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Abstract: Let G be a nontrivial, connected, and edge-colored graph of order n > 3, where adjacent edges may be
colored the same. Let k be an integer with 2 < k < n. A tree T in G is a rainbow tree if no two edges of T are
colored the same. For S C V(G), the Steiner distance d(S) of S is the minimum size of a tree in G containing S. An
edge-coloring of G is called a strong k-rainbow coloring if for every set S of k vertices of G there exists a rainbow tree
of size d(S) in G containing S. The minimum number of colors needed in a strong k-rainbow coloring of G is called
the strong k-rainbow index srxy(G) of G. In this paper, we study the strong 3-rainbow index of edge-amalgamation
of graphs. We provide a sharp upper bound for the srzs of edge-amalgamation of graphs. We also determine the srzs

of edge-amalgamation of some graphs.
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1. Introduction
All graphs considered in this paper are simple, finite, and connected. We follow the terminology and notation of
Diestel [5]. For simplifying, we define [a,b] as a set of all integers = with a <2 <b. Let G be an edge-colored
graph of order n > 3, where adjacent edges may be colored the same. A tree T in G is a rainbow tree if no two
edges of T receive the same color. For S C V(G), a rainbow S -tree is a rainbow tree that contains the vertices
of S. Let k be an integer with & € [2,n]. An edge-coloring of G is called a k-rainbow coloring if for every set
S of k vertices of G there exists a rainbow S-tree in G. The k-rainbow index rzi(G) of G, introduced by
Chartrand et al. [3], is the minimum number of colors needed in a k-rainbow coloring of G. Thus, if k = 2,
then rzo(G) is the rainbow connection number rc(G) of G, which was first introduced by Chartrand et al. in
2008 [2]. Some known results about the rainbow connection number of graphs can be found in [2, 6-9, 11-13].
For every nontrivial connected graph G of order n, it is easy to see that raxs(G) < rz3(G) < ... <rz,(G).
The concept of the k-rainbow index has an interesting application in transferring classified information
in communication networks security. One of the things that can be done to make a secure transfer line between
k agencies (which may have other agencies as intermediaries) in communication networks is to assign a large
enough number of passwords to the line so that no password is repeated. An immediate question arises: What

is the minimum number of passwords needed that allows one secure line between every k agencies so that the
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passwords along the line are distinct? This situation can be modeled by a graph and the minimum number of
these passwords is represented by the k-rainbow index of a graph.

The Steiner distance d(S) of a set S of vertices in G is the minimum size of a tree in G containing S.
Such a tree is called a Steiner S -tree. The maximum Steiner distance of S among all sets S of k vertices of G
is called the k-Steiner diameter sdiamy(G) of G. Chartrand et al. [3] stated that for every connected graph
G of order n > 3 and each integer k with k € [3,n], k — 1 < sdiamy(G) < rzx(G) < n —1. In [3], they
showed that trees are composed of a class of graphs whose k-rainbow index attains the upper bound for ra(G).
They also determined the k-rainbow index of cycles and the 3-rainbow index of complete graphs. Chen et al.
[4] provided the 3-rainbow index of regular complete bipartite and multipartite graphs and wheels. In [1], we
determined the 3-rainbow index of amalgamation of some graphs with diameter 2. Liu and Hu in 2014 [10]
studied the 3-rainbow index with respect to three important graph product operations, namely the Cartesian
product, strong product, and lexicographic product, and also other graph operations. Graph operations are an
interesting subject, which can be used to understand structures of graphs.

We generalized the concept of the k-rainbow index of G called the strong k-rainbow index of G*. A
strong k-rainbow coloring of G is an edge-coloring of G having the property that for every set S of k vertices
of G there exists a rainbow tree of size d(S) containing S. Such a rainbow tree is called a rainbow Steiner
S -tree. The minimum number of colors needed in a strong k-rainbow coloring of G is the strong k-rainbow
index of G, denoted by srzi(G). Thus, we have rzy(G) < srazi(G) for every connected graph G. If k = 2,
then srzo(G) is the strong rainbow connection number src(G) of G [2]. Chartrand et al. [2] gave lower and
upper bounds for the strong rainbow connection number; that is, diam(G) < re(G) < sre(G) < |E(G)].

Note that every coloring that assigns distinct colors to all edges of a connected graph is a strong k-
rainbow coloring. Thus, the strong k-rainbow index is defined for every connected graph G. Furthermore, if G
is a nontrivial connected graph of size |E(G)| whose k-Steiner diameter is sdiamy(G), then it is easy to check

that
sdiamy(G) < rzk(G) < srz(G) < |E(G)]. (1.1)

We have determined the strong 3-rainbow index of some certain graphs. We also provided a sharp upper
bound for the strong 3-rainbow index of amalgamation of graphs and determined the exact values of the strong

3-rainbow index of amalgamation of some graphs*. The following results are needed.

Theorem 1.1 * Let T,, be a tree of order n > 3. For each integer k € [3,n], srxp(T,) = |E(T,)|=n—1.
Theorem 1.2 * For n > 3, let L, be a ladder graph of order 2n. Then srx3(L,) = sdiamg(L,) =n.
Theorem 1.3 * For n > 3, let K,, ,, be a reqular complete bipartite graph of order 2n. Then srzs(K, ) =n.

Theorem 1.4 * Let C, be a cycle of order n > 3. Then:
2, formn =3;
srx3(Cp) =< n—2, forn€[4,6] orn=2;

n, form=7o0rn>9.

For illustration, strong 3-rainbow colorings of C5, Cy, C5, Cg, and Cg are given in Figure 1.

*Awanis ZY, Salman A. The strong 3-rainbow index of some certain graphs and its amalgamation. Submitted.
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Figure 1. Strong 3-rainbow colorings of Cs, C4, C5, Cs, and Cs.

For an integer t > 2, let {G1,Ga,...,G;} be a collection of finite, simple, and connected graphs and
each G; has a fixed edge e,, called a terminal edge. Assume that each terminal edge has an orientation. The
edge-amalgamation of G1,Gs, ..., Gy, denoted by Edge — Amal{Gj;e,,}, is a graph obtained by taking all the
G’s and identifying their terminal edges with the same orientation. If for each i € [1,¢], G; 2 G and e,, = ¢,
then Edge — Amal{G};e,,} is denoted by Edge — Amal(G,e,t).

In this paper, we study graphs of type Edge — Amal(G,e,t). Tt is needed when we want to make a
larger and complex communication networks and some agencies must pass through one or two centers in order
to transfer information or communicate with each other safely. We focus on £k = 3. We determine a sharp
upper bound for the strong 3-rainbow index of Edge — Amal(G,e,t). We also determine the exact values of

the strong 3-rainbow index of Edge — Amal(G,e,t) for some connected graphs G.

2. Main results

Let G be a simple connected graph of order n > 3 and let e be a terminal edge of GG, which has an orientation.
Given c as a strong 3-rainbow coloring of G and X C E(G), let ¢(X) denote the set of colors assigned to all
edges of X . For t > 2, consider graphs Edge — Amal(G,e,t). Let V (Edge — Amal(G,e,t)) = {u,v} U{v?|i €
[1,t],p € [1,n — 2]} and uv be the identified edge of Edge — Amal(G,e,t). For further discussion, given a
tree T of size m as a subgraph of Edge — Amal(G,e,t), let T = {e1,ea,...,em} denote the tree with edge set

{e1,e2,...,em}.

2.1. Sharp upper bound for srzz(Edge — Amal(G,e,t)

In the following theorem, we provide an upper bound for the strong 3-rainbow index of Edge — Amal(G,e,t).

Theorem 2.1 Let t and n be two integers with t > 2 and n > 3. Let G be a simple connected graph of order

n and e be a terminal edge of G. Then:
srxz(Edge — Amal(G, e, t)) <min{t (|E(G)| - 1) + 1, t (srz5(G))} .

Proof Following (1.1), we know that |F(Edge — Amal(G,e,t))| = t(|[E(G)| — 1) + 1 is the natural upper
bound for srzs(Edge — Amal(G,e,t)). Now, let ¢’ be a strong 3-rainbow coloring of G. We show that
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srxs(Edge—Amal(G, e, t)) < t(srzs(G)) by defining a strong 3-rainbow coloring ¢ : E(Edge—Amal(G, e, t)) —
[1,t (sra3(@))] as follows:

ole) = { d(e), € € E(Gr);
d(e)+ (¢ — 1) srzs(G), € € E(Gy)\{e} for each ¢ € [2,1].

Observe that the coloring ¢ above maintains the position of colors in G; and assigns distinct colors in
E(G;) and E(Gj) for distinct ¢ and j in [1,¢]. Therefore, it is not difficult to find a rainbow Steiner S-tree
for every set S of three vertices of Edge — Amal(G,e,t). O

The upper bound in Theorem 2.1 is sharp. It can be proven by providing some connected graphs G
such that srazs(Edge — Amal(G,e,t)) attains the upper bound. Theorems 2.2 and 2.4 show that sraz(Edge —
Amal(G,e,t)) =t (|E(G)| — 1) + 1 where G is a tree or a cycle of order odd n > 9. Meanwhile, Theorem 2.8
shows that srzs(Edge — Amal(G, e, t)) =t (srz3(G)) where G is a fan.

Theorem 2.2 Let t and n be two integers with t > 2 and n > 3. Let T, be a tree of order n and e be an
arbitrary edge of T,,. Then srxz(Edge — Amal(T,, e, t)) =t(n—2)+ 1.

Proof Note that the edge-amalgamation of trees is also a tree with |E(Edge — Amal(T,,e,t))| =t (|JE(T,)| —
1)+ 1. It follows by Theorem 1.1 that srzs(Edge — Amal(T,,e,t)) = |E(Edge — Amal(T,,, e, t))| =t (|E(T,)|—
D+1=t(n—2)+1. O

Let C,, be a cycle of order n > 3. Consider graphs Edge — Amal(C,,, e,t) where e is an arbitrary edge of
Cn. Let V(Edge — Amal(Ch, e,t)) = {u,v}U{vl|i € [1,t],p € [1,n—2]} such that E(Edge— Amal(C,,,e,t)) =
{uv} U {uv}, o0l 2)i € [1,4]} U {oPoP i € [1,4],p € [1,n — 3]}. We start with the following observation, which

will be used to prove the lower bound in Theorem 2.4.

Observation 2.3 Let t and n be two integers at least 2 and n is odd. For i € [1,t], let A; be a set of edges of
2

path uv}vf...viL%J_lviL%J and B; be a set of edges of path vv]'~ Qvf 3. L%Hlv} 28 If ¢ is a strong 3-rainbow

coloring of Edge — Amal(Cy,, e, t), then: l
1. c¢(A)Ne(Aj) =0 and ¢(B;) Ne(Bj) =0 for distinct i and j in [1,t];
2. forn>9, c¢(A;)Ne(Bj) =0 for distinct i and j in [1,t].

Proof Let ¢ and j be two distinct integers in [1,¢].

L5] L"J 1 [5]-1 %]

1. Since path v, ..viluv]l-...vj v; " is the only possible rainbow Steiner {u, ’UL%J

,v}%J}—tree, we
have ¢(A;) N¢(A;) = 0. Similarly, by considering {v,vL 2 -5 }, we have ¢(B;) N¢(B;) = 0.

2. By considering {UZ-L%J7U1-L%J7 ]L J'H} and {UL%J,’U}%J vL%JH}, we obtain that no edges of the paths

J
UL%JngJ_l...UL%J...v.luvv? 2 JL%HQJL i+t a lL%J_l Lyl pl81 721511, 15], L5 1+1

U UYL v Rk are col-
ored the same. Thus, we have ¢(A;) Nc(B;y)

I
=
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Theorem 2.4 Let t be an integer at least 2 and n be an odd integer at least 9. Let C,, be a cycle of order n
and e be an arbitrary edge of Cy,. Then srzs(Edge — Amal(C,e,t)) =t(n—1)+1.

Proof Since t(srzs(Cy)) =tn by Theorem 1.4 and ¢ (|E(C,)|—1)+1=1t(n—1)+1, it follows by Theorem
2.1 that srzs(Edge — Amal(Cy,e,t)) <t(n—1)+ 1. Thus, we only need to prove the lower bound. Following
Theorem 1.4, c(uv) ¢ ¢(A4;) Uc(B;) and we need at least n — 1 distinct colors assigned to all edges in A; U B;
for each i € [1,t]. Hence, by using Observation 2.3, srxsz(Edge — Amal(Cyp,e,t)) >t(n—1)+1. O

For n > 3, recall that a fan F,, of order n + 1 is a graph constructed by joining a vertex v to every
vertex of a path P, : v1vs...v,. The edges of P,, are called the rims of F,, and the edges connecting v to the
vertices of P, are called the spokes of F,,. Before we proceed to Theorem 2.8, we first determine the strong

3-rainbow index of F,,. We start with the following lemma.

Lemma 2.5 For n > 3, let ¢ be a strong 3-rainbow coloring of F,,. Then at most two spokes of F,, may be

colored the same. Moreover, if c(vv;) = c(vv;) for distinct i and j in [1,n], then v; and v; are adjacent.

Proof Suppose that there are three spokes of F),, vv;, vv;, and vuy, such that c(vv;) = c(vv;) = c(vvg).
Note that two of the three vertices v;, v;, and vy are not adjacent. Without loss of generality, assume that v;
and v; are not adjacent. Observe that T' = {vv;,vv;} is the only possible rainbow Steiner {v,v;, v;}-tree, but
c(vy;) = c(vvj), a contradiction. Hence, at most two spokes of F,, may be colored the same. Furthermore, if

c(vv;) = ¢(vvy) for distinct ¢ and j in [1,n], then v; and v; are adjacent. O

The following theorem is an immediate consequence of Lemma 2.5.

Theorem 2.6 For n >3, let F,, be a fan of order n+ 1. Then:

21, forn=3 orn>b5;
er?’(F”){ (2;) j‘tornzél.

Proof Let V(F,) = {v}U{v;i € [1,n]} such that E(F,) = {vvi € [1,n]} U{v;v;11]i € [1,n —1]}.

For n € [3,4], since sdiams(F3) = 2 and sdiams(Fy) = 3, we have sras(Fs) > 2 and sras(Fy) > 3
by (1.1). Next, we show that srazs(F3) < 2 by defining a strong 3-rainbow coloring ¢ : E(F3) — [1,2], which
can be obtained by assigning the color 1 to the edges vvy, vvs, and wavs, and the color 2 to the edges vvs
and v1ve. We show that srazz(Fy) < 3 by defining a strong 3-rainbow coloring ¢ : E(Fy) — [1,3], which can
be obtained by assigning the color 1 to the edges vvi, vvs, and wvavs, the color 2 to the edges vvs, vvg, and
v1v2, and the color 3 to the edge vsvy. By these two colorings, it is easy to find a rainbow Steiner S-tree for
every set S of three vertices of F,, for n € [3,4].

For n > 5, it follows by Lemma 2.5 that sra3(F,) > [§]. Now we show that srz3(F,) < [5] by defining

a strong 3-rainbow coloring ¢ : E(F,) — [1,[%5]] as follows:

c(vy;) = (%] for i € [1,n];

it1 ; _11-
for odd n, c(vivit1) = { 2 +117 for odd i € [1,n —1J;
27

for even ¢ € [1,n — 1];
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4111, foroddie[l,n—3;
, fori=n-—1;
for even ¢ € [1,n — 4];
fori=n—2.

for even n, c(viviy1) =

Now we show that ¢ is a strong 3-rainbow coloring of F,,. Let S be a set of three vertices of Fj,. Let
i, j, and k be three distinct integers in [1,n]. We consider two cases.

Case 1 S = {v;,v;, v}

If vvj,vjur, € E(F,), then T = {v;vj,vju} is a rainbow Steiner S-tree. If 7 is odd, j = ¢ + 1 with
vivj € E(F,),and k=1i—2 or k= j+ 2, then there exists distinct | € [1,n] such that vyv;, viv; € E(F,) or
vjv, v € E(F,). Thus, the rainbow Steiner S-tree is a path of order 4, which contains vertices v;, v;, vg,
and v;. If ¢ is odd, j =i+ 1 with v;v; € E(F,), and k <i—3 or k> j+ 3, then T = {vv;, v;vi41,vv5} is a
rainbow Steiner S-tree. For other values of ¢, j, and k, T = {vv;,vv;,vvi} is a rainbow Steiner S-tree.

Case 2 S = {v,v;,v;}

If ¢ is odd and j = ¢+ 1 with v;v; € E(F,), then T = {vv;,v;v;41} is a rainbow Steiner S-tree. For
other values of ¢ and j, T = {vv;,vv;} is a rainbow Steiner S-tree. O

Now we consider graphs FEdge — Amal(F,,e,t) where e = vvs is an arbitrary spoke of F;,. By symmetry,
we only consider for s € [1, ]'%H . Let V(Edge — Amal(F,,e,t)) = {u,v} U {oP|i € [1,t],p € [1,n — 1]} such
that E(Edge — Amal(Fy,e,t)) = {uv} U {vv?]i € [1,1],p € [1,n — 1]} U {wvf|i € [1,1]} U {oPo? )i € [1,8],p €
[s,n — 2]} U E! where

0, ifs=1;
E' = {uv}li € [1,4]}, ifs=2;
{wvi =i € 1, 4]} U {wPoP T i € [1,8],p € [1,5 — 2]}, otherwise.

The following observation is also an immediate consequence of Lemma 2.5.

Observation 2.7 Let t, n, and s be three integers with t > 2, n > 3, and s € [1, (%ﬂ For i € [1,t], let
A; be a set of spokes vuf for p € [1,s — 1] and B; be a set of spokes vv! for p € [s,n —1]. If ¢ is a strong
3-rainbow coloring of Edge — Amal(F,,e,t), then c¢(A;) Nc(A;) =0 and ¢(B;) Ne(Bj) =0 for distinct i and
J in [1,t], and c(A;) Ne(Bj) =0 for all i and j in [1,1].

Theorem 2.8 Let t, n, and s be three integers with t > 2, n > 3, and s € [1,[%1] Let F,, be a
s

fan of order n +1 and e = vvs be an arbitrary spoke of F,. For odd n and even s, or even n > 6,

srzz(Edge — Amal(Fy, e, t)) =t([5]).

Proof Since t (srz3(F,)) = t([%]) by Theorem 2.6 and t(|E(F,)| —1) +1 = t(2n —2) + 1, it follows by
Theorem 2.1 that sras(Edge — Amal(F,,e,t)) < t([%]). Thus, we only need to prove the lower bound. Let
¢ be a strong 3-rainbow coloring of Edge — Amal(F,, e, t). For i € [1,t], let A; be a set of spokes v for
p € [1,s — 1] and B; be a set of spokes vv! for p € [s,n —1]. Hence, [4;| =s—1 and |B;| =n—s.

For odd n and even s, we have that for each i € [1,t], both |A;| and |B;| are odd. Hence, by
using Lemma 2.5, [¢(4;)| > [551] = £ and |¢(B;)| > [%52] = 2=t It follows by Observation 2.7 that
srzz(Edge — Amal(Fy,e,t)) > t([5]).

451



AWANIS et al./Turk J Math

For even n > 6, if s is odd, then for each ¢ € [1,t], |A;| is even and |B;| is odd. It follows by
Lemma 2.5 that |c(4;)] > *5* and [c(B;)| > [252 n=stl  Hence, by using Observation 2.7, we have
srxz(Edge — Amal(F,, e, t)) > t(%). Similarly, we have smcg(Edge — Amal(F,,e,t)) >t (%) if s iseven. O

2.2. The strong 3-rainbow index of Fdge — Amal(G,e,t) for some connected graphs G

In this subsection, we determine the strong 3-rainbow index of Edge — Amal(G, e, t) for some connected graphs
G. In particular, we consider G as a cycle, a fan, a ladder, and a regular complete bipartite graph. First,
we consider graphs Edge — Amal(C,,, e, t) where e is an arbitrary edge of C,,. In Theorem 2.4, we determine
sraxsz(Edge — Amal(Chp, e, t)) for odd n > 9. In the next theorem, we determine sras(Edge — Amal(Cy,e,t))

for other values of n. First, we verify the following observation.

Observation 2.9 Let t be an integer at least 2 and n be an even integer at least 4. For i € [1,t], let A; be a

and B; be a set of edges of path vvffzvﬂfg...vgﬂvig. If ¢ is a strong

K2 7

2 Z2-1
2
v,

n__
2

set of edges of path uviv?..v;
3-rainbow coloring of Edge — Amal(Cy,e,t), then:

1. c(A;)Ne(Aj) =0 and c(B;) Ne(Bj) =0 for distinct i and j in [1,t];
2. for n>10, c(A;) Ne(Bj) =0 for distinct © and j in [1,t].

Proof Let i and j be two distinct integers in [1,¢].

T, . . . 21 2
v? s the only possible rainbow Steiner {u,v? ~,v7 }-tree, we

-1 5-2 1.1 52
J j

n
: 3
1. Since path v/ "v? "..v;uv;..v;

have ¢(A4;) N¢(A;) = 0. Similarly, by considering {v,v } we have ¢(B;) Ne(B;) =0.

1) ]
2. By considering {u v%_l } e obtain that no edge of path v% Y2 7 wtuor™ 2 w2 T s colored
. By g {u,v? v Wi g p PR T O
Sy -1 22 241 -1 2-2 29 21 2 24
the same. Also, by con31der1ng {vi2 v? " v7 7}, no edge of pathv v Lwtuwvie? e v e?

is colored the same. Thus, we have c¢(A4;) N ( Bj)=10.

O

Theorem 2.10 Let t and n be two integers with t > 2 and n > 3. Let C,, be a cycle of order n and e be an
arbitrary edge of C,,. Then:

t(sras(Cy) —1), form=3, orn=>5andt>3;
t(srxs(Cp) —1)+1, forn=4, orn=>5andt=2;
t(sras(Cn) —2)+2, forevenn>6, orn="7andt=2;
5t+1, form=7andt>3.

srxz(Edge — Amal(Chp, e, t)) =

Proof For each i € [1,#], let C! denote the ith cycle C,, in Edge — Amal(C,,,e,t). For simplyfing the proof,
we define path vpvaVeV, = VUV, .

Case 1 n=3

Note that srzs3(C3) = 2 by Theorem 1.4. Let ¢ be a strong 3-rainbow coloring of Edge — Amal(Cs, e, t).
Then sras(Edge — Amal(Cs,e,t)) >t by Observation 2.3. Now we show that srazz(Edge — Amal(Cs,e,t)) <t
by defining a strong 3-rainbow coloring ¢ : E(Edge — Amal(Cs,e,t)) — [1,t]. This coloring can be obtained by
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assigning the colors i to the edges uv} for all i € [1,¢], the colors i+1 to the edges vv} forall i € [1,t—1], and the
color 1 to the edges uv and vv} . Now we show that ¢ is a strong 3-rainbow coloring of Edge — Amal(Cs3,e,t).

Let S be a set of three vertices of Edge — Amal(Cs,e,t). We can find a rainbow Steiner S-tree as shown in
Table 1.

Table 1. A rainbow Steiner S-tree of Edge — Amal(Cs,e,t).

A set of three vertices S | Condition A rainbow Steiner S-tree
{u,v,v}} i€ [1,t—1] | {uv,vv}}
{u,v Utl} {uv,uv}}
{u, v}, ] 14 ] {uv}, uv}}
{v,v}, J 1£ ] {vvil,vvjl»}
{v},v ],vk} 1<j<k {uv},uv},uvi}
Case 2 n=4

By using Theorem 1.4, sraz3(Cy) = 2. Let ¢ be a strong 3-rainbow coloring of Edge — Amal(Cy,e,t).
Since c(uv) # c(uv}) for all i € [1,1], it follows by Observation 2.9 that srazs(Edge — Amal(Cy,e,t)) >t + 1.

Next, we show that srzs(Edge — Amal(Cy,e,t)) < t+ 1. We define an edge-coloring ¢ : E(Edge —
Amal(Cy,e,t)) — [1,t + 1], which can be obtained by assigning the color 1 to edges uv and v}v? for all
i € [1,¢] and the colors i+ 1 to edges uv} and vv? for all i € [1,¢]. Now we show that c is a strong 3-rainbow
coloring of FEdge — Amal(Cy,e,t). Let S be a set of three vertices of Edge — Amal(Cy,e,t). Observe that
the coloring above assigns two colors to C§ and has the same pattern as the strong 3-rainbow coloring of Cj
as shown in Figure 1. It follows by Theorem 1.4 that we can find a rainbow Steiner S-tree if the vertices of
S are contained on the same cycle C% for some i € [1,¢]. Hence, we may assume that vertices of S are not

contained on the same cycle C%. Let i, j, and k be three distinct integers in [1,]. By symmetry, we consider

six subcases as shown in Table 2.

Table 2. A rainbow Steiner S-tree of Edge — Amal(Cy,e,t).

A set of three vertices S | A rainbow Steiner S-tree
(o.01,0] (sl 0]}

{v,v}, J {uv, uv}, uvl}

{u,v} l, ] {uv}, uv, vo?}

{U’L ) Z ) J {uvl ) Z UZ 7“1}1}

{v}, v}, v} {uv}, uv}, uvy}

{vl, v}, 07} {uv}, uvj, uv, vu}}

Case 3 n=5

Note that sra3(Cs) = 3 by Theorem 1.4. For ¢ = 2, since sdiams(Edge — Amal(Cs,e,2)) =5, we have
sraxsz(Edge — Amal(Cs,e,2)) > 5 by (1.1). Next, we show that sras(Edge — Amal(Cs,e,2)) <5 by defining a
strong 3-rainbow coloring of Edge — Amal(Cs,e,2) as shown in Figure 2.

For ¢ > 3, let ¢ be a strong 3-rainbow coloring of Edge — Amal(Cs,e,t). It follows by Observation 2.3
that srzs(Edge — Amal(Cs, e, t)) > 2t. Next, we show that srasz(Edge — Amal(Cs,e,t)) < 2t by defining a
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1
Uy 'Ué

\2
?.' ]

7;? Uy

Figure 2. A strong 3-rainbow coloring of Edge — Amal(Cs,e,2).

strong 3-rainbow coloring ¢ : E(Edge — Amal(Cs, e, t)) — [1,2t] as follows:

clww) = 1
c(uv}) = c(vv)) =2+2(i—1) for i € [1,1];
cwh?) = 1+2(i—1)forie[l,t];

1+24, foree[l,t—1];
C(UHJ?) = { 1, fOri:[t_ }

Now we show that ¢ is a strong 3-rainbow coloring of Edge — Amal(Cs,e,t). Let S be a set of three

vertices of FEdge — Amal(Cs,e,t). We consider three subcases.

— The vertices of S belong to the same cycle C¢ for some i € [1,1]
Since the coloring above assigns three colors to C{ and has the same pattern as the strong 3-rainbow

coloring of C'5 as shown in Figure 1, it follows by Theorem 1.4 that we can find a rainbow Steiner S-tree.

— Two vertices of S belong to the same cycle C¢ for some i € [1,]

Let j € [1,t] with j # i. First, consider S = {u,v?, J} If p,q € [1,2], then P = vv; uvjlvj is a rainbow

Steiner S-tree. If p = 3 and ¢ € [1,2], then P = v; vuv]lvj is a rainbow Steiner S-tree. If p = ¢ = 3,

then T = {uv,vv} vv3} is a rainbow Steiner S-tree. A similar argument applies for S = {v,v? ,’UJ

Next, consider S = {v?, v}, v7}. We can find a rainbow Steiner S-tree as shown in Table 3.

sz]

— Each vertex of S belongs to distinct cycles C%, Cg, and C¥ for some 14,7,k € [1,1]

Let S = {v?,vd,v;}. We can find a rainbow Steiner S-tree as shown in Table 4.

) Ja

Case 4even n>6

Subcase 4.1 n =6

Note that srax3(Cs) = 4 by Theorem 1.4. First, we prove the lower bound. Assume to the contrary
that srzs(FEdge — Amal(Cg,e,t)) < 2t + 1. Then there exists a strong 3-rainbow coloring ¢ : E(FEdge —
Amal(Cg,e,t)) — [1,2t+1]. Let ¢ and j be two distinct integers in [1,¢]. By using Observation 2.9, we need at

least 2t distinct colors assigned to the edges uv} and v}v? forall i € [1,#]. This implies we have at most one color
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Table 3. A rainbow Steiner {v!,v{,v]}-tree of Edge — Amal(Cs,e,t).

plgqglr Condition A rainbow Steiner {v}, v}, v} }-tree
112]1,2 U%luv}v;
11213 {vfv}, viv}, vu?, vod}
1131 {uvz,vgvf,vlv“uvl}
ell,t—1and j—i+1
Z, [ ] andj=t+ {viod, vivd, oo} vl v3o?
113]2 i=tand j=1 7
others 7 and j {uvz,vgvf,vaf’,uv}, Ujlv?
313 {vfv?, viv}, v, vod}
2131(1,23 The proof is similar to the case p=1, ¢ =2, r € [1, 3]
Table 4. A rainbow Steiner {v}, v}, vy }-tree of Edge — Amal(Cs, e,t).
P q T Condition | A rainbow Steiner {UZ V5, 4 vf }-tree
1,2 11,21 1,2 uv v U uv U uvkvk
1 1 3 {uw, uv} uvj,vvk}
2 2 3 {vv, v fvf,vvﬁ’,va}vvi’}
3 3 1 {uw, vv.g,vv;’,uvk}
3 3 2 {vo}, vu?, voi, viv}}
3 3 3 {vv} ,vvj,vvk}
1 5 5 ] =1 {uv,uvi vvjj,vflvz,vvg}
j#£1 {uv, uwv; , wvj, v; J,vk}
left, say color a. Note that the only possible rainbow Steiner {v}, v, 2} -tree is T = {uv, uv}, vv} uvjl,vj ’Uj2
where {c(uv),c(vvi)} C {c(viv?),a}. Since c(uv) # c(v}iv?), this forces c(uv) = a and c(vv}) = c(viv?). Next,
by considering {v7,v},v7} and {v}, v}, 0%} for p € {1,4}, we have c(viv}) = a and c(v}v}) = c(uvj). Hence,

srz3(CE) < 3, contradicting Theorem 1.4.

Next, we show that sraxsz(Fdge — Amal(Cg,e,t)) < 2t + 2 by defining a strong 3-rainbow coloring
c: E(Edge — Amal(Cg, e,t)) — [1,2t + 2]. This coloring can be obtained by assigning the color 1 to the edge
uv, the color 2 to the edges vZvy for all i € [1,¢], and the colors 3,4, ...,2t +2 to the remaining 4¢ edges where
c(uv}l) = e(viv}) and c(viv?) = c(vv}) for all i € [1,t]. Now we show that ¢ is a strong 3-rainbow coloring
of Edge — Amal(Cg,e,t). Let S be a set of three vertices of Edge — Amal(Cg,e,t). Since the coloring above
assigns four distinct colors to C§ and has the same pattern as the strong 3-rainbow coloring of Cg as shown in
Figure 1, if the vertices of S belong to the same cycle C§ for some i € [1,1], then by using Theorem 1.4, there

exists a rainbow Steiner S-tree by coloring c. Therefore, we consider the following subcases.

— Two vertices of S belong to the same cycle C¢ for some i € [1,]

Let j € [1,¢] with j # i. First, consider S = {u,v},v]}. If p,q € [1,2], then P = v]vjuvjv] is a

rainbow Steiner S-tree. If p € [1,2] and ¢ € [3,4], then P = v!v; uvv;1 is a rainbow Steiner S-tree.

If p,q € [3,4], then T = vpv4vv v;? U {uv} is a rainbow Steiner S-tree. A similar argument applies for
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S = {v,v},v]}. Next, consider S = {v},v],v}j}. We can find a rainbow Steiner S-tree as shown in Table

5.

Table 5. A rainbow Steiner {v?,v?,v] }-tree of Edge — Amal(Cé,e,t).

) R

D q r Condition | A rainbow Steiner {v},v{, v} }-tree
1,2,3]1,2,3| 1,2 | p<gq L e

1 4 1,2 viuvvd U uv}-v}”

2,3 4 1,2 vaf“vauv;v;

1 2,3 3,4 v?vgflv}uvv?v;

1 4 3,4 viuvvd U U’U;l’U;

2,3,4 123,434 |p<yq ol ver

— Each vertex of S belongs to distinct cycles C§, Cé, and Cf for some i, j, k € [1,1]
Let S = {v},v],v;}. By symmetry, we consider two cases. If p,q,r € [1,2], then T' = uv}vauv}v?qu,ivz
is a rainbow Steiner S-tree. If p,q € [1,2] and r € [3,4], then T = uv}ov? U uv}v? Uuvvpol is a rainbow

Steiner S-tree.

Subcase 4.2 n =8
Note that srzs(Cs) = 6 by Theorem 1.4. For the lower bound, assume to the contrary that sras(Edge —

Amal(Cs, e, t)) < 4t+1. Then there exists a strong 3-rainbow coloring ¢ : E(Edge—Amal(Cs, e, t)) — [1,4t+1].
By using Observation 2.9, without loss of generality, let c(uv}) = 3i—2, c(viv?) = 3i—1, and c(v?v}) = 3i for all

€ [1,t]. Next, by considering {u,v,v}} for all i € [1,t], we have c(uv) ¢ [1,3t]. Hence, write c(uv) = 3t + 1.
This implies we have t colors left. Let A = [3t 4+ 2,4t + 1] be the set of these ¢ colors. For an arbitrary

i € [1,1], consider {u,v?,v}} for all j € [1,t] with j # i. Since path vjvfvuv;jviv? is the only possible rainbow

Steiner tree connecting these three vertices, c(viv?) ¢ {c(uv}),c(v?v)}, and c(vvl) ¢ {c(uv}),c(viv?)}, we
have c(v?v?) € {c(v}v?)} U A and c(vvf) € {e(v?v?)} U A, with condition c(vivf) = c(viv?) if and only
if c(vv?) # c(v?v?). Tt follows by Observation 2.9 that we have used all available colors. For the next
steps, let i and j be two distinct integers in [1,t]. First, consider {v},v},v}} for p € [3,4]. We obtain
that c(viv}) ¢ [1,3t] U A, which means c(viv}) = c(uv) for all i € [1,¢]. This implies for each i € [1,1],
6

c(vvd) # c(v?e?), since if c(vv?) = c(v2v?) for some i € [1,t], then there is no rainbow Steiner {v,v?,v}}-tree.

Hence, we have c(v)vf) = c(vjv}) and c(vvf) = 3t + 1+ for all 4 € [1,#]. Next, consider {v},v},v}}. Note

that the rainbow Steiner tree connecting these three vertices should be the path vlviviviviuvjviv?, which
4,5

implies c(viv)) ¢ [1,3t]. Also, by considering {v7,v?,v}}, we have c(viv}) ¢ A. Hence, c(vjv]) = c(uv), but

there is no rainbow Steiner {v?, v}, v?}-tree, a contradiction. Thus, srzs(Edge — Amal(Cs,e,t)) > 4t + 2.

Next, we show that srzs(Edge — Amal(Cs,e,t)) < 4t + 2. We define an edge-coloring ¢ : E(Edge —

Amal(Cs, e, t)) — [1,4t 4+ 2], which can be obtained by assigning the color 1 to the edge uv, the color 2 to the

edges viv} for all i € [1,t], and the colors 3,4, ...,4t + 2 to the remaining 6¢ edges where c(uv}) = c(viv?) and

i
c(vZv3) = c(vv?) for all i € [1,t]. By using an argument similar to that used in the proof for n = 6, we can
find a rainbow Steiner S-tree for every set S of three vertices of Edge — Amal(Cs,e,t).

Subcase 4.3 n > 10
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By using Theorem 1.4, assume to the contrary that srzz(FEdge — Amal(C,,,e,t)) <t(n—2)+ 1. Then
there exists a strong 3-rainbow coloring ¢ : E(Edge — Amal(Cy,e,t)) — [1,¢t(n — 2) + 1]. For each i € [1,¢],

let A; be a set of edges of path uvilviz...vi%_l and B; be a set of edges of path vvf‘%?—?’...v?. It follows

by Theorem 1.4 and Observation 2.9 that Zle le(A:)| + |e(B;i)] > t(n —2). This implies we have at most
one color left. Note that by using Theorem 1.4 and by considering {vlg_l vﬁvf} for all ¢ € [2,¢] and
p €[5 —1,%], we have c(uv) # c(vlg_lvlg) and {c(uv),c vl - U1 )€ c(B;) for all ¢ € [1,t]. It
means we need two new distinct colors assigned to the edges uv and v? 711)15 , which is impossible. Thus,
srxs(Edge — Amal(Cy,e,t)) > t(n —2) + 2.

Next, we prove the upper bound. We define a strong 3-rainbow coloring ¢ : F(Edge — Amal(Cy,, e,t)) —
[1,t (n—2)+2], which can be obtained by assigning the color 1 to the edge uwv, the color 2 to the edges v?flv%

for all ¢ € [1,¢], and the colors 3,4, ...,t (n —2) 4+ 2 to the remaining ¢ (n — 2) edges of Edge — Amal(Cy,e,t).
Now we show that ¢ is a strong 3-rainbow coloring of Fdge — Amal(C,,,e,t). Let S be a set of three vertices of
Edge — Amal(Cy, e, t). If the vertices of S belong to the same cycle C! for some i € [1,], then there exists a
rainbow Steiner S-tree since the coloring above assigns distinct colors to C?, . Hence, we assume that the vertices
of S are not contained on the same cycle C! . By this coloring, we know that each edge of Edge — Amal(C,,, e, t)

is colored with distinct colors, except edges vfflv 7 de c(v? 711}?) = c(véilvf) for distinct ¢ and j in [1,¢].

i 7
Hence, it is not difficult to find a rainbow Steiner S-tree in Edge — Amal(C,e,t).
Case 5 n=7
By using Theorem 1.4, we have sra3(C7) = 7. For t > 3, let ¢ be a strong 3-rainbow coloring of

Edge — Amal(Cy,e,t). By using Theorem 1.4 and Observation 2.3, and by considering {v},v?,v4} for distinct

iU Y]
i and j in [1,t], we need at least 5t + 1 distinct colors assigned to all edges of Edge — Amal(C7,e,t) except
edges v3v} for all i € [1,t]. Hence, srxs(Edge — Amal(Cy7,e,t)) > 5t + 1. For t = 2, assume to the contrary
that srzs(Edge — Amal(C7,e,2)) < 11. Similarly, we need at least 11 distinct colors assigned to all edges of
Edge — Amal(C7,e,2) except edges vivi and v3vy. It is easy to check that we need one new distinct color
assigned to these two edges, which is impossible. Thus, srzs(Edge — Amal(Cr,e,2)) > 12.

Next, we prove the upper bound. We show that srzz(Edge — Amal(Cy,e,2)) < 12 by defining a strong
3-rainbow coloring ¢ : E(Edge — Amal(C7,e,2)) — [1,12]. This coloring can be obtained by assigning the
color 1 to the edge uwv, the color 2 to the edges vivi{ and v3v3, and the colors 3,4,...,12 to the remaining
10 edges. For t > 3, we show that srzs(Edge — Amal(Cr,e,t)) < 5t + 1 by defining a strong 3-rainbow
coloring ¢ : E(Edge — Amal(C7,e,t)) — [1,5t + 1], which can be obtained by assigning the color 1 to the
edge uv and the colors 2,3,...,5t + 1 to the remaining 6¢ edges where c(viv}) = c(v? v}, ) for i € [1,¢ — 1]
and c(viv}) = c(vivy). Now we show that ¢ is a strong 3-rainbow coloring of Edge — Amal(Cr,e,t). Let
S be a set of three vertices of Edge — Amal(Cr,e,t). If the vertices of S belong to the same cycle C% for
some i € [1,t], then there exists a rainbow Steiner S-tree since the coloring above assigns distinct colors

to C%i. Hence, we assume that the vertices of S are not contained on the same cycle C%. By the coloring

above, we know that each edge of Edge — Amal(C7,e,t) has distinct colors, except edges v2v? and viv}, i.e.
c(vPv}) = c(v? v}, ,) for i € [1,t—1] and c(vivf) = c(viv}). Hence, it is not difficult to find a rainbow Steiner
S-tree in Edge — Amal(C7,e,t). O
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Next, we consider graphs Edge — Amal(F,,,e,t) where e = vvu, is an arbitrary spoke of F,,. In Theorem
2.8, we provide the exact values of sras(Edge— Amal(F,,e,t)) for certain values of n and s. The next theorem

provides srzz(Edge — Amal(F,,e,t)) for other values of n and s.

Theorem 2.11 Let t, n, and s be three integers with t > 2, n > 3, and s € [1, [%H Let F,, be a fan of
order n+ 1 and e = vvg be an arbitrary spoke of F,,. Then:

t(%) +1, for oddn and odd s;

sres(Edge — Amal(F,, e t)) = { o forn =4

Proof We consider two cases.
Case 1 n and s are odd

Assume to the contrary that srzs(Edge — Amal(F,,e,t)) < ¢(251). Then there exists a strong 3-
rainbow coloring ¢ : E(Edge — Amal(F,,e,t)) — [1,t(252)]. For i € [1,t], let A; be a set of spokes vv!
for p € [1,s — 1] and B; be a set of spokes vv! for p € [s,n —1]. Thus, both |4;| and |B;| are even with
|A;] = s —1 and |B;] = n —s. It follows by Observation 2.7 that we need at least t(%5*) distinct colors
assigned to all spokes of A; and B; for all ¢ € [1,¢], which means we have used all available colors. Next,
consider spoke uv. Since |4;| and |B;| are even, by using Lemma 2.5, c(uv) # c(vov!) for all i € [1,¢] and
p € [1,n —1]. It means we need one new distinct color assigned to the spoke wwv, which is impossible. Thus,
srzs(Edge — Amal(F,, e, t)) >t (%52) + 1.

Next, we show that sras(Edge — Amal(F,, e,t)) < t(25%)+1. Let i € [1,t]. We define an edge-coloring
c: E(Edge — Amal(F, e, t)) — [1,t (252) + 1] as follows:

cluv) = 1
n o= [P _p(r=t 1l
c(v?) = [2—‘—1—1—&—(2 1)( 5 )forpe[l,n 1];
c(uv?) = c(vv?) forpes—1,s);
;0T = ewiuh) = 1
EEL 494 (i - 1)(252), foroddpe [1,s—3];
c(v’.’v?’ﬂ) _ ﬁ—&—(i—l)(%’l), for odd p € [s+ 1,n — 2];
v (2] + (i — 1)(252), forevenp € [1,5— 3];
[%il}—i—l—ﬁ—(i—l)(%_l), for even p € [s +1,n — 2].

By the coloring above, it is not difficult to find a rainbow Steiner S-tree for every set S of three vertices of
Edge — Amal(F,, e,t).

Case 2 n=4

By using an argument similar to that used in the proof of the lower bound for even n > 6, we have
sres(Edge — Amal(Fy, e, t)) > 2t. Now we show that srzs(Edge — Amal(Fy,e,t)) < 2t by defining a strong
3-rainbow coloring ¢ : E(Edge — Amal(Fy, e, t)) — [1,2t] as follows:

cluwv) = 1;
clvo}) = cviv})=1+2(i—1) for i€ [1,t];
c(vv?) = c(wvd) = c(uwv}) =2+ 2(i — 1) for i € [1,1];
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142, foriell,t—1];

_ 1.2y
for s =1, c(vivi)—{ 1 fori—t

for s =2

1424, foriell,t—1];
’ c(uvf)z{ 1 fori:[t. |

By the coloring above, it is easy to find a rainbow Steiner S-tree for every set S of three vertices of
Edge — Amal(Fy,e,t). O

A ladder graph L, is a Cartesian product of a P, and a P,, where P, is a path of order n. Let
V(L) = {w;li € [1,2n]} such that E(L,) = {v;vi+1]i € [1,n — 1] U [n+ 1,2n — 1]} U {v;v;4n]i € [1,n]}. In the
following theorem, we determine the strong 3-rainbow index of Edge — Amal(L,,e,t) where e is an arbitrary
edge of L, .

Theorem 2.12 Let t and n be two integers with t > 2 and n > 3. Let L, be a ladder of order 2n and e be
an arbitrary edge of L, . Then srzz(Edge — Amal(Ly,e,t)) =t(n—1)+ 1.

Proof Without loss of generality, we consider two cases.

Case 1 e = vzv511 for s € [1, L%J]
Let V(Edge—Amal(Ly, e, t)) = {u,v}U{v?]i € [1,t],p € [1,2n—2]} such that E(Edge—Amal(Ly,,e,t)) =
{uvyUf{vvs|i € [1,]}u{vPoP i € [1,8],p € [s,n—3]U[n—1,2n—3]}U{uv? =2 vul T i € [1, ] }Uu{vfoP i €

[1,t],p € [s,n — 2]} U E? where

0, ifs=1;
ol i€ [1,1]},  if s =2;
Jt,p€[l,s—1]}, otherwise.

E? = {uv;

1
{uwv]™ Yie [, t1} U {ofv erl|z€ [1,t],p € [1l,s — 2]} U {vfv} ptn= 2|z€[

First, we prove the lower bound. Assume to the contrary that srzs(Edge — Amal(Ly,,e,t)) <t(n—1).

Then there exists a strong 3-rainbow coloring ¢ : E(Edge — Amal(Ly,e,t)) — [1,t(n —1)]. For i € [1,],
let C; be a set of colors assigned to the path vv1 2087 Luu VUiV SH.. v?fz. Clearly, |C;| = n — 2. For
vi} and {vj,v ~2}, we have C; N C; = (. Thus,
S_11Ci| > t(n —2). Next, consider edges uv?+“’_2 for all 4 € [1,#]. By considering {u,v]"*~2 ,v;} and

{u,vt572, ?_2} for all j € [1,t], we obtain c(uwv]"*72) ¢ C;. Since c(uv]t*™?) #£ c(uvjr-‘+5_2) for distinct 4

distinct ¢ and j in [1,¢], by considering {v},v] A

and j in [1,¢], we need ¢t new distinct colors assigned to the edges qu”FS*Q for all ¢ € [1,¢]. This implies we
have used all available colors. Next, consider edge uv. We can check that c(uv) ¢ C; and c(uv) # c(uv]T572)

for all ¢ € [1,t]. This forces us to need one new distinct color assigned to the edge wv, which is impossible.
Thus, srzs(Edge — Amal(Ly,e,t)) >t(n—1)+1.
Next, we show that srxzg(Edge — Amal(Ly, e, t) <t(n—1)+1. Let i € [1,t]. We define an edge-coloring
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E(Edge — Amal(Ly, e, t)) — [1,t (n — 1) 4+ 1] as follows:

el = (PP = pp (i = 1) (n—1) for p € [1,5 — 2J;
c(WPoPthy = (PP = p 14 (i = 1)(n— 1) for p € [s,n — 3];
cluvs™) = (TR =5 14 (i - 1)(n — 1);
c(vvf) = (ot = s 4 (i — 1) (n — 1);
cluw) = T2 =t (n— 1)+ 1;
c(WPoPT™ %) = i(n—1)forpe[l,s—1];
c(PuPt™) = i(n—1)forpe[s,n—2J;
cluvft*7) = clo] ) =i(n—1).

By the coloring above, it is not difficult to find a rainbow Steiner S-tree for every set S of three vertices of
Edge — Amal(Ly,e,t).

Case 2 € = V3051, for s € [1, (%H

Let V(Edge—Amal(Ly, e, t)) = {u,v}U{vl]i € [1,t],p € [1,2n—2]} such that E(Edge—Amal(L,,e,t)) =
{uv} U {oPoPT" i e [1,8),p € [1,n — 1]} U {uof, 0™ 7 i € [1, 4]} U {oPoP T i € [Lit],p € [s,n — 2] U [n+ s —
1,2n — 3]} U E® where

0, ifs=1;
E3 = {uo},voli € [1,t]}, if s =2;
{uvs = vt T 2 e (1,8} U {oPoP T i e [1,8],p € [1,s — 2] U [n,n+ s — 3]}, otherwise.

First, we prove the lower bound. Let ¢ be a strong 3-rainbow coloring of Edge — Amal(L,, e, t). For
€ [1,t], let D; be a set of colors assigned to the path v}v?.vi tuv..vP . Clearly, |D;| = n — 1. By
vi} and {vj,v

considering {v},v ~!1 for distinct i and j in [1,¢], we have D; N D; = {). Thus,
Zi:l |D;| >t (n— 1). Next, consider edge uv. We can check that c(uv) ¢ D; for all i € [1,¢], which means we

i Vi i Vi ]
need one new distinct colors assigned to the edge uv. Thus, srzs(Edge — Amal(Ly,,e,t)) >t(n—1)+1.

Next, we show that srazz(Edge — Amal(Ly,e,t) <t(n—1)+1. Let i € [1,t]. We define an edge-coloring
c: E(Edge — Amal(Ly,e,t)) — [1,t (n — 1) 4+ 1] as follows:

( p p+1) _ C(varnflUern) _ p+ (’L - 1)(n — 1), for pE [178 — 2],
Vil i i p+1+(i—1)(n—1), forpe][s,n—2[;
c(w?) = P Y =p4(i—1)(n—1)forpels—1,s|;

clww) = (PP =t(n—1)+1forpe[l,n—1].

By the coloring above, it is not difficult to find a rainbow Steiner S-tree for every set S of three vertices of
Edge — Amal(Ly,e,t). O

Following (1.1), sdiams(Edge— Amal(G,e,t)) is the natural lower bound for srzs(Edge— Amal(G,e,t)).

Consider the edge-amalgamation of ladders shown in Theorem 2.12. For e = v1v14, (or e = v,v9, ), We can
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check that sdiams(Edge — Amal(Ly,e,2)) = 2n — 1 and sdiamz(Edge — Amal(Ly,e,t)) = 3n — 2 for t > 3.
Hence, following Theorem 2.12, we have srzs(Edge — Amal(Ly,e,t)) = sdiams(Edge — Amal(Ly,e,t)) for
€ =v1V14n (O € =v,v2,) and t € [2,3].

Next, we consider graphs Edge — Amal(K, »,e,t) where e is an arbitrary edge of K, ,. We determine

the strong 3-rainbow index of Edge — Amal(Ky, »,e,t), which is given in the following theorem.

Theorem 2.13 Let t and n be two integers with t > 2 and n > 3. Let K,, , be a regular complete bipartite
graph of order 2n and e be an arbitrary edge of K, . Then srzs(Edge — Amal(Ky, n,e,t)) =t(n—1) + 1.

Proof Let V(Edge— Amal(K, e, t)) = {u,v}U{ul|i € [1,t],p € 1,n—1]}U{o?|i € [1,],p € [1,n—1]} such
that E(Edge— Amal(K, n,e,t)) = {uv}U{w?|i € [1,¢],p € [1,n—1]}U{vul|i € [1,t],p € 1,n—1]}U{ubv]|i €
1,4, p.q € [1,n— 1]},

First, we prove the lower bound. Let ¢ be a strong 3-rainbow coloring of Edge — Amal(K,, ,,e,t). For
all 4,j € [1,¢] and p,q € [1,n — 1], by considering {w,v,v}} and {u,v],v]}, we have c(uv) # c(uv]) and
c(uvy) # c(uv]). Since d(u) =t (n —1) + 1, we have srzz(Edge — Amal(K, n,e,t)) > t(n—1)+1.

Next, we show that srzsz(Edge — Amal(Ky, n,e,t)) <t(n—1)+1. Let ¢ € [1,t] and p,q € [1,n—1]. We
define an edge-coloring ¢ : E(Edge — Amal(K,, n,e,t)) — [1,t(n — 1) + 1] as follows:

cluv) = c(ufv?) =1,

c(u?) = p+1+(i—1)(n—1);

cvuf) = n—p+14(>i-1)(n—1);

c(uPvd) = { g-p+1+(i-1n-1), ifp<g
i n+qg—p+1+@GE—-1n-1), ifp>q

By the coloring above, it is not difficult to find a rainbow Steiner S-tree for every set S of three vertices of
Edge — Amal(Ky pn,e,t). O
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