i € {1,...,m}, F,(f;) is chaotic.

Suppose that F, (-, fi) is orbit-transitive. Then, there exists a transitive point {(@,...,20):j€
{1,...,0}} of Fuo(IT%, fi). Thus, by Theorem 5.6, we have that, for each i € {1,...,m}, {z},...,2!} isa
transitive point of F,,(f;). Consequently, for every i € {1,...,m}, O({z},..., 2}, F.(f;)) is a dense subset in
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Fn(X;). Which implies that, for all ¢ € {1,...,m}, F,(f;) is orbit-transitive.

Suppose that F,([Ti~, f;) is strictly orbit-transitive. It follows that, there exists a transitive point
{(fr(a)), .., fn(@d)) s 5 € {1,...,1}} of Fu([I, fi). By Theorem 5.6, for each i € {1,...,m}, we have that
{filzD), ..., fi(z})} is a transitive point of F,(f;). Thus, for every i € {1,...,m}, Fn(fi)({zl,...,2l}) is a
transitive point of F,(f;). Hence, for all i € {1,...,m}, the subset O(F,(f:)({z},...,zL}), Fu(f:)) is dense in
Fn(X;). Therefore, for each i € {1,...,m}, F,(f;) is strictly orbit-transitive.

Suppose that F,(TT/~, fi) is w-transitive. By hypothesis, there exists {(@,...,2i):je{l,....1}} e

Fo(ITi%, X;) such that w({(x],....,23,) 5 € {1,....0}}, Fulli%, fi)) = Fa([l;~, Xi). Then, by Theorem 5.7,
for each i € {1,...,m}, w({z},..., 2}, Fu(fi)) = Fn(X;), which means that for every i € {1,...,m}, F.(fi)
is w-transitive.

Suppose that F,([]i~, fi) is TT44. Let ig € {1,...,m} and let &, V be two nonempty open subsets
of F.(X;,). Then, by [10, Lemma 4.2], there exist nonempty open subsets Uy,...,U,,Vi,...,V, of X;, such
that (U1,...,Up)n CU and (V1,..., V), € V. For each i € {1,...,m}\{io} and for every j € {1,...,n},
let U = X;, V/ = X;, U} =U; and V = V;. Moreover, for all j € {1,...,n}, let U; = [[/~, U/ and

7 (2

Vj/ = [I", V/. Note that (U,...,U,) and (V;,...,V,) are nonempty open subsets of F,([]", Xi). By

’'n

hypothesis, nz, m((U{, cee U;L>, (Vll, e V/>) is infinite. On the other hand, by Lemma 5.3, we have that

) n

nE, (I, fL)(<U1a ) Un>a <V1 sy Vn>) - n]:n(fio)(<U1’ B U7L>7 <‘/17 ) Vn>)

Consequently, nz, (s, ) (Uy,...,Upn), (V1,...,V,)) is infinite. Therefore, F,(fi,) is TT4+ .

Suppose that F,([]\~, f;) is Touhey. Let ig € {1,...,m} and let &,V be two nonempty open subsets
of Fn(X;,). Thence, by [10, Lemma 4.2], there exist nonempty open subsets Uy,...,U,, V1,...,V, of X;,
such that (Uy,...,U,) CU and (V4,...,V,) C V. For each i € {1,...,m}\{io} and for every j € {1,...,n},
let U/ = X;, V/ = X;, Ul = U; and V) = V;. Finally, for all j € {1,...,n}, let U, = [[", U/ and

3 (2

Vj/ =TI, V7. Tt follows that (Uy,...,U,) and (V;,...,V,) are nonempty open subsets of F,, ([, X;). Since

r'n

Fo([T/~, F;) is Touhey, there exist a periodic point {(z},...,2z},):r <nandl€ {1,...,r}} € (Uy,...,U,)

rrm

and k € Z; such that [F, (T]/~, fz)]k ({(,...,2L ) :r <mand € {l,...,7}}) € (Vi,...,V,). By Remark

3.1, part (2), {(fF(z}),...fE@&L)) v < nandl € {1,....r}} € (V{,,V7;> Then, by Lemma 5.2,
{ ii(leo)""v i]f)(xfo)} € <V15"'vvn> C V. Thus, [}_n(fio)}k({xl

igr " "

{(«h,...,2l) :r <mand I € {1,...,r}} € (Uy,...,U,), by Lemma 5.2, {z},... .2} € (Uy,...,U,).

207 Eae 7s)
l

Moreover, since {(z},...,2!,) :r <mnandl € {1,...,r}} is a periodic point of F,([]/~; f;), by [4, Theorem

s m

3.4], for each 1 € {1,...,r}, (2},..., 2} )) is a periodic point of [T, fi- Then, by Theorem 3.3, part (4), for

-,zi}) € V. On the other hand, since

each [ € {1,...,r}, acéo is a periodic point of f;,. Thus, by [4, Theorem 3.4], {x%o, ...z} } is a periodic point
of Fn(fi,). Therefore, F,(f;,) is Touhey.

Suppose that F,([]~, fi) is an F-system. Then, F,([]2; fi) is totally transitive and the subset
Per(F,([Ti~, fi)) is dense in F,([[i~, Xi). By [4, Theorem 3.4], Per([[;~, fi) is dense in []", X;. In
consequence, by Theorem 3.15, for each i € {1,...,m}, Per(f;) is dense in X;. Again, by [4, Theorem 3.4],
for every i € {1,...,m}, Per(F,(f;)) is dense in F,(X;). On the other hand, by the third paragraph of this
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proof, we have that, for all ¢ € {1,...,m}, F,(f;) is totally transitive. Therefore, for each i € {1,...,m},
Fn(fi) is an F-system.

Suppose that F,([]i~, f;) is backward minimal. Let iy € {1,...,m} and let {x1,...,2,} € Fn(X;,).
For each i € {1,...,m}\{ip} and for every j € {1,...,7},let y? € X, and let yfo = z;. Hence, {(y],...,y),)
j e {l,....r}} € F(I, X;). Since F, (I, f;) is backward minimal, the set {4 € F,(I]2, X;) :
(Fu(TTy fO1HA) = {(Wi, ... yh) = j € {1,...,7}}, for some [ € N}, is dense in F,([[/", X;). Let U be
a nonempty open subset of F,,(X;,). Then, by [10, Lemma 4.2], there exist nonempty open subsets Uy, ..., U,
of X;, such that (Uy,...,U,) CU. For each i € {1,...,m}\{io} and for every j € {1,...,n}, let U/ = X;
and U{O = Uj;. Finally, for all j € {1,...,n}, let UJ/» =I1=, Uf Thus, (U{,...,U,/J is a nonempty open

subset of F,([Ti~, X;). By hypothesis, there exist {(z,....20):p>nand j e {1,...,p}} € ({U,,...,U,)

and | € N such that [fn(]_[:ilfl)]l({(z{,,zin) :p>mnand j € {l,....,p}}H) = {(yﬂ,yfn) : ] €
{1,...,7}}. Meanwhile, by Lemma 5.2, {z}o,...,zi} € (Uy,...,U,). Moreover, by Remark 3.1, parts (1)
and (2), {(fl(z]),...,fL(z0)) :p>mnand je {1,....p}} = {(v),...,v) : j € {1,...,r}}. Tt follows that
{filo(zilo), A ffo(zfo)} = {y}o, .., yi }. Consequently, [Fn(fio)]l({zilo, o zfo )= {y}o, .., yf }. Therefore, the
set {A € Fr(Xio) : [Fn(f)](A) = {z1,..., 2.}, for some | € N} is dense in F,,(X;,) and F,.(f;,) is backward
minimal.

Suppose that F,([];~, f;) is mild mixing. Let ig € {1,...,m}, let Y be a topological space and let
g:Y =Y be a transitive function. By hypothesis, F,,([];~, fi) X ¢ is transitive. Thus, by Theorem 6.12,
Fn(fio) x g is transitive. Therefore, F,(f;,) is mild mixing.

Suppose that F,([Ti~, fi) is scattering. Let ig € {1,...,m}, let Y be a topological space and let
g :Y — Y be a minimal function. By hypothesis, F, ([T~ f;) x g is transitive. Thus, by Theorem 6.12,
Fn(fio) X g is transitive. Therefore, F,(f;,) is scattering. O

Theorem 6.14 Let X1,..., X, be topological spaces, for each i € {1,...,m}, let f; : X; = X, be a continuous
function, and let n € N. If F,,(IT/~, fi) is minimal, then, for every i € {1,...,m}, F,(fi) is minimal.

Proof Suppose that F,([];~, fi) is minimal. Let iy € {1,...,m}. By hypothesis, f;, is continuous. Hence,
Fn(fio) is continuous. Thus, by [15, Proposition 6.2], it is sufficient to prove that for each A € F,(X;,),
Cly:n(Xio)(O(A,fn(in))) = Fn(Xy). Let {z1,...,2,} € Fp(X;,) with » < n. For each i € {1,...,m}\{io}

and for every j € {1,...,7}, let 3/ € X, and ygo = ;. Thus, {(y),...,93,) 7€ {1,....r}} € Fu([I2y Xi).

Since F,,([T;~, fi) is minimal. We have that clz, (= x,) (O ({(y{, oy ge{l, L Fa (T2, fz))) =
Fn (IT7%; Xi) . Thus, by Theorem 5.6, for all i € {1,...,m} we have that, clz, x,)(O({y},...,y/}, Fulfi))) =
Fn(X;). In particular, we have that, cl}-n(xio)(O({yilo, ooy b Falfin))) = Fu(Xy,) . Consequently

Cl]:n(Xz‘O)(O({xh ) xT}7fn(f’LO))) = ]:n(Xm)

Since {z1,...,2.} € Fn(X;,) is arbitrary, F,,(f;,) is minimal. O
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Theorem 6.15 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; = X; be a continuous
function, and let n € N. If F, (12, fi) is totally minimal, then, for every i € {1,...,m}, Fn(f;) is totally

minimal.

Proof Suppose that F,([];~, fi) is totally minimal. Let s € N. By hypothesis, [F,([];~, f;)]* is minimal.
Then, by Remark 3.1, part (2), F,([[~; f{) is minimal. Then, by Theorem 6.14, for each i € {1,...,m},
Fn(ff) is minimal. Again, by Remark 3.1, part (2), for every ¢ € {1,...,m}, [F,(fi)]° is minimal. Since s € N
is arbitrary, we have that, for all ¢ € {1,...,m}, F,(fi) is totally minimal. O

By [4, Theorems 4.11, 4.12, 4.14, 4.15, 4.19, 5.1, 5.3, 5.6, 5.9], Theorem 6.3, and Theorem 6.13, we have
the following result.

Theorem 6.16 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X, be a function,
let n € N, and let M be one of the following classes of functions: transitive, weakly mixing, totally transitive,

strongly transitive, chaotic, orbit-transitive, strictly orbit-transitive, w -transitive, TT, 1 , Touhey, an F-system,

backward minimal, mild mizing or scattering. If F,(IT%, f;) € M, then, for every i € {1,...,m}, f; € M.

The converse of Theorem 6.16 is not true in general. Let us see a partly example of this in the following;:

Example 6.17 Let f:[0,2] — [0,2] be a function given by:

20+1, 0<wz<i,
f(x) = —2x + 3, %Sxﬁl,
—x+2, l<z<2

In [8, Example 1], it is shown that f is transitive; however, f x f :1]0,2] x [0,2] — [0,2] x [0,2] is not
transitive. If we suppose that F,(f x f) is transitive, by [4, Theorem 4.11], we have that f x [ is transitive.

Which is a contradiction. Therefore, F,(f x f) is not transitive.

By Theorems 6.3, 6.14, 6.15, and [4, Theorem 4.18], we have the following result.

Theorem 6.18 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a continuous
function, and let n € N. Then the following hold:

1. If Fo(IT:2, fi) is minimal, then, for every i € {1,...,m}, f; is minimal.
2. If Fo(IT%, fi) is totally minimal, then, for all i € {1,...,m}, f; is totally minimal.

By Theorems 3.14, 4.10, 6.6, and [4, Theorems 5.2, 5.4, 5.7], we obtain the following result.

Theorem 6.19 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; = X; be a function,
let n € N, and let M be one of the following classes of functions: transitive, totally transitive, chaotic, orbit-
transitive, strictly orbit-transitive, w -transitive, Touhey, an F-system, mild mizing or scattering. If for every
ie{l,...,m}, X, is +invariant over open subsets under f; and f; € M, then F,([[i~, fi) € M.
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Corollary 6.20 Let Xi,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a function,
let n € N, and let M be one of the following classes of functions: transitive, totally transitive, chaotic, orbit-

transitive, strictly orbit-transitive, w-transitive, Touhey, an F-system, mild mizing, scattering or TT . If for

every i € {1,...,m}, X, is +invariant over open subsets under f; and F,(f;) € M, then F,(I]~, f;) € M.

Theorem 6.21 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; = X; be a function,
and let n € N. If for every i € {1,...,m}, f; is weakly mizing and continuous and X; is +invariant over

open subsets under f;, then F,(I1/~, fi) is weakly mizing.

Proof Suppose that, for each i € {1,...,m}, f; is weakly mixing and continuous and that X; is +invariant
over open subsets under f;. Then, by Theorem 4.10, [[", f; is weakly mixing. Even more, [[", f; is

continuous. Thus, by [4, Theorem 4.13], we have that 7, ([]/, f;) is weakly mixing. O

Corollary 6.22 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f;: X; — X; be a function
such that 1%, fi is continuous, and let n € N. If, for every i € {1,...,m}, F,(fi) is weakly mizing and X;

is +invariant over open subsets under f;, then Fo([[iv, fi) is weakly mizing.

Proof Suppose that, for each i € {1,...,m}, F,(f;) is weakly mixing, and that X, is +invariant over open
subsets under f; and []!", f; is continuous. Then, by [4, Theorem 4.12], for each i € {1,...,m}, f; is weakly
mixing. Even more, for each i € {1,...,m}, f; is continuous. Thus, by Theorem 6.21, F, (%, fi) is weakly

mixing. O

Theorem 6.23 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; = X; be a continuous
function, and let n € N. If, for every ¢ € {1,...,m}, f; is minimal and X; is +invariant over open subsets
under f;, then F,(IT%, fi) is minimal.

Proof Suppose that, for each i € {1,...,m}, f; is minimal and that X; is +invariant over open subsets
under f;. Then, by Proposition 4.11, T, f; is minimal. Even more, []\", f; is continuous and by Theorem

3.14, [T~ , X; is +invariant over open subsets under []"; fi. Thus, by Theorem 6.7, F,([[:~, f;) is minimal.
O

As a consequence of Theorem 6.23 and [4, Theorem 4.18], we have the following result.

Corollary 6.24 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a continuous
function, and let n € N. If, for every i € {1,...,m}, Fo(fi) is minimal and X; is +invariant over open

subsets under f;, then F,(IT2, fi) is minimal.

As a consequence of Corollary 4.12, Theorem 3.14, and Proposition 6.8, we obtain the following.

Corollary 6.25 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a continuous
function, and let n € N. If, for every i € {1,...,m}, f; is totally minimal and X; is + invariant over open

subsets under f;, then F, ([~ fi) is totally minimal.

As a consequence of Theorem 6.3 and Corollary 6.25, we have:
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Corollary 6.26 Let X1,...,X,, be topological spaces, for each i € {1,...,m}, let f; : X; — X; be a continuous

function and let n € N. If, for every i € {1,...,m}, Fn(fi) is totally minimal and X; is +invariant over

open subsets under f;, then Fo(I]i, fi) is totally minimal.
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