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Abstract: We study two cases of nabla fractional Caputo difference equations. Our main tool used is a Banach fixed
point theorem, which allows us to give some existence and uniqueness theorems of solutions for discrete fractional Caputo
equations. In addition, we develop the existence results for delta fractional Caputo difference equations, which correct

ones obtained in Chen and Zhou. We present two examples to illustrate our main results.
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1. Introduction

Discrete fractional calculus, allowing difference operators to have noninteger orders, can be regarded as a general
concept of difference calculus. Since the early article [2] considering two-point boundary value problem (BVP)
for finite fractional difference equations, a gradually increasing amount of researchers has started studying BVPs
for discrete fractional equations. Goodrich [6], for example, investigated a similar case with right-focal boundary
conditions. Then, after one year, Holm [7] explored (N — 1,1) fractional BVPs in his Ph.D. Dissertation. Xie
et al. [10] studied multiple solutions for a fractional difference BVP by a variational approach. Sitthiwirattham
et al. [9] and Reunsumrit et al. [8] considered BVP for fractional difference equations with three-point and
four-point fractional sum boundary conditions, respectively. Recently, Chen and Zhou [3] have obtained the

existence and Ulam stability of solutions for

AY, gea(t) = ft+v—La(t+v-1), teNg,
zv—1)+zb+v)=0 Az(v—1)+Az(b+v—-1)=0

and
{ A?y—Q)*x(t):f(t+y_17x(t+y_1))7 tENg,
z(v—1)=ylv-1),z(b+v)=ylb+v),

respectively, where 1 < v <2, z(t) e R, b€ Ny and f: Nl,jf”l_l — R. However, there are some inconsistencies
in the proof of [3, Lemma 6, Theorem 15|, which lead to the invalidity of their uniqueness theorems of solutions

and the Ulam stability results. As a complement, we correct the relevant results (see Section 5 for details).
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In Section 2, we first start with some basics and fundamental properties of discrete fractional calculus.
Two cases of BVPs are considered in Section 3 and Section 4, respectively. We point out the inconsistencies
in the calculations arising in [3] and provide the corrections in Section 5. Finally, in Section 6, two numerical

examples are presented.

2. Preliminaries

We now give some definitions and preliminary results for Caputo operators. Denote N2 pi={a+1la+2,---,b}

for any a € R.

Definition 2.1 (See [5, Definition 3.56]) For v ¢ —N, put

(t—a)”

H,(t,a) = m,

t € N, (2.1)

where
7 L{t+v)
T
Definition 2.2 (See [5, Definition 3.58]) Let f:N,y1 — R. For v >0, put
¢

VS0 = [ Heatpo) (50T, 1€ N, (22
where p(t) ==t —1 and V" f(a) :=0.
Definition 2.3 (See [5, Definition 3.117]) Let f:No_nyy1 — R. For v >0 and N := [v], put

VY f(t) =V, NIV F(E), e No_ni1, (2.3)

and by convention V4. f(a) =0.

Lemma 2.4 (See [5, Theorem 3.119]) Let f:N,_nyi1 = R. If v >0 and N := [v], then

N—
f(t) = Hi(t,a)VFf(a) + V"V f(t), t€Non1. (2.4)
k=0

—

3. Nabla case, 0 < v <1

Having established the preliminary results for Caputo operators, we now consider existence and uniqueness of

solutions for nonlinear Caputo fractional difference equations of the form

{Vg*x(t)Z (tx(t—1), teN ., (3.1)

where 0 <v <1, z(t) R, f:Nb | x R— R, and m,n € R with m +n # 0.
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To begin with, we consider the linear version of (3.1) of the form

Vi.a(t) = f(t), teN: .,
a 3.2
by =0 (32
where 0 <v <1, z(t) eR, f:Nl,; =R, and m,n € R with m+n #0.
Theorem 3.1 x is a solution of
n
t)=— V.U fb)+ VYV, f(t), teN: 3.3
#(t) =~V F0) + V), tEN, (33)
iff © is a solution of (3.2).
Proof If x satisfies (3.3), then
ma(a) + na(b) = =~V B) 4 ( =V () + V(D)
 om+4n m+n @
G b - )+ 0 ) = () (e =0
m+n m+n ¢ Va N min min ) Ve N
Moreover, for t € NZ_H,
n
vty = VL (- VL) 4+ ViV f(t
Vet = Vi ( m+nva F(b)+ v, f())
A AT ORI A A TU R et P ORI O}
where we used the nice property of the discrete Caputo operator that for constant C',
vr.C =V, NIyNo =v V=1 =9 (3.4)
and the composition rule in [4, Lemma 4.9]
VI UVEF(E) = f(t), v>0, t € N,. (3.5)

Hence, = solves (3.2).

On the other hand, assume z satisfies (3.2). From Lemma 2.4, setting N = 1, we immediately obtain
that

x(t) = Ho(t,a)x(a) + V" Vix(t) = x(a) + VY f(t), te€N°. (3.6)
We plug (3.6) into the boundary condition of (3.2) and derive
ma(a) + nz(b) = mx(a) + n (z(a) + V.V f(b)) = (m + n)z(a) + nV, " f(b) =
which implies that

2(a) = ——2—V," f(b). (3.7)

Substituting (3.7) into (3.6), we have (3.3). O

Due to Theorem 3.1, we obtain the next result.
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Theorem 3.2 x is a solution of

a(t) = —— " SV fba(b = 1) + VU f(ta(t 1), te N

iff x is a solution of (3.1).
We make the following assumption.
(Hy) f:N’ xR — R is Lipschitz continuous, i.e., there exists L > 0 such that

|f(t,z) — f(t,y)] < L|z —y| for all z,y € R and t € N2, (3.8)
Theorem 3.3 Assume (Hy). Then (3.1) has a unique solution on N% provided
n
A= (" + 1> LH,(b,a) < 1. (3.9)
m+n

Proof Let (X,||-||) be the Banach space of all real-valued functions defined on N’ with norm ||z|| =

supene |2(t)]. We next define the operator T': X — X by

n

(Tx)(t) := “in

VoV f(ba(b— 1)) + VIV f(t, a(t — 1)) (3.10)

For the existence of solutions of (3.1), one needs to prove that T" has a fixed point. Notice that for all x, y € X

and t € N% | we have

[(Tz)(t) = (Ty)(®)]

= et - 1) 4 VAt - 1) - <minva "Fy(b = D)+ VLISl 1”) ‘
= | (VT by = 1) = VS (bee(b — 1)) + Vi F (= 1) = Vo F(tylt - 1))’

| T (= 1) = Fa(b = 1) + Ve 1) = Fee 1)
T e 1) — S ab — D))+ V¥ (1) — (e~ 1)

I 1)~ a1+ LV el — 1) — g1 1)

< min LV ||z =yl + LV ||z — yl|

_ (min +1> Lljz —y||V;"1

(|7 ) e -

< ( o +1) LH, (b,0)][z — |
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(3.9)
=" Az —yll,

where we use the fact that H,(-,a) is a nondecreasing function. That is,
(T2)(t) = (Ty)(t)] < M[x —yll, teN;.

Then
| Tz — Ty|| < M|z — yl|, with A € (0,1).

Therefore, T' is a contraction mapping and from the Banach fixed point theorem, see [11, Theorem 1.A], we
know that there exists a unique T such that 7T = T, which implies by Theorem 3.2 that T is a solution of
(3.1).

We next show that Z is the unique solution of (3.1). Let y be any solution of (3.1). From Theorem 3.2
and using the fact that 7" has a unique fixed point T, we have

n

u(t) =~ ST by~ 1) + Vi (gt~ 1)

= (Ty)(t) = =(1).

Thus, (3.1) has a unique solution on N . O

4. Nabla case, 1 <v < 2

We now investigate existence and uniqueness of solutions for nonlinear Caputo fractional difference equations

of the form

Viea(t) = f(ta(t—1), teNy,,
{ z(a—1) = g(z), x(b) = xp, i (4.1)

where 1 < v <2, xp, z(t) €R, f: NZH xR — R, and g: X — R, where X is the space of all real-valued

functions defined on N%_ .

First, let us consider the linear version of (4.1) of the form

{ VZ*m(t) = f(t)7 te NZ-&-la (42)
xz(a—1) = g(x), z(b) = zp,
where 1 < v <2, a3, z(t) € R, f: NZ;H — R, and g : X — R, where X is the space of all real-valued

functions defined on N2 .

Theorem 4.1 x is a solution of

(t—a+1)(@ — V" f(b)) + (b—t)g(z)
b—a+1

a(t) = +VUf), teN,, (4.3)

iff x is a solution of (4.2).

Proof Assume z solves (4.3). It is not difficult to see that (4.3) satisfies the boundary conditions of (4.2). In
addition, for t e N’

t—a+1)(xs — V" f(b) + (b—t)g(x)
b—a+1

VY. x(t) = V2. <( + Vo ”f(t)>
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_ w=V ") G v g—v
= —— Vo (t a+1)+bfa+1v“*(b t)+ VeV, Y f(t)

(2.3) (3.5

V. @RV () O IR () = £(1).
Hence, x solves (4.2).

For the opposite direction, let = be a solution of (4.2). From Lemma 2.4, setting N = 2, we have
x(t) = Ho(t,a)x(a) + Hy1(t,a)Va(a) + V' Vi.x(t)

(t—a)
I'(2)

=z(a) + Va(a) + V" f(t)

=x(a) + (t —a)Va(a) + V,Vf(t), teN>_,. (4.4)
Combining (4.4) and the boundary conditions of (4.2), we derive
xp = x(a) + (b—a)Va(a) + V" f(b)
=xz(a) + (b —a)(z(a) —x(a—1)) + V" f(b)
=0b-a+z(a) = (b—a)x(a—1)+ V" f(b)
= (b—a+1)z(a) = (b—a)g(z) + V" f(b),
which implies that

2y + (b—a)g(x) — V" f(b)

= . 4.5
r(a) e (45)
Then
zp+ (b—a)g(z) — V" f(b) zy — g(x) =V, " f(b)
— _ _ 1 — j— g . 4.
Vi(a) = a(a) ~ #(a 1) e () o (16)
Substituting (4.5) and (4.6) into (4.4), collecting like terms, we have (4.3). O
Theorem 4.2 z is a solution of
t— 1 -V fb,z(b—1 b—t
J?(t):( a+ )(Ib a f( ,ZE( )))+( )g(l‘) +V;"f(t,x(t—1)), tENg_l
b—a+1
iff x is a solution of (4.1).
We make an assumption about the function g.
(Hz) There exists M > 0 such that
l9(2) — g(y)| < M|z —y]| for all z,y € X.
Theorem 4.3 Assume (Hy) and (Hs). Then (3.2) has a unique solution on N%_, provided
w:=2LH,(bya)+ M < 1. (4.7
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Proof This result can be proved in exactly the same way as that of Theorem 3.3. Therefore, it is not surprising

for us to find that the proof here is analogous as well. Let X be the space of all real-valued functions defined
on N® | with norm ||z|| = sup;ens | |2(t)[. Hence, (X,[|-[|) is a Banach space. We next define the operator

T:X = X by

(t—a+1)(x = V" f(bz(b-1))) + (b—t)g(z)

(Tz)(t) = b—a+1

+ VU fa(t 1)), teN) ;.

We claim that T' is a contraction mapping. Indeed,

[(Tz)(t) = (Ty)(®)]
_ ’ (t—a+1)(xy =V, "fb,z(b—1))) + (b—t)g(x)

+ V.Vt x(t—1))

b—a+1
_ (t —a+ 1)(mb — v;;{(i’ i(?-_ 1))) + (b — t)g(y) _ Vg”f(t,y(t _ 1))
_ ’ (t—a+ 1)V "(f(by(b—1)) = f(b,x(b—1))) + (b—t)(9(x) — g(y))
b—a+1

+V It a(t = 1) = fty(t = 1))

t—a+1 b—t
< _— —v — — _ - _
S a1 [V U= 1) = Sl - D) + 5=~ l9(@) — ()]
+ |V (f (= 1)) = f(t,y(t— 1))
22 t—a+1 b_t
< - VY —1 _ -1 v _
< e Va by = 1) = fb(b— 1) + p= la(a) ()
+V U f (G x(t— 1)) = fty(t— 1))
(1) t—a+1 b—t
< _ -V —1) — -1 - _ —v —1)— 1
S et Ve WO =D 2= D+ gy Ml =yl 4+ L9, ot~ 1)~ y(t — 1))
t—a+1 b—t
< _— —v — - _ —v _
< i iVelllr —yll 4 gy Ml =yl + LVl — |
t—a+1 ) b—t
- <b_a+1+1)Lllwy||Va Lt g Mz =
t—a+1 b—t
- (b__(14_1+’1> L1¥V(t,a)H1:—»y\|+»Bi:z;;jiﬂiﬂa:—»yH

< (2LHy(b,a) + M) ||z — yl|

(4.7)
= MH-’L'_:UHa tENZ—lv

which implies
[Tz — Tyl < pllz —yl|, with p € (0,1).

From the Banach fixed point theorem, see [11, Theorem 1.A], we know that there exists a unique T such that

TT = T, which implies by Theorem 4.2 that T is a solution of (4.1).
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We next show that Z is the unique solution of (4.1). Let y be any solution of (4.1). From Theorem 4.2

and using the fact that T has a unique fixed point T, we have

(t—a+1)(xy, — V" f(b,y(b—1))) + (b—1t)g(y)
b—a+1

y(t) = + VL f(ty(t—1))

=(Ty)(t) = (t).

Thus, (4.1) has a unique solution on Nb_, . O

5. Delta case, 1 <v < 2

Chen and Zhou [3, Lemma 6] investigated existence of solutions for discrete fractional boundary value problems

of the form

(5.1)

AY, g.x(t) = ft+v—1), teN,
z(v—1)4+z(b+v)=0, Az(v—1)+Az(b+v —1) =0,

where 1 <v <2, z(t) eR, be Ny and f: Nfi’fl — R. They obtained the following result.

Theorem 5.1 (See [3, Lemma 6]) x is a solution of (5.1) iff x is a solution of

t—v

b
2 Pty 1) = gy S04y = s = D (e v =)

bt+ow—1—¢22

21“(1/_ 1) ;(6+V—8—2)df(s+y_1)7 tGN?,tli. (5.2)

However, we have to point out that this result is incorrect. We only need to verify that (5.2) does not satisfy
the first boundary condition of (5.1). Let x(t) have the representation (5.2). Then

b

b—1
b+v
— v=1 — 7 —g—9)=2 —
z(v—1) 920 Y —f(s+v 1)+2F(V_1);)(b+1/ s—=2)=f(s+v—1)
and
1 b
b (b+v—s—1)=1 —-1)— v=l -1
z(b+v) I‘(ug +trv—s—1)=—f(s+v—-1) 5T SZO r—f(s+v—1)
L1 !
_5—92)¥=2 —-1).
21"y—1 ;b—ku s—2)=f(s+v—1)
Hence,
b+2u 1
z(v—=1)4zb+v)= Zb+u—s—2)”_2f(s+1/—1).
s=0

Since b € Ny, we derive that z(v —1)+x(b+v) # 0, which contradicts the boundary condition of (5.1). Hence,

in this way, we see that Theorem 5.1 is incorrect.
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In addition, they also considered the Ulam stability (see [3, Section 4] for details) for

{ AY, gpea(t) = ft+v—La(t+v-1), teNg, (5.3)

a(v—1) =y —1), z(b+v) =yb+v),

where 1 < v <2, z(t) € R, b€ Ny, and f: N’ =1 x R — R. At the beginning of the proof of [3, Theorem
15], they gave the solution for (5.3) as

2(t) =yl = 1) + = (y(b+ ) — y(v — 1)

+v
b
—WZ b+v—s— 1) "f(s+v—1x(s+v—1))
s=0
t—v
+ﬁ2(t—s—1)”_1f(s—|—y—1,a:(s+u—l)), t e Noty, (5.4)

s=0

Unfortunately, it seems that (5.4) is not a solution for (5.3) either. From (5.4), we have

=Lyt v) -y - 1))

z(v—1) :y(y—1)+b+y

b
V_l Zb—i—u—s DL f(s+v—1,2(s +v—1)). (5.5)

S=

If (5.5) satisfies the first boundary condition of (5.3), then

v—1 v —

0= b+y(y(b+u)—y(u—1)) W

b
Zb+y—s—1)” Lf(s+v—1,2(s+v—1)).

5=

That is,

yb+v)—ylv—1) =

b
Zb—i—u—s—l)” Li(s+v—1,2(s+v—1))
s:O

= AV f(t+v =Lt +v—=1))|,_,., - (5.6)

However, so far, the validity for (5.6) is still a question since we do not know the exact representation of
ft+v—1z(t+v—1)). In fact, the validity of (5.6) is negative. One can see Remark 5.5 for details.
1) and (5.3). The

5.
Notice that the results in the rest of [3] are strongly based on the solutions of (5.
(5.3) are provided as

problems need to be addressed. For completeness, the correct solutions of (5.1) and
follows.
Lemma 5.2 (See [1, Proposition 15]) Let f:N, = R. For v >0 and N := [v], we have

Nl )k
AN AL S () = F(1) = Y AR (a) = () +co+eat 4+ et
k=0 )

where ¢; are constants, i € NY 1.
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Theorem 5.3 z is a solution of (5.1) iff © is a solution of

t

v

1

x(t) :W (t—s—1)Lf(s+v—1)—co—cit, teNT¥
s=0
where
1 1 b
c1 = 5 <f(V—1)+IMsz_:o(b+y—8—2)l/_2f(8+l/—1)>
and

b
CO:;<F(1y)Z(b+u—s—1)”1f(s+1/—1)—cl(b+2u—1)).

5=0

Proof Applying Ag"” to each side of (5.1), from Lemma 5.2, we have
z(t) = A" ft+v—1)—co— crt. (5.7)

Then

Ax(t) = AA ft+v—1)—c1 = Ay flt+v—1) —cy. (5.8)

Combining (5.8) and the second boundary condition of (5.1), we have

Ar(v—1)+Az(b+v—1)= Ay flt+v—-1)|,_, _ —a+ A7 flt+v-1)|,_,,, ,—a
1 b
==+ gy Dy s = D 1) -2 =0
That is,
1 1 <
— = ) s or=2 1.
¢ = (f(v ) T §<b+v s = 2)2f(s +v >>
Besides, from (5.7) and the first boundary condition of (5.1), we have
z(v—=1)4zb+v)= Aayf(tJrV*l)}t:V_l —c—c(v—1)+ Aa”f(t+u—1)|t:b+y —cog—c1(b+v)

1

b
) S b+v—s—1)=Lf(s+v—1)—2c —cr(b+2v—1) =0,

s=0

That is,

b
co;(FEV)Z(b+us1)”1f(s+1/1)cl(b+21/1)>.

s=0

Thus, we obtain our required result.
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Theorem 5.4 x is a solution for (5.3) iff x is a solution of

t—v

1
Zt_s V1f(8+V—1$(S+V_1>)_CO_Clt7 tENl;tIi,
s=0

F(l/
where
1 1 : v—1
=T ) Z(b—!—y—s— De=f(s+v—-1z(s+v—-1)) +y(v—-1) —y(b—|—1/))
s=0
and

co=—-c(v—1)—yv-1).
Proof Similar to the proof of Theorem 5.3, we have
z(t) =A"ft+v—1lz(t+v—1)) —co — et
Then from the boundary conditions of (5.3), we know
z(v—1)=A"ft+v—-1z(t+v— 1))|t:1]_1 —cg—c(v—1)=—-cp—an(v—-1)=y(v-1).

and

x(b—l—u):Aa”f(t—i—u—l,x(t—ku—1))|t:b+u—co—cl(b+u)

b
%Z b+v—s—1)Lf(s+v—1a(s+v—1)—co—ci(b+v)
s=0

=y(b+v).

Combining (5.9) and (5.10), we have that

b
¢ :ﬁ (F(ly)Z(b—l—u—s—1)”_1f(s+u—1,w(s+y—1)) +y(u—1)—y(b—|—u))

s=0
and
co=—-cav—-1)—ylv-1).

Thus, we obtain our required result.

(5.9)

(5.10)

Remark 5.5 Using the boundary conditions of (5.3) and Theorem 5.4, we can prove that the validity of (5.6)

is negative. We have
y(b+v) =y —1) = a(b+v) —x(v — 1)

b
:%V)Z(ZHLV*S*1)ﬂf(5+1/*1vm(5+l’*1>)*CO*Cl(bJrV)*(*Cgfcl(y—l))

s=0
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(b+v—s—1)=fls+v—1a(s+v—1)—ci(b+1)

§
-
M=

Il
<

(v)

S

b

(¥)

Ss=

‘ -

# (b+v—s—1)=f(s+v—1,z(s+v—1)).

=
<

This implies that (5.4) is not a solution of (5.3).

6. Examples

We now give some examples in order to illustrate our results.
Example 6.1 Let us consider the discrete Caputo BVP

VilPx(t) = 0.25sinz(t — 1), teNj,
{ 2(0) +2(5) = 0. (6.1)

Using the parameters

from Theorem 3.2, we obtain that a solution of (6.1) satisfies
x(t) = —%V60'50.25 sinx(4) + V5 °°0.25sin z(t — 1)
= —0.125V, P sin2(4) 4+ 0.25V, *Psinz(t — 1), t €N,
We next show that (6.1) has a unique solution. To begin with, we need to make sure f satisfies (Hy). Indeed,

|f(t, ) — f(t,y)] =10.25sinz — 0.25siny| = 0.25 |sinx — sin y|

=0.25|(z — y)cos(&)| < 0.25|x —y|, teN;,

where we used the Lagrange mean value theorem. Hence, L = 0.25 and f is Lipschitz continuous for t € Nj.

Notice that

1) 0925 Hys(5.0) ~ 09229 < 1.
<1+1 +> 0.5(5,0) 9 <

Applying Theorem 3.3, we come to the conclusion that (6.1) has a unique solution on Nj.

Example 6.2 Let us consider the discrete Caputo BVP

92(t) = 0.25sinz(t — 1), te N3,
{x(>”f’é7 #(5) =1,

Using

where ||z]] = supyens | |(t)].-
_ P =l _ _ 1
vr=025a=0b=5,¢9(x) = 5 ,mb—l,L—O.QS,M—G,
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from Theorem /.2, we obtain that a solution of (6.2) satisfies

t+1)(1 — 0.25V;%5 sin x(4)) + E=llzll ,
{L'(t) :( )( 0 6 Slnx( )) 6 + 0-25v070.20 Sinm(t _ 1)’ t c Nil

Since

=

from Theorem /.3, we obtain that (6.2) has a unique solution on N° | .
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