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Abstract: In this paper, the parametric expressions of spacelike and timelike curves with constant weighted curvature

for some cases of a and b in Lorentz-Minkowski plane with density e®*T% are obtained.
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1. Introduction
In 2003, Gromov has introduced the notions of weighted mean curvature of an n-dimensional hypersurface and

weighted curvature of a curve on manifolds with density as

do

1 dp
H k.l
dN’

v _n—ldin

and Ky, =K —

respectively [5]. Here, H is the mean curvature and 7 is the normal vector field of an n-dimensional hypersur-
face; k is the curvature and NN is the normal vector of the curve.

After these definitions, the differential geometry of the curves and hypersurfaces on manifolds with density
in Euclidean, Minkowski and Galilean spaces has been started to be an important topic for geometers, physicists,
economists and etc. For instance, in 2006 the authors have defined the weighted Gaussian curvature and they
have given a generalization of Gauss-Bonnet formula for 2-dimensional differentiable manifold with density in
[4]. In [11-13], F.Morgan has studied the manifolds with density, provided the generalizations of theorems
of Myers and others to Riemannian manifolds with density and studied the Perelman’s proof of the Poincare
conjecture, respectively.

The classification of constant weighted curvature curves in a plane with a log-linear density has been
done in [7] and some other results, such as Fenchel’s type theorem for the class of simple, closed, convex curves
and the fact "the plane with density e” contains no isoperimetric region” have been proved in [14]. In [10],
Lopez has studied the minimal surfaces in Euclidean 3-space with a log-linear density ¢(z,y, z) = ax+ By +z,
where a, B and v are real numbers not all-zero. Also, Belarbi et al. have studied the surfaces in R? with

density and they have given some results in a Riemannian manifold M with density in [1] and [2], respectively.
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Furthermore, ruled and translation minimal surfaces in R? with density e?; helicoidal surfaces in R3

2=y and weighted minimal affine translation surfaces in Euclidean space with density have

with density e~
been studied in [6, 18, 19], respectively. Also, some types of surfaces have been studied by geometers in other
spaces such as Minkowski 3-space and Galilean 3-space with density. For instance, a helicoidal surface of type I
with prescribed weighted mean curvature and Gaussian curvature in Minkowski 3-space and weighted minimal
translation surfaces in Minkowski 3-space with density e have been constructed in [15] and [16], respectively. In

[17], weighted minimal translation surfaces in the Galilean 3-space with log-linear density has been classified and

in [8], weighted minimal and weighted flat surfaces of revolution in Galilean 3-space with density o’ +by’+ez®
have been investigated.

Now, we’ll recall some basic notions about curves in Lorentz-Minkowski plane.

Let L? be Lorentz-Minkowski plane defined as a space to be usual 2-dimensional vector space consisting

0 2! € R} but with a linear connection V corresponding to its Minkowski metric g given

of vectors {(z°,21) :
by g(z,y) = —2%" + z'y'. Here, there are three categories of vector fields, namely,

spacelike if g(X,X) >0 or X =0,

timelike if g(X,X) <0,

lightlike (null) if g(X,X) =0, X # 0. In general, the type into which a given vector field X falls is
called the causal character of X .

For a curve a = (ay,a0) : I € R — R? in Lorentz-Minkowski plane, where I is some interval in R,
it is said that a = «(t) is spacelike (resp. timelike or lightlike) if the tangent vector «/(t) is spacelike (resp.
timelike or lightlike) for V¢ € I. Now, let a = (a1, a2) be a spacelike (or timelike) curve which is parametrized
by arc-length; i.e. g(a/(u),a'(u)) =1 (or g(a/(u),d'(w)) = —1), for Vu € I. For the curve o = (a1, as),
the tangent vector of it is T = o/ = (af,a}) and we can choose the corresponding normal vector of « as
N = (a4, o). Here, it is obvious that the tangent vector T' and normal vector N of « have different causal

characters. If we take g(T,T) = €, then we have g(N, N) = —e and the curve « is spacelike for € = 1 and

timelike for e = —1. Also, the curvature of « is the function of x = k(u) and it is given by
T'(u) = K(u)N(u), (L.1)
where
k(u) = —eg(T"(u), N(u)) = e(z"(u)y' (u) — 2’ (u)y" (v)) (1.2)

Furthermore, we have
N'(u) = k(u)T(u). (1.3)

For more details about Frenet dihedron of a curve in Lorentz-Minkowski plane, we refer to [3] and [9].
In the present study, we’ll deal with spacelike and timelike curves in Lorentz-Minkowski plane with density
and the aim of this study is to investigate the spacelike and timelike curves with constant weighted curvature

in Lorentz-Minkowski plane with density e®*+b¥.

2. Spacelike Curves with Constant Weighted Curvature in Lorentz-Minkowski Plane with Density
eaz+by

In this section, we obtain the weighted curvature k., of a spacelike curve o in Lorentz-Minkowski plane with

density e®®T® and investigate the spacelike curves with constant weighted curvature for some cases of not all
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zero constants a and b.
The weighted curvature r,(u) of a spacelike curve a(u) = (x(u),y(u)) with arc-length paremeter in

Lorentz-Minkowski plane with density e**% is obtained as
ko(u) = Kk(u) — (Vo, N(u)) = 2" (w)y' (u) — 2’ (w)y" (v) + ay’(u) — bz’ (u), (2.1)

where N(u) = (y'(u), 2’ (u)). Since a(u) = (x(u),y(u)) is a spacelike curve with arc-length papameter, we can
take

2/ (u) = sinh(f(u)),
y'(u) = cosh(f(u)). (2.2)

So, from (2.1) and (2.2), the constant weighted curvature k,(u) can be written as
ky(u) = acosh(f(u)) — bsinh(f(u)) + f'(u) = A, (2.3)

where A € R.
Now, let us obtain the spacelike curves with constant weighted curvature A\ according to some cases of

constants a and b.

2.1. The Case of "a =5b"

In this case, the equation (2.3) can be rewritten as
acosh(f(u)) —asinh(f(u)) + f'(u) = \. (2.4)
Using the definition of the hyperbolic functions in (2.4), we have
fw)ef® = xef™ — g, (2.5)

Now, we can find the spacelike curves by solving the equation (2.5) according to cases of constant A.

2.1.1. Solving equation (2.5) for A =0:
Taking A =0 in (2.5), we have

W (u) = —a (2.6)

and from (2.6), we get
d(e?™) = —adu. (2.7)

By integrating both sides of (2.7), we obtain that
e =k — au, ki €R. (2.8)

Hence, from (2.2) and (2.8), we have

k1 —au)?—1
I/(U) = (QI(kl_Zlu) ’ (2 9)
/ _ (kl—au)2+1 .
Y (u) - 2(ki—au) -

Thus, from (2.9), we can give the following Theorem:
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Theorem 2.1 The spacelike curve a(u) with vanishing weighted curvature in Lorentz-Minkowski plane with

density e®@tv) s

(2.10)

+k27

o(u) = <au(2k:1 —au) + 21In(k; — au)

- au(2ky — au) — 21In(k; — au) N k3) 7

4a
where k1 —au >0 and k; e R, i =1,2,3.

Figure 1 (a) shows this curve for a = —5,—4,—-3,—2,—-1,1,2,3,4,5, k; =6 and ko = ks = 0.

y

4 74 y

/i

(a) Curve (2.10) (b) Curve (2.21) (c) Curve (2.22)

Figure 1. The spacelike curves with constant weighted curvature in Lorentz-Minkowski plane with density e*®+¥) for
different values of constant a.

2.1.2. Solving equation (2.5) for A\ #0:
Firstly, let’s take f/(u) = 0. From equation (2.5), we have

of W) — % (2.11)
So, from (2.2) and (2.11), we get
/ _ a?-)?
@) =S5 (2.12)
'(u) = @ +A?
Y 2aX

Now, let us take f’(u) # 0. Then from (2.5), we get

el
ﬁ - )\ (213)
ef(u) — ¢
and
d(ef(U))
28— \du. (2.14)
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By integrating both sides of (2.14), we have

‘ef(u) _ 2’ — oruths (2.15)
A
From (2.15), we can write
ef(w) — % + uthe (2.16)
or
of (W) — % _ utko (2.17)

Using (2.16) and (2.17) in (2.2), then we have

‘W a4 rutke _ g+exlu+k6
' (u) =
a )\74,+k62 ' (218)
, +e + @ Autkg
Yy (u) = 2 2
and
/( ) %_eku{»kﬁ_m
z'(u) =
o putkgZ 1 (2.19)
, x"€ + e utks
y'(u) = o )

respectively. Hence, from (2.12), (2.18) and (2.19), we can state the following Theorem:

Theorem 2.2 The spacelike curves with non-zero constant weighted curvature x, = A\ in Lorentz-Minkowski

plane with density e®@+Y) qre
i) the straight line of

a? — \? a? + \?
a(u) = ( u + Ky, 2 U + k‘5> , (2.20)

whose slope is sziz In the case of a = X, the slope of lines is oo, i.e. the lines are vertical, where § >0 and
k; € R, i =4,5;

i)

au + ervtks In }ae”‘“ + )\ek6| au + e vtks  Inlae M 4 )\ek6|
= k — k 2.21
a(u) ( o % TN 2 s (2.21)
where ae;M > —ef and k; €R, i=6,7,8 or
i)
— Mtk n |ae"\“ — )\ek6| —erutks  Ip|ae= — )\ekﬁ‘
au —e au — e
= k — k 2.22
a(u) ( o 2 e TN 2% o ) (2.22)

where ae;)‘” > ek and k; € R, i =6,9,10.

Figure 1 (b) shows the curve (2.21) for A = 10, a = 1,2,3,4,5, k¢ = 11 and k7 = ks = 0 and Figure 1 (c¢)
shows the curve (2.22) for A =10, a =1,2,3,4,5, k¢ =1 and kg = k10 = 0.
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2.2. The Case of "a #0, b=0"

In this case, the equation (2.3) can be rewritten as

acosh(f(u)) + f'(u) = \. (2.23)
From (2.23), we have
el = ¢ )‘jf _ 6f(u),i ’
2 (uw)ed W) = laQ 1 ( a> ] (2.24)

Now, we can obtain the spacelike curves by solving the equation (2.24) according to cases of constant .

2.2.1. Solving equation (2.24) for A = a:
Firstly, let’s take f/(u) = 0. From equation (2.24), we have

el = 1. (2.25)
So, from (2.2) and (2.25), we get
z(u) = e,
y(u) = utca c,c2€R (2.26)

Now, let us take f’(u) # 0 in equation (2.24). Then, we have

2 (u)ef (W -
(ef(w) — 1)2
and so,
2d(ef @)
(67)2 = —adu. (2.27)
By integrating both sides of (2.27), we get
£(w) 2
el = +1 (2.28)
au — c3
So, from (2.2) and (2.28)
(Gt +1)*-1
() = S

o
(Gt t1)°+1

/ _ \Gu—¢

y'(u) = 54—

au—cg

(2.29)

Thus, from (2.2.1) and (2.29), we have

Theorem 2.3 The spacelike curves o(u) with constant weighted curvature k, = X in Lorentz-Minkowski plane
with density e** for A =a are
i) the straight line of
a(u) = (c1,u+ c2) (2.30)
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whose slope of lines is oo, i.e. the lines are vertical and ¢; € R, i =1,2 or

i)

au—c
au + In (—3—au_63+2)

In((au — 03)(;11 —c3+2)) +es, ) s |, (2.31)

alu) =

where au —c3 € R —[-2,0] and ¢; €R, i =3,4,5.

Figure 2 (a) shows the curve (2.31) for A=a = —5,—-4,-3,-2,-1,1,2,3,4,5, ¢c3 =21 and ¢4 = ¢5 =0.

2 150
100}
y
- X
4 -2.0-15-10 -05 50+
2 |- 1 L L X
\\ 10 150 200 250
1 X _sol
| -4 - 2 4
-3
ol —100f
4
150}
4l
(a) curve (2.31) (b) curve (2.33) (c) curve (2.45)

y
10 2+
5
/// i
X
\\\\ 10 15 20
! X
-5t 1 2
-10 -1r
15k
-2r -2F
(d) curve (2.46) (e) curve (2.52) (f) curve (2.53)

Figure 2. The spacelike curves with constant weighted curvature in Lorentz-Minkowski plane with density e*® for
different values of constant a.
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2.2.2. Solving equation (2.24) for A = —a:

With similar procedure in the case of A = a, one can easily find that

(e —1)7-1

x/(u) — ;u—c%
(Gt =1 7
) (ﬁﬂ)%l (2.32)
y'(u) = [T E—
au—cg

From (2.32), we can state the following Theorem:

Theorem 2.4 The spacelike curve a(u) with constant weighted curvature k, = X in Lorentz-Minkowski plane

with density e** for A = —a is

1 — o) (246 — In{ ote—om
ofw) = [ U= )Cr e a“”m,H(”; )., (239

where au — cg € (0,2) and ¢; €R, i =6,7,8.

Figure 2 (b) shows this curve for A = —a = —5,-4,-3,-2, -1, ¢¢ = c7 =cs =0.

. . A .
2.2.3. Solving equation (2.24) for 2 > 1:

Firstly, let us assume that f’(u) = 0. From (2.24), we have

2 2
a[(ef(“)—A) —|—1—>\21—0
a a

A (A (2.34)

and so,

Thus, from (2.2) and (2.34), we have

2 /1~

1
V(31
)

A4 (A)2—1—?—% (2'35)
/ ’ ’ aEV (321
y'(u) = 2
Now, let us take f'(u) # 0. From equation (2.24), we get
2" (u)e! ™
=—a
(e 2715
1 1 ! fw)
= 2 - 2 f (uze -
el A [y ef(u)7%+\/2771 \/2771
1 1 A2
= - d(ef™) = —a\/ =5 - 1du. (2.36)
ef(“)—%— 2—;—1 ef(“)—%—‘,— 2—2—1 a
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By integrating both sides of (2.36), we get

\/ —a\/—xg—lu—&-cu.
)x /A
€ (u) o

Thus, we can write

or

and

flw)y A _ A2 4
€
a a? _ e—a,/i—g—lu—&-cu

ef(“)—%+ 272_1

/X2
a _ —670‘ a—271u+c11.

<2 )\2 N 1) ,/—71u+011 +% ?
of ) _ ”

<1+6 a a—flu%»cll

respectively. So, from (2.2) and (2.40), we obtain

2
(m—n)e®MUTCLl 4 ntm 1
ooy (1—comeien)
' (u) = )
9 (m—n)edMUFC11 4 ptm
(173"'7""“"*'011)

(ann)e"’m"“"*'cll +n4+m
+1
(l_camu+c11 )

and from (2.2) and (2.41),

where m =

596

/ —
y (U) - 5 (mfn)e‘”n“‘*’cll +n+m
(1_€a1nu+c11)
(n=m)e” @MU H 1 4ntm 271
/( ) (1+e—amu+c11)
r(u)=

(n—m)e~4MUTC1] 4 nipm

2 (1+6_amu+c11)

2
(nfm)e_am“"'cll +n+4+m
+1
(1+E—a7nu+c11 )

y'(u) = ) ;

2 (n—m)e”@MUFCI1 4y
(1+g*‘”’“‘+‘~'11)

2> —1 and n = 2. Hence, from (2.35), (2.42) and (2.43), we have

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)
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Theorem 2.5 The spacelike curves with constant weighted curvature k, = X in Lorentz-Minkowski plane with
density e** for % > 1 are

i) the straight line of

n+m— — n+m+ —
a(u) = <<2 "im>u—|—cg, (2 nim)u—i—clo), (2.44)

2
whose slope is % and ¢; €R, i =9,10;
] (n +m— nim) + et )(n(l_el;i e C12,
Oé(u) = In( 1 _eCl1—amu ) , (245)

where (1 —e1=9"%) gnd (n(1 — e~ 9"%) 4+ m(1 + e ~%")) have same signs and ¢; € R, i =11,12,13 or

y 1 (1+ 40117a7nu)+1 (1+ ‘cllfa'mu)_"_ (1_ 401170,777,11)
%(n+m—n+1m>+(n e n|n ea m(l—e |)+C14, .
a(u) ., ) In(14+€511~am) _In|n (146511 =A%) (1 —ee11 —amu)| , (2.46)
§(n+m+n+m)+( a )+cl5
where ¢; € R, i =11,14,15. Here, we take m = 2—2 -1, n= %

Figure 2 (¢) shows the curve (2.45) for A =6, a = 1,2,3,4,5, ¢11 = 50 and ¢12 = ¢13 = 0 and Figure 2 (d)
shows the curve (2.46) for A =6, a =1,2,3,4,5, ¢;1 =1 and ¢4 = ¢15 = 0.

. . A .
2.2.4. Solving equation (2.24) for 2 < —1:

From equation (2.24), we get

fw A _ 2
€ /32

a a? _ e—a 2—271u+c11. (247)
ef(“) — % + 272 —1

With the similar calculations with the previous subsection, from (2.47), we have the equation (2.42). So,

Theorem 2.6 The spacelike curve with constant weighted curvature kK, = A in Lorentz-Minkowski plane with

density e*® for % < —1 is given by (2.45).
2.2.5. Solving equation (2.24) for —1 < % <1:

From equation (2.24), we have

2f (u)ef W
2 2
(/) =3) +1-G

=—a
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and so
2d(ef®)
() . = —adu. (2.48)
2
A2 ef—2
) ()
)
By integrating both sides of (2.48), we get
ofw) _ 2
2arctan | ———2 | =16 — au (2.49)

1
/1 _ 22 _ 2
a? a?

and from (2.49), we can write
2
2 \/1—2—(016—au) A
el = /1 - — tan - + - (2.50)
a a

So, from (2.2) and (2.50), we have

rtan 7T(61627au))+n)271
Q(Ttan(ir(um;au))-‘rn) ’
rtan(w +n) —+1

y/(u) = Z(Man(r<615{au>)+n) s

' (u) =
(2.51)

where 7 = 4/1 — 2—; and n = 2. Hence, from (2.51), we can state the following Theorem:

Theorem 2.7 The spacelike curve o(u) with constant weighted curvature k, = A in Lorentz-Minkowski plane

with density e** for —1 < % <1 s

n616+21n|cos(w)|+2 1n|(ncos(wyrrsin(w»‘

+cir
— 2a )
a(u) = 2.52
( ) n(2au—cig)+2 ln‘cos(ir(CMJQM)‘—2ln|(ncos(T(C1627a“>)+rsin( T(cw;au)))‘ ’ ( )
2a C18

(Mee—an)y o _np o 12 =2 gnd ¢, €R, i = 16,17, 18,

Figure 2 (e) shows this curve for A=1, a = —5,—4,-3,-2,2,3,4,5, ¢16 =1 and ¢17 = ¢13 = 0.
So, taking A =0 in (2.52), we have:

where tan

Corollary 2.8 The spacelike curve a(u) with vanishing weighted curvature k, in Lorentz-Minkowski plane

with density e®* is given by

In sin(cig—au) cr6—au
2 In [cot(&82%
au) = —a + ci7, |(a2)’ +cs |, (2.53)

where tan(%) > -2 and ¢; € R, i =16,17,18.

Figure 2 (f) shows this curve for a = —5,—-4,-3,-2,—-1,1,2,3,4,5, c16 =1 and ¢;7 = ¢15 = 0.
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2.3. The case of "a =0, b#0”

In this case, the equation (2.3) can be rewritten as

f'(u) — bsinh(f(u)) = .

M2 /a2
(“+3) ~(5+1)

So, from (2.54), we have

2f (u)ef ™ =

Now, we can find the spacelike curves by solving the equation (2.55) according to cases of constant .

2.3.1. Solving equation (2.55) for A =0:

Firstly, let us assume that f’(u) = 0. Then, from equation (2.55) we have

efw =1,
So, from (2.2) and (2.56), we get
z(u) = dj,
y(u) = u+ds, di,dy €R.

Now, let us take f/(u) # 0. From equation (2.55),

2 (w)ed @) = b {(ef(u))z ~ 1]

and so,

1 1
_ )y _
(ef(“)—l 6f(u)_’_1>d(e ) = bdu.

By integrating both sides of (2.59), we get

ef(u) — ]_ _ ebu+d3
Thus, we can write
ef(u) _ 14 ebu—i—ds
1 _ ebqudg
or
) _ L=t
1 + ebu+d3 :

Hence, using (2.61) and (2.62) in (2.2), we reach that

1+Cbu+d3 1—ebutdg
’ —_butdz butds
T (U) — l—e 1+e

D) )
1yebutds | 1 butdy
1_ebutdg T butdg

y’(u) = 2

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)
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and

1_ebutdy 1y butds

butdg  _ _butd
x/(u) — 1+4e 3 5 l1—e 3 ,
1—ebutdsg 1+cbu+d3 (2.64)
, _ 1icbutds ' _.butds
Yy (U) - 2 )

respectively. Thus, from (2.3.1), (2.63) and (2.64) we can give the following Theorem:

Theorem 2.9 The spacelike curves with vanishing weighted curvature k, in Lorentz-Minkowski plane with
density e®¥ are
i) the straight line of
a(u) = (dy,u+ da), (2.65)

whose slope of lines is oo, i.e. the lines are vertical and d; e R, i =1,2;

i)

—bu d.
ln 671“43 1 —2bu __ ,2ds3
a(u) _ ( (e bb—eds) +d477( n(e b e ) +’LL) +d5> , (266)
where bu +ds <0 and d; e R, 1 =3,4,5 or
—bu __dg
ln % 1 —2bu __ ,2ds3
alu) = <(b+) + ds, *(M )+ d7> , (2.67)

where bu +ds <0 and d; e R, 1 =3,6,7.

Figure 3 (a) and (b) show the curves (2.66) and (2.67), respectively, for b = —1,—2,—3,—4, -5, d3 = —1 and
dy =ds =dg =d7 =0.

2.3.2. Solving equation (2.55) for \ # 0:

Firstly, let’s assume that f’(u) = 0. From equation (2.55), we get

AN A
b KeM) +b> - (b2 +1)
[ A A
flu) — 22 _Z
e (b) +1 x (2.69)

=0 (2.68)

and so,

Thus, from (2.2) and (2.69), we have

/(A)erl,A,%
_ VAT
= 5 ,

(2.70)

A /(A)2+1,A+%
b b2 e-
3 .
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Ly,
-6 -4 2 4

(a) Curve (2.66) (b) Curve (2.67) (C) Curve (2.79)

-10

(d) Curve (2.80)

Figure 3. The spacelike curves with constant weighted curvature in Lorentz-Minkowski plane with density e®¥ for

different values of constant b.

Now, if f'(u) # 0, then the equation (2.55) can be rewritten as

2f (u)el ) —b
GNW+%_¢¥:I>GKM+%+M§+J>
and so,
1 1 d(ef()

el + 2 — /22 41 ef<u>+%+\/2—§+1 A +1

By integrating both sides of (2.72), we get

fw) LA X
€ + b b2 + 1 b A2 1

—e \/bﬁ"l‘ u+d1o'
ef) 424+ /9+1

Thus

flu) LA /A2
e + +1 3
b b2 _ eb\/ 27+1u+d10

efw) + 2 4 /22 41

2
G+ BT E e BT}
1— eb\/ iﬁz-i-lu-‘rdlo

o oS ) =

= bdu.

(2.71)

(2.72)

(2.73)

(2.74)
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PSR |
b — b\ 3 Hlutdio

2
212 (A48 )tV tiutde
= el (W) = 2 . (2.75)
1 + ebq/ 2‘—2+1u+d10

2
(t+s)ebsutd1o fs—1¢ 1
1_obsutdig -
)

/ —
x (U) - 2((t+s)ehsu,+d10+57t
(2.76)

1—ebsutdio
((Hs)eb”*dlwsi) +1

’ 1—ebsutdio
y'(u) = e
2((t+s)e su-+ 10+s—t)

1_cbsutdig

It+ebsutdio

!/ —
?(u) = 2<w> ’
(2.77)

14ebsutdio

2
sot=Gsersutdio )7,
1+cb3u+d10

/
u) =
Yy ( ) 2<Sit7(t+s)ebsu+d10) ’

Liobsutdig
. o A2 A
respectively, where s = 1/77 + 1 and ¢ = 7.

So, from (2.70), (2.76) and (2.77), we have

and
(s—t—(t+s)eb5“+d10 )271

N\

Theorem 2.10 The spacelike curves with non-zero constant weighted curvature K, = X in Lorentz-Minkowski

plane with density e are
i) The straight line of

s—t— -1 s—t—l—%t
alu) = ((25t> u + ds, <2S> u+dy), (2.78)

whose slope of lines is % and d; € R, i =8,9;

i)
W L (t%g —t-— s) — ¢ (In(e7P* — eh0) —In(eo(t + ) + (s — t)e ")) + du1, 279
a(u) = , _
= (H% +t+ s) — 7 (In(e7s — e®0) + In(e®0(t + s) + (s — t)e %)) + di2

where bsu +dip <0 and d; € R, 1 =10,11,12 or
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5 (i —t— s) — ¢ (In|e7tsv —eho| —In|(s — t)e b — eho(t + 5)|) + dus,

sttt s) — 1 (Infebsv 4 edo| +In|(s — t)e b — ehr0(t + 5)|) + dig

, (2.80)

2

where ebsutdio < i—:é and d; € R, 1 =10,13,14. Here we take s = \/;)\—22 +1 and t = %.

Figure 3 (c¢) and (d) show the curves (2.79) and (2.80), respectively, for A =1, b = —4,-3,-2,-1,1,2,3,4,
d10 = —10 and d11 = d12 = d13 = d14 =0.

3. Timelike curves with constant weighted curvature in Lorentz-Minkowski plane with density
eax+by

In this section, we obtain the weighted curvature k., of a timelike curve 3 in Lorentz-Minkowski plane with

density et and investigate the timelike curves with constant weighted curvature for some cases of not all

zero constants a and b with the same procedure in the previous section.
The weighted curvature k,(u) of a timelike curve f(u) = (x(u),y(u)) with arc-length paremeter in

Lorentz-Minkowski plane with density e**% is obtained as
k= 2/ (w)y" (u) — 2" (w)y (u) + ay (u) — ba’(u). (3.1)

Since S(u) = (z(u),y(u)) is a timelike curve with arc-length papameter, we can take

'(u) = cosh(f(w)), (3.2)

So, from (3.1) and (3.2), the constant weighted curvature s, can be written as
Ky = f'(u) + asinh(f(u)) — beosh(f(u)) = A, (3.3)

where A € R.
Now, let us obtain the timelike curves with constant weighted curvature A according to some cases of

constants a and b.

3.1. The case of "a =0

In this case, the equation (3.3) can be rewritten as
f'(u) + asinh(f(u)) — acosh(f(u)) = A. (3.4)
Using the definition of the hyperbolic functions in (3.4), we have
fw)ef™ = a4 xef®, (3.5)

Now, we can find the timelike curves by solving the equation (3.5) according to cases of constant .

Thus, we have the following Theorems which can be obtained with the same procedure in Subsection 2.1.
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Theorem 3.1 The timelike curve ((u) with vanishing weighted curvature in Lorentz-Minkowski plane with

density e®=tv) s

au(auw + 201) + 2In(au + 1 au(au + 211) — 2In(au + 1
ﬁ(u) — ( 1) ( 1) + 127 ( 1) ( 1) + 13 , (36)
4a 4a
where au+11 >0 and l; e R, 1 =1,2,3.
Figure 4 (a) shows this curve for a = —5,—4,-3,-2,—1,1,2,3,4,5, [y =6 and I =13 =0.
y y y
. _0'27_\
2k //(f;/_i_/\
11020+ -0.81
” 5 2 s _10ok
/ 11000} 12
-4+ 11600 11620 11640 x 015 110 115 X

(a) Curve (3.6) (b) Curve (3.8) (c) Curve (3.9)

Figure 4. The timelike curves with constant weighted curvature in Lorentz-Minkowski plane with density e*®*+¥) for
different values of constant a.

Theorem 3.2 The timelike curves with non-zero constant weighted curvature k, = X in Lorentz-Minkowski

plane with density e**+Y) are
i) the straight line of

—a? — \? A2 —a?
=— lyy ——— l 3.7
Blw) < 2a\ Ut 2a\ vt 5)’ (3.7)
whose slope is Zz;i;\; In the case of a = —\, the slope of lines is 0, i.e. the lines are horizontal, where § < 0
and l; € R, i =4,5;
eMutls _ qu In | )\efs — ge—2u eMtle _ qq, In | N\els — aei>‘u|
Plu) = ( o 2a ey 2a s ) (3:8)

Au
where *— < el and l; €R, i=6,7,8 or

i)

In [ae=? + Nels|  erutls 4 gy In [ae=? + Nels|  erutls 4 gy
= - lg, — - l 3.9
Alw) ( % o 2 ox o) (3.9)

where —elo > “E;M and l; € R, 1 =6,9,10.
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Figure 4 (b) shows the curve (3.8) for A\=1, a = —5,—-4,-3,-2,—-1,1,2,3,4,5, lg = 10 and l; =ls = 0 and
Figure 4 (c) shows the curve (3.9) for A =10, a =1,2,3,4,5, I = —1 and lg =139 = 0.

3.2. The case of "a =0, b#0”

In this case, the equation (3.3) can be rewritten as
f'(u) — beosh(f(u)) = A (3.10)
From (3.10), we have

A\ A2
2f (u)e! ™ = b <ef<“>+b> +1-75 1 (3.11)

Now, we can obtain the timelike curves by solving the equation (3.11) according to cases of constant .
So, we have the following Theorems which can be obtained with the same procedure in Subsection 2.2.

Theorem 3.3 The timelike curves B(u) with constant weighted curvature k, = X\ in Lorentz-Minkowski plane
with density e for A = —b are
i) the straight line of
B(u) = (u+ hy, ha) (3.12)

whose slope of lines is 0, i.e. the lines are horizontal and h; € R, i =1,2 or

i)

buths—2
bu+ln( SR >+h _In((bu + h3)(bu + hs — 2))
b 45 b

B(u) +hs |, (3.13)

where bu + hg € R—10,2] and h; € R, i =3,4,5.
Figure 5 (a) shows the curve (3.13) for A = —b = —5,—-4,—-3,-2,—1,1,2,3,4,5, hy =20 and hg = hs = 0.

Theorem 3.4 The timelike curve B(u) with constant weighted curvature k, = A in Lorentz-Minkowski plane

with density e for A=1b is

bu + ln ‘ 2—]&3(;1+—?-1;m
Blu) = | - T,

Inf(he 4+ bu)(2 + he + bu)|
b

+hs |, (3.14)

where bu + hg € (—2,0) and h; €R, i =6,7,8.

Figure 5 (b) shows this curve for A\=0=1,2,3,4,5 and hg = hy = hg = 0.

Theorem 3.5 The timelike curves with constant weighted curvature k, = X in Lorentz-Minkowski plane with

o b A
density e*¥ for 3 < —1 are
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1 2 3 4
(b) curve (3.14)

(a) curve (3.13) (¢) curve (3.16)

4 y

-60  -40

(f) curve (3.19)

(d) curve (3.17) (e) curve (3.18)

Figure 5. The timelike curves with constant weighted curvature in Lorentz-Minkowski plane with density e’¥ for

different values of constant b.

i) the straight line of

—t4+ 1 —t4+p— —L_
B(u) = ((#) u+ hg, (#) u+ h10> ) (3.15)

whose slope is E:ii% and h; e R, i =9,10;

e—bpu_ehll )
—t)e—bPut(pre)elil
(p—t) - (p+t) )_|_h12’

In(

El <t+p+ ﬁ) — (3.16)

Bu) =
— In((eP¥—eh1t —t)ebru eh11
= (Hp — ﬁ) — (ln M= TNy | g

where (1 — eM1tv) and ((p +t)etPvthir 4 p —t) have same signs and h; € R, i = 11,12,13 or
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iii)
_ In —bpu+ hi1 —1n —t —bpu __ +t hi1
7”(t+p+ﬁ)—( (e oot ke |y
Blu) = . ) In(e="7" 4"11)1n| (p—t)e7 — (prt)eP 11| , (3.17)
T(terf@)f( 5 ) + his

where h; € R, 1 =11,14,15. Here, we take p = ;)\—22 -1, t= %.

Figure 5 (c) shows the curve (3.16) for A =6, b = —1,—2,—-3,—4, -5, hy; = —61 and his = h;3 = 0 and
Figure 5 (d) shows the curve (3.17) for A =11, b=—-1,-2,-3,—4,—5, hy; = 10 and hy4 = hy5 =0.

Theorem 3.6 The timelike curve with constant weighted curvature k, = X in Lorentz-Minkowski plane with

density e for % > 1 is given by (5.16).

Theorem 3.7 The timelike curve B(u) with constant weighted curvature rk, = A in Lorentz-Minkowski plane

with density e for —1 < % <1 is

t(hi6+2bu)+2 ln‘cos(q(b"%hl@)’—Q ln‘(t cos( q(bu;hw) )—g sin( q(bu;hlw ))|

20 + h177
thig—2 1n|COS(W) ‘ —92 1n|(t cos( q(bu;hm) )—gsin( q(bu;hlg) ))’ )

2 + haig

Blu) = (3.18)

where tan(%) > é, q:w/lf;)\—;, t:% and h; € R, i =16,17,18.

Figure 5 (e) shows this curve for A=1, b= —-5,-4,-3,-2,2,3,4,5, hig =1 and hyy = h1s = 0.
So, taking A =0 in (3.18), we have:

Corollary 3.8 The timelike curve B(u) with vanishing weighted curvature K, in Lorentz- Minkowski plane with

density e®¥ is given by

In |[tan(2ths —1In|4sin(bu+ h
Blu) = (‘ (b ol N har, b z(> 0] his |, (3.19)
where tan(%) > é and h; €R, i =16,17,18.

Figure 5 (f) shows this curve for b = =5, -4, —-3,-2,—1,1,2,3,4,5, hjg =1 and hy7 = h1s = 0.

3.3. The case of "a #0, b=0"

In this case, the equation (3.3) can be rewritten as

f(u) + asinh(f(u)) = A (3.20)

2
2f (w)ef ™ = —a [(ef - 2) - (2\2 + 1)

So, from (3.20), we have

(3.21)
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Now, we can find the timelike curves by solving the equation (3.21) according to cases of constant A.

So, we have the following Theorems which can be obtained with the same procedure in Subsection 2.3.

Theorem 3.9 The timelike curves with vanishing weighted curvature k, in Lorentz-Minkowski plane with
density e*™ are
i) the straight line of
Bu) = (u+ g1,92), (3:22)

whose slope of lines is 0, i.e. the lines are horizontal and g; € R, 1 =1,2;

i)

In(e?a — ¢293 In(&757)
B(u) = <(a)—u+g4,a+93+95 , (3.23)
where au > g3 and g; € R, 1 =3,4,5 or
i)
In(e20v — 293 ln(EZZiiff )
Bu) = (H gy gy ) (324
where au > g3 and g; € R, i = 3,6, 7.
Figure 6 (a) and (b) show the curves (3.23) and (3.24), respectively, for a = 1,2,3,4,5, g3 = —11 and
914 =95 =ge = g7 = 0.
L - _ x
2 a 6 8 10 PR :Qﬁt I \6 8 L 2
(a) curve (3.23) (b) curve (3.24) (c) curve (3.26) (d) curve (3.27)

Figure 6. The timelike curves with constant weighted curvature in Lorentz-Minkowski plane with density e®® for
different values of constant a

Theorem 3.10 The timelike curves with non-zero constant weighted curvature K, = X in Lorentz-Minkowski
plane with density e®® are
i) The straight line of

1 !
Blu) = ((”“) utgs, <+”2+> ut go), (3.25)
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(v4n)%—1

whose slope of lines is (otn) P41

i)

and g; € R, 1 =8,9;

B(u) 5 (niv +n— v) + 1 (In(e™™ — €910) + In(e9° (n — v)% 4 €™)) + g11, (3.26)
u) = , .
£ (n—v— 1) + L (n(e — em) —In(emo(n = v)? + ™)) + gao
where avu > g19 and ¢g; € R, 1 =10,11,12 or
i)
5 (niv +n— v) + % (In(e®® + e910) + In(e®* — €919 (n — v)?)) + g13,
pwy = e o e o : (3.27)
5 (n—v— =)+ (In(e™ +e9) —In(e €910 (n — v)?)) + g14

where e*V*910 > Z—;z and g; € R, i =10,13,14. Here we take v = \/Qf; +1 and n=2

Figure 6 (c¢) and (d) show the curves (3.26) and (3.27), respectively, for A = 1, a = —5,—4,-3,—-2, -1,
1,2,3,4,5, gio = —11 and g11 = g12 = g13 = 914 = 0.

4. Conclusion and future work
In this study, we have obtained the weighted curvature «, of spacelike and timelike curves in Lorentz-Minkowski

plane with density e®**t% and we have given the parametric expressions of the spacelike and timelike curves
with constant weighted curvature for the cases of "a =b", 7a # 0, b=0" and "a =0, b # 0”. Also, we have
construct some examples of obtained curves for different values of constants a and b.

We hope that, this study will bring a new viewpoint and break fresh ground to geometers who are
dealing with the curves in a plane with density. And in the near future, spacelike and timelike curves in
Lorentz-Minkowski plane with different densities can be investigated by geometers.
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