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Abstract: In this paper, we present variants of the generalized Filbert and Lilbert matrices by products of the general

Fibonacci and Lucas numbers whose indices are in certain nonlinear forms of the indices with certain integer parameters.

We derive explicit formulee for inverse matrix, LU -decomposition and inverse matrices L™} and U~?! for all matrices.

Generally, we present g-versions of these matrices and their related results.
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1. Introduction

For n > 2, define the second order linear recurrences {U,} and {V,} by
U, = pUnfl +Up—2 and V, = an,1 + Va2

with initials Uy = 0, Uy = 1 and Vp = 2, V; = p, resp. Especially when p = 1, U,, = F,, (nth Fibonacci
number) and V,, = L,, (nth Lucas number), resp.

The Binet formulse are

n _ an 1—qg"
Unzioé 6 :O[n71 q
a—pf 1—gq

and V, ="+ " =a" (1+q"),

where o, 8 = (p:F \/Z) /2 with ¢ = B/a = —a® and A = p? +4, so that o = ig™'/2, where i =v/—1.

The Gaussian g-binomial coefficients are defined by

where (z;q),, is the g-Pochhammer symbol, (z;¢q), = (1 — 2) (1 — zq).. (1 — 2¢""*) (for more details, we refer

to [2]).
I n n
1m =
q—1 |k k ’

q
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where (Z) is the usual binomial coefficient.

From the current literature, one could see many interesting and useful combinatorial matrices that are
constructed via the binomial coefficients or their certain generalizations, namely, the Gaussian g-binomial
coeflicients or via well-known number sequences such as natural numbers, integers, or the Fibonacci and Lucas
numbers, etc. [1, 3-7, 12, 14, 17-19].

For the reader’s convenience, we recall some well-known combinatorial matrices:

o Chu and Di Claudio [4] studied the matrix [(a)j - , where a,c and {\;}]_, are complex numbers

[OFFSY } 0<i,j<n
and (z),, is the shifted factorial by (), =1 and (z), =x(x+1)...(x+n—1) for n=1,2,.... They

also presented some variants of the above matrix.

o Zhou and Zhaolin [18] studied the g-circulant matrices whose elements consist of the Fibonacci and Lucas

numbers, separately for nonnegative integer g.

o Hilbert matrix is defined with entries
1
i+j—1

o As a Fibonacci analogue of the Hilbert matrix, Richardson [17] defined the Filbert matrix with entries

1
Fiij1’

where F), is the nth Fibonacci number.

o Kili¢ and Prodinger [7] defined the generalized Filbert matrix F with entries ﬁ, where r > —1 is an
it

integer parameter.

o After this, Prodinger [16] defined a new generalization of the generalized Filbert matrix by introducing 3

additional parameters by taking its entries as Fjiyj , where 7 > —1 and A > 0 are integers.

(it3g)+r

o Kili¢ and Prodinger [8] defined a further generalization of the generalized Filbert Matrix F by defining

the matrix @ with entries

1
%= F O F F ’
itjrLititr41 - Ligjprt—1

where r > —1 and ¢t > 0 are integers.
o In a recent paper [11], Kili¢ and Prodinger introduced the matrix G as a parametric generalization of the
matrix @ by
1

 Fai)trFr it )4r - - - Fa(ijrt—1)4+r

9ij s

where 7 > —1, ¢t > 0 and A > 0 are integer parameters.
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e Much recently, Kili¢ and Prodinger [10] defined and studied the following four new generalizations and
variants of the Filbert matrix F with entries

1 Fitp 1 Lxitp;
1+pg+r and 1+pg+r

b b b
Fritpj+r Fxitpj+s  Lxitpjtr Lyitpj+s

where s, r, A\, and p are integer parameters such that s Zr, r;s > —1 and A\, u > 0.
o As a Lucas analogue of the matrix G, Kili¢ and Prodinger [12] defined the matrix S with entries

1

 LaGitj)+rLagiaien)r - - Dagidjre—1)+r

where 7 > —1, ¢t > 0 and A > 0 are integer parameters.

Here before presenting a new item, we would like to take the attention of the readers to a point that

the indices of the Fibonacci and Lucas numbers in the Filbert and Filbert-like matrices as well as all their

all analogues are in various linear forms. For example, in the usual Filbert matrix [ F_+1_ 1} , the index of the
i

matrix is ¢ + j — 1 which is a linear form of i and j.
The first known nonlinear form of the indices was studied in the following work, to the best of our

knowledge of the literature.

o For the first time, Kilig and Talha [13] defined nonlinear generalizations of the Filbert and Lilbert matrices
with entries

1 - 1
M = and M =
U(ir)*+u(its)m +e VAGtr)k4u(i+s)m+e

b

respectively, where A, i, k, m are positive integers and 7, s, ¢ are integers such that

Ai+r)F+pu(+s)™+c¢>0.

In all the studies mentioned above, the authors have studied various properties of the matrices such as LU and
Cholesky decompositions, determinants, inverses. In many of them, the authors firstly converted the entries of
the matrices into ¢-form and then proved all their claims in g-form by the celebrated ¢-Zeilberger algorithm
(for details about the algorithm see [15] and for its usage see [7-9, 11, 12, 16]) or backward induction (see about
its usage [10, 13]).

In this work, mainly inspired by the first example of the nonlinear generalizations of the Filbert and
Lilbert matrices [13] and the ideas of including finite products of the Fibonacci and Lucas numbers [11, 12], we
will continue to seek nonlinear variants of the Filbert and Lilbert matrices rather than their generalizations.
For this purpose, we then present and study new nonlinear variants of the Filbert and Lilbert matrices, resp.,
by means of the products of Fibonacci and Lucas numbers in which their indices are in the nonlinear forms
Ai+r) +u(i+9) " +crand A(i+7) — u(j+5)™ + o for positive integers A,y k,m and integers r, s, c;
and cs.

Much clearly we shall study two matrices W and Z having the entries

1
W; j

Un(i+r) +u(G+s)™+er VA1) —p(i+s)™ +ca
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and
1

g Vi)  +uG+s)™ +e1 VAG+r)* —p(Gts)™ 4o .

In the manner of nonlinear variants of the Filbert or Lilbert matrices, our results will satisfy valuable
contribution to the current literature as the second example. These matrices will be the nonlinear variants
of the generalized Filbert matrix M and Lilbert matrix M. Consequently they will be new analogues of the
Filbert and Lilbert matrices given in [10].

In Sections 2 and 3, we define new variants of the Filbert and Lilbert matrices, respectively. For all the
matrices will be studied we derive explicit formulae for inverse matrix, LU -decomposition, and inverse matrices
L~tand U1,

In Section 4, we only prove the results of Section 2. The results of Section 3 could be similarly proven.
We omit details here. In Section 5, we give g-forms of the results of Sections 2 and 3 for an indetermine ¢
without proof. These results are more general versions of the results given in Sections 2 and 3. For special
values of ¢, one may obtain many special cases. For example, the results of Sections 2 and 3 are obtained when
q = B/a. In general, for each section, the size of the matrix does not really matter except the results about
inverse matrix, so that we may think about an infinite matrix W and restrict it whenever necessary to the first
N rows resp. columns and use the notation Wiy.

Throughout the paper, we only assume that A, u,k, and m are positive integers, r,s, and c¢; are any

integers such that A (i + r)k +p (54 5)™ +¢1 > 0 for all positive integers i and j because, while studying only

the matrix W, we could encounter zero factors in its entries’ denominators that could come from the Fibonacci

faCtOr, U}\(i-‘rT)k-‘r,u(j-‘rS)m-l—cl .

2. A nonlinear variant of the generalized Filbert matrix

In this section, we will present a nonlinear variant of the Filbert matrix by considering its first nonlinear
generalization given in [13] and including an extra Lucas factor to its denominator, where the indices are in

geometric progressions. Define the matrix W with entries

1

)

Wij =
Un(itr)* +u(Gs)™ +er VAG+r) S —p(G+s)™ +eo

where U,, and V,, are nth generalized Fibonacci and Lucas numbers, resp.
For the matrix W, we give its inverse and LU -decomposition as well as we derive explicit formule for
the matrices L='and U~'. We obtain the LU -decomposition W = LU :

Theorem 2.1 For i,j > 1,

.

<
Il

j—1
U)\(j+7‘)k+;t(t+s)m+cl) (tl:ll UA(iJrr)’t,\(tJrr)k

j—1
UA(i+r>’€+u(t+s)"”+cl> ( tljl UA(j+r>k—A(t+r)’“>

1

N/
oY

1

<
Il
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e

=1
(fl:l1 V’\(i+T)k+’\(t+T)k+cl+c2> (t VA(j+r)’“ﬂ(t+s)’“+c2)

j—1 j
(tl:ll V)\(j+7')k+>\(t+7')k+c1+02) (tl:[ V)x(z+7)k—u(t+s)7"+c2)

1

X

<. |l

and

i—1

H U itr)k— r)k
Uy = (-1 ernatoses i 2T O

H w(G4s)m N+ 4cy

3 1—1
(H U (G+s)™ —p(t+s)™ ) (H pu(t+s)™ +#(j+s)"”+6162) (tl:ll V)\(i+r)k+)\(t+r)k+c1+cz>

i i—1
<H Un(itr)s +p(t+s)™ +c1) <H (j+s)™ —A(t+r)k C2> <t1:[1 V,\(i+r)ku(t+s)m+(:2>

We also determine the inverses of the matrices L and U:

Theorem 2.2 For i,j > 1,

-1 — (_I)M(j+1>+(ﬂ'*;ﬂ)+1 Vor(itr)* +ertes

VAG+rF 2@+ +ertes

-
|
—

<

i—1
/\(j+7‘)k—ﬂ(t+8)m+02) (tl:ll VA(z‘+7~)k+A(t+r>k+c1+cz>

i—1
VA(Hr)k ﬂ(t+s)m+62) (tl;ll V)\(j+r)k FA(t+r) e dco )

X

Il
-

ENCS

==

N
|
<.
|
—

Jj— 1—1
UA(t+g+r)k—A(7+r ) (H U)\(z-l—r)k—)\(t—&-f)k) (tl:ll UA(j+T)"'+/t(t+s)m+cl>

t=1
NG il i1
t=1 U)‘(t+j+7")k/\(j+’r)k> <t1:11 U)\(jJrr)k)‘(H’T)k) <t1:[1 UA(iJrr)kJr#(tJrs)ercl)
and
Ul = (f1))‘(H'r)k+#(j+5)m+()\+y)(i+j)+cQ 1
ij

(H p(its)™ +pu(t+s)" +c1— 62>

j—1 j
< tl;ll Uu(z‘+s)”+A(t+r)’“+c1) ( tl;ll UA(j+r)’“+u(t+s)"‘+c1>
j—1 Jj—i i—1
(tnl UA<t+r>kA<j+r>k) (tﬂl Uu(t+i+5)m—u(i+8)’") <tH1 Uu(t+8)m—u(i+8)’">

X

Jj—1 j
(tl;[l V)\(t+7‘)k#(i+s)m+52> (H t+5 771 )\(]+’l")k52>

1

i = '
(tH1 Vu(i-*-s)"”+M(t+i+3)"L+01—02> (H AG+r) A (E+r)E +01+02)

X

Now we give the inverse of W . This time it depends on the dimension, so we compute W, .
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Theorem 2.3 For 1 <1i,5<n,

/\T+k1+u(z+s)+c2+u("+1>+n(us Ar+Aj—c2)
( 1) 2 ‘/2)\(J+r)k+c1+cQ

W), =
! VAG+m* =ity e UnGrr) +utits)™ +er

<tl;[1 U”(i‘LS)mH‘(t*r)k*Cl) (tl;[1 UA(j+r)’“+u(t+s)M+cl>
g ni i—1
<tH1 U/\(HHT)L/\(HT)]C) <tH1 U“(t““)m—H(i+8)"”> <tH1 Uu(t+s)’"—u(z‘+s)m)

(El VA<j+r>k—u<t+s>m+c2)
<tH1 V/\(j+r)k+)\(t+7‘)k+cl+cz> (H u(its)™ +u(t+i+s)m+01—02>

X

n
(}:[1 V,\(t+r)"—u(z'+s)”+cz)
i '
(H u(its)™ +u(t+s)m+clcz) (tl:[1 U)\(t+r)k)\(j+r)k>

3. A nonlinear variant of the generalized Lilbert matrix

As Lilbert (Lucas-Hilbert) analogue of the matrix W, we define the matrix Z as a nonlinear variant of the

generalized Lilbert matrix M with entries

1

Zij =

b

VA4 4u(i+s)m+er VAG+R® —p(+s)™ +es
where V,, is the nth general Lucas number.

Similarly, we have the LU-decomposition of the matrix Z, the matrices L= and U~! and the inverse

matrix Z~!

Theorem 3.1 For i,j > 1,

J J
(H VA(j+r)ku(t+s)m+cz> (H V)\(j+r Ve ( t+s)m+cl>
Lij = t=1 t=

J J
<tl:[1 V/\(i-i-r)k—u(t-‘rs)m-i-cz) <H V/\(H-r) +u(t+s)™+c1

-1
U A(i+r)k— )\(t+r)k>

J
(H U)\(j+r) FA(t4r)F +cl+cQ> ( U)\(j+7")k—)\(t+7")k
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and
1—1
[I Ux(lw) +)\(t+r)k+01+02>

U = (-1 )/\(HT) p(+s)tez A2(i-1) ( L
<t1:[1 VA(i+r)’“+u(t+s)M+c1)

(H pu(t+s)™ +u(j+s)’"+6162) (H U/\(z+r)’C A(t+r)F ) (H u(g+s)™ u(t+8)"’>
i—1 >’

H VA(i—i—r)k —p(t+s)+c2

X
<H (7+s)m+)\(t+7‘) +01) <H (7+s)m—/\(t+r) —cz> (t_l

where A is defined as before.

Theorem 3.2 For i,j > 1,
UQ)\(j+7")k+61+02
U)\(i+r)k+)\(j+r)k+cl+02

(_1)Ai(j+1)+(j*;+")+1

—1 _
L' =

g
(n
e
(

and
") (i) e A2(1-5) 1

1—1
VAG+r) S ules)™ m) (H VA<j+r>ku<t+s>M+c2>

>\(1+r) +u(t+s)'"+cl) (H Vk(z+r)k—;L(t+9)'"+Cz>)

HZIL &Ei'

1

i—j—1
) < UA t+]+r)k—k(z+r > <H U')\(t-l-r)"—)\(z-‘rr)'c

,_.

o I} T

U (H—r)k—i-k t+r) +c1+ca

<1

u;:1‘

Il
—

|
—

t )
7—1
A(t+j+r)F=X(G+r)F ) < H U)\(t—i-r)k—)\(j—i-r)k)

IUA(y+r)’“+A (t+r)fterter (

Ui;1 _ (_1))\(z+r) +u(j+s) —
(tl:ll Uu(i+8)m+u(t+8)m+01—02>
Jj-1 J
y <t1;11 Vu(i+s)m+)\(t+7‘)k+cl) (H V)\(j+r)k+u(t+s)m+c1>
j—1 i—1
I1 Uu(t+z+8)’"—u(z+3)’”) (tnl UAt(t+S)""—u(i+S)"”>

1
(tHI Uk(t+7-)’€—x<a‘+7-)’“> (
1 j
< > 1;[ p(t+s)™ )\(J+r)k02>

)

H V)\ t+7‘)k7u(z+s)m+cz

=1
X o1
( ><H p(id-s)"4p(t+its)™ +c1— 02>

1:[1 U,\(j+r)’“ FA(E+7) o e deo

where A is defined as before.
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Theorem 3.3 For 1 <1i,5 <n,

n

(Z_I)U _ (_1))\r+)\j+u(i+s)+62+u(";1)+n(usf)\r+)\jfcz)

A=) U2/\(j+r)"' +c1+tes

X

V (J+r) +u(i+s8)™+c1 V/\(]Jrr)kfp‘(wrs '+co (H p(i+8)™+p(t+its)™ '+C1C2)

(tl:l1 VM(HS)mH\(HT)kJFCl) <tl:[1 V/\(j+r)’“+u(t+s)’"+c1>
n—i n—j
<t1:[1 UH(HHS)m#(HS)m) (tl:[1 U’\(t”“)k—k(ﬂr)k) (H p(t+s)™ u(z’+s)m)

X

(fl:ll V'\(Hr)k”(iJrs)m“Q) (fl:ll V/\(j+r)’“u(t+s)’"’+cz>
i it i—1 ;
(tljl U)\(j+7-)k+)\(t+7-)k+c1 +cz) (tljl U)\(t+7-)k_)\(j+7.)k> (tl:ll UIL(i+S)7YL+IL(t+S)7n+C1_C2)

where A is defined as before.

4. Proofs
As mentioned in Introduction, we shall only give the proofs of the results of Section 2. We omit proofs of the

results of Section 3. We will need the following three lemmas for later use. The proofs of them could be derived

from the Binet formulas of {U,} and {V,,} but we will omit here.

Lemma 4.1 Fori,j > 1,

(_ 1)/\(N+T)_H(J+S)+cz UA(NJrr)’“Jr;A(NJrs)ercl UA(iJrr)kJru(jJrS)ercl V>\(N+7“)’C —u(N+s)"4-ca
XV (itr)* —p(its)™+ca T Un(iar)b a4k Un(its)™ —n(N+8)™ V()5 LA(N+1)5 41 +eo
xV, w(N+s)"+u(j+s)™+c1—ca

= Un(i+r) (Nt sym e UV i)™ +er VinGs) ™ - AN+r)F —ca VAGHT)F — p(N+8)™ 2"

Lemma 4.2 For i,j7 > 1,

(1) D=1 +A (YY)

UA(z’+r)’° —A(G+r)* V)\(i+7’)k FAG+r) P ter+ea

A1) (N+7)+A (N5
(=)D (V2 )VA(N+r>k—;¢(N+s)’"+cz

V)\(N+r)k+)\(j+r)k+c1+62 U)x(i+r)k+,u(N+s)m+cl VA(i+T)k7[L(N+S)m'+C2

N j—1 N—-1—j
(tljl UA(N+r)k+M(t+s)m+cl) <t1:11 U)\(N-i-r)k—)\(t—i-r)k) < tl;ll U/\(t+j+r)k—/\(N+r)k)

X N-1 N-1
(tl:ll U)\(NJrr)k)\(tJrr)k) (}:[1 U/\(N+r)k+p,(t+s)m+cl>
_ (_1)A(”;")+(A+1)(N+j) Untitn) " AW +1) VAG 1) " (V9™ +es
U,\(I\/Jrr)’“—,\(j+r)’°Ux(zurr)k—,\(gurr)kV>\(¢+r)’€+,\(j+r)k+c1+c2
% U,\(j+r)’“+u(N+s)’"+c1VA(i+r)’“+>\(N+r)’“+c1+cz

UA(H—T)" +u(N+s)"4c1 V,\(z‘-s-r)k —pu(N4s)"~+co V/\(j-&-r)k FAN+r) e der+e
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Lemma 4.3 For i,j > 1,

1

+ (_1)MN+(MS—>\7"—02)+/\j
UnGtr)* +its)™ +er VAG+P)* — (its)™ +ea

% U)\(N+r)k+u(N+s)m’+c1 V)\(N+T)k7ﬂ(N+S)m'+C2

Un(N4s)™ —pu(i+s)™ U)\(N-‘rr)k_)‘(j"l‘r)k Vk(j+r)’“+A(N+r)’“+cl+cz Vilits)™ +u(Nts)™ +e1—e2

:( 1)p,N+(p,s Ar— 02)+/\j+( N+") V)\(N+T)k—#(i+5)m+czVA(j"‘T)k_#(N‘*‘S)m"!'Cz

Vislits)™ 4 u(N+s)™+ex—c2 VAG+r)* —pits)™+es

% U/L(i+s)m+)\(N+r)k+cl U)\(j+r)k+;L(N+s)m+c1

Unn* it sy™ e Un(N+9)™ (i)™ Un(V )k A G4 5 VAGE S AN 4 s s

Theorem 4.4 For i,5 > 1,

min{i,j}

A(d+r) (F+s)+c
Z <_ ) Y : U)\(d+r)k+p(d+s)m’+c1 VA(d+T)k—,u(d+s)m+cQ
d=K

d—1 d—1
(tnl UA(i+r)"’—>\(t+r)"'> (H Uu(j+5)m—u(t+5)m>

d
<tl:[1 U)\ (i+r)* +u(t+s)’”+c1) (t ) M(J+S)m+)\(t+r) +r:1>

d—1
(H V)\(7.+r)k+)\(t+7‘ +c1+co (H Vu(t+s +u(j+s)m+¢:102)

t=1

d
(H vV n(g+s) —)\(t-l-r)k—cz (H V)\(z+r)k—u(t+s)m+02>

t=1

X

X

Un(i+r) +uli+s)™+e1 Vx<i+r)’“—u<j+s>’"+cz

K—-1
(tl:[1 UA(iJrr)’“)\(tJrr)’“) ( H w(g+s)™ u(t+5)"”)

K—1 K—1
(tl:ll U}\(i+7‘)k+u(t+s)m+cl) (tl:ll U/\(t+r)’”'+u(j+8)”’+61)

K—1 K—1
(tH VA(i+T)k+A(t+r)k+c1+62) (tl:ll V,u(t+s)m+,u(j+s)m+c1C2>

K—-1
< H p(j+s)™— )\(t+'r)k—c2> <tl:[1 V/\(i+7')k—u(t+s)"L+02>

X

Proof We shall use backward induction. Denote the sum just above by SUM( ) and its summand by Sy for

brevity. First, we assume that ¢ > j. Thus, when K = j, the claim is obvious. For the case j > i, we give the
proof. The backward induction step amounts to show that

sumil | = suMl) + S 4.
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By the definitions of SUM&? and Sk _1, consider the RHS of the above equality

(_1)/\(K—1+7‘)—M(j+8)+02

K-—2
I1 Uu(j+8)m—u(t+8)’">

Y

(H U)\(z+r k_X(t+r)k )
v

=1
H Uﬂ(j+s)m’+)\(t+r)k+cl>

X U)\(K 1+7“) +u(K—14s)"+c1
( A(i+r) +u(t+s) ’+cl>

~— —
Il
A

K—-2
( I1 Vu(t+8)m+u(j+8)m+6162)

< V)\(z+'r +)\(t+1") “+c1+ca
-1
( Vu(ﬁs)”A(tw)k@)

1
XVA(K 147)F — (K —14-5)™ 42
<H VA(1+T ) —p(t+s)"+co

N———

tl:Il U A(i+r)F=X\(t+r)F

+ K-1
Un(itr)* +uGs)™ +er VAGHR)* —p(G+s)™ +eo (tl:ll UA(i+r)’°+u(t+s)m+c1)

K-1 K-1 K—1
<t1:[1 Uu(j+5)mu(t+5)m> (tl:[ V/\(i+r)’°+k(t+r)k+C1+C2) <t1:[1 Vu(t+5)m+u(j+8)m+6162)
K—1

K-1 ’
(tl:ll U)\(t+7“)k+u(j+s)’"+c1> ( H A(j+s)"L—>\(t+r)k—cQ) (tl:ll VA(@'—&—T)’“—;L()&—}-S)"”—&-@)

which, after some simplifications, equals

1

Un(ir)*+ui+s)™ +er VG  —p(j+s)™ ez

K-2
( H p(t+s)™+u(i+s)™ +e1— cz) (tnl V)\(i+r)k+/\(t+r)k+c1+02>

X
K-1
( H n(g+s)™ )\(t+7‘)k52> (};[1 V)\(i+r)ku(t+s)m’+02>

K2 K—2
(tnl U/\(”T)’“/\(Hr)’“) (tH1 Uu(j+s)”u(t+s)M)

= K1
(tl;[1 U)\(i+r)k+lt(t+s)m+¢:1) (tl;[l Uu(j+s)7rL+A(t+r)k+Cl)

((_1)>\(K*1+T)*H(j+5)

+c2 U
ME =14+ p(K—148)"4c1
x U)\(i+r)k+u(j+s)m+c1 V)\(i—i-r)k—p(j-&-s)m+cz V)\(K—1+r)k—;L(K—1+s)m+cz

+U}\(i+r)k—>\(K—1+r)k Uu(j+s)m—u(K71+s)m

XV)\(i+r)k+)\(K71+r)k+c1+02 V,U«(K*1+S)m+,u(j+s)m+cl702) .

If we arrange the expression in the parenthesis at the end of the last three lines just above by taking N = K —1
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in Lemma 4.1, then the last statement equals

K-2
tljl UA(i—i—r)k —A(t+r)*

K-2
Uiy +u(i+s)™ +er VAG+) —a(i+s)™ ez (tl:ll UA(z‘+r>’“+u<t+s>M+c1>

K-2 K-2 K-2
(tH1 UM(j-&-S)’”—u(H—S)’") <tH1 Vu(t+8)m+u(j+8)’"+01—02> < [1 V/\(i+r)k+)\(t+r)k+cl+62)
X K-2 K—2 )
(tl;ll U)\(t+r)k+p,(j+s)m+cl> (tl;[l V)\(iJrr)k,u(H»s)ercz) < H w(g4s)™=X(t+r)" cz>

which is equal to SUMg;)_l, as claimed

Theorem 4.5 For i,j > 1

K
/\d( +1)+(7 72 ) 41
Z ! ) V)\(d+r) —p(d+s)m+02UA(d+7‘)k+p(d+s)m+c1

d—1
(H )\(z+1‘) +)\(t+r) +cl+02

d—1
<t:1 VA(d+r) +A t+r)‘+c1+c2> ( A(G+r)* +)\(t+j+r)"'+01+CQ>
d—1 d—1
<t1 UA(j+r) +u( t+s)m+cl> <t1 U/\(t+r)k/\(d+r)k) ( j d )
« = =

d—j—1

] V)\(d+7")k+)\(t+J +r)ftey +CQ>

:u

t

i :]u

IL VA —uteroymres

d —1 d—j—1
<t1:[1 U/\(z'+r)’°+u(t+s)""+cl> (tl:ll U/\(d+r)k—)\(t+r)k>

tl:ll U)\(t+j+r)’“—)\(j+r)’“
d—j—1 j—1 d—1
tl:ll UA(t+j+r)k—A(d+r)k <t1:[1 VA(d+r)k+)\(t+r)k+01+cz> (}1 U)\(i+r)k—>\(t+7“)k>

(}:[ V)\(H—r)k —pu(t+s)™+c2 >

(_1)j+1+,\( )

IS

=

=

tl:[ V)\(H-r) A (t4r)F e deo

K—j

tUI VA(j+t+r)’“+A(j+r)k+c1+cz>

K K K
(tﬂl Vx(j+r>’€—u<t+s>m+@> (tﬂl UA<j+r>k+u<t+s)m+cl) ( >

U)\(i+r)k—>\(j+7‘)k VA(i-‘r’r)k-i-)\(j—‘r?‘)k-‘rcl-i-cz <

tl:ll U/\(i+7')k —A(t+r)*

X K K—j K ’
<t11 Vx(i+r)’“—u<t+s>’“+cz) <}_Tl UA<j+r>’“—A<j+r+t>’f> ( : >

tl:ll UA(H—T)’“ +u(t+s)"+c1

Proof Denote the sum just above by SUM(Z)

and the summand term by Sy. By using induction, the case
K = j is obvious. Thus, the induction step amounts to show that

s, | = SUM + Sicp1.
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Consider

SUM(;) + Sky1 = (—1)A(K;j)+(A+l)(KH)

K
V)\(j+7’)k G+ terten (tl:ll U)\(i+r)k —A(t+r)k )
v =

K—j
Un(r)t =2G+r)" VAG+r) 2G4 4er+ea <t1:[1 Ux(j+t+r)k—x(j+r)’°>

K K K
(tl:ll U,\(j+r)’“+u(t+s)m+c1> (tl:[1 VA(j+r)"‘—p(t+s)""+cQ) (tl:ll V)\(i+r)k+)\(t+r)k+c1+02>

K K K
(tnl U)\(i+r)k+u(t+s)m+cl> <tH1 V)\(i+r)k—u(t+s)m+02> (tnl V)\(j+r)k+)\(t+r)k+cl +cz>

)A(K+;*f)+(A+1)(K+1+j)

+ (-1

K+1
V/\(j+r)k+)\(j+r)k+c1 +co < tl:[1 U)\(iJrr)k)\(tJrr)k)
% -

K+1—j
U)\(iJrr)k)\(j+'r)kV)\(i+r)k+)\(j+r)k+cl+<:2( tl;ll U)\(j+t+r)k)\(j+r)k>

K+1 K+1 K+1
(tl:ll U)\(j+r)k+,u(t+s)m+c1> <t1:[1 V)\(j+T)kp(t+s)m’+62> (}:[1 V)\(i+r)’“+)\(t+r)’“+c1+cz>

K+1 K+1 K+1 )
(};[1 U)\(i+r)k+,u(t+s)m+cl) (tl;ll V)\(i+r)ku(t+s)m+02) (tl;ll V)\(j+r)k+)\(t+r)k+cl+02)

which, after some simplifications, equals

K K
‘/2/\(j+r)k+cl+cQ (tl:[1 U)\(j+7")k+u(t+s)""+cl> (tl:ll VA(i+T)’“+)\(t+7')k+cl+cQ>

K K
(}:[1 U)\(i+r)k+u(t+s)m+cl) <t1:[1 V/\(j+r)’“+>\(t+r)’“+cl +C2>

K K
<H U)\(i—i-r)k—)\(t—i-r)k) <tH1 VA(j+r)’°—u(t+s)”+c2>

% t=1
K K
<t1:[1 V’\(””k“(t“)m“?) <t1:11 U/\(t+j+T)k/\(j+r)k)
(O )
X

UA(iJrr)’C —A(G+r)* V)\(i+r)k+)\(j+r)k+c1 +ea

A1) (K4j+1) (K52 K11
(_1)( )( J ) ( 2 ) V)\(K-‘rl-‘rT)k—}L(K+1+S)7”+CQ (tl:ll Uk(K+r+1)’°+;t(t+s)""—&-cl

V)\(K+1+r)k+)\(j+r)k+c1+02 UA(i+r)’°+p(K+1+s)m+c1

Jj—1 K—j
<tH1 UA(K+7-+1)’°—/\(t+7-)’°> (tHI U/\(t+j+7-)"—/\(K+7-+1)"‘>

X

K K
V/\(i+r)’tu(K+1+s)m+cz <tl:[1 U/\(K+1+r)k)\(t+r)k> (tl:ll U)\(K+T+1)k+p,(t+s)m+cl>
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If we take N = K + 1 in Lemma 4.2, then we write
K+41-j .
SUM([?) + SK+1 — (_1))‘( 2 )+(>‘+1)(K+1+J)

K+1
VQ}\(J'-H’)’C-i-Cl-O-Cz <tl:11 U)‘(i""r)k—)\(t'f"")k)
o =

Kt+1—j
Ux<i+r)k—x(j+r)kVA<i+r>k+A(j+r)k+c1+02( I UA<t+j+r)k—A(j+r)k>

K+1 K+1 K+1
(tl:ll U)\(j+T)k+/L(t+s)m+C1> (tl:[1 Vx(z'+r)’“+x(t+r)’“+c1+c2> (tl:[1 VA(j+r>"‘—u(t+S)m+c2

K41 K+1 K41
(tﬂl U/\(i+7-)’°+u(t+s)m+cl> (tﬂl V/\(j+7')k+/\(t+7')k+c1+cz> (tHI V,\(i+r)"—u(t+s)”+cz

= suM), |,

as wanted. Thus, the proof is complete.

Theorem 4.6 For i,j > 1,

K
Z (=1 dma=rr2i= ea)+u(E)+( 7o)

d=max{i,j}
d—1
( H w(its)™ +/\(t+r)k+cl> (tlill UA(j+T)k+M(t+s)m+01>
d—1i d—j
(tl:ll Uﬂ(¢+s)’"'+u(t+i+s)m> tl:Il UA(HHT)“A(J'H‘)’“

X Uv)\(d+7")’C +p(d+s)™+c1

d—1 —
(H V)\ (t+r)F —p(its)™ +C2> (H A(G+r)* H(t+5)m+c2>

=1
XV)\(d+r)k—u(d+s)""+02 d—i d
<H p(its)™+p(t+i+s)™ +c1— cz> (H )\(]+r)k+>\(t+r) +cl+cz)

_ (_1)H(K;1)+K(MS—)\T—02)+K)\j

K K
( H Up(i+s)m+)\(t+r)k+cl> <t1:[1 U)\(j+r)k+u(t+s)m+c1>

t=1

K—j
UnG+r)*+uli+s)™+e1 ( H (t+i+s)mu(i+s)’"> (tl;ll U)\(t+j+r)k>\(j+r)k)

X

K K
(tl_ll V)\(tJrr)’C —p(i+s)™+co ) <tH1 V)\(j+r)k y(t+s)"”+c2>
« = =

K
VAG+ = pits)™ s (tl:[1 VA(j+r)’“+A(t+r)k+c1+C2> <H n(its)™ +u(t+i+s)’"+61r:z)
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Proof Denote the above sum by SUM(;). If j >4, the case K = j easily follows. If ¢ > j, then

SUMES) _ (_1);1(%1)+i(us—>\r—cQ)+)\ij

: i1
(tl;ll V’\(t+r)k”(”s)m+c2> (tl;[1 VA(j+r)’“u(t+s)m+c2)

X -
(tnl V/\(j+r)k+>\(t+r)k +ey +cz)

i—1
< H u(ids)™ +)\(t+7‘)k+cl) (fl:[l U/\(j+r)k+p,(t+s)m+cl>
i—j
( tljl Uk(t+j+r)’€—k(j+r)’“)

X

(tH Uu(i+s)m+)\(t+r)k +c >

=1

_ (_1>u(i§1)+i(us—/\r—02)+/\ij
UGt * +utits)™+er VAGHr)F —p(its)™ +ea

<t1:[1 U,\(j+r)k+u(t+s)m+cl> (tI:I1 V)\(t+r)k_u(i+s)m+cz> (}:[1 V)\(j+r)k_u(t+s)m+cz>

X — -
1—7 7
(tl:ll U)\(t+j+r)k—)\(j+r)k> (tl:ll VA(j+T)k+A(t+T)k+cl+02)

Thus, the first step of induction is complete. For the next step of induction, we write

S— AT —C: 1
SUMS? ¥ Skr = (_1)M(K+1)+K(# Ar—ca)+ KN = 7
AG+r)F+p(its)™+er Y AG+r)E —p(i+s) ™ +ea

K

<H p(i4s)™ +A(t+r)k+cl> (tI:I1 U)\(j-i-r)k-i-u(t-i-s)m—i-cl)
K—j

<tH1 Uu(t+i+8)’"—u(i+5)m> <tH1 UA<t+j+r>kA<j+r>k)

e

K
( VA<t+r>ku<i+s>M+c2> (tl:ll VA<j+r>ku<t+s)m+cz>

K K—1i
(ﬂl VA(j+r>’“+A(t+r>’“+Cl+”> (tl:ll Vit o)™+ pu(ticts)™+ “102)

(1)U HE D s Ar—ea) + A (K+D)

X U (K414 (K 148)™ er VAR +147)F — (K +148) ™ +ea
K
<H w(its)™ +)\(t+r)k+cl> (tl:ll U)\(j+r)k+;t(t+s)m’+c1)

K—i+1 K—j+1
( H1 U#(t+i+s)mu(i+s)’">< tl:ll UA(t+j+r)"‘—A(j+r)"')

t=

K K
(H VA (t+7r)F —p(i+s) m+cQ> (H A(G+r)* —p(t+S)m+C2)

t=1

K—i+1 K+1 )
H V, w(its)™ +p(t+its)™ 4+c1—co H VA(;+7") +A(t+r)Eter+eo

t=1

X
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which, after some simplifications, equals

K

K
o <¢H1 (i) AT ey tgl MG+ p(t+s)™ +er

K—i K—j
(tnl Uﬂ(t+i+8)m_“(i+s)m> (tH1 U/\(t+j+r)k/\(j+T)k)

K K
y et V)\(t-i-r)k—u(i—i-s)m-‘rcz) (tlill V)\(j+r)k—u(t+s)m+cz>
K K—1i
(tl:ll V/\(j+r)k’+>\(t+r)k+61+w> (t_l Vu(i+8)m+u(t+i+s)m+0102>
1 (_I)H(K+1)+(us—/\r—02)+)\j
X +

U)\(j+7")k+u(i+s)’"+cl V)\(j+r)k—u(i+s)7”+02 Ult(K+1+S)m—#(i+S)m U/\(K+1+r)’“—)\(j+r)k

% U)\(K+1+T)k+u(K+1+s)m+c1 V/\(K+1+7‘)k—u(K+1+s)m+cz
VAGHA A+ 1+r)E s e Vilirs) ™ (K +145)™ +er—c2

If we take N = K + 1 in Lemma 4.3, then we write

SUM([?) + SK+1 _ (_1)M(K;rl)+K(usf)\rfcz)+K)\j+M(K+1)+(p,sf)\r702)+kj

K K
(H Uu(i+s)m+)\(t+r)k’+c1> (tl:ll U)\(j+r)k+,u(t+s)m+cl>

t=1

K—i K—j
(tl:ll Uu(t+i+8)m#(i+8)’"> (tl:ll UA<t+j+r)k'A<j+r)’f)

K K
(tl;[l V’\(Hr)k“(i*S)m*C?) (tl;ll V/\(j+r)’“u(t+s)m+c2>
L K—i
(tl:[l VA(j+T)k+A(t+T)k+Cl+C2) (tl:[1 Vﬂ(i+5)m+#(t+i+s)m+clc2)

Up,(i+s)m FAK+14r)f4ey U/\(jJrr)k +u(K+148)"+c1

X

X
UnGmk utits)™ +er Un(E+148)m = plits) ™ Un(K 4 1400) % - A 4r)*

% V)\(K+1+r)k—u(i+s)7”+cQ V)\(j—i-r)k—,u(K—i-l—i-s)m-&-cQ

V)\(j+'r)k7u(i+s)m+cz V)\(j+r)k+/\(K+1+r)k+cl+cz Vu(i+5)m+N(K+1+S)m+C1—62

(_1)u(K;2)+(K+1)(;Ls—)\r—02)+(K+1)/\j+(J;K;pr”)

UnGr)* 4 (it s)™ +er VAGHRE —u(is)™ +ea
K+1 K41
<t1:[1 Uu(i+s)m+A(t+r>’“+cl) <t1:11 UA(j+r)’“+u(t+s)m+c1>

K—i+1 K—j+1
( tl:ll Uu(t+i+5)m—#(i+8)"‘>< tl:ll UA<t+j+r)’°—A(j+r)">
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K+1 K+1
(tlill Vk(t-&-r)k—u(i-‘rs)m-i-cz) <t1:11 V)\(j+r)k—u(t+s)m+02>

K+1 K—i+1
<tH1 V)\(j+r)k+)\(t+r)k+cl+cz) ( tl:ll Vu(i+s)m+u(t+i+s)m+c1—cz)

=sm®, |,

which completes the proof. O
Proofs of the results of Section 2.

For the matrices L and L™, it is obvious LiiLi_Z-l = 1. For 7 > j, by Theorem 4.5, we write

3" LuLyt =sm® =o.
j<d<i

Thus, we conclude Zj<d<i Lidngl = §;5, where §;; is Kronecker delta, as desired.

Here we omit the proof of UU ! = I, it could be similarly done by constructing a proper lemma.

For LU -decomposition of the matrix W, we have to prove that

> LiaUg =Wy

1<d<min{4,j}
By Theorem 4.4, we write

1

S LUy = sy = T v
1<d<min{i,j} A4+ +p(G+s)m +er YA+ —p(i+s) ™ +eo

)

which completes the proof.

For the inverse matrix W, !, we use the fact W, ! = U 1L 1. Consider

n

> Ud'Ly

max{i,j}<d<n
Ar+Xj+p(its)+ca+1
-1 .
- ( ) ‘/2)\(]+7‘)k+(;1+62 % SUM,SLB)

i—1 j—1 i—1
(Hl U,u(t+s)m,u(i+s)m> (tH U)\(t+r)k—>\(j+r)k> (tl:ll V,u(i+s)m’+,u(t+s)m+clc2>

=1

Thus, the proofs of the results of Section 2 are now complete.

5. Q-forms of the nonlinear variants of the generalized Filbert and Lilbert matrices

In this section, we present g-forms of the results of Sections 2 and 3. Thus, the results for the matrices W and
Z given previously shall come out as corollaries of the results of this section for the special choice of ¢ = §/a.
We omit the proofs not to bore the readers, they could be similarly done by finding g-analogues of Theorems
7-9. Here we would like to note that mechanic summation method or g-Zeilberger algorithm will not work due

to the unhypergeometric summand terms.
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Denote g-analogues of the matrices W and Z by W and Z, resp. In that case, we have

B e e G
(1 - q/\(i+7')k+u(j+3)m+01> (1 + qA(i+r)’°—u(j+s)m+02)

N 1l—cq—c
Wij = (—1)_/\(T+Z) =

and

i tey q,\(rJrz‘)’w—clfgc2
2

Z.. = (_1)—>\(T+i)k—
N (1+ QU HRG+) " Fer) (14 AGEDF—p(G+) ez
resp.
Now we shall recall a useful definition from [13] on a generalization of the g-Pochhammer symbol with

two additional parameters in which one of them is in geometric progression as follows

n
(a:q)TP) = (1 _ aq<r+1)k‘) (1 _ aq(2+r)k) (1 B aq(nmk) _ (1 B aq(m)k) |
t=1
where a is a real number, r is an integer, and n, k are positive integers with (q; q)(()r’k) = 1. Some special cases

are
(LY =(1-q) (1-¢")... (1 - q"z) ;
(a:¢*)"? = (1 = ag®) (1 - ag") ... (1 _ aq2x(n+1)2) ,
(60 = (1 +a) (1+¢) (1+¢) - (144",

(a;qx)io,l) - (1 - an) (1 _ aqm\) . (1 _ aqn,\) _ (an;qA)n‘

In general, we have the relation between the g-Pochhammer symbol and the general g-Pochhammer

notation is
—-1,1
(@39), = (@) Y.

As the g-analogue of the results given in Section 2, firstly we give the LU-decomposition and inverse of the

matrix W :

Theorem 5.1 For i,j5 > 1,

<q>\(i+r)’“;q—>\) (r:k)
A((iAr)* =(G+m)") j-1

(PG qfx)é’:’i)

Lij = (—q)

(s;m) (s;m) (k)

(qwmucl : qu) '
J

(q)\(i-&-r)k-&-cl;qu);&m) (_q)\(i+r)k+cz;q—u)

(_qwmu@; qfu) _
J

(s,m)

J

(_q)\(i+r)k+cl+02;q)\) .
7j—1
(rk)
Jj—1

X

(—q)‘(j+r)k+c1+02 : q/\)

638



KILIC et al./Turk J Math

- k (rvk)

i+r)%+cy . (s,m)
(q)\(Hr e ’qu)ifl

cp—eg—1

Uy = (—1) MU =S el SR (g

(¢"G+9™; g 1) (s,m) <qu<z'+r>’“+a+m; q)\) (k)

i (—qute) " ber—ea; guy =)

i—1 i—1

(s,m)

X

(qri+s)" e qk)ir’k) (=gt ez, gmn)! ’

i—1

(_qu(j+s)m—02 ; q—,\>£7¥k)

1 (_I)M+Az‘j+(J’*if")+1+A((i—j)(j+r>’“+(1—i+y‘)(r+i)’“) MDD +A=iti) (r+D)")

)
(14 A+ Fertes) (,qx<j+r>*=+cZ : qfu) “1” <qw+r>k+q : qu> (_3"1”)
X K o .
(14 QU NG+ Ferten) (—gAi+) s q—u)z(_j”l”” (qx<i+v~>k+c1 : qu)i’j)
(_qk(i+r)’°+c1+c2;qx)(."k) (qA(i+r)k;q—>\) F"k) (q—)\(i+r)k’;q)\) ij“k)
~ i— j—1 i—j—1

1
) (r3k) N (rik) N (+rik)’
(qu G+ + e+ e q*)H (@0 g7 ) (g0 g2)

—p(ids)m—1zg2=t
Ul = (_1)A(i+r)k+u(j+s)M+(A+u)(i+j)+c2+u(i+s)m+L;rl g Hits) 3
? (1-q)
; ) (s,m)
™ 11, ) ) (A s )
(q laq )j—l q l,q ;
‘ (g4 Y ) (it gn) F5™) (it qu) )
1 7)1 4 jat); = (e 1at),
(i)™ den. AR (G e, ) O™
(=g r(its) +2;qA)j_1 (_q AG+r) 2;q,)j
X

(s,m) (k)

(—q/‘(i+s)"’L+C1—C2; qﬂ) i1

(—qk(j+T)k+Cl+Cz; q)\)

i—1

(_qu(i+s)77L+Cl—C2 ; qp,);ij‘is,M)

and

. m e1—ecg—1 1
—u(is)m—gaml

(ng) = (71)A(T+j)+,u(i+s)+c2+,u(i+s)m+%
¥} 1 _ q

q

_ . . : (s;m)
% (1 i q2A<g+r>k+m+c2) (1 4 g MG ai+s) ,62) (*qdumkﬂ;q“)i_l
—p(i+8)" +c: (k) —u(i+8)m+c (G+r.k)
(_q p(its)™+ Z?qA)jﬂ (—q p(its)"+ Q;q,\)nﬂij
>< N
(*‘I“(”S)m“ﬁ”;ql‘)(s’m) (7qu(i+s)m+c17c2;qu)(”svm)

i—1 n—i

(s,m) (i+s,m)

(QA(j+r>k+c1 , qu) ‘ <_q—/\(j+r)k—02; qu) ‘

) o e
; m 5 . T,
(q_ﬂ(l“'s) ; ql‘)gi;n) (—q)‘(J+7’)k+Cl+C2 ; q)\)n

(q)\(j+r)k+61 : qu) (i+s,m)

(grt+)™; gn) ) (g2 G0 ) T (gmaGn s ) Y

n—j

(qu(i+5)m+61 ; q)\);rvk)

n—iu

X

639



KILIC et al./Turk J Math

As the g-analogue of the results given in Section 3, we present the results for the matrix Z:

Theorem 5.2 For i,j5 > 1,

<q>\(i+r)k;q—)\) (r:k)
A((i+r)*=(G+r)*) j—1

k. (r,k)
(q*(]-‘r )k7q )\)jfl

Lij = (=q)

J J
i) +62;(17#)§s,m) (_q)\(i+7’)k+61 : qﬂ)<s,m) )

X

(qA(iJrr) +cl+02 >(Tk ( q A(G+r) +cg;q7#>(5)m) (7q>\(j+r)k+61;q#)(s’m)

T C C: (Tk)
(q(j+)+1+2q)]1 ;

(qﬂ(jJrS)m : q*u)(s’m)

o A(i+r)+ea+(ca—c1)/2 _pu(j+s)™—(ca—c1)/2 il
=(-1
Uij = (-1) q AGiAr)Etea. g—p) (5™)
(—q q )1'71
. (k) RN G )™ e —c (s,m)
<qm+r> mm;qA)Z 1 <qx<z+r> g A)H (qriats) " rer—es; guy =

X

( qM(J+S)m+C1 q )(7 k)( q/\(i-i-r)k—i-cl;qu)f;s—’;n)( qM(J+5) —ca. q—A)(T k)’

Li_jl _ (_1)M(j+1)+(j*;f“)+1+x(i—1)((j+r)k—(i+r)’°) q—)\(i—l)((j+r)k'—(i+r)k)
) . (s;m) ) . (s;m)
(1 — g+ Ferter) <,q>\(J+T)k+02;q*M>i71 (,qA<J+r>k+cl;qu)iil

(1 _ q)\(i+r)k+/\(j+r)k+cl+02) (_qk(i-&-r)k-&-cz : q_u)(s_,;n) (_q/\(i+r)k+cl ; qu) (s_,';n)

X

. k (r;k) . k (J+rik) . k (r3k)
<q—>\(l+r) ;q)\> , <q—)\(1+r) ;q)\) o <qA(1+T) +01+C2; q)\> ,
j—1 i—j—1 1—1
ok (r;k) ; (G473k) Lk (rsk) 7
(q*)‘(]JrT)k;q)\)j_l (in(‘]+T)k;q>\)i—j—l (q)\(]+7")k+C1+C2;q)\)i_1

X

Ut = (1) HuGE) T Qb () bea (i) " E5R (i)™ - 52

ij q
i+s)"+c (r,k) i+ c (s,m)
(gt e ) (,qA(ﬁ ter, q#)j
X
(in(jJrT,)k;q)\);?:/i) (q,u(iJrs) qu)(ers ,m) (q w(its)™. qu)(s ,m)
—pu(i+s)"+c (k) — r)¥—c (s,m)
(g9 e ) ( AG+r)*—ea. qu)
% J

( AG+r)F+erites. i q )( ’i) (qﬂ(i+$)7”+01—02;qlt)(_sqn) (q:“«(i'f's)m-i-C] c2. qﬂ)(H_s m)
i

K2
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and
“1\ (MO EER (i) - 52
(Zn )ij - ( 1) q 2

1— q2>\(j+r)k+01 +c2

X . % - ) - % - .
(1 + q/\(j-‘rr) +u(z+s)'”+01) (1 + q>\(3+7“) —H(l""s)'"-I-cz)

(_qu(i+s)’rrL+c1 : q}\)(r,k) (—q)‘(j+T)k+Cl;qlt) (s,m)

X - n.
(g™ gu) ) (gmaG+n* qA)fj_*]?””“> (q i)™ 5 gr) ) (g6 qx)y_”i)
(_q—u(i—&-s)""—&-cQ;qk)irvk) (_q—)\(j+r)k—cQ;qu) (s,m)
X - n )
(q“(i+s)m+cl_c2;qM):j—:’m) (qk(j+r)k+cl+cz;q,\)£:"k) (qﬂ(i+s)m+cl_02; q“)gs_qn)

Thus, the results of Sections 2 and 3 are now consequence of Theorems 10 and 11 when ¢ = 8/« resp.

Especially when ¢ = (1 —+/5) / (1++/5), the results of Sections 2 and 3 turns the case p = 1 which gives us

the results related with the usual Fibonacci and Lucas numbers.
As a final remark, if we let ¢ — 1, then the entries of the matrix VW takes the form

(LN

lim Wij = A A .
U () raG " a) (A G s )

Since the sign function is separable with regard to the variables 7 and j, clearly depend only on %, and
using some algebraic manipulations and Theorem 10, we can obtain similar results for the matrix W whose
entries are given as

~ 1
(A(z—kr) +u(j+s) —i—q) ()\(z—i—r) —pu(j+s) +cz)

)

which is a nonlinear variant of the Hilbert matrix.
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