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Abstract: In the most general case of w-weights, some normed functional spaces X&(a,b)(1 < p < 00), ACY ,[a,b] and
a generalization of the fractional integro-differentiation operator are introduced and analyzed. The boundedness of the
w-weighted fractional operator over X&(a,b) is proved. Some theorems and lemmas on the properties of the invertions of
the mentioned operator and several representations of functions from ACZ ,[a,b] are established. A general w-weighted
Caputo fractional derivative of order « is studied over ACY ,[a,b]. Some representations and other properties of this

fractional derivative are proved. Some conclusions are presented.
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1. Introduction

Recently, many researchers are dealing with some well-known equations by means of some generalized fractional
integro-differential operators, see, e.g., [5, 8, 10, 15]. These kind of extensions imply several expected and
unexpected properties of the solutions of the considered equation, we refer to [3, 6, 18]. Besides, in many
papers some special classes of functions have been introduced to apply the apparatus of the fractional integro-
differential equations in different fields of knowledge: engineering, physics, chemistry, mathematics, etc., see,
e.g., [4, 12, 17]. This is the base for studying in this paper more general fractional derivatives. These derivatives

will be considered for functions belonging to several spaces ACY ,[a,b], which are some subsets of the set AC|a, b]

of absolutely continuous functions on [a, ], see, e.g., [13, 18]. Notice that that the space AC[a,b] coincides
with the space of primitives of Lebesgue summable functions, see, e.g., [18, p. 3], then absolutely continuous
functions have a summable derivative f’(z) almost everywhere. The converse is no true. Indeed, this is one of
the most important facts of the theory of fractional calculus to define fractional integro-differentiation operators
with good enough representations and properties. In general terms, this paper gives some w-weighted extensions
of the results in [18, Chapter 1. Sec. 2] and [12, 13]. Furthermore, we give some other new results that appear
naturally while it was proving the w-extension.

The paper is organized as follows: In Section 2 we give some definitions on the fractional integro-

differentiation operators. Section 3 is devoted to the representation of any function f € ACﬁ’w[a,b} in
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terms of w-weighted fractional integrals. Besides, it shows that if f € ACY [a,b] then I3 f € ACY [a,b].
Section 4 gives the original contribution of the paper on representations and properties of some general w-
Caputo fractional derivatives over ACT [a,b]. Some theorems on inverse properties of the w-Caputo fractional

derivatives and fractional integrals are established. In Section 5 we give a boundedness result on w-weighted
fractional integral in a weighted space X7 (a,b), while in Section 6 we finish the paper with some conclusions.

The goal of this paper is to present and study some properties of a Caputo fractional derivative with
respect to another function. With this idea, we generalize some previous works dealing with the Caputo

fractional derivatives. We study the main properties of this operator.

2. w-weighted fractional integrals and derivatives

Below we recall some classical definitions on fractional integration and fractional derivative of a function.

Definition 2.1 Let a,b€ R, a<b, a >0 and f € L* (a,b), then

(J% f) (&) = ﬁ /I(x — Ol @)dt, @ > a, (2.1)
and
b
(T2 f) (2) = ﬁ / (t—2) f()dt, b> . (2.2)

These integrals are called right-sided and left-sided Riemann—Liouville fractional integrals respectively, see, e.g.,
[7, 15, 18].

Moreover, other kind of fractional integrals and derivatives of a function f with respect to another function
h have been defined and studied in different articles and books, see, e.g., [3, 15, 18]. In this article, we will
consider the same form of fractional integro-differentiation operators, but with respect to a weight w that turns
into those in [3, 7, 15, 17, 18] for some particular weights. The consideration of these weights w will bring out
more expected and unknown results. These kind of generalized fractional integrals and derivatives are partially

studied in more general settings in [1, 3, 12, 16, 17] and the references therein.

From now on, we assume that € is the class of those absolutely continuous functions w(x) on (a,b), such that
w'(x) # 0 for any = € (a,b) and —co < a < b < 4+00. Besides, N is the set of natural numbers, C is the set of
complex numbers and [z] is the ceiling function.

Below we introduce the w-weighted fractional integro-differentiation operators and give some examples
of them.

Definition 2.2 If w € Q, a € C (Rea > 0) and f € L(a,b), we define the left-sided (right-sided) fractional
integrals of order « and the left-sided (right-sided) fractional derivatives of order a of a function f with respect
to a weight w as:

(Iguf)(x) = ﬁ / ’ (w(z) —w(®)* ' () f(t)dt, = > a, (2.3)

1 b a—1
(12,1)@) = 17 | (0 - w@) " Of 0, o<, (24)

(a)
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and setting v = — di n = [Rea]

w’(z) dz ’

(D5 f) (@) =" (L F) (@) and (DG ,f)(x) = (=9)" (L5 f) (@). (2.5)
We assume that I) ,f =10 ,f = f.

Notice that in the above definition we are not taking o € C with Rea € N, since n = [Rea] = Rea
and hence n — a = —iIma, then the fractional integral (Ig,;"‘ )(x) is not defined due to Rea = 0. While
for the case a € N in (2.5) we simply get (Dg,f)(z) = v (I25%f)(x) = y"(I2 ., f)(x) = v"(f)(z) and
(Dba,wf) (x) = (—7)"([3;“ )(33) = (—=y)" (Ig’wf) () = (—y)™(f)(x). Hence, below we always distinguish both
cases just setting &« € N or n = [Rea].

Semigroup and commutative properties hold for Rea,Re3 > 0:

I8P f(2) = I88P f(x) and 12,10, f(z) = I3 (@),

a,wra,w

IS0 fla) =12 1S f(x) and 12,10, f(x) =10 15, f(x).

a,w"a,w a,w”a,w

For proving the above properties is just necessary to take into account the change of integration region and

Beta’s function representation.

Now some examples. First, we recall the Pochhammer k-symbol [9].
Definition 2.3 Let z € C, k € R and n € NT, the Pochhammer k-symbol is given by
(X)ne = x(x+k)(x+2k) ... (z+ (n— 1)k).
Example 2.4 If we Q, o,8 € C with Rea >0, Ref >0 and n = [Rea], then

I'(B)(B = )na

(Do u(w(t) —w(a)) ) (@) = (B —a-1) (w() —w(a)’ ™71, (2.6)

T(n—a—p)
a (i —w pB—1 ) = —a— r ﬁ)(ﬁ_a)n,l wlx B—a—1
(DEafwlb) = w(t) ) (@) = (8 = & = DA D w(b) — (o),
(Dg"w(w(t) — w(a))a_j)(x) =0, j7=1,....,n—1, (2.7)
(ng(w(b) - w(t))a*j)(:c) =0, j=1,...,n—1.
Proof By definition 2.2 and the substitution u = %, we have
o (o) — wlaNf1) () — 7" ((w(z) — w(a)m—otA=1) 1 )r—a— 1y A1,
(Dg () — (@) ) () = e [a-w du

Thus, formula (2.6) follows straightforward by the calculus of 4" ((w(z) — w(a))"~**#~1) . Indeed, 7" ((w(z) —
w(a))" B = (B —a—1)(B — a)p1(w(z) —w(a))?~*~1. Besides, it is clear that

"((w(z) —w(a))™ I 1 .
(Dett) ~ wlay ) = TUAD =) [y ety =,
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The other formulas are proved in the same way.

Notice also that if Re 8 > Rea and the property (z)n1 = F(Fx(gl) [9, Prop. 6] for Rex > 0 we get
- L'(B) e
D¢ — p-1 = _ B—a—1
(D2(w(0) - (@) ) () = przm s (o) — (),

(D34 (w(b) —w(®))(2) = 1‘(51:(?_1) (w(b) —w(@) o

O

Some classical weights can be taken to give illustrative operators. For instance, if we take w(z) = x, we
get for any f € L(a,b)

(Leuf) (@) = (J34 f) (@) and (I, f)(x) = (Ji- f)(x).

P
Besides, if w(x) =
p+1

for any p € R\ {—1}, we obtain

(Louf) (@) = (J3 ) (@) and  (I5,f)(2) = (S~ ,f)(2)-

Also,

(w(z) —w(0)"

(I&ww) (z) = [w(z) + aw(0)].

I'a+2)
Furthermore setting f(z) = 2*, g(x) =1 and w(x) = “;p:ll for £ >0, a>0, p>0and g > —1 we get

—ap(ptprtl —a
(p+ D)7*T( il )ta(”"'l)'“‘ and (](()X,wl)(ﬂ:i(p—’—l) e(pt1)

M+ 228) Fla+1)

(I5a”) (1) =

3. Preliminary results

We begin this section introducing the spaces of functions that will be considered through this paper.

Definition 3.1 We define

acfat = {1 fabl > €17 e ACl by = ),

where w € Q and n € N.

It is easy to see that under some suitable weights w, the above space coincide with those define and treat
in [12, 13, 15, 18].

Below we give a characterization of any function over the space ACZY [a,b].
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Theorem 3.2 If w € Q, then any function f € ACY [a,b] if and only if f can be represented as

where (y" f)(z)w'(x) € L'(a,b).

Proof Let f e ACY [a,b]. Then v"~! f € AC[a,b]; hence, the derivative of v"~! f(x) exist almost everywhere
on (a,b); thus, for any z € (a,b)

S
E\
—| =
K
N—
QL
&~
~__
3
|
AR
Kﬁ
—~
&
Il
p\&
o8
=

o ((w,l(t)jt) ) f(t)> dt+ ("1 )(a)

0 (o) 10)ar+ 6" D)

| arnws @+ a, 3.1)

Il
ﬁ
&

where Ay = (v"~1f)(a). Multiplying both sides of (3.1) by w’ (x) and integrating over (a,z), we obtain

<w'1<x) - ) = / ) ( / ) () dy + Ao) dat

- [ nwe o) ( / ") dt) dy + Ao (w(x) — (@) + A,

= [ @@ 006D 6+ Aol (1)~ (@) + A,

where A; = (v"2f)(a). Again, multiplying both sides of the above equation by w’ (z) and integrating over

666



AKKURT et al./Turk J Math

(a,x), we get

—&—AO/I (w(t)—w(a))w'(t)dt—i—Al/xw’(t)dt—FAg

- ["emnwme w / @) =)W @) dy

(" F) ) (y) dy + Ag—

:/w (@) —w ()

2
+ Ay (w(z) —w(a)) + As,

where Ay = ("2 f)(a). If the same process is repeated n — 3 times, we arrive at

n—1 n—k—1
? (wlz) —wly) —w(a))
fa) = [ L y+Z R
where A, = (v""*71f)(a). Another implication follows by the application of ¥*~! over the representation. It is
just to remember the Leibniz’s rule for differentiation under the integral sign and 7"~ (w(z) — w(a))n_k_1 =0
forany k=1,...,n—1. O

Remark 3.3 Under the same conditions of Theorem 3.2, it can be proved similarly that f € ACZ la,b] if and
only if f is of the form

1 b n—1 n /
f@) = = / (w(t) — (@)™ ()" ) () (1)t

(n=1"!J,

n=l . \n—k—1
B EDD0 )i

k=0

n—l . _\n—k—1 1
= (e + X EE ) - e

k=0

where ((—")f)(z)w'(z) € L*(a,b).
Theorem 3.4 Ifw e Q, a € C with Rea >0, f € ACY [a,b] and n = [Rea], then I3, f € ACY a,b].

Proof By the representation of Theorem 3.2 we can write I, f as follows

”*1 n k—1
19 f(@) = 19, (I () +Z O D@ pa (ut) - wi@) "™ @),
k=0

(n—k—1)!
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By the semigroup properties of I  and the calculation of the second fractional integral above by means of the

substitution u = % and taking into account that 1 —u = % and the properties of the Beta’s

function we obtain

2 (ynhl a at+n—k—1
@) = 1250 @)+ X T D o) — ) ), (32)
k=0

Under the last representation it remains to prove that "1 (Iﬁw f) (x) € AC[a,b]. We now calculate the first

term of (3.2). Indeed, by the Leibniz’s rule for differentiation under the integral sign we have

PO @ =" (e [ ) —w) T 06 0 )

T(a+n)
:W”Quﬁi_uLwW%MMV”QM@W”W”Q

:w*Qm%Z_anw%wmf”3M@W”W”Q

1

- m /a (W(Z) - w(t))aw/(t)(fynf)(t)dt_

Notice that
1 v .,
T [ @ el Wm0

1 d

(o) — o)™ [ L") < oc,

since f € AC” [a,b] (ie. (y"'f) € AC[a,b]). This implies that the first term of (3.2) belongs to AC[a,b].

a+n—k—1) f

On the other hand, for the second term of (3.2) we just need to estimate 7"~ ((w(z) — w(a)) or

k=0,...,n—1 since the other terms are constants. Indeed,

—k

7 (w(e) = w(@) ) = (@ = k) (@) — w(a)”

and (w(z) —w(a))a_k € AC[a,b] for any k=0,...,n—1 since k <n—1<Rea. O

4. Main results
We begin this section showing the representations of the fractional derivative Dg  f(x) and Dg , f(x) for any

function in the space ACY [a,b].

668



AKKURT et al./Turk J Math

Theorem 4.1 If we Q, f € ACY a,b], a € C with Rea >0 and n = [Real], then

DL @) =g | w

n—1
(0" @)~ k= Do e
T2n—k—a) (w(@) —w(a))"Fo, (4.1)

w(z) —wy)" W (W) (y)dy

—~

:F—i/ (w(y) —w(@)" ' (W) (" ) (y)dy

n—1  \n—k—1 n—oa—k— 1 1

exist almost everywhere on [a,b].
Proof Let f & ACY ,[a,b]. By (2.5) and Theorem 3.2 we obtain

D2 f(x) =
w171 (@) —w®)" T (@) — w@)" T () ) (D (y)
K </a /a (n—D!T(n—«) dydt

n—1
n (Wn_k_lf)(a) y n—a—1 n—k—1,
+ (Zr(na) D [ ta) =) ) — @) <t>dt> .

k=0

w(t)=w(y)

To calculate the first integral, we have to change the integration region and use the substitution u = ROEROL

after that we just need to use the property of Beta’s function B(r,s) = NG Rer,Res > 0; while the

L(r+s)
w(t)=w(a)

second one follows by the substitution s = @) —w(a)

and we use the property of Beta’s function. Thus,

D5 10) = g —ay?" ([ (60 = o)™ )0 Dy

n—1 k1 .
+ " (Z M(W(l‘) - w(a))%—k—a_1> |

k=0

By applying 4" to the above integral (Leibniz’s rule for differentiation under the integral sign) and by the
straightforward estimation 7" ((w(z) — w(a))®*~*7*=1) = 2n —a —k — 1)y —1(w(z) — w(a))" "1 we get
the desired formula (4.1). In the same manner it is proved (4.2). O

Now, we present a new family of w-Caputo fractional derivatives of any order «, with o € C such that Rea > 0.

Definition 4.2 If w € Q, a € C with Rea >0, n = [Rea], f € ACY la,b] and —oo < a <b < +oco. Then
we defined the left and right w-Caputo fractional derivatives of f of order a as

n—1 n k—1
DS (@) =D ( -3 Gy )<w<t>—w<a>)”’”> @ @3)

’I’L-
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and

n=1l . \n—k—1 1
DIe ) = D, (f<t> -y 0 iy - ) ) (@)
k

=0
It should be clear that for o € N, D& f(x) = (v*f)(x) and szf(x) = ((=v*)[f)(x) since v*(w(t) —
w(@)* ™ = (=7 (wlb) — w(t))

Notice that in many particular cases, taking suitable weights w, the above derivatives generalize and extend

0 for any k= 0,1,...,a — 1, see definition 2.2 or formula (2.5).

those derivatives introduced in [12, 13, 15, 17, 18] and some others.
Below, we give a characterization of any w-Caputo fractional derivative in terms of the fractional integrals

I, f or I, f

Theorem 4.3 If w € Q, a € C with Rea >0 and f € ACY [a,b], then:
1. If n=[Rea],

DESH@) = e [ ) =)W )6 )y (14)
a,C 1 b n—a—1 , n
DI 1) = g [ () —e@)" W W)= Do)y (45)
2. If a eN
DS f(x) = (4 f) (@) and DZY f(x) = ((=7)°F)(@). (4.6)

Proof The representations (4.4) and (4.5) follow by Theorems 3.2 and 4.1. For the case o € N, formulas in

(4.6) are obvious. U

Remark 4.4 Notice that representations (4.4), (4.5), and (4.6) can be written as
Dyl f(x) = 1" (V" f) (@) and D2y f(x) = 12, (=)™ ) (@),
while for o € N,
DS (@) = 10, (7" f) @) = (7" f) (@) and DZ () = ((=9)"f) ().
Now we show some classical examples of these derivatives.
Lemma 4.5 Ifw e Q, «,8 € C with Rea >0, n=[Re«] and Ref > n, then

LB —n)
I3 —a)

LB —n)
I'(8—a)

(Des (w(t) = w(@)? ) (2) = (8~ D)n,1 (w(z) = w(a)?~*7, (4.7)

(D2 (w(b) — w()* ) (x) = (B — -1
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Proof By Theorem 4.3 and the substitution v = % it follows (4.7). Moreover, as 7" ((w(z) —w(a))?) =

0 forany j =0,1,...,n—1, and the equality (4.8) becomes obvious. Similarly, the other formulas can be proved.
O

In the Figure, we plot (4.7) for the various values of the parameters. Some theorems on inverse properties

of the w-Caputo fractional derivatives and fractional integrals.

Graphs of generalized Caputo derivatives
35 T T T T

Figure . Graph of Dg‘;cwf (z), for the kernels w (z) = .

Theorem 4.6 If w € Q, a € C with Rea >0, n= [Rea] and f € ACY [a,b]. Then

DeSIE f(w) = f(x) and DIYIS,f(x) = f(x).

Proof By Theorem 3.4 we have that I, f € AC}[a,b] since f € AC}[a,b]. Hence, by Theorem 4.3, Remark

4.4, Leibniz’s rule for differentiation under the integral sign and the semigroup properties of I¢  f we obtain

D (Iguf) (x) = L5 (" (U2 u D) (@) = L5 (185" F) (@) = I, f(2) = f(a).

The other formula is proved in the same way. O

Theorem 4.7 If w € Q, a € C with Rea >0, n=[Rea| and f € ACs,h[a,b], then

") (a)

(n—k—1)!

It(zl,w (Dg,f' )(x) = I” ('Y f) (w(x) - w(a))n—k—l,

M

k=0

and

n k—1
S (D53 N @)=L (7)) Z e ORI
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Proof By Theorem 4.3, Remark 4.4, and the semigroup properties of I¢, f we can arrive at

I3, (Do (@) = I8, (1250 (0" ) (@) = I, (v f) ().

To complete the proof we just have to recall that in virtue of Theorem 3.2 we have

n-1 A k—1
f(:C) _ I;L nf Z f)( ) (w(x) o w(a))n_k_l.

(n—Fk—1)!

Analogously, the other formula can be proved. O

5. Further results

In this section we consider a w-weighted space of LP(a,b), which will be denoted by XZ2(a,b) and we are going

to prove boundedness of (Ig,,f)(z) as an operator from X?(a,b) to X5(a,b).

Definition 5.1 Let 1 < p < 0o and w(x) € Q). We define the space XP(a,b) of those real-valued Lebesgue

measurable functions f on (a,b) for which

P

b
1fl]xz = / FOP WO < oo

It is clear that this is a norm. Notice now that when w(z) = z the space XZ(0,00) coincides with
k+1

kE+1
becomes Ly, 1(0,00)— space. Moreover, if w(z) = % for c€ R and 1 < p < oo, we get that space X2 (a,b)

the well-known L, (0, 00)—space. Besides, if we take w(x) = (1 <p< oo, k>0) the space X2(0,00)

coincides with the space X7?(a,b) introduced in [14]. Moreover, under some suitable weights the considered

space XP(a,b) turns into those spaces introduced and studied in [2, 13].

Now we prove the boundedness of the operator I¢,

Theorem 5.2 Let o € C with Rea >0, 1 < p < +00, —00 < a <b< +oo. Then the operator I3, defined
from XP(a,b) to XE(a,b), is bounded and

1w fllxz

< <M < oo,
||foP
where
1/p

(“ =" max {|' ()" w(0) —w<s>\(3m‘””“})

M= 1/p
\F(a)|((Rea —p+ 1)

672



AKKURT et al./Turk J Math

Proof By definition 5.1, Jensen’s inequality and changing of integration region we get

e f I

< e | @ (i [ s e o
s“]“ / (/ o) = )] <T>|Pdr) ' () dt

(b—a)P~ 1@@3@{@ ’p_l‘w(b) —w(s)‘(Re()l_l)p—s_1

: IT(a)lp((Rea — 1)p +1) /a |f(T) Pl (7)|dT.

Thus, the proof is completed. O
The following result on an inverse property involving the fractional integral operator Ig, and the

fractional derivative Dg ,,

over the space XP(a,b).
Theorem 5.3 If w € Q and 0 < Re8 < Reac. Then the following formulas hold:

DE I f =1 and DD 1o, f =12, (5.1)

a,w”a,w

a ) a wf f and Dg,bIg,bf = f7 (52)
for any f € XL (a,b).

Proof Below, we prove the first formula of (5.1) and the second one we leave to the reader. Hence, we sketch

the proof into two cases. For 8 = m a positive integer (o > m), it follows by (2.5) and Leibniz integral rule
that

Dt = (o) (ri | @ —ww) s osoa)

m—1 1 ’ —w a—Qw/
-7 (P(a—l)/a (wle) —w(®) W] mdt)
o m—2 1 ¢ W a—3
-7 (r(a—2)/a (w(@) —w(®) (0] (t)dt>
1 ® a—m—1 ,
- F(afm)/a (w(m)—w(t)) (t)f(t)dt
= I f(a).
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For the case m = [3], we get by (2.5), the semigroup properties of I$, and the first case that

a,w

Df (Lo f) @) = 4™ (1157 (180 f) (@) =y (150 f) (2) = (1357 F) ().

Notice that formulas in (5.2) follow by (5.1) and the fact that I{ ,f = Ig,bf = f. O

6. Conclusions

Most of the results of this article have been many special results of [11-13] in some particular cases. On the other
hand, the consideration of some fractional derivative operators over good enough spaces of functions leads to
some representations and properties, as that can be seen in the referred works. This paper gives some ideas for
the future consideration of some initial value problems for nonlinear fractional differential equations involving
the w-Caputo fractional derivatives, i.e. the problem of the existence and uniqueness of the solutions of these
equations, studied in terms of some standard fixed point theorems. For instance, the following Cauchy type

initial value problem is natural to study under some initial conditions:

(DS g)(x) = f(z, g(x)).

It will be natural to consider the Picard iteration method for numerically solving the latter problem, as one can
see in [3-5, 10, 15].
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