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Abstract: A nonterminating balanced g¢-series is examined by means of the modified Abel lemma on summation by
parts that leads to g-analogues of five difficult identities for classical hypergeometric series, including three formulae

conjectured by Gosper in 1977.
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1. Introduction and motivation
Let Z and N be the sets of integers and natural numbers with Ng = NU {0}. Then for an indeterminate
and n € Ny, the shifted factorial is defined by the quotient

(@)n =Tz +n)/T(2).

The T'-function (see [12, §8] for example) is given by the beta integral
I(z) = / u”teTUdu for R(z) >0,
0

which satisfies Euler’s reflection property

™

Mz)xT'1—2) =

sinmx’
Analogously for 0 < |q| < 1, the infinite product below is well defined

oo

(#30)00 = [J (1 = ¢*),

k=0

which can be used, in turn, to define the ¢-shifted factorial of order n € Z:

1—2z)(1—qz)---(1—qg" o), n e N;
(w;q)n=%= 1, n = 0;
n e Z\NO

1—qg'2)Q—q2zx)--(1—qx)’
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We have hence the g-gamma function [9, §1.10]

Fe) = (-0 502 and i Ty (o) = T(),

For the sake of brevity, we shall adopt the abbreviated notations for quotients

|:Oé,6,"',’}/_ _ (a)n(ﬁ)n(’}/)n

A B, O], (A)n(B)n -+ (C)n”
[04757"', ‘q' o (9), (B9), - (139),
A7B7"'3C In (Avq)n(Baq)n(C,q)n’

T OL,,B,"',"}/_ _ Fq(a)FQ(ﬁ)Fq(V)
14,8, .C] T,(AT,(B) - T,(C)’

According to Bailey [2] and Gasper—Rahman [9], the classical and basic hypergeometric series are defined,
by

00
ag, a1, , 0y g, @y, ,0¢ n
F ) -
L é|: b17"'7bl Z:| nz_;)|:]-ab17'“7b5:|nz,
= ap, a a
. _ 0,1, ",y n
Q7Z:| Z|:q7b17"'7b€ ‘q:| o
n=0 n

Inspired by the works of Andrews [1] and Gessel-Stanton [10], the authors [3, 8] recently evaluated, in

Y AQ, A1, ,ap
4
bi, -+, be

closed forms, the terminating cases of the following balanced series

[z ] Qe g,
QA z,y) —kZ:O [qA qL v L (1.1)

The aim of this paper is to investigate summation and transformation formulae when this series is
nonterminating. They will lead, in particular, to g-analogues of difficult evaluations of three 3Fg(%)—series and
two 5F4(%) -series, with three of them having appeared in the conjectured list of hypergeometric series identities
made by Bill Gosper in his private communication to Richard Askey (December 21, 1977).

Our approach will be the modified Abel lemma on summation by parts (cf. [4, 7]) which can be recorded

as follows. For an arbitrary complex sequence {71}, define the backward and forward difference operators V

and A, respectively, by
V’Tk =Tk — Tk—1 and ATk =Tk — Tk+1-

It should be pointed out that A is adopted for convenience in the present paper, which differs from the usual

operator A only in the minus sign. Then the modified Abel lemma on summation by parts reads as

> BiVAr = {[AB]; — A_1Bo} + > Ay ABy, (1.2)
k=0 k=0

provided that one of the two series converges and the following limit exists:

[AB]+ = nll)n;o Aan+1.
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2. The first difference pair and implications

Define the difference pair { A, Br} by

A Or(Azy; )k
A | away } and B — 9y/ .
F [q/\,qzy/x\ 1. g (zy; q)2x

Then it is not hard to check the differences

k| Ty AL —z/A) (1 —y/N)
VAR =a {qu/A "L TEDTEDE

e lazy/ X )My @)k qzy /AL — ¢ A) (1 — ¢F i)
ABr =¢ (¢%xy; q) o (1-zy)(1—qay)

and to determine the boundary conditions

as

(1= A1 —zy/A)
1-2)1-y)

ABL = | %5 W) (s and A=

According to the modified Abel lemma on summation by parts, we can reformulate the Q(\, z, y)-series

o[z Qand® o (Q-o)(-y)
a0 =3 [V, T = 30 2B

_ a-m-y)
NI —z/N) (1~ y/N)

[1AB). — A_1By + iAkABk},
k=0

which can be expressed as the following recurrence relation

zy(l —2)(1—y)A - 1/N)1A —¢/N)
(1 —=2y)(1 —qzy)(1 —z/N)(1 —y/\)

(1 =1/M)(1 —=xy/N) A A2y ¢°) oo { z,y q]
(I—2/NA-y/A)  A=2/N)A-y/N) [¢Mayl™]

QA z,y) =Q(¢ >\, qz, qy)

By iterating this relation m-times, we derive, after some simplification, the following transformation

formula:

(39), U3 D) (L/ X5 Q)2

QW z,y) =Q(¢" "\, ¢z, ¢"y)q™ ’m(my)m(x/)\_qg) WIh &) @y

A \ry; ) oo x, Y . s (zy/22)*
O -y [q/\awy q]oo 2) (@®x/X ¢%);, (6Py/ X %)y,

(1—1/N)(1 —=y/A) mz_:l 1— g%y /X (39), (4 @) (a/ X )2rg™ ~F(ay)*
A —z/ NI —y/N) & T-ay/A (Px/X %), (Py/N @), (wy: @)ae

Its limiting case as m — oo is highlighted in the lemma below.
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Lemma 2.1 (Transformation formula)

_ A ey ) VY (zy/2?)
Q) = TN = 9/ [qA xy } Z;) @2/ X ) (@Py/ X ¢%),,

(1-1/N1 —zy/N) i 1— g% ay/X (39), (4 @) (a/ X )org" " (wy)*
A —z/NA—y/N) = T—ay/A (Px/X %), (PY/X 6, (zy: @)an

Recall the nonterminating transformation of 39 -series (cf. [9, IT1I-10])

a, b, c‘ Cde | b,de/ab,de/bc‘ d/b,e/b,de/abc’ b
d,e |V abc| | d,e,de/abe 392 de/ab, de/belT

Then we have, in particular, the following reduced relation

i (xy//\z) — lim se [ ’qs quy]
— (g x/)\ @) (By/N3),  ac—oo q x/)\ q y//\ " 2ac
— i q37q3zy/x\2a,q3xy//\20 ‘ 3 xf/Ayy/A,q?’?:y/VaC‘ 3. 3
ac—oo | T/, Y/, Gry/N2ac q Cry/Na, Py /Nl

i (x//\'q) (y/Xiq )quk

3
- [q%//\q, q3y//\‘q3} (@3 @)k

o0 k=0
Substituting this into Lemma 2.1, we get another expression.

Proposition 2.2 (Transformation formula)

(1=1/0)(1 —zy/N) i 1 — g™y /X (259), (4 0y, (0/X; @)2rd® *(ay)*
A —a/NA=—y/A) &= T=ay/A (Px/X 6%, (@Py/X 6 (2Y; @an

+H“/ } [q Azy ] i(w/A'Q) AULTII

arayl?] z/a /Al e (4% ¢®)x

QN z,y) =

When A =1, the last formula becomes the following elegant formula.
Theorem 2.3 (Summation formula)
[y ] @wde . [e,qy ¢, xy & a1 (T3 q (@6%),, (v 4°),,
D101 G = IRESAEIDY -
=L a Ul (@Y q)am /T el B G Y yl? e )k

This is a g-analogue of the formula due to Chu [7, Proposition 6], which has been utilized by Wang et al. [15

Lemma 1.1] to evaluate a nonterminating 7 Fg-series:
a:+
r,y, 5
:chy 1+x+y 4

To evaluate the above series, a very tough and delicate limiting process had to be carried out (see Chu [7,

l+oz4+y 1+35,1+%

F
e 1+x,1+y,1+%

§4], and [5] for a similar approach). However, we can easily deduce it from Theorem 2.3. Making the
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replacements x — ¢” and y — ¢Y first, and then letting ¢ — 1 in Theorem 2.3, we can see that the series on

the left becomes the above 3F2(%)—series, whereas the limit of the right member is determined as follows:

1+z 14y 3 x4y oo qm q3 qy. q3
{q .q H {qq .q ‘ 3} 3 (¢%:4°), (¥ )kqgk
o0

3 3
44" e o= (@

1-¢ L,x+y 1+%2,1+%
_— | S oty
142,14y 1,2t

B 1+ 5, 1+%0+y

3. The second difference pair and implications

For the difference pair {Ay, By} given by

2y. 3 . a3
A, = BTN O@CATY )0 g

(zy; q)ak

[ : ’ }
it is almost routine to compute the differences

v @Y/ BN ) (Azy; ¢ (1 — ¢FFIN) (1 — g F2N)
(zy; q)2k (1= Xzy)(1 = ¢\ /zy)’

ABy =t | , T Y ’ (1= ¢Ma)(L = a’My)
g g N ay/@?M = PN = PN ay)

VA, =q

and to determine the boundary conditions

[AB], = (°A7y; 6o [ z, y

(I —ay/9( —ay/q?)
1— xy/q3/\ q3)\7l,y‘q:|oo and AleO —

(1= Azy) (1 —2y/g3N)

In view of the modified Abel lemma on summation by parts, we can manipulate the Q(A, z,y)-series as

follows:

> Avy; )k (1= zy)(1 — N zy) =
Ay =3 |28y k= B, VA
(.0) ;{(p\ q]k (y:q)ar (1—q\)(1—¢*N) Z KV Ak

_ (1= 2azy)(1 - ¢*Nzy)
(1 =g (1 —¢*X)

{[AB]+ ~A_Bo+ iAkABk}.

Writing this as the recurrence relation

i (1 Xey)(1 = /) (1~ *\/)
R R (Y (Vo

(1 - q/zy)(d - ¢*/zy) Y ,
) AL afay) | 502 o] O )
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and then iterating this relation m-times, we find, after some simplification, the transformation formula:

Ary, >Nz, >Ny
_ 3m ) ) 3
Q()\,Jﬁ,y) _Q(q )\,m,y) l: q)\’q2)\7q3)\ ’q

+ () Loz (L= /) ’“Z o [Aa:y, A, qu/y’qg]

(1 =g\ —¢*N) XA PN
m—1
— (¢°Mzy) {qi’ gy q] Azy;@®)oe D (PN 21 6%), (PN d®), ¢
’ k=0

Letting further m — oo, we arrive at a three term expression.

Proposition 3.1 (Transformation formula)

Azy, PNz, 2Ny 5 ] Q) (U Dy g
A, d ——h s
A z.y) = [ g\ a° A g°A ’ o= wy,q) !

(1—q/zy) (1 — ¢*/zy) = s [Nz, N2, PNy s
+ (A\zy) (1—g\)(1— g2\ ];) NG ¢ ’q

3 z,y s 3 3 .3 3k
— (g A/my)[q/\qu] (Azy; ¢° OO;O M q?), (PN y:d) 0™

When zy = ¢**? with § =0, 1, we deduce from Proposition 3.1 two identities.

Theorem 3.2 (Summation formulae)

Sl - PR SR

wizg (@22

k=0
—(¢*)) [xéf/qx q} (@A 6% Y (PA250°), (°N w3 67), ¢*F,
’ o0 k=0
0 2 2y. 3 3 oo . 2 /.
. ?/x| 1 (PNP)k gk [qu,q A 3] (259), (/7319 4
Ak ke _ ( 3.2
kzzo[ aA ”k (4% @)ak g\ A ‘q Oo,;) @ (3-2)
2 o
z (J/ 2 .3 3 .3 3k
- [q/\q ” X ¢ ookzzo(q/\x,q)k(q Naiq®), ¢

They are g-analogues of the following two nonterminating series identities (cf. [13, Proposition 3] and [14,
Proposition 4]), discovered by Gosper (1977) and rederived in [7, Propositions 3 & 4] by means of the modified

Abel lemma on summation by parts:

z, 1—q, 2 %,% 2cosm(% —¢)
3l 14, ‘4 = 2+>\+x’ 3+g—z T? (3-3)
ks 2 -z, 2+>“ _ LA 342 2sinm(51) (3.4)
342 1+ 214 1+)\+:r’ SA=z | /By — 1) :
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In fact, letting  — ¢®, A — ¢ and then ¢ — 1 in Theorem 3.2, we can see that both the second
terms on the right-hand sides are annihilated. The two first terms on the right—hand sides can be expressed in

a unified manner, as follows:

i |: 276+/\+:1:’ q3+)\7:1: 3:| i (qx; q)k (q1+5—x; q)k .
1m 2—64+X 34\ q
a1 @ wizh (@)
2-64+) 34
o F 3+ 7% F xZ, ]. +5 — X 1
- 2-64Mtz 34A—z [ 271 i+6 4
3 3

Then we recover (3.3) and (3.4) by evaluating the last o (1)-series for 6 = 0, 1, respectively, by the following
known formulae (cf. Gradshteyn—Ryzhik [11, §9.12]):

1 1 .
s5+x,5—x cos(2x arcsin
B2 21 _ cos(2zarcsing) — v, (3.5)
1+z,1—2 2} sin(2x arcsin y)
F ’ ‘ = 3.6
2 1[ % 2zy+/1 — y2 (3.6)

4. Two further infinite series identities
By equating the two expressions displayed in Lemma 2.1 and Proposition 3.1, and then unifying two unilateral
series to a bilateral one, we obtain the following strange transformation that expresses a bilateral series in terms

of three unilateral series, including a well-poised one.

Proposition 4.1 (Transformation formula)

o

(/) [qi’,gy q] Moy @)oo > (PN 26%), (PN yid?),

k=—o0

[Axy PNz, q‘”’A/y‘ ] 0 WD)k
aX A A = Ty )2k

+ ()\xy)

(1 —q/zy)(1 - ¢*/zy) i K [Azy, ¢* A/, q3/\/y’ 3
(I —=¢gN)(1—¢g?)N) = *Aa* X, ¢\

(=101 —ay/N) i 1— q™ay/\ (259), (4 @)y, (0/X; Q)ord® F (wy)*
A —z/NA=y/N) & L=ay/A (Px/X %), (Py/X ), (zy: @)an

By making use of the transformation

oo

22 {gfg“ﬂq} = X (@l = [qu/cl } kijm(—c)kll_‘qfaq(%l)

n=—oo

which can be deduced from a combination of Lemma 5, Theorem 6 and Equation 11 appearing in Chu [6], we
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can reformulate the bilateral series

oo

S (@M, (P My d®), 0

k=—o
[Nz > sNE 11— )z s(*41)
- {q g/ } k_X_:m(_q ;) 1_q3+3k)\/xq

SBry/N2 [ B3Nz = AMNFE 1 =Nz Cs
:q1fZ/A [q Ay//A } kz (_y) : 3k)\/x ).

Substituting this into the equality in Proposition 4.1 and then letting zy = ¢'™°, we get the following

reduced expression.

Theorem 4.2 (Summation formula: § =0, 1)

i 1— gt N (3q), (a0 /259), (/X5 @)arg™ +H°
L=g"/N (@®x/X ¢%), (¢ /A2 ¢%), (675 )2k

k=0
[)\/x,q 1= 5/\x’q] i (T3 9)y, (qH‘S/x;q)qu
N I O
N 1— q1+5)\ :17,q1+5/x 3)\/33 q4+5/\
L— g /N | A gt ’q 7 q4+5//\a: ’

x i (7>\I)kﬂ 3(5)+2k—ko_

1-— q3k)\/xq

k=—o00

The last formula results in g-analogues of the following two classical hypergeometric series identities (see
Chu [7, Corollaries 8 & 9]) with the first one due to Gosper (1977):

1-\ 1 2 34a-) 4-z-)
Fol 20 Ll 3137 3 o 3 41
554 ;1>\3+x>\4z>\9 Ite 2-z 3-\ 4-A [’ (4.1)
271 3 303 373
11—\ 2 4 34+x—X 5—xz—)\
F 7 I+ 5 T, 2 3730 3 3 4.9
544 §27/\3+:1:/\5$)\9 24z 4z 3-A 5—A (42)
2214 3 3073 373

We can justify this fact by examining the limiting case ¢ — 1 of Theorem 4.2 after having made the

replacements = — ¢*, y — ¢¥ and A — ¢*. The right hand side of the resulting equation reads as:

Fl T e {:c,lJr(;x 1] L+6+a [ 1,80
A=z A—1-—b4z [ 271 1 ’* _ 34A—z 4454\
55 T 2 +9 4 1+0—-A 5 g
(4.3)
148 248 3+8 A 14X 24) 00 \_
XF[ 3=3736>3> 3573 S 1 Z(_l)k z
1 24z 145—x 2+46—z 345— —x
ERN T Sl St S e i e k+A-z
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Evaluating first the above o F7j-series by (3.5) and (3.6)

I aml—i—é—x’} - V3
2 146 la] o sin o (z +2)
— =1
\/g 1_3; ) )
we can reformulate the first term of (4.3)
L 3T | 2simEedte) 2 sinf(14dba) [t AR
%,k 1g6+ \/g (1—2)s V3 (1—2)s 33>\74+6 A

y sin Z(A—z)sin (A —1—-0+x)
sm”—’\sm’g()\flf(;)

3
Then by evaluating the bilateral series (cf. Gradshteyn—Ryzhik [11, §1.422]):

A—zx = 2(\ — )2
S Vg = I o g

!

we can also manipulate the second term of (4.3)

3—Atz 445—A—x 148 248 345 A 2—6+A 3—X 1+5 A
r 3 ? 3 < T 37 3 " 3 3 3 T3
3=\ 446X z 142 24z 146—z 246—=z 3+5 T
3 3 3> 37 3 3 3 3

_r [W,W] 2sin %F sin Z (1 + ) sin (2 4 x)

%,MT*)‘ \/3(1755)55,11175111 (1+0-N)

Now putting these two terms together, we can express (4.3) as

r [3§+z7 4+63)‘z] 2sin (1 +0+ )

%,# ﬁ(l—x)gsm”—)‘sm (A=1-09)

LT LT e
><{Slng()\—x)smg()\—1—5+x)—sm?sm3(2—(5+ )}

After factorizing the trigonometric difference in the braces “{---}”, we get the following simplified expression

. [3?;%07 4+5)\x‘| 2sin T (1+6+$) _ [ %7%+5 37>\+ZE 4+5§)\71 ‘|

3—A 445-—-) 1464 2425—x 3—\ 4+5 A
3 \/3(1*17)6 5 3 I’ =

which coincides with those displayed in (4.1) and (4.2). O
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