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Abstract: In this paper, we are interested in higher-order character Dedekind sum

Z X1 (V) Bp,xs (av—l—z +x) By (bv;;z +y), a,b,c € Nand z,y,z € R,

where x1 and x2 are primitive characters of modulus k, B, (z) and By ., (z) are Bernoulli and generalized Bernoulli
functions, respectively. We employ the Fourier series technique to demonstrate reciprocity formulas for this sum. Derived

formulas are analogues of Mikolds’ reciprocity formula. Moreover, we offer Petersson—-Knopp type identities for this sum.
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1. Introduction

Let B, (x) denote the nth Bernoulli function defined by

[ By(z—[x]), ifn#lorzx¢Z,
Bn(m){O, ifn=1and x € Z,

where [z] denotes the largest integer < x and B, (z) is the nth Bernoulli polynomial defined by (see [3, p.
264])

The classical Dedekind sum s(a, ¢), arising in the theory of Dedekind eta-function, is defined by

s(a,c) = CZ_EBl (%) By (%) , a,c€Z, ¢c>0.
v=0

This sum was generalized by various authors. One of the generalizations, due to Hall et al [25], is the higher-order

Dedekind sum (or generalized Dedekind—Rademacher sum)

c—1
a b ¢ v+ 2z v+ z
Sp.q ( oy 2 ) = g_OBp (a . x) B, <b - y) . (1.1)
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This sum contains generalized Dedekind sums previously defined by Carlitz [17] (see also [8, 40])

tnea = ((25)) 5, (a0 1), 0

v=0

Rademacher [37]

Mikol4s [32] (see also [16])
av bv
S 285
and Apostol [2]

e =3 ((4) 5. (%), a5

v=0

Another generalization of s(a,c) is character Dedekind sum introduced by Berndt [7]: Let x be a
nonprinciple primitive character modulo k. The generalized Bernoulli functions B, (z) are functions with
period k and can be defined by [9, Theorem 3.1]

k—1
Box (z) = k" ;X(U)Bn (U ;: x) 7 (1.6)

for all real 2 and n > 0. Berndt’s character Dedekind sum is [7]

ck—1
v

s(a,c;x) = Y x (v) Biy (%) By (§) : (1.7)

v=0

which appears in the transformation formulas of a generalized Eisenstein series. Generalizations of s(a,c; x) in
the sense of (1.2), (1.3) and (1.5) have also been studied in [7, 19, 20].

For further generalizations of s(a,c), the reader may consult to [5, 6, 10-12, 14, 18, 21, 22, 26, 28, 31,
33, 39, 42].

One of the most important properties of the Dedekind sum is its reciprocity formula: it plays a key role
in proving a bias phenomena [1], distribution properties [27] and unboundedness [36] of the sum.

It should be mentioned that Hall and Wilson [24] classified all linear relations (reciprocity formulas) for
the sums s, 4(a,b;¢) and s, 4(a, 1;¢), and it emerged that Mikolas’ relations form a complete set [32, Eq. (5.5)]
(see also [24, Eq. (8)]). Moreover, reciprocity formulas of Hall et al [25], Bayad and Raouj [5] and Beck and
Chavez [6] are in terms of the generating functions.

The reciprocity formula for the sum s(a, ¢), due to Richard Dedekind, is

s(a,e) + s(e,a) =~ + 15 <“+C+1>, (1.8)

12\c " a  ac
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where (a,c) =1 (for several proofs see [38]), whereas the reciprocity formula for the sum s(a, ¢; x) is [7, Theorem
4]

s(c,a;x) + s(a,¢;X) = B1xBix,

where (a,c) =1 and either a or ¢ =0 (modk).

Another basic identity for Dedekind sum is the Petersson—Knopp identity [29]:

Zfs (Ba+rede) =o (n)s(ac), (1.9)

dln r=1

where o (n) is the sum of the positive divisors of n. Elementary proofs of this identity have been offered by
several authors [23, 34]. Analogues of (1.9) have also been given for certain generalized Dedekind sums, for
example, [4, 30, 35, 42].

In this paper, we are interested in character extension of (1.1), i.e., higher-order character Dedekind sum

ck—1

v+ 2z v+ 2z
Sp,q ((l,b, C;leXQ;xvyaz) = 1;) X1 (’U) BP,Xz <aC + f) Bq <bck + y) .

It is worth noting that the sums
Sq,p+1—q (a’a 17 Ci X1, X25 T, Oa Z) ’ 0 S q S p + 17

can be viewed as coefficients appearing in Berndt’s transformation formula [10, Theorem 1] although not
explicitly stated. So the sum sp, 4 (a,b, ¢; X1, X2; %, Y, 2) can be viewed as a natural generalization of the character
Dedekind sum s(a,¢; x).

The reciprocity formulas in this concept are proved by employing various techniques and theories such
as transformation formulas, residue theory, generating functions, summation formulas and arithmetic methods.

In this study, we employ the Fourier series technique to demonstrate reciprocity formulas for the sum
Sp.q (@b, ¢; X1, X2; ¢, Y, 2) . Derived formulas are analogues of Mikolas’ relation [32, Eq. (5.5)] (see also [24, Eq.
(8)]) and are presented in Section 2. Moreover, in Section 3, we offer Petersson—-Knopp type identities for the

suin 5107!1(@7 ba Ci X1 X23 07 O, 0)

2. Reciprocity formulas

In this section, we prove two reciprocity formulas for higher-order character Dedekind sum. Let

b—1
* vty v+y
Sp,q (a/a & b7 X2, X15T5 %, y) = UZO Bp,X2 (G/k/’ b + .'L'> Bq,xl <Ck b + Z) .

The first reciprocity formula is given by the following theorem.
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Theorem 2.1 Let a, b and ¢ be pairwise coprime positive integers and a = 0(modk). Let x1 and x2 be

nonprincipal primitive characters of modulus k. Then, for x,y,z € R

S;D,q (a, ba G X1, X2:T,Y, Z)

— b k ‘I*lp p (a’/c)j * bi .
- Q( /C ) Z ] q+] sq+j,p—j (Cﬂ —a, aXlaX?azamay)
j=0

+ k1P (/) X (B) xa (—0)

l
q\ (bk/c _ _
X (l>(pJ/rl)(_1)q lsqfl,p+l (b’ C7a;X2,X1;—ky7Z/k‘,fL') +Ep,q’ (2'1)
l

Q
—

I
o

where

Epqg=Epq (2,9, 2 X1, X2)

1 _ ifp=q=1and
_ ZXI( ZI)XQ( ‘Tl)u (ac,y, Z) c (—ak, —b, Ck) R+ ZS’ (22)
0, otherwise,

here (x1,y1,21) = (v + akR,y + bR,z — ckR) € Z3 for some R € R.

Proof We first recall the Fourier series representations of the Bernoulli functions B, (z) and B, (2):

o 2mwimax
B, (z) = A, C . (see[3, p. 267)) (2.3)
"m0
00 m )
Bux ()= Au () S XU czmmart (o, gon) (2.4
A0

for all real z and n > 1. Here A, = —n!/(279)", A, (x) = —G (X)n!/k(2ni/k)" and G(x) = G(1,x) is the
Gauss sum defined by

k—1
Gle) = 3 W)=/,
h=0
G(z, x) satisfies [3, p. 168] (x primitive)
G(n,x) =X(n)G(x), n € Z. (2.5)

We want to perform (2.3) and (2.4) on the right-hand side of

ck—1

Atz A+ 2z
$pg (0,0,¢X1, X2 2,5, 2) = D X1 (V) Bpys (ac + x) B, (b + y) .
A=0

ck

Note that the left-hand sides of (2.3) and (2.4) are in the form

T 48 (X0
5—0+ 2

= f(X)
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(the functions B, (X) and B, (X) have discontinuity at X € Z when n =1, with

lims o+ B1 (X F9) = £1/2, for X € Z,

v (— (2.6)
limg_yor Bry (X F0) = By (X) £ X ( QX)7 for X € 7,
and otherwise are continuous). It is clear that
By x (X) By (Y)
1 1
= lim —{B, (X +da)+ B, (X —0a)} ={B, (Y +08) + B, (Y —éB)}
50+ 2 2
1
= 511%1+ 3 {Bpx (X +60) By (Y +058) + By (X —6a) By (Y —B)}
—
1
+ lim  {By (X = 80) = By (X +80)}{B, (¥ +58) = B, (¥ —55)} (2.7)
where 0 < «, 8 € R. Then, (2.6) and (2.7) entail that
1
511%1+ 3 {Bpx (X + ) By (Y +08) + By (X —da) By (Y —5)}
—
=Bpx (X) By (Y) + Cpq (X, Y5 X)), (2.8)

where

X(=X) . 2
, ifp=¢g=1and (X,Y) € Z=,
Cpq (X, Y5x) = 4 b= ( )
0, otherwise.

e The case p# 1 or q#1 or (x,y,2) & (—ak, —b, ck) R + Z5.

((a(X+2)/c+z,b(A+2)/ck+y) €Z> = 2= —akR+ 1, y=—bR+y; and z = ckR + z; for some

ReR and z1,y1,21 € Z.)
Setting A=v+ jk, 0<v <k, 0<j <c we have

ck—1
Atz Atz
5pa (a0, X1 X257 9:2) = D X1 (V) By (“c +”“°> 5, (bck +y>
A=0

ck—1 00 %S

X2 (m i (ma+rb) 22 4 me 4
:AP(XQ)quxl()\) Z %62 ((matrb) 32+ 4ry)
A=0 m=—o00 r=—o00

m#0  r#0

= = X2 (m) 2wi(wz+ﬂ+ry)
= Ay (x2) Ag D e € R g

m#0  r#0

c—1

k—1
~ ZXl (U) eZTri(maJrrb)v/ck Z 627Ti(ma+rb)j/c' (29)
v=0 =0
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by (2.3) and (2.4). Since
i eQTri(ma+'rb)j/c _ ¢, ma-+ rb=0 (mod C) y
— 1 0, ma+rb#0(modc),
j:
we have
8p,q (@, 0, ¢ X1, X257, Y, 2)

2 ne—ma E k—1
( ) Trz(nz+ma:+ )/ ZXl (’U) e2m‘nv//€

v=1

= A, () A, Y X

e mP (nc —ma)?

! m) Xy (n wi(nz+ma4 L
= H1G (1) 4y (xa) 4, 3 I a2 (2.10)

ma#nc

where we have used (2.5). Here and in the sequel, we write

M N
f .
S 5 - gm S
m=—00 n=—00 m=—M n=—N
m#0  n#0 m#0 n#0
We now utilize the partial fractions
—1 qg—1
1 X Ap—j Ba—1
T=2 st =
2P (1 —x) = ap=I =] - )T

n (2.10). Simple calculation gives a,_; = (q+§_1), 0<j<pand B4 = (p+§_1), 0 <1< q. Then,

r X2 (m) X1 (’I’L) e2m(nz+mx+wyk>/k
mP (nc — ma)?

ma#nc
= aP Z ! X2 (m) X1 (n> eZTrz(nz—i—n"Lx—i-inC ma yk)/k
- P q pt+aq
ma#nc (%) (1 - %) (TLC)
p—1 q—1
— P Z X2 m )e2ﬂz(nz+mm+wyk)/k Z QXp—j + Z qul
p+q . (M)I)—j (1 . M)q—l
ma#nc J=0 \nc =0 nc
p—1 ~
— Y iy X U)X () i 25 )
B ap_jcq+j mp_jnq+j
j=0 ma#nc

+aP Z ﬂq l Z ’ X1 (n) X2 (m) 627m(n2+m:1:+m mayk)/k.

cp+l +i _ q—1
magne (nc — ma)

(2.11)

Using the Fourier series representation of B,, , (z) we see that

X2 (m) Yl (n) 62wz(nz+mz+wyk)/k
mp_jnq+j
ma#nc

. _ aky L cky B
By jx (x b ) By+ix, ( b T Z) + X2 (M) X1 (M) onitnatma)/k
— — e Ce . (2.12)
Ap—j (x2) Ag+j (X1) mpP—Iindti

ma=nc
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Since (a,c) =1 and ma = nc, we have n = ra and m = rc. Then

r X2 (m) Yl (n) e27r7,'(nz+mx)/k _ Y1 (a) X2 (C) = X2 (T) Yl (T) 627ri(az+c:c)r/k (2 13)
- mP—Jinat+i T ep—igati 72 rp+a ’ ’
=nc 7’?;6)0

Notice that the contribution of (2.13) to (2.12) is zero since X; (a) = 0 by the condition a = 0 (mod k). Similar
o (2.9), we have

SILP (b’ c7a;y2ﬁyl;y7 Z,.’IJ)

k—1 a—1

27Ti nbTe MY 4 yy - 2ni(nb+rc)v/ak 2mi(nb+re)j/a

(A Y Y G0 (it 4 35, (v) e > e .
Nn=-—00 r=—00 v=0 j:()

n#0 r#0

Using

ail G2mi(nbtro)j/a _ ) @ nb+rc=0(moda),
— 1 0, mb+rc#0(moda),
j:
and then taking nb = ma — rc¢, with the use of (bc,k) =1 and a =0 (mod k), we find that
Sq’p (b’ ¢, a; Y27 Yh Y, z, .’E)

k—1

e X ¢ Xa (MAZTC) armi(maprkas 2ezzey) b eAmime/k
= ab?x1 (b) Aq (X1) Ap rp(mafrc)qe ( ZX
ma#rc v=0
= ab?x1 () X1 (—¢) G (X2) Aq (X1) Ap Z Xl )21 e2mi(mastriztmerey) [k
ma;ﬁrc
Thus,
Z 4 X1 (n) X2 (m) e27m(nz+mm+77w ma yk)/k
mazne nP* (nc — ma)qil
—e)y () (—1)47"
IO DT e i X vk 2 k7). (2.14)

~abil@ (Xa2) Ag—1 (X1) Ap+i
Combining (2.10), (2.11), (2.12), (2.13) and (2.14), after some simplifications, we arrive at

Sp,g (@, b, ¢ X1, X2 T, Y, 2)

e () s, (o) B ()

+ %1 (0) xa (=) (a/e)" " kP

bk/c)’ -
S (1) BT s (s s 2. (2,15
l

Q

I
=)
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Taking y — y + h in (2.15) and summing over h from 0 to b— 1 give

bsp,q (a,b,¢; X1, X237, Y, 2)

qulz(>q+] ) q+jp]( abXbXQv[EZy)

+bpx; (b) xa (=) (a/e)’™ " kP

qg—1

(bk/c _
8 < ) / ]')q ISQ*lqurl (bv C,G;YQ,Xl;—ky,Z/k,(L') ,
=0

(2.16)
which is (2.1) for p#1 or ¢ # 1 or (x,y,2) & (—ak, —b, ck) R + Z3
e The case p=¢q =1 and (z,y,2) € (—ak, —b,ck) R + Z>.
For p=gq=1 and (z,y,2) ¢ (—ak, —b, ck) R+ Z>, we have already proved that
51,1 (a,b, ¢ X1, X252, Y, 2)
=511 (¢, —a,b;X1, X252, 2, y) — X1 () x1 (—¢) s1,1 (b, ¢, a; X, X15 —ky, 2/k; x) . (2.17)

Without loss of generality, we substitute £ = —akR + z1, y = —bR+y1 and z = ckR + 21 F cké in (2.17) for
some R € R and z1,y1,21 € Z. Then adding gives

ckl

A A
- Z xa ( {BLXQ ( LA R 6ak:) By (b :kzl oyt 6b>

1By, <aA 2 - 6ak> B, <bA L2y - 5b) }

b—1 .
1 7+
= 5 ]:E . 817X2 <(1,k b + 1'1>

x {BLXI (ck:] T 6ckr) + Bix, <ck] T - 6ck>}

ak—1
_ 1 _ vtz
S AUTAECES SR AT (e
v=0

X{Bl (Cv+x1 +Z1—|—c6> + B3 <cv+z1 _|_Zl—cé>}.
a k a

k

Since z; € Z, there exists \,, € {0,1,...,ck —1} such that \,, + 21 = 0 (mod ck) . Therefore, by letting 6 — 0"
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it follows from (2.8) and B (b)\zlJrZ1 + yl) = B1 (0) =0 that

ck—1
Atz Atz 1 -
Z X1 (A) Bixs (a c - +$1) By (b ok - +y1> + RS (—21) X2 (—21)

A=0
AZ—2z1 (mod ck)

1
=511 (aa b7 Ci X1, X2,%1,Y1, Zl) + in (_21)y2 (_1'1)

=511 (¢, —a,b;X1, 2521, 21,¥1) — X1 (b) x1 (=¢) 51,1 (b ¢, a5 X2, X1 —ky1, 21/k, 21)
which is equivalent to (2.1) for p=¢ =1 and (z,y, 2) € (—ak, —b, ck) R + Z* because of

Atz A+ 21 A+ 2z A+ 21
a +r=a—+11 a y=>o ”
c c

+ U1

for x = —akR+x1, y=—-bR+y1, 2=ckR+ 21, R€R and z1,y1,21 € Z.
Note that for ¢ = 1, (2.1) reduces to

X1 (0) sp.1 (a,b, 5 x1, X252, Y, 2) + (a/ck)P ™ X1 (=€) s1p (by ¢, a3 X0, X1 —ky, 2/k, )

x1 (b p+1\ ra\i—1 | _
= p1_|_1) Z ( j > <E) Sip+1—j (¢, —a,b;Xy, X232, 2,y) + X1 (b) Epq.
j=1

Observing that s% ., (¢, —a,b;X1, x2; 2,2,Y) = Bjx, (2) Bp—jx, (¥) for b =1 and y = 0, this formula will

be simpler, for example,

—1 _ —
spa (@, ¢ x1, x2) + (a/ck)’ ™ x1 (—¢) x2 () s1,p (¢4, a5 X0, X1)

P
p+1 i
Z ( ) (a/e)’ ™" Bjx, Bp—jxa

j 1

where Sy, (@, ¢ X1, X2) = Smn (a,1,¢x1, x2;0,0,0) and cc™ =1 (mod ak) .

Although the sum s, 4 (a,b,c; x1, X2; %, ¥, 2) is a generalization of the sums defined in [7, 19, 20], The-

orem 2.1 does not include the corresponding reciprocity formulas. However, the following theorem covers the

reciprocity formulas derived previously.

Theorem 2.2 Let a, b and c be pairwise coprime positive integers. Let x1 and X2 be nonprincipal primitive

characters of modulus k. Then, for z,y,z € R and p,q € N

Sp,q (a7 b7 Ci X1, X2,2,Y, Z)

q(b/ck)?™ 12()

q+7 p J#H“J( a,c,b; X2, X1 %, 2, Y)

q l
_ q\ (b/kc _ _
+p(a/c)p ' E <l> (p/+l) (_1)q lsp-‘rl,q—l (Ca bya;XZaxl;zv_y’m) +Ep,qa

where E, , is given by (2.2),

1006



CAN/Turk J Math

Remark 2.3 The reciprocity formulas given by Dagl and Can [20, Theorem 1], Cenkci et al. [19, Theorem
5.4], Berndt [7, Theorem 7] are special cases of Theorem 2.2 for x = z =0, for x1 = x2, for p =1, x1 = X2

and in all cases q =b=1 and y =0, respectively.

In particular,

S1,1 (aa b,c;x1, X2, T, ¥, z) + 511 <C7 b,a;Xa,X1; 2, _y’x)

b
52520 (6,0, X9, X132, —y, @) + Ev 1. (2.19)

- S){,l (—a,c, b; XZaYl;:E»Z7y) = 2G%e

In the case x = y = z =0, (2.19) was first proved by Berndt [12, Theorem 7.2] for arbitrary periodic sequences
{an} and {c,}, (00 < n < o0) of period k (instead of {x1 (n)} and {x2 (n)}).

Moreover, for p =1 and x =y = z =0, (2.18) reduces to

S1,q (a‘vbv C;X17X2) - (b/Ck)q ! S}lk ,q ( a,c, b; X27Y1)

1 q+1 q+1
-1 1-1 — =
T+l ( l ) (b/ke) ™ (1) s g1t (60,45 X0, X0
I=1

where s, 4 (a,b,¢;x1,X2) = Spq(a,b,¢x1,X2;0,0,0). For b = 1, this is analogue to the formulas including

character Hardy—Berndt sums given in [13, p. 15 and p. 17].

Proof [Proof of Theorem 2.2]We consider the following three cases: I) p > 2, ¢ > 2, II) p > 2, ¢=1 and
1) p=1, ¢ > 1.

I) The case p > 2, ¢ > 2.
We already have from (2.10)

Sp,q ((1, ba Ci X1, X2, 2, Y, Z)

— — X2 (m)y (n) mi(nz+me4 0
= cb?G (x1) Ay (x2) Ay Z - (nc—lma)q o2mi(natma+ yk)/k
m=—00 n=—00
m#0  n#0

ma#nc

= cb'G (x1) Ap (x2) Aq Z Z m_ma)) e2mi(nztmat egmayk) k- (2.20)

n;éO m;éO
nc#ma

where the implied interchange of order of summation is justified by absolute convergence. We now combine
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(2.20), (2.11), (2.12) and (2.13) to obtain

Sp.q (@, b, ¢ X1, X232, Y, 2)
cb1G (x1) Ap (x2) Aq

. aky _ (cky
pz Qp—j Bp—jxs (33_ b )Bq-ﬁ-ma( b +Z>
=a

aP—dcati Ap—j (x2) Ag+j (X1)

_ pz Qp—j )XQ( ) i X2 (T’) X1 (T) 2rmi(az+cz)r/k
a — €

aP—Jcd+i cp Jad+ti rp+q

+ aP Z qul i i Yl ( )X2 (m) e2ﬂz(nz+mw+wyk)/k
Cp+l np '

q—1

(2.21)

Taking a <> ¢, ¢ <> z and X; <> x2 in (2.10) gives

Sp’q (67 bv a; Y27 Yl; 2Y, LC)

o0

Ev3 Eva — X m n mi(ne+mz4 g
:aqu(Xg)Ap(X]_)Aq Z Xl( )X2< ) 2 ( + + yk:)/k

mP (na — mc)?

(2.22)

m=—00 n=—00
m#0  n#0

ma#nc

Moreover, similar to (2.10), we have

Sptq,0 (€ 0,0;X9,X15 2, —¥, T)

_ G (X2) (X1) Xz ( B
=X, (a) X2 (C) ( 2ap+(1;+11 1 Z np+q ) 2 z(az+cx)n/k. (2.23>

n=—oo

n#0
Therefore, combining (2.21), (2.22), (2.23) and using that
q+j—1 q+p—1
o517
i J p—1
after simplifications, we find that

Sp,q (CL, ba G X1, X250, Y, Z)
. y y
(ck)?™ ()41 Z ( )Q +j a/c)’ By—jx: (—ak‘g + x) Bytix, (ck‘g + z)
q b l l
() E:()p+l(w>(_nqsmthQ@WXwXU%_%@~

=0
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As in (2.16), taking y — y + h and then summing over h from 0 to b — 1 give

bsp.q (a,b, ¢ x1, X252, Y, 2)

b pa—1 P—1< ) q ( / )j * ( b = )
= . - \aA/C) Sy g (7QC05X2,X15%,2,Y
(Ck‘)q lj 0 J)4qT] LA !

avri s (g p (b e o
+b(g) ;(Z)p—i—l (Ck‘) (71) Sp+1,q—1 (Cab7a7X27X1,Z,7yax)a

which is (2.18) for p > 2, ¢ > 2 and z,y,z € R.

IT) The case p>2, ¢=1.

In this case we take advantage of the differential properties of the Bernoulli functions

d
—B,, (x) =nB,_1 (z) and .

Bry (@) =nBn_1y(x), n>1, z ¢ Z.
We use (2.24) for p> 2, g=2:

ck—1
v+ z v+ 2z
> 0 0B (a7 ) B (07 )
b - v+y vty
= k2<>2+] ZBP JX2<akb+x)BQ+j7X1 (Ck b +Z>

SO () () e

ak—1

_ v+ v+
X Z X2 (V) Bptix, (Ca —|—z) Ba_i (b PR y) .
v=0

Let bz + cky ¢ Z and bx — aky ¢ 7. Differentiating both sides of (2.25) with respect to y gives

Sp,l (aabv CiX1,X2:2,Y, Z)

J ) _
Z < ) 1 —i—] C) S;*j71+j (_aﬂcvbaXQathE,Z,y)

+(

which is (2.18) for p > 2, ¢ =1 and z,y,2 € R with bz + cky ¢ Z and bx — aky € 7.

- (1 p (b 1-1 B
) > ) o+ \ek (=1)" " spri1—1 (6,0, 05X, X152, —¥, 2)

=0

SHES

(2.24)

(2.25)

(2.26)

If bz + cky € Z or bx — aky € Z, then we take y — y F ¢ in (2.25) such that bz + ck (y F96) € Z and
bx — ak (y F6) ¢ Z. Then (2.26) holds for bz + ck (y F9) € Z and bx — ak (y F0) € Z. Adding (as in the case
p=q=1and (z,y,2) € (—ak,—b,ck)R + Z* in the proof of Theorem 2.1) and then letting § — 0T, with the

use of (2.6), give (2.18) for p > 2, ¢ =1 and for all z,y,z € R.
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IIT) The case p=1, ¢ > 1.

If bx — aky & Z, the proof is similar to the previous case, where now we set p = 2, ¢ > 1 in (2.24).
Differentiating both sides of the resulting equation with respect to x gives (2.18) for p=1, ¢ > 1 and z,y,2 € R
with bx —aky € Z.

If bx — aky € Z, then we take * — = F 0 so that (2.18) holds for p =1, ¢ > 1 and z,y, z € R such that
b(x F0) — aky € Z. Adding the resulting equations gives

ckzl >\+ 5 .
Xl Tk Yy
1 A A
xz{Bl,m( +Z+ +5>+81,X2(a Z_Z—i—x—é)}
i1 v+y
-1
= (b/Ck?)q ;Bq’yl (Ckb + Z)

X % {Bl,xz (—akv+y —&-95—1—(5) + By, (—akv—l’)—y +x—5)}

ak—1

U

=0 v=0

1 v+ o v+ bo
o (57 000D 57 2)

v+ co v+ bd
+B1+l7§1 (Ca +z— a) Bq_l <b ak - Y- ak>}

Now assume that © = —akR + 1, y = —bR + y; for some R € R and x1,y; € Z, so bx — aky € Z. Let
2 = ckR + 2. Then, (2.18) follows from (2.8) by letting § — 0% for the cases (¢ # 1 or 21 € Z) and (¢ = 1
and z; € Z), separately. O

3. Petersson—Knopp type identities

For the sum s, 4(a,b,c; x1,x2) the following Petersson—Knopp type identities hold.

Theorem 3.1 Let x1 and x2 be nonprincipal primitive characters of modulus k. Then, for (n,k) =1, n € N

le dp+q QZZ‘SWI( a+ rck, db+jck,dC;X17X2)

r=1j=1

= RY1 (’fl) Op+q—1 (n’ X17YQ) Sp.q (a7 bv Ci X1, XQ) ) (31)

where oy, (15 X1, X2) = > d™x1 (d) x2 (d) .
d|n
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In addition, if (n,b) =1, then

d
DT (DX (@) a3 sy (Gat rok,bdei, xa)
d|n r=1

= 1'%, (n) oprq-1 (15 X1, Xa) $p.q (@,], 6 X1, X2) -

Note that for x; =X, = x, (3.1) reduces to

Z qrta—2
d|n

d d
Z Z Spq (%a + rck, gb + jck, dc; X,y)
r=1j=1

= le (n) Op4q—1 (n’7 X X) Sp,q ((1, b7 (6% X7Y) .

To prove Theorem 3.1, we need the following two lemmas.

Lemma 3.2 ([42, Lemma 3]) If v € Z and d € N, then

d jv dx
3 B, <x+ ‘7d> = (v,d)qdl_qu( )
j=1

(v, d)

Lemma 3.3 Let x be a nonprincipal primitive character modulo k. Then, for (d,k) =1,

d
r d xd
k=) =(dv)d" x| —— ).
;B’””‘(“” 2) = @0 x(@’v))&,x((d,v))
Proof Let (d,v) =1 and set d =1d;, v = lvy. From (1.6)
d r Al d z+7j or
) — p—1 v (4 -
ZBP’X(I+de> k x(])ZBp< ’ d>
r=1 7=0 r=1
k-1 1
_ r+j vr
=Y XG) DBy < - d1>
7=0 r=1 1
k-1 dy
_ . T+ T
="YX () B,,( k +d>
7=0 r=1 1
From the well-known multiplication formula of B,, (x)
m—1
o n—1
B, (mz) =m ;Bn (:v+m)

(3.2)
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we have
d k—1
_ _ xdy + jd
> By (33+vk:a) =1(d)" PR X )Bp< ! kj 1)
r=1 7=0
(dik)=1 1, (d pflkflg, xdy +j
Pd™"Px 7 k X (J) Bp A
j=0
d d
=1Pd* Py [ — By« rad
l l
by (1.6). O

Note that in the case v =1, (3.4) occurs in [15, Eq. (3.13)].

Proof [Proof of Theorem 3.1]We prove (3.1), the proof of (3.2) is similar, so we omit it. From (3.3) and (3.4),

le d) dPtr- 2zzqu< a + rck, db+jck,dC;X1aX2)

r=1j=1
dek d nav rvk nbv
—ZX1 d) dr+a- 2ZX1 Z Mz( )ZB (d%k )
dck
=> X @D (d)>_ x1 (v) (d,v)" X2 (d/ (d,v))
d|n v=1

nav nbv
* B ((d, i) & (@)

dck
I=(dv) _ B nav nbv
=YX @Y x> xi () By, (E) Bq(ldck)
dln Ud v=1

(v,d)=l

dck /1

Y v p+q nav nbv
:%m(d)%jxg(z)w > a0 ) B, (") g, (dk) (3.6)
(o)1

We need the following two properties of the Mobius p-function:

;N(d) :{ (1): i)ftgerzwli;e, (3.7)
and
ad/t
Z F@)=>u)d f(tv). (3.8)
tld v=1

(1) d) 1

1012



CAN/Turk J Math

Utilizing (3.7) and (3.8), the right-hand side of (3.6) becomes

dek/lt
_ _ vna/l nbv/l
S @ 0% 0P w0 Y v w0 B, () B ()
d|n lld t|d v=1
na nb dc
= ZZZM x1 (18) X () 1PF 94 (t) Sp,q (l’l’lt;Xl’X2>
dn lld ¢4
" na nb
=> % DI (t) spq { > 7 hesxas xe
tlh|n
=Y (X ) s, (X "0 hes s xe > ou()
1 Sp,q l l ’
lh|n t| 7
Z X1 ( lp+q5pq (ha, hb, he; X1, x2) -
lh=n

Here, using that

Sp.q (ha’7 hb7 hC; X1, XQ) = h8p7q (a’a b7 C X1, XZ) 5 heN

which follows from the definition of s, 4 (a, b, ¢; X1, X2), gives

d d
Zdzﬂrqﬂ ZZSPQ( a + rck, derjck,dC;Xl,Xz)
j=1

d|n r=1
= > X (W)X ()P sy g (a,b, ¢ x1, X2)
lh=n
= nZX1 ( > lerq lsp,q (a,b,¢x1,X2)
ln

=nX; (n) Op+q—1 (n; X17Y2) Sp,q (a’ ba G X1, XQ) .

This proves (3.1). O
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