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Abstract: K -frames are strong tools for the reconstruction of elements from range of a bounded linear operator K on a
separable Hilbert space H . In this paper, we study some properties of K -frames and introduce the K -frame multipliers.

We also focus on representing elements from the range of K by K -frame multipliers.
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1. Introduction, notation, and motivation

For the first time, frames in Hilbert space were offered by Duffin and Schaeffer in 1952 and were brought to
life by Daubechies et al. [18]. A frame allows each element in the underlying space to be written as a linear
combination of the frame elements, but linear independence between the frame elements is not required. This
fact has a key role in applications such as signal processing, image processing, coding theory, and more. For more
details and applications of ordinary frames see [2, 3, 7-16, 20]. K -frames which have recently been introduced
by Gavruta are a generalization of frames, in the meaning that the lower frame bound only holds for range of
a linear and bounded operator K in a Hilbert space [19].

A sequence m := {m;};er of complex scalars is called seminormalized if there exist constants a and b
such that 0 < a < |m;| <b < oo, for all ¢ € I. For two sequences ® := {¢;}ic; and U := {1;};cs in a Hilbert

space ‘H and a sequence m of complex scalars, the operator M, ¢ v : H — H given by

My o wf = Zmi<f7 Vi) i, (f €H)

iel

is called a multiplier. The sequence m is called the symbol. If ® and ¥ are Bessel sequences for H and
m € £, then My, ¢ v is well-defined, My, 4 ¢ = M v ¢ and [My, ¢ v| < V/Bs By ||m||s where By and By
are Bessel bounds of ® and U, respectively [4]. Frame multipliers have many applications in psychoacoustical
modeling and denoising [6, 24]. Moreover, several generalizations of multipliers are proposed [5, 21, 22].

It is important to detect the inverse of a multiplier if it exists [8, 23]. Our aim is to introduce K-frame
multipliers and apply them to reconstruct elements from the range of K.

Throughout this paper, we suppose that H is a separable Hilbert space, I a countable index set, and

I3; the identity operator on H. For two Hilbert spaces H; and Ha we denote by B(Hi,Hz) the collection of
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all bounded linear operators between H; and Hs, and we abbreviate B(H,H) by B(H). The range and null
spaces of K € B(H) is denoted by R(K) and N(U), respectively. Moreover, 7y is the orthogonal projection
of H onto a closed subspace V' C H. The pseudo-inverse of operator U € B(H1,H2) is a bounded operator in
B(Hz,H1) and denoted by UT such that [16]

UUU =U, R(UT) = NU)*, NUY) = RU)*L.

We end this section by the following proposition.

Proposition 1.1 [19] Let Ly € B(Hi,H) and Ly € B(Ha, H) be two bounded operators. The following

statements are equivalent:
1. R(Ly) C R(Ly).
2. L1L] < )\2L2L§ for some A > 0.

3. there exists a bounded operator X € B(H1,Hza) so that Ly = Lo X .

2. K-frames

Let H be a separable Hilbert space, a sequence F' := {fi}icr € H is called a K -frame for H, if there exist
constants A, B > 0 such that

AIKFIP < YKL P < BIFIP, (f € H). (2.1)

icl

Clearly if K = Iy, then F' is an ordinary frame. The constants A and B in (2.1) are called
lower and upper bounds of F, respectively. The Bessel sequence {f;}icr is called A-tight, if A|K*f|? =
Sier [, fi) 2. Moreover, if |[K* f||2 = 3,c; [(f, fi)|* we call F a Parseval K -frame. Obviously every K -frame
is a Bessel sequence; hence, similar to ordinary frames the synthesis operator can be defined as Tx : > — #;
Tr({citicr) = D ser cifi- It is a bounded operator and its adjoint which is called the analysis operator given
by Ti(f) = {{f, fi) }icr . Finally, the frame operator is given by Sp : H — H; Spf =TrTif = i/ (f, fi) fi-
Many properties of ordinary frames do not hold for K-frames, for example, the frame operator of a K-frame
is not invertible in general. It is worthwhile to mention that if K has close range then Sg from R(K) onto

Sr(R(K)) is an invertible operator [25]. In particular,
B S < ISR Al < AHIKETPIANL (f € Se(R(K))), (2.2)

where KT is the pseudoinverse of K . For further information in K -frames refer to [1, 19, 25]. Suppose {f;}icr
is a Bessel sequence. Define K : H — H by Ke; = f; for all ¢ € I where {e;};es is an orthonormal basis
of H. By using [16, Lemma 3.3.6] K has a unique extension to a bounded operator on #H, so {f;}icr is a
K -frame for H by Corollary 3.7 of [25]. Thus, every Bessel sequence is a K -frame for some bounded operator

K. Moreover, every frame sequence {f;}ic; can be considered as a K -frame. In fact, let {f;};c;r be a frame
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sequence with bounds A and B, respectively and K = myy, , where Hy = span,c;{f;}, then for every f e X

Al P

IN

STUE S, £

el

= Z |<f77T’Hofi>|2

iel

= > WP < BlfI*

i€l

In the following proposition we study K -frames with respect to their synthesis operator. The proof is similar
in spirit to that of [19, Theorem 4].

Proposition 2.1 A sequence F = {f;}icr is a K-frame if and only if

TF : €2 — R(TF), {Ci}ie[ — Zcifi7
i€l

is a well-defined operator and R(K) C R(Tr).

Proof First, suppose that F is a K-frame. Then Tr is well defined and bounded by [16, Theorem 5.4.1].

Moreover, the lower K -frame condition follows that

AKEK*f, f) AlK*fI?

|75 f1? = (TeTE S, f)-

IN

Applying Proposition 1.1 yields
R(K) C R(TF).

For the opposite direction, suppose that Tp is a well-defined operator from ¢? to R(Tr). Then [16, Lemma

3.1.1 | shows that F' is a Bessel sequence. Assume that T;L : R(Tr) — £ is the pseudoinverse of Tx. Since
R(K) C R(TF), for every f € H we obtain

Kf=TpT}LK Y.
This follows that
K fI* = (K" f, K" f))?

ey mines)|

< B PPITEIPITE AP K £
Hence,
1
K2 < ST R
ITH 121152 iel
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Definition 2.2 Let {f;};cr be a Bessel sequence. A Bessel sequence {g;}ic; € H is called a K -dual of {f;}icr
if
Kf=Y (f.g)mrucfi (f €H). (2.3)

iel

An approach to the K-duals of a K-frame can be found in [1]. Notice that K-duals of [1] satisfy (2.3). In
addition, the K -duals introduced by (2.3) covers a larger class than the K -duals of [1].

Lemma 2.3 [1] If G := {g:}icr is a K -dual of a Bessel sequence F :={f;}icr in H with Bessel bounds Bp
and Bg, respectively. Then {g;}icr is a K* -frame with lower bound B;l and {ﬂ'R(K)f,-}ieI is a K -frame for

H with bounds Bgl and B, respectively.

Using (2.3) and the similar argument in [1, Proposition 2.3] we can represent a K -dual for every K -frame.

Proposition 2.4 Let K € B(H) have closed range and F = {f;}icr be a K -frame with bounds A and B, re-
spectively. Then {K*(Sp ‘R(K))_lﬂ-SF(R(K))fi}ieI is a K -dual of F' with the bounds B! and BA™'|| K||?| K|

respectively.

Proof First note that Sp|p(x) : R(K) — Sp(R(K)) is invertible by (2.2). It follows that {K*(Sp |R(K))_17TSF(R(K))fi}i€1

is a Bessel sequence. Moreover,

(SFlr@) - 9)

<Z<mx>ﬁ ) fi,g>

iel

<fa Z <g?fl> 7-‘-R(I()fl> ;

iel

for all f € R(K) and g € Sp(R(K)). Thus,

(SF lrx)) 9 = Z(g’ i) TRk fi- (2.4)
iel
Thus,
Kf = (Srlrm) "SF |lra) Kf

= (Srlra)" ((SF lra) ™) K f

= > <((SF lrac) ) K S fi> Tr(K)fi

iel
= Z (f K*(SF |r(r)) " Tsw(r(r)) fi) TR(K) fis
iel

for all f € H. Thus, {K*(SF |R(K))717TSF(R(K))fi}i€1 is a K-dual of F' and with the lower bound of B~1,
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by the last lemma. On the other hand, by using (2.2) we have

% 2
SO e ko) M mspmuon fl” < B|((Se ruo) ™) KJ |
icl

IN

B||(Sr lrao) "t 1K £

BAY|| KT K271

IN

for all f € H. This completes the proof. O
The K-dual {K*(SF |R(K))_17TSF(R(K))fi}ieI of F = {f;}ier, introduced in the above proposition, is called

the canonical K-dual of F' and represented by F for brevity.
The relation between discrete frame bounds and its canonical dual bounds does not hold for K -frames,

see the following example.

Example 2.5 Let F' = {(\_/—%, %), (;—%, %), (%, %)} in H = C? and K be the orthogonal projection onto

the subspace spanned by ey, where {e1,es} is the orthonormal basis of C%. For all f = (a,b) € C? we obtain

3
LR FI? < SOI0 FF = 50 +17) — ab < 2] P

i=1

One can see that Sp(R(K)) = span(3, 5+). Hence,

- —4 2 —4
F={< ﬁ,ommm,(mm}.

Therefore,
3

> [(r )

i=1

36
= ||Kf|>.
I

In discrete frames, every frame and its canonical dual are dual of each other. However, it is not true for K-
frames in general. In Example 2.5, we obtain Sz |rx+)= span(28,0). It requires easy computations to see

0 bl
that

1 1 1 502 1 1
K(Sﬁ |R(K*)) Wsﬁ(R(K*))(ﬁ7 ﬁ) = (m,o) # ($7 ﬁ)-

Proposition 2.6 Let K € B(H) have closed range and F = {f;};er be a K -frame. Then {K*WR(K)fi}ieI is

a K -dual fO?" {(SF|R(K))717TSF(R(K))fi}i€I-

Proof Applying (2.3) we have
K*f = Z(f, TR fi) Fis

el
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for all f € H. On the other hand, KK is a projection on R(K). Thus,

Kf = mpue) (KN K*Kf

= D _(Kfmruo fi) mroo (K1) fi

icl

= Z (K f,mrire) [i) (i) (SF|R()) " T80 (R(F)) fi-
el

forall feH. O

Theorem 2.7 Let F' = {fi}ier be a K-frame and ), ; <f,ﬁ> fi has a representation ), ;c;if; for some
coefficients {c;}icr, where f € H. Then

Yoled =D UL T+ D e = (L TP

i€l el icl

Proof First we claim that K*(Sp|r(k)) ™ ' Tsn(r(K))SF ((SF\R(K))’l)* K is the frame operator of the canon-
ical K-dual of F'. Indeed,

Sef = S (LT T
el
= D (LK (Srlreo) " msprio fi) K (SFlri)) ™ e (reio fi
el
= K*<SF‘R(K))_17TSF(R(K))Z<((SF|R(K))_1)*Kf7fi>fi

icel
= K*(Srlri)  'msp(rinSF ((Selra) ") K, (f €H)

Moreover,

> [(55)f

iel

= (Sefif)

<K*(SF|R(K))_17TSF(R(K))SF ((SF|R(K))_1)* Kf, f> .

Using the assumption we have
Safi = Y {rF)h
icl icl

= D LK (Srlruo)  Tspri fi) fi

icl

= Sr ((Selr) ") Kf.
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Thus,
<Zcifi7((SF|R(K))_l)*Kf> = <SF((SF|R(K))_1)*Kfa((SF|R(K))_1)*Kf>
icl
= <1(*09F|R(Kj)_1WsF(R(K))((SFWR(KJ)_l)*f(f7f>
= (Szf.f)-
Similarly,

<(<SF|R< ) KF, Zczfz> = (Spf. 1)

i€l
This follows that

(e

Ci—-<((SF¢RuQ)_1)*I(fmﬁ> ’

>

iel iel
= Z|Ci|2_zci <fia((SF|R(K))_1)*Kf>
il iel
*ZCZ< (SFlrK))™ )*Kfafi>+Z‘<((SF|R(K))71)*Kfafi>2
il iel
= Z|Ci|2*Zci<fia((SF|R(K))71)*Kf>
il iel
=Y @ ((Selnie) ™) KL i) + (S5 1)
i€l
= > ol *2< (Srlrx))” %WMRMmSF«SﬂRMﬁiw*Kﬁf>
i€l
o (aal)
iel
= Ylal - [nF)|
iel il

As a consequence of [16, Theorem 2.5.3] we obtain the following result.

Corollary 2.8 Let {filier be a K -frame with the synthesis operator T : €2 — H. Then for every f € H we

have
Th(Sk ((Srlrae) ™) Kf) = {(F. f) e,
where TIT, is the pseudoinverse of Tr .
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3. K-frame multiplier

In this section, we introduce the notion of multiplier for K -frames, when K € B(H). Many properties of
ordinary frame multipliers may not hold for K -frame multipliers. Similar differences can be observed between

frames and K -frames, see [25].

Definition 3.1 Let ® = {p;}icr and U = {¢;};er be two Bessel sequences and let the symbol m = {m;};cr €
£°. An operator R : H — H is called o K -right inverse of My, ¢ v if

Mm,@,‘I/Rf = Kf7 (f € H)7
and L :H — H is called a K-left inverse of My, ¢ v if

EMm,@’,‘I’f = Kf7 (f € H)
Moreover, a K -inverse is a mapping in B(H) that is both a K -left and a K -right inverse.

By using Proposition 1.1, we give some sufficient and necessary conditions for the K -right invertibility
of multipliers. Moreover, similar to ordinary frames, the K -dual systems are investigated by K -right inverse

(resp. K -left inverse) of K -frame multipliers.

Proposition 3.2 Let ® = {p;}icr and U = {u;};cr be two Bessel sequences and m € £°. The following

statements are equivalent:
1. R(K)C R(My,.0,0).
2. KK* < )\2Mm’q>’\pM:§I7¢7qj for some A > 0.
3. My,.ew has a K -right inverse.

Now, we can show that a K-dual of a K -frame fulfills the lower frame condition.

Lemma 3.3 Let ® = {p;}ier and U = {;};er be two Bessel sequences and m € €.

1. If My, 0,0 = K, then ® and ¥ are K - frame and K* -frame, respectively. In particular, if M ¢ v = K,
then ¥ is a K -dual of ®.

2. If M,;, o w has a K -right (resp. K -left) inverse, then ® (resp. ¥ ) is K -frame (resp. K*-frame).

Proof (1) Let M, .4 = K. Then

IK“FI* = [(MuowK"f, )
2

= St ) (e )

i€l

* 2
sup |[m[[|K* f*Be > (i, I,
i€l iel

IN
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for every f € ‘H. Therefore, ® is K-frame. Similarly, ¥ is a K*-frame. In fact,

IKfIY = |(Mho oK S f)
2

— Zm(Kf,%ﬂ?/Ji,ﬁ

i€l
< sup|mil[|Kf”Ba Y (i, )
el iel
In particular,
Kf = Y (fvi)ei
il
= Z(f,¢i>7TR(K)<Pi-
il

(2) Let R be a K -right inverse of M, ¢ w. Then

IK*fIIP = R*M}, 0w/l
= |R"Mm.vqf|?
2
< R malf, i
i€l
< suplmil [RI* Bo Y [(f, 0%
i€l icl
The other case is similar. O

In what follows, we discuss K -left and K -right invertibility of a multiplier.

Theorem 3.4 Let ® = {p;}icr and ¥ = {¢;}icr be two Bessel sequences. Moreover, let L (resp. R) be a
K -left (resp. K -right) inverse of Mi rp o 0w (resp. Mi @ zpeyv ). Then LK (resp. K'R) is in the form of

multipliers.

Proof It is obvious to check that L& is a Bessel sequence. Moreover, note that W is a K-dual of Lrpx)®.
Indeed,

Kf = EMl,ﬂR(K)'fI),\I/f

= Z (fs¥i) LTR(K) P

i€l

= Z (fsi) TR(K) LT R(K) Pis (f eH).

i€l
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Now, if ®T is any K -dual of ®, then

M],ﬁﬂR(K)q>,<I>Tf = Z<fa (PI>‘C7TR(K)SD1‘
i€l

£y (1o} mrao i = LK,

iel
for all f € H. For the statement for R we have

K'f = R g npceuf
= R'Mirppenv,0f
= Z (f,0i) R* TRk
iel
= Z (fs i) TR(K R TR(K*) Vi

iel

Therefore, ® is a K*-dual of R*7r(g~)¥. Furthermore, every K*-dual U of ¥ yields

My ga Repppeyuf = Z(f,R*WR(K*)¢i>T/)§l
iel

= Z (Rf, mr(x-)¥i) ¥}
el

= (K*)*Rf = KRf.

O
A sequence F = {f;}ic; of H is called a minimal K -frame whenever it is a K -frame and for each {c;};c; € 2
such that Zie s¢ifi =0 then ¢; = 0 for all 4 € I. A minimal K-frame and its canonical K-dual are not

biorthogonal in general. To see this, let H = C* and {e;}}_; be the standard orthonormal basis of H. Define
K :H—H by

4

K E cie; = c1€e1 + c1€2 + Cc2€e3.
i=1

Then K € B(H) and the sequence F = {ey, ez, €3} is a minimal K -frame with the bounds A = § and B=1.

It is easy to see that F = {e1,e1,ea} is the canonical K-dual of F and (fi, ]72> # 0. However, every minimal
Bessel sequence; therefore, every minimal K -frame has a biorthogonal sequence in H by Lemma 5.5.3 of [16].
It is worthwhile to mention that a minimal K -frame may have more than one biorthogonal sequence in H, but
it is unique in spam;c{fi}.

Let ® = {¢;}ic; be a K-frame and ¥ = {t;};c; a minimal K*-frame. Then M 7 gy .0 (resp.

ML\I;,,TR(K).:I)) has a K -right inverse (resp. K*-left inverse ) in the form of multipliers. Indeed, if G := {g;}icr
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is a biorthogonal sequence for minimal K*-frame V¥, then

Mirpooe oM, gaf = > (f @900 TR s
ijel
= Z(f’ O TR(K)Pi = Kf,
iel
for all f € H. Similarly,
Ml,%,GML‘I’JR(K)‘I’f = Z <fa TR(K) <P1> <¢l7gj>
ijel
= Y (fimraowi) @i = K°f.
i€l

We use the following lemma for the invertibility of operators, whose proof is left to the reader.

Lemma 3.5 Let Hi and Ha be two Hilbert spaces and T € B(H1,Hsa) be invertible. Suppose U € B(H1,Ha)
such that |T — U|| < |T7||7t. Then U is also invertible.

In the rest of this section we state a sufficient condition for the K -right invertibility of M, v ., whenever ¥

is a perturbation of ®.

Theorem 3.6 Let ® = {p;}icr be a K -frame with bounds A and B, respectively, and U = {¢;}icr be a

Bessel sequence such that

(Z [(f % — i) ) b\ﬁHKT”Q Il (f € R(K)), (3.1)

iel
where m = {m; };cs is a seminormalized sequence with bounds a and b, respectively. Then
1. The sequence ¥ has a K -dual. In particular, it is a K -frame.

2. M w.o has a K -right inverse in the form of multipliers.

Proof (1) Obviously ®¢ := {,/m;p;}icr is a K-frame for H with bounds aA and bB, respectively. Denote

[

its frame operator by Sga. Due to (2.2) we obtain ||Sg 1” < “KI . Moreover, (3.1) follows that

[Mip,0,0 f — Sea f| > mi (o — ) @i

< b(zw%w)é@
< H;wllf\l
< Hs ey
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for all f € R(K). Then M,, ¢ ¢ has an inverse on R(K), denoted by M~!, by using Lemma 3.5. Moreover,

for M,  w on R(K) we have

(Mp,2,9)" f, 9)

<f, m <I>,\II7TR(K).9>

<f > mi (TR g, Vi) z>
(

i€l

1. D mi g, mriryi) @ >

i€l

<Zmi<ﬁ ©i) WR(K)%,Q> ;

iel
for all f € M,,.0,9(R(K)) and g € R(K). Using this fact, we obtain that
Kf = (M 'Mpouw)Kf
= M}, o w00 (r) (M) KS

= ) T (Tuty ou (R M) K f, 040) Wi i

iel

= D (f KM M, 0 (mO)MiPE) TR i

iel

Hence, {K*M;}QWWMW@&(R(K))mi%}iej is a K-dual of U := {¢;}ier.

(2) The above computations shows that (M~1)*K is a K -right inverse of My ¢ . Indeed,

Kf = M 'M,09)Kf
= E,@,@(Mfl)*Kf = Msmw,0(M™)*KF.

On the other hand, for every K-dual ®? of ® we have

Ml,(Mfl)*wR(K@,qﬂf = Z <f7 <Pg> (M_1>*7TR(K)%
il
= (M )'K/,
for all f € H. This completes the proof. O

The next theorem determines a class of multipliers which are K -right invertible and whose K -right

inverse can be written as a multiplier.

Theorem 3.7 Let ¥ = {t;}icr be a K-frame and ® = {p;}icr a K*-frame. Then the following assertions
hold.

1. If R(Ty) € R(TgK™), then Mi rp, v, ko has a K -right inverse in the form of multipliers.

2. If R(T§K*) C R(Ty), then M 7y, k0 has a K™ -left inverse in the form of multipliers.
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3. If R(T;K*) = R(T}), then M 7 sy, k0 has K -right inverse and K*-left inverse in the form of

multipliers.

Proof
1) One can see that the sequence (KT)*Szlmg. p(x)® denoted by ®' is a Bessel sequence. Then for
@ "SeR(K™)
all f € H we have

M, g1 g/ = Z<f,K*S\I_,17Ts\I,R(K)¢i>(KT)*S;WS@R(K*)%
il

= (KT)*S<517TS<I)R(K*) Z ((Sg* K f i) o

icl
= (K")Sg'msyraen To T3 (Sg ') K .
Applying Proposition 1.1, there exists X € B(#H) so that Ty = T3 K*X . Since ® is a K*-frame we obtain
Sglﬂ'sq)R(K*)ScpK* = S;ISq)K* = K"
Moreover, KKTK = K and (2.4) follow that
My o wkeMy g1 5 = TrioTeTeK (K1) Sg ms, micn Ta Ty (551 K
= mriuoTeTe K (K1) Sy ngy g ToTa K* X (Sg ') K
= 7 TeTa K (KT K*X (S, ') K
= mruTeTe(Sg") K

= (Solru) (Sg")'K =K.

(2) One can see that S;lﬂsq)R(K*)fb and S;lﬂsz(K)\II denoted by ®' and ¥, respectively, are Bessel
sequences in H. Thus, for all f € R(K) we obtain

My gt 91 f = Sg ' Tsure To Ty (Sgt) f-

There is an operator X € B(H) such that T3 K* = T3 X by Proposition 1.1. Therefore,

M ot wiMi g v, k0 = S;lws(pR(K*)Tq)T&‘, (S;l)* T To T K™
= Sy'msarieToTy (Sg') TR ToTe X
= Sy'ms,riTeTy (S5")" (Sulra)” X
= S3'Tsur)ToTsX
= Sy'mserToTsK*

= Sglﬂ'Sq)R(K*)S(@K* = K*.
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