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Abstract: In 2018 Naghi et al. studied warped product skew CR-submanifold of the form M = M; x ;M of a Kenmotsu
manifold M (throughout the paper), where My = Mz x My and Mr, M, My represents invariant, antiinvariant, proper
slant submanifold of M. Next, in 2019 Hui et al. studied another class of warped product skew CR-submanifold of the
form M = M x¢ My of M, where Mz = M, x My. The present paper deals with the study of a class of warped
product submanifold of the form M = Mj x f My of M, where M3 = Mz x M, and Mr, M, My represents invariant,
antiinvariant and proper pointwise slant submanifold of M . A characterization is given on the existence of such warped
product submanifolds which generalizes the characterization of warped product contact CR-submanifolds of the form
M, x5 Mr, studied by Uddin et al. in 2017 and also generalizes the characterization of warped product semi-slant
submanifolds of the form Mz X My, studied by Uddin in the same year. Beside that some inequalities on the squared
norm of the second fundamental form are obtained which are also generalizations of the inequalities obtained in the just

above two mentioned papers respectively.

Key words: Kenmotsu manifold, pointwise slant submanifolds, warped product submanifolds

1. Introduction
The third class of Tanno’s classification [30] is characterized by Kenmotsu [20]. This class is known as Kenmotsu
manifold. We refer the reader to [13-15] for further study.

The concept of slant submanifolds in a Hermitian manifold was initiated in [7]. Then Lotta [23] defined

and studied slant immersions of a Riemannian manifold into an almost contact metric manifold. As a natural
generalization of slant submanifold, Etayo [11] defined pointwise slant submanifolds under the name of quasislant

submanifolds. Pointwise slant submanifolds in almost contact metric manifolds were studied in [24, 28].

As a generalization of Riemannian product manifold, Bishop and O’Neill [5] defined warped product
manifolds. The warped product submanifold was initiated in [8-10]. Then many authors studied warped
product submanifolds of different ambient manifolds, see [16, 17, 19]. Warped product submanifolds of Kenmotsu
manifolds are studied in ([1-3], [21, 22, 25, 26], [32-35]).

In [29] Sahin studied skew CR-warped product submanifolds of Kaehler manifolds. Then Tastan [31]

studied warped product skew semiinvariant submanifolds of order 1 of a locally product Riemannian manifold.
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Recently in [27], warped product skew CR-submanifold of the form M = M; x; M, of M has been studied,
where My = My x My and My, M,, My stands for an invariant, an antiinvariant, and a proper slant
submanifold of M. Moreover, in [18], a warped product submanifold of M of the form M = My x ¢ Mr where
My = M, x My is studied. Following the same, here we have considered the warped product submanifold of
M of the form M = M; x ¢ My, where M3 = My x M, and My, M, My represents invariant, antiinvariant,
and proper pointwise slant submanifolds of M, respectively. Section 2 deals with some preliminaries of almost
contact metric manifolds and submanifolds. In Sections 3 and 4, we have studied respectively submanifolds
and warped product submanifolds of M. We have characterized warped product submanifolds of said form in
Section 5. In the last section two generalized inequalities of the squared norm of the second fundamental form

are obtained.

2. Preliminaries

An odd dimensional smooth manifold M?™+! is said to be an almost contact metric manifold [4] if it admits a

(1,1) tensor field ¢, a vector field £, an 1-form 7, and a Riemannian metric g such that

pE=0, 1(pX)=0, ©*X=-X+n(X), (2.1)
g(LPXvY) = _g(X’ @Y)’ 77(X) = g(X’ 5)7 77(6) =1, (2'2)
9(eX, oY) = g(X,Y) = n(X)n(Y) (2.3)

for all vector fields X,Y on M.

An almost contact metric manifold M?™+1(p, & 7, g) is said to be Kenmotsu manifold [20] if:

Vx&=X —n(X)E, (2.4)

(Vxe)(Y) = g(¢X,Y)E —n(Y)eX, (2.5)

where V denotes the Riemannian connection of g.
Let M be an n-dimensional submanifold of M. Let V and V* be the induced connections on the tangent

bundle TM and the normal bundle T+-M of M respectively. Then the Gauss and Weingarten formulae are

VxY = VXy-i-h(X, Y), (26)

VxV = —-AyX + V%V, (2.7)
where h and Ay are second fundamental form and the shape operator such that g(h(X,Y),V) =g(Ayv X,Y)
for any X,Y € I'(TM) and V € I'(T*+ M), where g is the Riemannian metric on M as well as on M.
The mean curvature H of M is given by H = %trace h. A submanifold M of M is said to be totally
umbilical if A(X,Y) = g(X,Y)H for any X, Y e I'(TM). If h(X,Y) =0 for all X,Y € I'(TM), then M is
totally geodesic and if H =0 then M is minimal in M .

761



HUI et al./Turk J Math

Let {e1, - ,e,} be an orthonormal basis of the tangent bundle TM and {e,41, - ,eam+1} be that of
the normal bundle T+ M . Set

n

hi; = g(h(eise;) er) and |B]* = Y g(hlei e;), hleie5), (2.8)

ij=1
for i,je{l,---,n} and r€{n+1,--- ,2m+1}. For f € C°>°(M), the gradient Vf is defined by
9(\ViX)=Xf (2.9)

for any X € T'(TM). As a consequence, we get

n

IVFI? = (el ) (2.10)

i=1

For any X € TM , we write
pX =PX +QX. (2.11)

Here PX = tan(pX) and QX = nor(¢X). Similarly, for any N € T+ M , we write
@N = bN + cN (2.12)

where bN = tan(pN) and ¢N = nor(eN).

A submanifold M of an almost contact metric manifold M is said to be slant if for each nonzero vector
X € T,M , the angle 0 between ¢X and T,M is constant, i.e. it does not depend on the choice of p € M and
X eT,M.

A submanifold M of an almost contact metric manifold M is said to be pointwise slant [11] if for any
nonzero vector X € T,M at p € M, such that X is not proportional to ,, the angle 6(X) between ¢X and
TyM =T,M — {0} is independent of the choice of nonzero X € Ty M.

For pointwise slant submanifold, 6 is a function on M, which is known as slant function on M. Invariant and

antiinvariant submanifolds are particular cases of pointwise slant submanifolds with slant function § = 0 and

s
2

a pointwise slant submanifold is proper if neither 6 = 0, 5 nor constant. It may be noted that M is pointwise

respectively. Also a pointwise slant submanifold M will be slant if and only if # is constant on M. Thus,

slant [24] if and only if there exists a constant A € [0, 1] such that
PE=\-T+n®¢). (2.13)
Furthermore, A\ = cos? @ for slant function 6. If M is a pointwise slant submanifold of M, then [33]:
QX =sin? 0{—X +n(X)¢}, QX = -QPX. (2.14)

The warped product [5] between two Riemannian manifolds (N7,¢1) and (Na, g2) is the Riemannian manifold
N1 Xf N2 = (N1 X Ng,g), where

g =mi(g91) + (f om1)*m5(g2), (2.15)
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where m; and my are canonical projections of M; x My onto M; and My, respectively and 77 (g;) is the
pullback of g; via m; for i =1, 2 and f € C*(M). A warped product manifold Ny x s Ny is said to be trivial
if f is constant. For M = Ny x; Ny, we have [5]

VuX =VxU = (XInf)U (2.16)
for any X € I(T'Ny) and U € T(TN3).
3. Submanifolds of M
We consider a submanifold M of M such that
T™M =DT oD+ oD’ ¢ {¢},

where DT, D+ and DY are mutually orthogonal distributions such that DT is invariant, D+ is antiinvariant

and DY is pointwise slant with slant function 6. Then the normal bundle T M can be written as
T+M = oD+ @ QD’ & v,

where v is a @-invariant normal subbundle of 7M.

Now for the sake of further study we obtain the following useful results.

Lemma 3.1 Let M be a submanifold of M such that TM = DT @D+ & DY and € is orthogonal to DY . Then
the following relations hold:

sin?0g(VxY,U

|
<
=

Xv@Y)vQU) _g(h(X7Y)7QPU)7
X7Z)7QPU) —g(h(X,PU),(pZ),
—g(h(X, Z),QPU),

)
cos?0g(Vx Z,U)
sin? 0g(V 2 X,U)
cos? 0g(V zW,U)

I
)
>
N
*u
=
s
s
I
S
=
N
=
Q
3
S

for all XY € (DY), Z,W € I'(D*) and U € T'(DY).
Proof Forany X,Y € I'(DT), Z,W € I'(D+) and U € I'(D?), we have from (2.3) and (2.11) that
g(VxY.U) = g(VxeY,oU) = g((Vxp)Y,U)

9(Vx Y, PU) + g(Vx¢Y,QU)

Using (2.13) in the above equation, we obtain

g(VxY,U) = —cos’0g(VxUY) +sin20X(0)g(U,Y) (3.5)
+ 9(VxQPUY)+ g(VxeY,QU).
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Using (2.6) and (2.7) in (3.5), we get (3.1).

Moreover,
9(VxZ,U) = g(VxeZ,oU) - g((Vxp)Z,oU)

= g(VxpZ,PU)+g(Vx¢Z,QU)
= g(VxpZ,PU)+g(VxbQU, Z) + g(VxcQU, Z).

By virtue of (2.14) the above relation yields

9(VxZ,U) = ¢g(VxpZ, PU) —sin®0g(VxU, Z) (3.6)
~sin20X(0)g(U, Z) — g(V x QPU, Z).

Using (2.7) in (3.6), we get (3.2).

Again we have
9(VzX,U) = g(VzeX,oU) = g(Vz9)X,¢U)

9(VzoX,PU) + g(Vz0X,QU)
g(VzP2U,X)+ g(VzQPU,X) 4 g(VzpX,QU).

Using (2.13) in the above relation, we find

g(VzX,U) = —cos?0g(X,VzU) +sin20Z(0)g(U, X) (3.7)
+9(VzQPU, X) + g(V 29X, QU).

Thus, (3.3) follows from (3.7).

Moreover,

9g(VzW,U) = g(VzoW,PU)+ g(VzeW,QU) — g((Vz0)W,U)
= g(VzoW,PU) + g(VzbQU, W) + g(VzcQU, W).

By virtue of (2.14), the above relation yields

g(VzW,U) = g(VzeW,PU) —sin® 0g(V zU, W) (3.8)
—sin20Z(0)g(U,W) — g(VzQPU,W).

From above (3.4) follows. O

Lemma 3.2 Let M be a submanifold of M such that TM = DT @D+ ®D? and ¢ is orthogonal to DY . Then
the relations
cos’09(VuV,Z) = g(h(U, PV),0Z) - g(W(U, Z),QPV) (3.9)
—cos? 0n(2)g(U,V)
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and

sin®0g(VoV, X) = g(h(X,U),QPV) — g(h(U,X),QV)
—sin® On(X)g(U, V)

hold for all X € T(DT), Z € T(D+) and U, V € I(DY).

Proof For any U,V € I'(DY) and Z € I'(D'), we have from (2.3) and (2.11) that

9(VuV,Z) = g(VueV.eZ) —g((Vu ) pZ) =n(Z)g(U, V)
= 9(Vu PV<PZ)+9( ¢Z) —n(Z)g(U,V)
= g(? PV,pZ) —g(V wQVZ)Jrg((Vw)QVZ) 9(UV)n(Z),
= 9(VuPV,9Z) = g(VubQV, Z) — g(VueQV, Z) — cos® On(Z)g(U, V).

Using (2.14) in the above relation, we get

g(VuV,2) = g(VuPV,pZ) + sin? 09(VyV,Z) +sin 20U (0)g(V, Z)
+9(VuQPV, Z) — cos® On(Z)g(U, V).

By use of (2.6) and (2.7) in (3.11), we get (3.9).
Also for U,V € T(DY) and X € T'(DT), we have from (2.3) and (2.11) that

g(VuV,X) = g(VuPV,eX)+g(VuQV,¢X) —n(X)g(U,V)

Using (2.13) in the last relation, we obtain

g(VuV,X) = cos’0g(VyV,X) —sin20U(0)g(V, X)
—9(VuQPV, X) + g(VuQV, ¢X).

Thus, (3.10) follows from (3.12).

4. Warped product submanifolds of M

—9(VuP?V, X) — g(VuQPV, X) + g(VuQV, pX) — sin® 0n(X)g(U, V).

(3.10)

(3.11)

(3.12)

In this section we study warped product submanifolds M = Mg x; My of M such that Ms = My x M, and

£ is tangent to Mj3, where My, M, and My stands for invariant, antiinvariant, and proper pointwise-slant

submanifolds of M respectively. We now construct an example of such warped product submanifold of M for

showing the existence.

Example 4.1 Consider the Euclidean 13-space R with its cartesian coordinates (x1,y1,T2,Y2, .-

and the almost contact structure (,&,1,9) given by

(2= 2 42
P\ 0w oy’ Wayj

7x67y6at)
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Then it is clear that R™ is an almost contact metric manifold with respect to the FEuclidean metric tensor of
R13.

Consider a submanifold M of R'® defined by the immersion x as follows:

x(u,v,6,p,7, 8 t)

= (ucosf, usinf, vcosf, vsinh, ucosy, using, veosyp,vsing, 20 +3p, 30 +2p, r, s, t).

The local orthonormal frame of T M is spanned by the following:

77 = COSHi —i—sinHi + cos i + sin i
= 81’1 8y1 Lpaiﬂg (payb"
Zy = cosﬁaix2 +Sin08iy2 4—(:054;)(%4 +Sin(p8iy4’
0 0 0 0 0 0
Z3 = —usinf— 00— —vsinf— 00— +2— —
3 U Sin B + u cos o v sin 92 + v cos 902 + o5 + 38y5’
Zy = —usin i—|—ucos i—Usin i-‘rUCOS i—|—3i—|-2i
4 (pal‘g Qpay;; s0(956‘4 @8y4 8:65 8(7;57
0 0 0
5 8(136’ 6 ay67 an 7 ot

Moreover, we have

Z1 = cos Gi — sin Gi + cos i — sin i
e = oy 01 9081/3 90(95637
pZs = cos F)aiy? — sin 0% + cos gogim —sin gaaim,

0 0 0 0 0 0

Z3 = —usinf— — — —vsinf— — 00— +2— —3—
pZs u sin m U COS p v sin 9 v COS 025 + 05 38:1:5’

7y = —usin i—ucos i—vsin i—vcos i—|—3i—2i
por = @5% @3% ¢8y4 Y 04 0ys Oxs’

0 0
Ly = —— Zg=—%—.
o= and pls=—y -

We define D+ = {Zy,Zy}, D = span{Zs, Zs} and DT = span{Zs,Zs}. Clearly DT is invariant, D+ is
antiinvariant and D? is pointwise-slant with slant function cos™! m Moreover, it is clear that for
£= %, DT @ {¢}, D+ and DY are integrable. If we denote the integral manifolds of DT, D+, D by My,
M, , My respectively and we write Mz = My x My, then the metric tensor gy of M is given by

g = 2(du® + dv?) + dr? + ds? + dt* + (u® + v® + 13)(d6* + dp?)

= g, + (P 402+ 13)(d0? + dp?).
Hence, M = M3 xy My is a warped product submanifold of M with the warping function f = v/u2 + v + 13.

Next we prove the following lemmas for our further study.
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Lemma 4.2 Let M = M3 x5 My be a warped product submanifold of M such that € € Ms, where Mz =
Mrp x M, , then the following relations hold:

Enf = 1, (4.1)
g(h(X,Y),QU) = 0, (4.2)
g(h(X,U),0Z) = g(h(X,Z2),QU) =0, (4.3)
g(h(Z, PU),eW) = g(h(Z,W),QPU) (4.4)
for X, Y e'(My),Z, W eI'(My) and U, V € T'(Mp).
Proof Relation (4.1) is already proved in [27].
For X, Y e '(My) and U € I'(My), we find
9(h(¢X,Y),QU) = g(VxU,¢Y) + g(Vx PU,Y). (4.5)
By virtue of (2.16), (4.5) yields (4.2).
Also we find
g(W(X,U),0Z) = —g(VueX, Z) + g(Vue) X, Z). (4.6)
Using (2.5) and (2.16) in (4.6), we get
g(W(X,U),pZ) =0. (4.7)
Again we calculate
g(h(X,U),pZ) = —g(VxPU, Z) — g(VxQU, Z). (4.8)
By virtue of (2.7) and (2.16), (4.8) yields
9(M(X,U),0Z) = g(h(X, Z),QU). (4.9)
Thus, (4.3) follows from (4.7) and (4.9). Next we find
9g(MZ,U),oW) = —g(VzPU,W) — g(V2QU,W). (4.10)
Using (2.7) and (2.16) in (4.10), we get (4.4). O
Lemma 4.3 Let M = M3 xy My be a warped product submanifold of M, such that & € M3, where Mz =
My x M , then
g(h(X,U),QV) = {(Xinf) —n(X)}g(PU,V) = (¢XInf)g(U, V), (4.11)
g(h(X,0),QV) — g(h(X,U),QPV) =sin*0[(XInf) —n(X)]g(U, V), (4.12)
g(WU,PV),0Z) — g(MU,Z),QPV) = —cos’0[(ZInf) —n(Z)|g(U,V) (4.13)
for X eT'(My), ZeT(M,) and U, V € T'(Mp).
Proof For X e I'(Mr) and U, V € T'(My), we have
g(h(X,0),QV) = g(VueX,V)—g((Vup)X,V) —g(VuX,PV). (4.14)
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Using (2.5) and (2.16) in (4.14), we get (4.11).
Replacing X by ¢X in (4.11), we obtain

g(h(pX,U),QV) = (pXInf)g(PU,V)—{(X1Inf)—n(X)}g(U, V). (4.15)
Moreover, replacing U by PU in (4.11), we find
g(h(X,U),QPV) = cos® 0{(XInf) — n(X)}g(U, V) + (¢XInf)g(PU,V), (4.16)

Thus, (4.12) follows from (4.15) and (4.16).
Now for Z € T(M ) and U, V € T'(My), we calculate

g(h(U,PV),¢Z) = —g(VuP*V, Z) — g(VuQPV, Z) +1(Z)g(2U, PV). (4.17)
By virtue of (2.7) and (2.16), (4.17) yields
(WU, PV),¢Z) = —cos®0(ZInf)g(U,V) + g(h(U, Z),QPV) (4.18)
+cos? On(Z)g(U, V).

Thus, (4.13) follows from (4.18). O

5. Characterization

In this section we characterized a warped product submanifold M = M3 X My of M such that ¢ € T'(Ms),
where M3 = MT X MJ_.

Theorem 5.1 Let M be a submanifold of M such that TM = DT @ D+ @ D? with € is orthogonal to DP.
Then M is locally a warped product submanifold of the form M = Mg xy My where Mz = My x M, , and

My, M| and My are invariant, antiinvariant, and proper pointwise slant submanifolds of M respectively if and

only if

AgveX —Agpv X = sin? [ X p — n(X)]V, (5.1)
ApzPV — AgpvZ = —cos?0[Zu—n(2)V, (5.2)
En) = 1 (5.3)

for every X e I'(DT), Z e T(D+), V € I(D?) and (Vi) =0 for some function u on M.

Proof Let M = Mjs xy My be a proper warped product submanifold of M such that ¢ € T'(M3), where

Ms = My x M, . Denote the tangent space of My, M, and My by DT, D+ and D? respectively. Then from
(4.2), we have
9(Agprv X — AqvpX,Y) =0,

which implies that
AvaX — AQchX L DT. (54)

Similarly, from (4.3) we get,
g(AvaX — AQvﬁpX, Z) = 0
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That means,

AQpVx — AQ\/@X 1L 'DJ‘. (55)

Then from (5.4) and (5.5), we obtain

AvaX — AQv(pX S 'De. (5.6)

Thus, (5.1) follows from (4.12) and (5.6) .
Again from (4.3), we get
g(AwZPV - AQsz,X) =0.

Therefore, we get

ApzPV — AgpvZ L DT. (5.7)

Again from (4.4), we get
g(Ag,ZPV - AQsz, W) =0.

Hence,

A,zPV — AgpvZ L D+ (5.8)

From (5.7) and (5.8), we obtain
A,7zPV — AgpvZ € DY. (5.9)

Thus, (5.2) follows from (4.13) and (5.9).
Also (5.3) follows directly from (4.1).

Conversely, let M be a submanifold of M such that TM = DT @ D+ @ D? with ¢ is orthogonal to D? and
(5.1)-(5.3) holds. Then from (3.1), (3.2) and (5.1), we get

g(VxY,U)=0 and  g(VxZ,U)=0 (5.10)
for X,Y e T(DT), Z e T(D+) and U € T(D?). Again, from (3.3), (3.4) and (5.2), we get
9g(VzX,U)=0 and  g(VzW,U)=0 (5.11)

for X € D(DT), Z,W € T(D+) and U € I(D?).

Thus, from (5.10), (5.11) and the fact that Vx& = 0 we conclude that ¢g(VgF,U) = 0 for every
E,F eT(DT @ D+ @ {¢}). Hence, the leaves of DT @ D+ @ {¢} are totally geodesic in M.
Now by virtue of (3.10), (5.1) yields

9([U, V], Z) = 0. (5.12)

Also by virtue of (3.9), (5.2) yields
g([U, V], X) =0. (5.13)

Hence, from (5.12), (5.13) and the fact that h(A4,£) =0 for all A € T'(TM), we conclude that
9([U.V],E) =0 (5.14)
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for all U,V € T'(D?) and E € T(DT @ D+ @ {¢}). Consequently the distribution DY is integrable.
Let h? be the second fundamental form of My in M. Then for any U,V € I'(D?) and X € I'(DT), we have
from (3.10) that
g(h*(U,V), X) = esc® bg(Aqpv X — Aqv X, U) — n(X)g(U. V). (5.15)
By virtue of (5.1), (5.15) yields
g(h"(U,V), X) = =(Xp)g(U, V). (5.16)
Similarly for any U,V € T'(D?) and Z € I'(D*) we have from (3.9) that
g(W (U V), Z) = sec?0g(A,zPV — Agpv Z,U) —n(Z)g(U, V). (5.17)
Now by virtue of (5.2), (5.17) yields
9(W"(U,V), Z) = =(Zp)g(U, V). (5.18)
Also for any U,V € I'(D?), we have

g(W’ (U, V), &) = g(VuV,€) = —g(V, V&) = —g(U, V).

Using (5.3), in above relation, we get

g(h* (U, V).€) = —(Emg(U, V). (5.19)
From (5.16), (5.18) and (5.19) we conclude that
g(he(U’ V),E) =—9(Vpu, E)g(X,Y) (5.20)

for every U,V € T(DY) and E € I'(DT @ D+ @ {¢}). Consequently, My is totally umbilical in M with mean

curvature vector H? = —V .

Finally we show that H? is parallel with respect to the normal connection DV of My in M. We take
EecT (DT @Dt @ (€)) and U € T(D?), then we have

9(DFVu,E) = g(VuV 1, X) + g(VuV*u,U) + g(Vx Vop,8),

where VT, V*, and V¢ are the gradient components of p on M along DT, DL, D? and (€) respectively.

Then by the property of Riemannian metric, the above relation reduces to
gDV E) = Ug(V'p,X) = g(V 1, VuX) +Ug(Vp, Z)
—g(Vru, VuZ) + Ug(Vep, §) — g(Vop, Vi)
= UXp)—g(V'p[U.X]) = g(V' 1, VxU)
+U(Zn) = g(V* 1, [U, Z]) = 9(V 11,V 2U)
+U(Ep) = 9(Vo, [U,€]) = 9(V 1, VeU)
= X(Up)+g(Vx V1, U) + Z(Up)

+9(V2V,U) +E(Up) + g(Ve Vo, U)
= O’
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since (V) = 0 for every V € T(D?) and Vx V' 4+ V2V u+ VeV = VgV is orthogonal to DY for any
E e (DT @ D+ @ (€)) as Vyu is the gradient along M3 and M3 is totally geodesic in M. Hence, the mean

curvature vector HY of My is parallel. Thus, My is an extrinsic sphere in M. Hence, by Hiepko’s Theorem

(see, [12]), M is locally a warped product submanifold. Thus, the proof is complete. O

Theorem 5.1 is the generalization of the following results:

Corollary 5.2 (Theorem 3.3 of [35]) Let M be a contact CR-submanifold of M such that & is orthogonal to
DT. Then M s locally a warped product submanifold of the form M, x ¢ Mr if and only if

ApzX = —{(Zn) —n(2)}pX

for any X € T(DT) and Z € T(D+ @ {¢}), where p is any smooth function on M such that Y (u) = 0,
Y e I(DT).

Proof The result follows from Theorem 5.1 by taking dim M7 =0 and 8 = 0. O

Corollary 5.3 (Theorem 2 of [32]) Let M be a proper semislant submanifold of M. Then M is locally a
warped product submanifold of the form My x5 Mg if and only if

AgquvpX — Agpy X = sin? 0[X pu — n(X)]V
for X e (DT @ {€}), Z € T(D?) and some smooth function ju on M such that W(u) =0 where W € T'(DY).

Proof The result follows from Theorem 5.1 by taking dim M, = 0 and 6 = constant. O

Corollary 5.4 Let M be a proper pointwise pseudoslant submanifold of a Kenmotsu manifold M. Then M
is locally a warped product submanifold of the form M, x; My if and only if

A,zPV — AgpvZ = cos® O[n(Z) — ZulV
for every Z € T(D*), V € T(D?) and for some smooth function p on M such that W(u) = 0, for some
W e(DY).

Proof The result follows from Theorem 5.1 by taking dim My = 0. O

6. Generalized inequalities
In this section, we establish two inequalities on a warped product submanifold M = M3 x ¢ My of M such that
M3 = MT X ML .

We consider dimMp = 2p+ 1, dimM, = q, dimMy = 2s and their corresponding tangent spaces
are {DT @ ¢}, DY, and DY, respectively. Assume that {e1,eq,- -, ep, e, ey, &}, {ef, -+ ,ei} and

{é1,69, -+ ,és,5ecOPé1,secOPéy - - - ,secOPé,} are local orthonormal frames of DT @ {¢}, D+ and DY respec-
tively.

Then the local orthonormal frames for pD+, QDY and v are {pej = €1, - spey = €4ty {€g11 =
cscOQér, -+ ,Eqrs = csCOQEs, Eq1 541 = csCOSeCHQPEr, -+, Eq40s = csclsec0QPés} and {€gyos41, - ;E2mt1}

of dimensions ¢,2s and (2m + 1 — g — 2s) respectively.
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Theorem 6.1 Let M = Ms xy Mg be a proper warped product DL+ — DY mized geodesic submanifold of M

such that £ is tangent to Mr, then the squared norm of the second fundamental form satisfies

A2 > 2s[cos? 0 || V> In £ ||? +2(csc® 6 + cot? 0){|| VP In f ||2 —1}], (6.1)

where V1Inf and VT In f are the gradients of warping function In f along M| and My respectively and 2s
is the dimension of My .

If the equality sign of (6.1) holds, then Ms is totally geodesic and My is totally umbilical submanifold of
M.

Proof From the definition of h, we have

2p+1

B =" g(hleire;), hles,e))). (6.2)

i,j=1

Now decomposing (6.2) in our constructed frame fields, we get

2m+1 2p+1 2m+1 2p+1 g

2 2

Hh” = § E 6176] ev" 42 § § § g 617 ] )
r=n+1li,j=1 r=n+1 i=1 j=1
2m-+1 q 2m+1 2p+1 2s

2

+ Z Z 1’ ] 67" +2 Z Zzg 6176J ) (63)

r=n+1li,j=1 r=n+1 i=1 j=1
2m+1 ¢q 2m—+1  2s

2

DD H WL + 2 D 9lhn) e
r=n+1i=1 j=1 r=n+14,j=1

Neglecting the v component terms of (6.3), we obtain
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q 2p+1 s 2p+1
R =" > glhlene;),per)* + Y > glhlei e)), csc0Qé,) (6.4)
r=114,j=1 r=14,j=1
s 2p+1 q 2p+l ¢
—1—2 Z h(e;, e;),cschsecHQPE,) —1—22 Z Zg (e, €5) wer)?
r=114,j=1 r=1 i=1 j=1
s 2p+1 g¢q s 2p+1 ¢
—|—2Z Z Zg (e e ; ), csc 0Qé,) +2Z Z Zg (e e ; ), csc B sec 0QPé,.)?
r=1 =1 j=1 r=1 =1 j=1
a q
+Zzg Z’ J +ZZ 17 ] CSC@Q&")
r=114,j=1 r=114,j=1
s q q 2p+1 2s
+ZZg e;,€j),csclsec0QPé,) +QZZZQ (e:,€5), wer)?
r=114,j=1 r=1 i=1 j=1
s 2p+1 2s s 2p+1 2s
—1—22 Z Zg (e:,€5) ), csc 0Qé, ) + 22 Z Zg (e:,€5) ), csc O sec 0Q Pé,)?
r=1 i=1 j=1 r=1 1=1 j=1
9 g9 2s
£23° 30 Y (. et + 230 30 3 (). 08,
r=11=1 j=1 r=11=1 j=1
s q 2s q 2s
+2 ZZg (eF,é;),cscOsecHQPé,)* + Z Z g(h(é:,é;), per)?
r=14i=1 j=1 r=114,j=1
S S
+Z g(h(é;,é;),csc0Qé,)* + Z Z h(éi,é;), cscfsec 0QPE,)?.
r=114,j=1 r=114,j=1
In view of (4.2) and (4.3), the second, third, fifth, sixth, and tenth terms are equal to zero. For
D+ — D? mixed geodesic condition, thirteenth, fourteenth, and fifteenth terms vanishes. Also we cannot
find any relation for g(h(X,Y),¢Z), g(h(X,2), W), g(M(Z,W),¢Z), g(h(Z,W),QU) and g(h(U,V),QU),

for X, Y € I(DT), Z, W € I(D}), U, V € I'(D?).

seventeenth, and eighteenth terms of (6.4) and obtain

Thus, we neglect first, fourth, seventh, eighth, ninth,

e
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s  2p+1 s 2p+1

|h]|? >2csc? Z Z (ei,€), Qé,)* + 2 csc? O sec? Z Z h(e;, Pé;),

r,g=1 1=1 r,g=1 1=1

s 2p+1

+2csc? O sec? 0 Z Zg (€:,€5), QPé,)* +2csc? fsec’ 0 Z Z

rj=17=1 rj=1 i=1

+ZZ h(é;, é;), wer)? + 2sec? QZZ h(Pé;, é;), ), per)?

r=114,5=1 r=11¢,j=1

+ sec t‘)z Z h(Pé;, é;) cpzr)Q.

r=114,j=1

Using (4.11) and (4.13) in the above relation, we find after simplification

2p+1

B> > 4s(csc® 0 + cot® 0)[ Y (eilnf)? — (€lnf)?]

i=1

q
+ 2scos?f Z(erlnf)2

r=1

Using (2.10) and (4.1) in (6.5), we get the inequality (6.1).

If equality of (6.1) holds, for omitting v components terms of (6.3), we get

(DT, DT) 1Lv, h(DT, D) Ly, K(D*, D) Ly, h(DT, DY) Ly,
h(D+,D?) Lv and h(D?, D) Lv.

Next, for the neglecting terms of (6.4), we get
h(DT,DT)LeDL, h(DT, DY) LpDL, h(DL, DY) LyDL,
h(D+, DY) LQD? and h(D?, D?) LQDY.

Moreover, from (4.2) and (4.3), we obtain
h(DT,DT)LQD?, h(DT,DV)LQD and h(DT, D) LoD .

Thus, we get
(DT, DTy = o,
(DY, DY) = o,
(DT, DY) = 0
and

h(D?, D% C D+

) Qer)?

h(ei, Pé;), QPé,)?

(6.5)

(6.9)

Since M3 is totally geodesic in M ([5, 7]), using this fact with (6.6), (6.7), and (6.8), we get Mjs is totally
geodesic in M. Moreover, since Mj is totally umbilical in M ([5, 7]), using this fact with (5.20) and (6.9), we

get My is totally umbilical in A . Hence, the theorem is proved completely.

e

As an consequence of Theorem 6.1, we have the following:
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Corollary 6.2 (Theorem 3 of [32]) Let M = My Xy My be a proper warped product semislant submanifold of
M such that ¢ € T(My). Then the squared norm of the second fundamental form satisfies

[|h]1? > 4s(csc 0 + cot? 0) (|| VT Inf||> — 1),

where VT In f is the gradient of Inf along My and 2s = dim(My).
If the equality sign holds then My is a totally geodesic submanifold and My is a totally umbilical submanifold
of M.

Proof The results follows from Theorem 6.1 by taking dim M, =0 and
6 = constant. O

Theorem 6.3 Let M = Ms xy Mg be a proper warped product D+ — DY mized geodesic submanifold of M

such that & is tangent to M , then the squared norm of the second fundamental form satisfies
A2 > [cos® O(||VEinf||* — 1) + 2|| VT inf||? (csc? 6 + cot? )], (6.10)

where VEInf and VT In f are the gradients of warping function In f along M, and My respectively and 2s

is the dimension of My .
If the equality sign of (6.1) holds, then My is totally geodesic and My is totally umbilical submanifold of M .

Proof To prove this theorem we consider dimMp = 2p and dimM,; = q+ 1 and dimMy = 2s. Thus, the
orthonormal frames for DT and D+ will be {e1, €2, ,€,, €1 = €py1,- -+ ,pe, = €y} and {21, e 72(1, éq+1 =

&}. Now proceeding as the proof of Theorem 6.1 we can easily prove this theorem. O

As a consequence of Theorem 6.3, we have the following:

Corollary 6.4 (Theorem 3.4 of [35]) Let M = M| x ¢ My be a proper warped product contact CR-submanifold
of M such that ¢ € T(M_). Then the squared norm of the second fundamental form satisfies

1R]? = 25(| W inf|* — 1),

where V1 f is the gradient of Inf along M, and 2s = dim(Mr).
If the equality sign holds then M is a totally geodesic submanifold and My is a totally umbilical submanifold
of M.

Proof The results follows from Theorem 6.2 by taking dim My =0 and 8 = 0. O
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