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Abstract: In this paper, we introduce the Bishop frame of a pseudo null curve α in Minkowski space-time. We obtain
the Bishop frame’s equations and the relation between the Frenet frame and the Bishop frame. We find the third order
nonlinear differential equation whose particular solutions determine the form of the Bishop curvatures. By using space-
time geometric algebra, we derive the Darboux bivectors D and D̃ of the Frenet and the Bishop frame of α , respectively.
We give geometric interpretations of the Frenet and the Bishop curvatures of α in terms of areas of the projections of
the corresponding Darboux bivectors onto the planes spanned by the frame vector’s fields.
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1. Introduction
The Bishop frame {T,N1, N2} (relatively parallel adapted frame, rotation-minimizing frame) of a regular curve
in Euclidean space E3 can be obtained by applying rotation of the Frenet frame {T,N,B} about the tangent
vector field T for an angle θ(s) =

∫
τ(s)ds , where τ(s) is the second curvature (torsion) of the curve [1]. As

the result of the applied rotation, the vector fields N ′
1 and N ′

2 are collinear with the tangent vector field T at
each point of the curve. Hence, the Bishop frame is called rotation-minimizing frame with respect to T . The
normal vector fields N1 and N2 are called relatively paralel vector fields. Such frame is well defined even in
the points of the curve where the first Frenet curvature κ vanishes, which is not the case with the Frenet frame.
A new versions of the Bishop frame in E3 , known as type-2 Bishop frame and N -Bishop frame, are introduced
in [14, 25]. In Euclidean 4 -space the Bishop frame is studied in [8] in terms of the Euler angles. In Minkowski
spaces, the Bishop frame of a timelike and a spacelike curve is obtained in [5, 20]. Recently, the Bishop frame
and the generalized Bishop frame of the pseudo null and null Cartan curve in Minkowski 3 -space are introduced
in [9, 10].

In Minkowski space-time E4
1 the Bishop frame {T1, N1, N2, N3} of a null Cartan curve contains the

tangent vector field T1 of the curve and three vector fields whose derivatives N ′
1 , N ′

2 , and N ′
3 with respect

to pseudo-arc are collinear with N2 [7]. Hence, they make a minimal rotations in the corresponding spaces
N⊥

1 = span{T1, N2, N3} , N⊥
2 = span{N1, N2, N3} , and N⊥

3 = span{T1, N1, N2} , respectively. Accordingly,
the Bishop frame of null Cartan curve in E4

1 can be seen as rotation-minimizing frame with respect to N2 . The
Bishop frame can be used in many physical and mathematical applications related with rigid body mechanics
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[6], computer graphics [23], deformation of tubes [21], sweep surface modeling [16], and differential geometry in
studying different types of curves (see for example [2, 3, 15, 24]).

The Bishop frame of a pseudo null curve α in E4
1 is not obtained yet. In this paper, we introduce the

Bishop frame of a pseudo null curve α in Minkowski space-time. We derive the Bishop frame’s equations and
the relation between the Frenet frame and the Bishop frame. We obtain the third order nonlinear differential
equation whose particular solutions determine the form of the Bishop curvatures. We emphasize that such
frame cannot be introduced as the frame containing the tangent vector field T . It can be proved that if the
tangent vector field T is one of the Bishop frame’s vector fields of a pseudo null curve, then such curve has the
third Frenet curvature κ3(s) = 0 for each s , which is not a general case. Accordingly, we define the Bishop
frame of pseudo null curve α as the frame containing the principal normal vector field N = α′′ and three vector
fields whose derivatives in arc length parameter s of the curve have minimal rotation property. We derive the
Bishop’s frame equations and the relation between the Frenet frame and the Bishop frame. We also give some
examples of the Bishop frames of pseudo null curves in E4

1 .
It is known that the Darboux vector (angular velocity vector) of the Frenet frame of a regular curve in

Euclidean space E3 gives the direction of the frame’s rotation and satisfies the Darboux equations ([17]). In
Minkowski space-time E4

1 , the Frenet frame of a nonnull curve with a nonnull principal normal has Darboux
bivector D that can be regarded as generalization of the Darboux vector ([11–13]). It is show in [11] that the
Frenet frame of a timelike curve α in E4

1 has Darboux bivector which satisfies the Darboux equations in terms
of the inner product of spacetime geometric algebra.

In this paper, by using space-time geometric algebra, we obtain Darboux bivector D of the Frenet frame
and Darboux bivector D̃ of the Bishop frame of pseudo null curve α in E4

1 . In particular, we show that D and
D̃ are lightlike bivectors if and only if α has the third Frenet curvature and the third Bishop curvature equal
to zero respectively. We give geometric interpretations of the Frenet and the Bishop curvatures of α in terms
of areas of the projections of Darboux bivectors onto the planes spanned by the frames’s vector fields.

2. Preliminaries

Minkowski space-time E4
1 is the real vector space E4 equipped with the standard indefinite flat metric ⟨·, ·⟩

defined by

⟨x, y⟩ = −x1y1 + x2y2 + x3y3 + x4y4,

for any two vectors x = (x1, x2, x3, x4) and y = (y1, y2, y3, y4) in E4
1 . Since ⟨·, ·⟩ is an indefinite metric, an

arbitrary vector x ̸= 0 in E4
1 can be spacelike, timelike, or null (lightlike), if ⟨x, x⟩ is positive, negative, or zero,

respectively. In particular, the vector x = 0 is a spacelike. The norm (length) of a vector x ∈ E4
1 is given by

∥x∥ =
√
|⟨x, x⟩| . An arbitrary curve α : I → E4

1 can locally be spacelike, timelike, or null (lightlike), if all of
its velocity vectors α′(s) are spacelike, timelike or null, respectively [19].

A spacelike curve α : I → E4
1 is called a pseudo null curve, if its principal normal vector N and the

second binormal vector B2 are null vectors. The Frenet frame {T,N,B1, B2} of pseudo null curve α satisfies
the conditions

⟨T, T ⟩ = ⟨B1, B1⟩ = 1, ⟨N,N⟩ = ⟨B2, B2⟩ = 0,
⟨T,N⟩ = ⟨T,B1⟩ = ⟨N,B1⟩ = ⟨T,B2⟩ = ⟨B1, B2⟩ = 0, ⟨N,B2⟩ = 1.

(2.1)
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The Frenet equations of a pseudo null curve α in E4
1 read [22]


T ′

N ′

B′
1

B′
2

 =


0 κ1 0 0
0 0 κ2 0
0 κ3 0 −κ2

−κ1 0 −κ3 0




T
N
B1

B2

 , (2.2)

where κ1(s) = 1 is the first Frenet curvature and κ2(s) and κ3(s) are the second and the third Frenet
curvature of α , respectively. The Frenet frame {T,N,B1, B2} is positively oriented, if

⟨T,N ×B1 ×B2⟩ = det(T,N,B1, B2) = 1.

Note that if α has the Frenet curvatures κ2(s) ̸= 0 and κ3(s) = 0 , then it also lies in E4
1 according to

its Frenet equations (2.2).
Spacetime algebra is a noncommutative associative geometric algebra G4(E4

1) of dimension 16 whose
elements are called multivectors. In spacetime algebra, the geometric product of a vector a with itself is defined
by [12]

a2 = ϵa||a||2,

where ϵa is the signature of a and ||a|| =
√
|⟨a, a⟩| is a magnitude of a . Accordingly, the vector a is said to

be timelike iff ϵa = 1 , spacelike iff ϵa = −1 , and lightlike (null) iff ϵa = 0 . The geometric product ab of two
vectors a and b can be decomposed as

ab = a · b+ a ∧ b,

where a · b = 1
2 (ab + ba) is commutative inner product and a ∧ b = 1

2 (ab − ba) is a noncommutative outer
(wedge, exterior) product. The inner product of 1 -vector (vector) a and bivector (2-vector) b ∧ c is given by
[12]

a · (b ∧ c) = ⟨a, b⟩c− ⟨a, c⟩b = −(b ∧ c) · a. (2.3)

In particular, the inner product of two bivectors (2-vectors) is defined by

(b ∧ a) · (u ∧ v) = −⟨b, u⟩⟨a, v⟩+ ⟨b, v⟩⟨a, u⟩. (2.4)

The Frenet frame {T̄ , N̄ , B̄1, B̄2} of a timelike curve in E4
1 has Darboux bivector D̄ of the form [11]

D̄ = κ̄1N̄ ∧ T̄ + κ̄2N̄ ∧ B̄1 + κ̄3B̄1 ∧ B̄2.

It represents the generalization of the Darboux vector D in E3
1 . Namely, if κ̄3 = 0 , then timelike curve lies in

E3
1 , so its Darboux vector is given by

D = −ID̄ = −I(κ̄1N̄ ∧ T̄ + κ̄2N̄ ∧ B̄1) = κ̄1B̄1 + κ̄2T̄ ,

where I is the pseudoscalar of G3(E3
1) and I(a ∧ b) = a × b . For further properties of spacetime geometric

algebra, we refer to [12, 13].
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3. The Bishop frame of a pseudo null curve in E4
1

In this section, we introduce the Bishop frame of a pseudo null curve α in E4
1 with the Frenet curvatures

κ1(s) = 1 , κ2(s) ̸= 0 , and κ3(s) = 0 or κ3(s) ̸= 0 . We derive the Bishop frame’s equations and find the relation
between the Frenet and the Bishop frame of α . We obtain the third order nonlinear differential equation whose
particular solutions determine the form of the Bishop curvatures and provide the related examples.

Let α be a pseudo null curve in E4
1 with the Frenet frame {T,N,B1, B2} . Then its rectifying space

N⊥ = span{T,N,B1} is a lightlike. The spacelike vector fields T and B1 span a screen distribution on N⊥

([4]). For a given T and B1 , there exists a unique lightlike transversal vector field B2 in E4
1 (the second

binormal vector field of α), satisfying the conditions ([4])

⟨B2, B2⟩ = 0, ⟨B2, N⟩ = 1, ⟨B2, B1⟩ = ⟨B2, T ⟩ = 0.

Denote by {N0, N1, N2, N3} a new frame along α , where N1 = N is the principal normal vector field, N0 and
N2 are spacelike vector fields and N3 is a lightlike transversal vector field satisfying the conditions

⟨N1, N1⟩ = ⟨N3, N3⟩ = 0, ⟨N0, N0⟩ = ⟨N2, N2⟩ = ⟨N1, N3⟩ = 1,
⟨N0, N1⟩ = ⟨N0, N2⟩ = ⟨N0, N3⟩ = ⟨N1, N2⟩ = ⟨N2, N3⟩ = 0.

(3.1)

Hence, the frame {N0, N1, N2, N3} is pseudo-orthonormal. With respect to this frame, the vector fields N ′
0 ,

N ′
2 and N ′

3 can be decomposed as

N ′
0 = a0N0+b0N1+c0N2+d0N3, N ′

2 = a2N0+b2N1+c2N2+d2N3, N ′
3 = a3N0+b3N1+c3N2+d3N3, (3.2)

for some differentiable functions ai, bi, ci, di , i = 0, 2, 3 . We define the vector fields N0 , N2 , and N3 to be
relatively parallel as follows.

Definition 3.1 The spacelike vector fields N0 and N2 and the lightlike transversal vector field N3 of a pseudo
null curve α in E4

1 are said to be relatively parallel, if the component N⊥
1 = span{N0, N1, N2} of their

derivatives N ′
0 , N ′

2 , and N ′
3 is equal to zero.

By using the Definition (3.1) and relation (3.2), it follows that the vector fields N ′
0 , N ′

2 , and N ′
3

are collinear with null vector field N3 at each point of the curve. This means that N ′
0 , N ′

2 and N ′
3 make

minimal rotations in hyperplanes N⊥
0 = {N1, N2, N3} , N⊥

2 = span{N0, N1, N3} and N⊥
3 = span{N0, N2, N3} ,

respectively.

Definition 3.2 The Bishop frame {N0, N1, N2, N3} of a pseudo null curve α in E4
1 is positively oriented

pseudo-orthonormal frame containing principal normal vector field N1 = N , relatively parallel spacelike vector
fields N0 and N2 and relatively parallel lightlike transversal vector field N3 satisfying the conditions (3.1).

The Bishop frame {N0, N1, N2, N3} is positively oriented, if

⟨N0, N1 ×N2 ×N3⟩ = det(N0, N1, N2, N3) = 1.
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Theorem 3.3 Let α be a pseudo null curve in E4
1 parameterized by arc length s with the Frenet curvatures

κ1(s) = 1 , κ2(s) ̸= 0 , κ3(s) . Then the Bishop frame {N0, N1, N2, N3} and the Frenet frame {T,N,B1, B2} of
α are related by

N0 =
σ2√

σ2
1 + σ2

2

T +
( (σ2

σ1
)′σ2

1σ2

(σ2
1 + σ2

2)
2
− σ1σ3

σ2
1 + σ2

2

)
N +

σ1√
σ2
1 + σ2

2

B1,

N1 = N,

N2 = − σ1√
σ2
1 + σ2

2

T −
( (σ2

σ1
)′σ3

1

(σ2
1 + σ2

2)
2
+

σ2σ3

σ2
1 + σ2

2

)
N +

σ2√
σ2
1 + σ2

2

B1,

N3 = −
(σ2

σ1
)′σ2

1

(σ2
1 + σ2

2)
3
2

T − 1

2

( σ2
3

σ2
1 + σ2

2

+
(σ2

σ1
)′ 2σ4

1

(σ2
1 + σ2

2)
3

)
N +

σ3√
σ2
1 + σ2

2

B1 +B2.

(3.3)

and the Bishop frame’s equations read
N ′

0

N ′
1

N ′
2

N ′
3

 =


0 0 0 −σ1

σ1 σ3 σ2 0
0 0 0 −σ2

0 0 0 −σ3




N0

N1

N2

N3

 , (3.4)

where the Bishop curvatures σ1 , σ2 , and σ3 of α have the form

σ1(s) = κ2(s) cos θ(s), σ2(s) = κ2(s) sin θ(s),

σ3(s) = −κ2(s)

θ′(s)

(
1 +

( θ′(s)

κ2(s)

)′)
, (3.5)

and the function θ(s) ̸= constant satisfies the third order nonlinear differential equation

( 1

θ′
+

1

θ′

( θ′

κ2

)′)′
− κ2

2

( 1

θ′
+

1

θ′

( θ′

κ2

)′)2

+
θ′ 2

2κ2
+ κ3 = 0. (3.6)

Proof Let {N0, N1, N2, N3} be the Bishop frame of a pseudo null curve α parameterized by arc-length s .
According to Definition (3.1), vector fields N0 , N2 , and N3 are relatively parallel. By using this property,
we will determine the Bishop frame’s equations. Decompose the vector field N ′

0 with respect to the pseudo-
orthonormal basis {N0, N1, N2, N3} by

N ′
0 = a0N0 + b0N1 + c0N2 + d0N3, (3.7)

where a0(s), b0(s), c0(s) , and d0(s) are some differentiable functions in s . By using the relations (3.1) and
(3.7), we find

⟨N ′
0, N0⟩ = a0 = 0, ⟨N ′

0, N1⟩ = d0 = −σ1,
⟨N ′

0, N2⟩ = c0 = 0, ⟨N ′
0, N3⟩ = b0 = 0,

(3.8)

where we have put σ1(s) = −d0 . Substituting (3.8) in (3.7), we obtain

N ′
0 = −σ1N3. (3.9)

In a similar way, we get

N ′
1 = σ1N0 + σ3N1 + σ2N2, N ′

2 = −σ2N3, N ′
3 = −σ3N3, (3.10)
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where σ2(s) and σ3(s) are some differentiable functions. By using the relations (3.9) and (3.10), we get that
Bishop frame’s equations have form (3.4).

Next we obtain relations between Bishop curvatures σ1(s) , σ2(s) , σ3(s) and Frenet curvatures κ1(s) = 1 ,
κ2(s) ̸= 0 , and κ3(s) . According to Definition (3.2), we have N1 = N . Differentiating the previous equation
with respect to s and using (2.2) and (3.10), we find

N ′
1 = N ′ = σ1N0 + σ3N1 + σ2N2 = κ2B1.

The last relation gives

B1 =
σ1

κ2
N0 +

σ3

κ2
N1 +

σ2

κ2
N2. (3.11)

By using the condition ⟨B1, B1⟩ = 1 and relations (3.1) and (3.11), we obtain

σ2
1 + σ2

2 = κ2
2.

We may consider the next three cases: (A) σ1 = 0 , σ2 = ±κ2 ; (B) σ1 = ±κ2 , σ2 = 0 ; (C) σ1 = κ2 cos θ ,
σ2 = κ2 sin θ , where θ = θ(s) is some differentiable function.

(A) σ1 = 0 , σ2 = ±κ2 . Substituting this in (3.11), we get

B1 =
σ3

κ2
N1 ±N2. (3.12)

Decompose the tangent vector field T with respect to Bishop frame by

T = λN0 + µN1 + νN2 + ωN3, (3.13)

where λ, µ, ν, ω are some differentiable functions. By using relations (3.1), (3.12), (3.13) and the conditions
⟨T,B1⟩ = ⟨T,N⟩ = 0 , we find ν = ω = 0 . Hence,

T = λN0 + µN1.

Differentiating the last relation with respect to s and using (2.2), (3.11), and (3.12), we find

T ′ = N = N1 = (λ′ + µσ1)N0 + (µ′ + µσ3)N1 + µσ2N2 − λσ1N3.

The last relation implies the system of equations

λ′ + µσ1 = 0, µ′ + µσ3 = 1, µσ2 = 0, λσ1 = 0.

Since σ2 = ±k2 ̸= 0 , it follows µ = 0 . Then the second equation of the last system of equations gives a
contradiction.

(B) σ1 = ±κ2 , σ2 = 0 . Similarly as in case (A), we get a contradiction.

(C) σ1 = κ2 cos θ , σ2 = κ2 sin θ . By using relations (3.11), (3.13) and the conditions ⟨T,N⟩ = ⟨T,B1⟩ =
0 , we find λ = sin θ , ν = − cos θ , ω = 0 . Substituting this in (3.13), we obtain

T = sin θN0 + µN1 − cos θN2. (3.14)
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By taking the derivative of the last relation with respect to s and using (2.2), (3.9), and (3.10), we get

N1 = (θ′ cos θ + µσ1)N0 + (µ′ + µσ3)N1 + (µσ2 + θ′ sin θ)N2

+ (σ1 sin θ + σ2 cos θ)N3. (3.15)

By using a linear independence of vectors N0 , N1 , N2 , and N3 , we get the system of differential equations

θ′ cos θ + µσ1 = 0,

µ′ + µσ3 = 1, (3.16)

µσ2 + θ′ sin θ = 0,

−σ1 sin θ + σ2 cos θ = 0.

If θ′ = 0 , then µσ1 = µσ2 = 0 . If µ = 0 , the second equation of (3.17) implies a contradiction. If µ ̸= 0

and σ1 = σ2 = 0 , then κ2 = 0 , which is also a contradiction. Hence, θ′ ̸= 0 . Substituting σ1 = κ2 cos θ ,
σ2 = κ2 sin θ in (3.17), we get

µ = − θ′

κ2
, σ3 =

1− µ′

µ
= −κ2

θ′

(
1 +

( θ′

κ2

)′)
. (3.17)

In particular, substituting σ1 = κ2 cos θ and σ2 = κ2 sin θ in (3.11), yields

B1 = cos θN0 +
σ3

κ2
N1 + sin θN2. (3.18)

The Frenet frame’s vector fields T , N and B1 are expressed in relations (3.14) and (3.18) in terms of the
Bishop frame’s vector fields. It remains to express B2 in terms of N0, N1, N2 and N3 . By using the conditions

⟨B2, T ⟩ = ⟨B2, B1⟩ = ⟨B2, B2⟩ = 0, ⟨B2, N⟩ = 1,

and relations (3.14),(3.18) and N = N1 , we find

B2 = (−σ3

κ2
cos θ − µ sin θ)N0 −

1

2

((σ3

κ2

)2

+ µ2
)
N1 (3.19)

+ (−σ3

κ2
sin θ + µ cos θ)N2 +N3.

Relations (3.14), (3.17), (3.18), and (3.20) imply the following relation between the Bishop and the Frenet frame

N0 = sin θT +
( θ′

κ2
sin θ − σ3

κ2
cos θ

)
N + cos θB1,

N1 = N,

N2 = − cos θT −
( θ′

κ2
cos θ +

σ3

κ2
sin θ

)
N + sin θB1, (3.20)

N3 = − θ′

κ2
T − 1

2

((σ3

κ2

)2

+
( θ′

κ2

)2)
N +

σ3

κ2
B1 +B2.
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In particular, substituting the expressions

κ2 =
√
σ2
1 + σ2

2 , sin θ =
σ2√

σ2
1 + σ2

2

, cos θ =
σ1√

σ2
1 + σ2

2

,
θ′

κ2
=

(σ2

σ1
)′σ2

1

(σ2
1 + σ2

2)
3
2

,

in relation (3.21), we find

N0 =
σ2√

σ2
1 + σ2

2

T +
( (σ2

σ1
)′σ2

1σ2

(σ2
1 + σ2

2)
2
− σ1σ3

σ2
1 + σ2

2

)
N +

σ1√
σ2
1 + σ2

2

B1,

N1 = N,

N2 = − σ1√
σ2
1 + σ2

2

T −
( (σ2

σ1
)′σ3

1

(σ2
1 + σ2

2)
2
+

σ2σ3

σ2
1 + σ2

2

)
N +

σ2√
σ2
1 + σ2

2

B1,

N3 = −
(σ2

σ1
)′σ2

1

(σ2
1 + σ2

2)
3
2

T − 1

2

( σ2
3

σ2
1 + σ2

2

+
(σ2

σ1
)′ 2σ4

1

(σ2
1 + σ2

2)
3

)
N +

σ3√
σ2
1 + σ2

2

B1 +B2.

This proves relation (3.3). It can be easily checked that

⟨N0, N1 ×N2 ×N3⟩ = det(N0, N1, N2, N3) = 1.

Hence, the Bishop frame of α is positively oriented.
In order to determine differentiable function θ(s) , from the Bishop frame’s equations (3.4) we have

N ′
2 = −σ2N3 . Substituting the equation σ2 = κ2 sin θ and the last equation of (3.21) in the previous equation,

we get

N ′
2 = −κ2 sin θ

[
− θ′

κ2
T − 1

2

((σ3

κ2

)2

+
( θ′

κ2

)2)
N +

σ3

κ2
B1 +B2.

]
(3.21)

On the other hand, differentiating the relation

N2 = − cos θT −
( θ′

κ2
cos θ +

σ3

κ2
sin θ

)
N + sin θB1

with respect to s and applying (2.2), we find

N ′
2 = θ′ sin θT − cos θN − (

θ′

κ2
cos θ +

σ3

κ2
sin θ)′N − (

θ′

κ2
cos θ

+
σ3

κ2
sin θ)κ2B1 + θ′ cos θB1 + sin θ(κ3N − κ2B2). (3.22)

By using linear independence of the Frenet vector fields in relations (3.21) and (3.22), we get the differential
equation ( 1

θ′
+

1

θ′

( θ′

κ2

)′)′
− κ2

2

( 1

θ′
+

1

θ′

( θ′

κ2

)′)2

+
θ′ 2

2κ2
+ κ3 = 0. (3.23)

In this way, relation (3.6) is proved. This completes the proof of the theorem. 2

Remark 3.4 Note that every particular solution of the differential equation (3.6) will provide the Bishop
curvatures given by relation (3.5). The general solution of the third order nonlinear differential (3.6) depends
on the Frenet curvatures κ2(s) ̸= 0 and κ3(s) . If κ2(s) = constant ̸= 0 and κ3(s) = constant , we get the third
order nonlinear differential equation with constant coefficients.
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Example 3.5 Let us consider pseudo null helix α in E4
1 parameterized by the arclength s given by

α(s) =
3√
10

(
1

9
cosh(3s),

1

9
sinh(3s), sin s,− cos s).

The Frenet curvatures of α read

κ1(s) = 1, κ2(s) = 3, κ3(s) =
4

3
. (3.24)

A straightforward calculation shows that the Frenet frame of α has the form

T (s) =
3√
10

(
1

3
sinh(3s),

1

3
cosh(3s), cos(s), sin(s)),

N(s) =
3√
10

(cosh(3s), sinh(3s),− sin s, cos s),

B1(s) =
1√
10

(3 sinh(3s), 3 cosh(3s),− cos s,− sin s),

B2(s) =
5

3
√
10

(− cosh(3s),− sinh(3s),− sin s, cos s).

Substituting (3.24) in (3.6), we obtain the differential equation

( 1

θ′
+

1

θ′

(θ′
3

)′)′
− 3

2

( 1

θ′
+

1

θ′

(θ′
3

)′)2

+
θ′ 2

6
+

4

3
= 0

whose one particular solution reads θ(s) = s . Substituting θ(s) = s and (3.24) in (3.5), we obtain that the
Bishop curvatures of α are given by

σ1(s) = 3 cos s, σ2(s) = 3 sin s, σ3(s) = −3. (3.25)

Relations (3.3) and (3.25) imply that Bishop frame of α reads

N0(s) = sin(s)T (s) + (
1

3
sin(s) + cos(s))N(s) + cos(s)B1(s),

N1(s) = N(s),

N2(s) = − cos(s)T (s) + (−1

3
cos(s) + sin(s))N(s) + sin(s)B1(s),

N3(s) = −1

3
T (s)− 5

9
N(s)−B1(s) +B2(s).

It can be easily checked that the Bishop frame satisfies relation (3.4).

Example 3.6 Let us consider pseudo null curve α in E4
1 parameterized by the arc-length s with parameter

equation

α(s) = (−s2

2
+

1

8
ln s,

s2

2
+

1

8
ln s,

s
√
2

4
(sin(ln s) + cos(ln s)),

s
√
2

4
(sin(ln s)− cos(ln s))).
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A straightforward calculation shows that the Frenet frame of α has the form

T (s) = (−s+
1

8s
, s+

1

8s
,
1√
2
cos(ln s),

1√
2
sin(ln s)),

N(s) = (−1− 1

8s2
, 1− 1

8s2
,− 1

s
√
2
sin(ln s),

1

s
√
2
cos(ln s)),

B1(s) = (
1

4s
,
1

4s
,
1√
2
(sin(ln s)− cos(ln s)),

1√
2
(− sin(ln s)− cos(ln s))),

B2(s) = (
s2

2
+

5

16
,−s2

2
+

5

16
,− s

2
√
2
(sin(ln s) + 2 cos(ln s)),

s

2
√
2
(cos(ln s)− 2 sin(ln s))).

In particular, the Frenet curvatures of α read

κ1(s) = 1, κ2(s) =
1

s2
, κ3(s) = −1

2
. (3.26)

Substituting (3.26) in (3.6), we obtain the differential equation

1

θ′

(
(s2θ′)′ − 1

)′
− 1

2s2

( 1

θ′

(
(s2θ′)′ − 1

))2

+
s2

2
θ′ 2 − 1

2
= 0.

One particular solution of the previous differential equation reads θ(s) = ln s . Substituting θ(s) = ln s and
(3.26) in (3.5), we find that the Bishop curvatures of α have the form

σ1(s) =
1

s2
cos(ln s), σ2(s) =

1

s2
sin(ln s), σ3(s) = −2

s
. (3.27)

By using relations (3.3) and (3.27), we obtain that the Bishop frame reads

N0(s) = sin(ln s)T (s) + (s sin(ln s) + 2s cos(ln s))N(s) + cos(ln s)B1(s),

N1(s) = N(s),

N2(s) = − cos(ln s)T (s) + (s cos(ln s)− 2s sin(ln s))N(s) + sin(ln s)B1(s),

N3(s) = −sT (s)− 5

2
s2N(s)− 2sB1(s) +B2(s),

It can be verified that the Bishop frame satisfies relation (3.4).

4. The Frenet frame’s and the Bishop frame’s Darboux bivectors

In this section, we obtain Darboux bivectors of the Frenet and Bishop frame of a pseudo null curve α in E4
1 . We

also give geometric interpretations of the Frenet and the Bishop curvatures in terms of areas of the projections
of the Darboux bivectors onto the three 2 -planes generated by the frame vector’s fields.

Let us consider the Frenet frame {T,N,B1, B2} of a pseudo null curve α in E4
1 with Frenet curvatures

κ1(s) = 1 , κ2(s) ̸= 0 , and κ3(s) . The Frenet frame of α determines six basis bivectors ETN = T ∧ N ,
ETB1

= T ∧ B1 , ETB2
= T ∧ B2 , ENB1

= N ∧ B1 , ENB2
= N ∧ B2 , EB1B2

= B1 ∧ B2 of unit or zero areas
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that are parallel to six 2 -planes in E4
1 spanned by {T,N} , {T,B1} , {T,B2} , {N,B1} , {N,B2} , {B1, B2}

respectively.
The Frenet frame’s Darboux bivector D can be represented as the sum of its projections onto the six

2 -planes parallel to basis bivectors [18]

D = aETN + bETB1 + cETB2 + dENB1 + fENB2 + hEB1B2 , (4.1)

where a, b, c, d, f, h are areas of the projections. It is known that Darboux bivector D satisfies the Darboux
equations in terms of the inner product of spacetime geometric algebra of the form [11]

T ′ = D · T, N ′ = D ·N, B′
1 = D ·B1, B′

2 = D ·B2. (4.2)

By using the relations (2.1), (2.2), (2.3), (4.1), and (4.2), we find

D · T = (aETN + bETB1 + cETB2 + dENB1 + fENB2 + hEB1B2) · T

= −aN − bB1 − cB2 = N.

The last relation gives
a = −1, b = 0, c = 0. (4.3)

By using the relations (2.1), (2.2), (2.3), (4.1), (4.2), and (4.3), we get

D ·N = cT + fN + hB1 = k2B1,

D ·B1 = bT + dN − hB2 = k3N − k2B2,

D ·B2 = aT − dB1 − fB2 = −T − k3B1.

From the last system of equations, we get

f = 0, h = k2, d = k3. (4.4)

Substituting (4.3) and (4.4) in (4.1), we obtain that the Darboux bivector of the Frenet frame reads

D = −κ1ETN + κ2EB1B2 + κ3ENB1 . (4.5)

Thus, the Frenet curvatures κ1 = D · ETB2
= 1 , κ2 = D · ENB1

and κ3 = D · EB1B2
of α can be interpreted

as areas of the projections of Darboux bivector D onto the lightlike 2 -planes span{T,N} , span{B1, B2} ,
span{N,B1} , respectively. By using the relations (2.1), (2.4), and (4.5), we find

D2 = D ·D = 2κ2κ3.

Since κ2(s) ̸= 0 , the Darboux bivector D is lightlike if and only if the third Frenet curvature κ3(s) = 0 .
Otherwise, it can be spacelike or timelike.

Let us now consider the Bishop frame {N0, N1, N2, N3} of a pseudo null curve α . Such frame induces six
basis bivectors EN0N1 = N0∧N1 , EN0N2 = N0∧N2 , EN0N3 = N0∧N3 , EN1N2 = N1∧N2 , EN1N3 = N1∧N3 ,
EN2N3

= N2 ∧ N3 of unit or zero areas that are parallel to the corresponding 2 -planes. Hence, the Bishop
frame’s Darboux bivector D̃ can be written as

D̃ = ãEN0N1
+ b̃EN0N2

+ c̃EN0N3
+ d̃EN1N2

+ f̃EN1N3
+ h̃EN2N3

, (4.6)
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where ã, b̃, c̃, d̃, f̃ , h̃ are areas of the projections of D̃ onto corresponding 2 -planes [18]. Relations (2.1), (2.2),
(2.3), and (4.6) imply that Darboux bivector D̃ has the form

D̃ = σ1EN0N1 + σ2EN2N3 + σ3EN1N3 . (4.7)

Consequently, the Bishop curvatures σ1 = D̃ · EN1N0 , σ2 = D̃ · EN1N2 and σ3 = D̃ · EN1N3 of α can be
interpreted as areas of the projections of D̃ onto the planes span{N0, N1} , span{N2, N3} and span{N1, N3} ,
respectively. By using (2.4),(3.1), and (4.7), we get

D̃2 = D̃ · D̃ = σ2
3 .

Therefore, Darboux bivector D̃ is a lightlike if and only if σ3 = 0 . If σ3 ̸= 0 , Darboux bivector D̃ is timelike.
The Darboux bivectors D and D̃ cannot be both lightlike, because if κ3 = σ3 = 0 relations (3.5) and (3.6)
give θ′ = 0 , which is a contradiction.
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