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Abstract: A time-fractional space-nonlocal reaction-diffusion equation in a bounded domain is considered. First,
the existence of a unique local mild solution is proved. Applying Poincaré inequality it is obtained the existence and
boundedness of global classical solution for small initial data. Under some conditions on the initial data, we show that

solutions may experience blow-up in a finite time.

Key words: Caputo derivative, reaction-diffusion equation, involution, global existence, blow-up

1. Introduction
The purpose of this paper is to study Cauchy problem for the time-fractional space-nonlocal reaction-diffusion
equation

0% 0.4u(, 1) = Ugy (T,1) 4 EUge (1 — x,t) = u(x, t)(u(z,t) — 1), x € (0,1),t > 0, (1.1)

supplemented with boundary conditions
u(0,t) =0, u(1,¢t) =0,¢ >0, (1.2)

and initial condition

u(z,0) = uo(x), z € [0,1], (1.3)
where ¢ € R, 0%, is the Caputo fractional derivative of order a € (0,1] (see. Def. 1.3).

When 0 < @ < 1 and € = 0, equation (1.1) is the time-fractional reaction-diffusion equation. When
a = 1,e = 0, it represents the classical reaction-diffusion equation. Let us mention that with the change of
variable v :=1 —u, (1.1) is transformed to the Fisher equation, if « =1, = 0.

Differential equations with modified arguments are equations in which the unknown function and its
derivatives are evaluated with modifications of time or space variables; such equations are called, in general,
functional differential equations. Among such equations, one can single out, equations with involutions [7, 14].
Furthermore, for the equations containing transformation of the spatial variable in the diffusion term, we can

cite Cabada and Tojo [8], where an example that describes a concrete situation in physics is given. Note that,
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the direct and inverse problems for diffusion and fractional diffusion equations with involutions were studied in
[4, 5,12, 13].

Our paper is motivated by the recent paper [1] in which the authors considered the questions of global
solutions and blowing-up solutions to the equation (1.1), when £ = 0. Our problem (1.1)-(1.3) is a simple
generalization of results in [1]. We will prove the existence of globally bounded solutions, as well as blowing-up
solutions, according to the condition imposed on the initial data. Note that, similar studies for time-fractional
reaction-diffusion equations were considered in [3, 9].

Thus, let us briefly summarise the results of this paper:

e Existence of local mild solution Suppose that |¢] < 1 and uy € C([0,1]), then there exists a unique
local mild solution u € C(]0, 1], C(0, Tnaz)) of problem (1.1)-(1.3) with the alternative:

e cither T},q, = +00;

o Or Tpee < +o0 and tjim lu(t) | Lo ([0,1)) = +o0.

max

e Existence of global classical solution Let |¢] < 1 and wug(z) € C([0,1]) satisfy the estimates 0 <
ug(z) < 1. Then problem (1.1)-(1.3) admits a global classical solution

we C2((0,1) x By) N C([0,1] x By),

that satisfies
0 <u(z,t) <1 for (z,t) €[0,1] x R,.

e Large time behavior of global solutions Assume that |¢| <1, 0 <wuy <1 and ug € C([0,1]). Then the
global classical solution 0 < u < 1 of nonlocal reaction-diffusion problem (1.1)-(1.3) satisfies the following
estimate

||U0||%2([o,1])

(A—e)m? .’
1+ F(lj—a) t

t>0. (1.4)

l[lt, M| F2(po,1) <

1
e Blow-up of solution Let |¢| < 1. If 1+ (1 —e)7? < /2 [ug(z)sinmadr = Fy, then the classical solution
0

of problem (1.1)-(1.3) blows-up in a finite time

(ar=viam) = (=ihtam)

Q=

1.1. Preliminaries
Let us give basic definitions of fractional differentiation and integration of the Riemann-Liouville and Caputo
types.

Definition 1.1 [11] Let f be an integrable real-valued function on the interval [a,b], —co < a < b < +oco. The

following integral
t

1 a—1
i [0 r s

a

15 1) = (f * Ko) () =
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is called the Riemann—Liouville integral operator of the fractional order o > 0. Here K, = t;(;;, I' denotes the

Euler gamma function.

Definition 1.2 [11] Let f € L'([a,b]) and f* K1_o € WH([a,b]), where W11([a,b]) is the Sobolev space
defined as

Wi o) = { £ Lt s gf € la) |

The Riemann—Liouville fractional derivative of order 0 < a < 1 is defined as

d

Dg, [f1(t) = Z L [f1 ().

Definition 1.3 [11] Let f € L*([a,b]) and f* K1_o € WY1([a,b]). For 0 < a < 1, the fractional derivative
Doy [f1(1) = Dgy [F () = £ (a))]

is the differential operator of the fractional order oo (0 < aw < 1) in the Caputo sense.
If f € CY([a,b]), then the Caputo fractional derivative is defined as

Dy [f1(8) = L7 f (1)
Proposition 1.4 [2] Let v € C*([0,T]). Then
20(t)0%gv(t) > 9,07 (¢).

1.2. Finite time blow-up of solutions of a fractional differential equation

We consider the fractional differential equation

g yt) =y (t), t>0,0<a <1,

(1.5)
y(0) =yo € R.
The blow-up of solutions to (1.5) is assured by the following.
Proposition 1.5 [10] If yo > 0, then the solution of problem (1.5) blows-up in a finite time
T(a+1) \* T(a+1)\*
(e ) e (Horn)’
4(yo +1/2) Yo
that is lim wu(t) = 4o0.
t—=T*
1.3. Poincaré inequality for the differential operator with involution
We consider the following eigenvalue problem
—e’(x) +ee”’(1 —x) = e(z), v € (0,1),
(1.6)

e(0) =0,e(1) =0,

where € € R.
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Proposition 1.6 [13] Let |e| < 1. Then, the eigenvalue problem (1.6) is a selfadjoint in L?([0,1]) and it has

the eigenvalues
M = (1+ (=DFe)n?k? k €N,
and corresponding eigenfunctions

ex(z) = V2sinwkz, k € N

which form a complete orthonormal basis in L*([0,1]).
Below we give the Poincaré inequality for the eigenvalue problem (1.6).

Proposition 1.7 Let |e| < 1. Then the following inequality is true

1

/|e’(x)|2dx > 772/62(x)dx > 0. (1.7)
0

0

Proof Multiplying scalarly in L?([0,1]) equation (1.6) by e(x) and integrating by part, we obtain

A/lez(x)dx = je”(z)e(x)dms/le”(l — z)e(z)dz
0 0 0

1 1
=— [ €(x)ée(z)dx + E/€/<1 —x)e (x)dz
0 0
< f/e/(:c)e/(sc)dx + e /e’(l —x)é(z)dz
0 0
) X 12, 1/2
< [1@pde | [e@Pas] | [iea-opd
0 0 0

1

— (e [ e P,

0

thanks to Cauchy-Schwarz inequality, that is

The proof is complete. O
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2. Existence of local mild solutions

By £ we denote L? realization of the operator (1.6), is given by the standard operator calculus for selfadjoint
operators.

Definition 2.1 Let uy € C([0,1]) and Tpee > 0. We say u € C([0,1],C(0, Thnas)) s a mild solution of
(1.1)-(1.3) if u satisfies the following integral equation

u(t) = Eq1(—t“L)ug + /so‘_lEa,a(—so‘ﬁ)f(u(t —5))ds, t € (0, Thhaz), (2.1)
0

where f(u(s)) = u(s)(u(s) — 1) and E, g(z) is the Mittag-Leffler function (see, e.g. [11]):

— I( ak +8)
Theorem 2.2 Suppose that u, € C([0,1]), then there exists a unique local mild solution u € C([0,1],C(0, Thhaz))
of problem (1.1)-(1.3) with the alternative:
o cither Thae = +00;

o 0or Thay < +00 and tJiTm llu(t)|| Lo (j0,1)) = +o0.

max

Proof The following properties [6]

1
0<Eni(—2)<1, 0< Eqa(—2) < o) >0,0<a<l,
implies that
| B, 1 (—t*L)ug ||z ([0,17) < ol Lo (jo,1)) (2.2)
and
o 1
[ Eaa(=t*Lluoll Lo (jo,1) < o )||UO||L°°([O 1)) (2.3)

The proof is based on Banach fixed point theorem. Let us define the following Banach space

B = {U € C([0,7]: C([0,1])) : sup [Ju(t)|[Le(fo,1]) < 2||U0||Loo([o,1])7}

t€[0,7]

where 7 will be determined later. We consider the equation

Tu(t) = Eq1(—t*L)ug + /so‘*lana(fso‘C)f(u(t —s))ds = u(t), t € [0,7].
0

Note that f(u(t —s)) = u(t — s)(u(t — s) — 1) is locally Lipschitzian function.
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Firstly, we need to show that 7 : B — B. Let there exist 7 such that the following inequality holds
[ (@)L= (jo,1) < Mllw(t)llLe(fo,17), M > 0. (2.4)
If w € B, then by (2.2), (2.3) and (2.4), we obtain

I Zu(®)] Lo (0,71, 5 ([0,11)) < [ Ea,1 (=t L)uol| Lo (j0,7],L([0,1]))

T o
+ ;HEa,a(*S L) f(u)l Loe (j0,7;2¢ ([0.1]))

2MTe
< luoll o= 0,17y + m“uoan([o,l])-
Now, choosing 7 small enough such that 7¢ < %, we conclude that

1 Zu(t)|| Lo ((0,7);2¢ (j0,1])) < 2|0l Loe (j0,1])»

and then Zu(t) € B.

Next, we show that Z is a contraction map. Letting u,v € B, we have

(a3

[ Zu(t) — Zv(t) || Lo (jo,1) < sup [|f(u(t —s)) — f(v(t —s))|lLe(0,1))

Pla+1) o<s<t

< M lu(t — 5) — (t — )|
—— Su u —S)— v — S oo
= F(Oé+ 1) Ofslg)t Le=([0,1])

thanks to the locally Lipschitz property of function f. Consequently

(03

.
1Zu = Zvl| Lo (fo,r1, 2 ((0,11)) < m”u = 0llzee o7, Lo (10,17))

Chosen 7 so that Ff;iul) < 1, we conclude that Z the contraction map on B. So, by the Banach fixed point

theorem, problem (2.1) admits a unique mild solution u € B. O

3. Existence of global solutions

Theorem 3.1 Let |e| < 1 and ug(xz) € C([0,1]) satisfy the estimates 0 < ug(x) < 1. Then problem (1.1)-(1.3)

admits a global classical solution
ue C*H(0,1) x R)NC([0,1] x Ry),

that satisfies
0 <u(z,t) <1 for (z,t) €[0,1] x Ry.

Proof Firstly, we show that « > 0. Multiplying scalarly in L?([0,1]) equation (1.1) by @ := min (u,0), we
obtain
1 1
/8ﬁ0)tﬂ(x,t) -z, t)de — /ﬂm(x,t) -z, t)dx + s/ﬁm(l —x,t) - u(z, t)de
0 0

_ /ﬂz(m,t) (i(z, ) — 1) da.
0
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Integrating by part and using Poincaré’s inequality (1.7) imply
1 1
- /ﬂm(az,t) u(x, t)dx Jre/?lm(l —z,t) - u(x,t)de <0
0 0

for |e| < 1. Then, using Proposition 1.4, we have

1 1
j‘foyt/fﬁ (z,t)dx < /fLQ (z,t) du. (3.1)
0 0

1
By denoting [ @?* (z,t)dx = E(t) in (3.1), we obtain
0

{ 0%0E(t) < E(1),
E(0) =0,

1
which implies [ @2 (z,t) dz = 0. Consequently u > 0.
0

Now we show that u < 1. Multiplying scalarly in L?([0,1]) equation (1.1) by @ := min (1 — u,0), we get

1 1 1
/8$0)tﬁ(x,t) Uz, t)de — /ﬁm(x,t) u(x, t)dx + s/ﬁm(l —x,t) - t(z, t)de
0 0 0

_ /a?(m,t) (i, 1) — 1) da.
0

As the above calculations, for the function % := min (1 — u,0) we have
1 1
—O‘;O,t/ﬂ2 (z,t)dx < /ﬁz (z,t) dx.
0 0
1
Hence [ 42 (z,t)dz =0, which implies u < 1. The result follows as 0 < u < 1. O
0

3.1. Large time behavior of global solutions

Theorem 3.2 Assume that 0 < ug < 1 and ug € C([0,1]). Then the global classical solution 0 < u < 1 of

nonlocal reaction-diffusion problem (1.1)-(1.3) satisfies the following estimate

||u0||%2([o,1])

(A—e)m? .4’
1+ I(1+a) t

lJalt, M F2(go,1)) < t>0. (3.2)
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Proof As 0 <wu < 1, the right hand side of (1.1) satisfies —u 4+ u? < 0, so u satisfies
%0 u(,t) — gy (2,1) + €U (1 — z,t) < 0,2 € (0,1), t >0,
u(0,t) =0, u(1,t) =0, ¢ > 0,
u(z,0) = uo(x), x €0,1],
By multiplying scalarly in L?(]0, 1]) equation (1.1) by u and using Poincaré’s inequality (1.7), we obtain
O°E(t) + (1 —e)m®E(t) <0, t > 0,

E(0) = Eo = |luoll72(o.1)) > 0.
1 —
where E(t) = [u?(x,t)dz. Let E(t) be the solution of problem
0

O“E(t)+ (1 —e)m®E(t)=0,t >0, E(0)= FEy >0,
which has the unique solution

E(t) < EoEo(—(1 - e)w?t%), t >0,

where E,1(z) is the Mittag-Leffler function. Since E(t) < E(t), then, using the following estimate for the
Mittag-Leffler function (see [6])

1
Bo(-2) < ————,2>0,0<a<1,
L+ raray?
we have
Ey
L+ Sagayt
The proof is complete. o

4. Blow-up of solutions

In [13] it was proved that the first eigenvalue and the first eigenfunction of problem (1.6), respectively, have the

1
form A\ = (1 — )72 and e;(x) = V2sinwz, where [e;(z)dz = 1.
0

Theorem 4.1 If 1+(1—¢)m? < [wo(z)e(z)dx = Fy, then the classical solution of problem (1.1)-(1.3) blows-up

Ot

in a finite time

Q=

<4<Fo - 1F/(§ - <11)— sw))é == (F fi(fél—) s>7r2>
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Proof Multiplying equation (1.1) by e;(z) and integrating over [0, 1], leads to

1 1 1
8(’/ (z,t)er(x dx—&—/umxtel dx—s/uml—xtel( Ydx
0 0 0

) (4.1)
/u — 1) ey (z)dx.
0
Let us set F(t fluwtel )dx.
0
Since
1 1
/(um(x,t) — EUge (1 — z,t))er (z)dx = /u(x t)(ef(x) —eef(1 — x))dx
0 0
==\ [ u(z,t)er(z)dz,
/
for u(0,t) =u(1,t) =0, e1(0) =e;1(1) =0, and
F2(t) < [ w?(z,t)ei(x)de
/
via Holder’s inequality, we have for (4.1) that
O“F(t) + (L + M) E(t) > F2(t). (4.2)
Let F(t) = F(t) — (14 \;), then from (4.2) we get
°F(t) > F(t) (F(t) +1+ )\1> > F2(t). (4.3)

Since 0 < Fy = F(0), from the results in [10] (see Proposition 1.5) the solution of inequality (4.3) blows-up in

a finite time. O
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