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1. Introduction
It is well known that the uncertainty principle asserts that a nonzero function and its Fourier transform cannot
both be sharply localized. In quantum mechanics, this principle says that an observer cannot simultaneously and
precisely determine the values of position and momentum of quantum particule. A mathematical formulation
of this physical idea, usually called Heisenberg’s inequality, was developed by Heisenberg [5] in 1927 , for
f ∈ L2(Rn) , as follows:

(∫
Rn

x2
j |f(x)|

2
dx

)(∫
Rn

ξ2j

∣∣∣f̂(ξ)∣∣∣2 dξ) ≥ 1

4

(∫
Rn

|f(x)|2 dx
)2

, 1 ≤ j ≤ n,

where f̂ is the Fourier–Plancherel transform given for f ∈ L1 (Rn) ∩ L2 (Rn) by

f̂ (ξ) =
1

(2π)
n
2

∫
Rn

f (x) e−i⟨ξ,x⟩dx.

Other formulations of this principle have been given in several works [1, 11–13]. Recently, many works have
been dedicated to generalize this principle by considering generalized Fourier transforms like Dunkl transform
[14, 17], Hankel transform [15], Fourier–Laguerre transform [10] (in case of Laguerre function of one variable).

In 1978, Faris [2] obtained various inequalities that generalize and improve the Heisenberg uncertainty
principle. These results were called local uncertainty principles and they say that not only must the transform
of a concentrated function be spread out, but that it cannot be too localized at any point. In 1987, Price [9]
developed a family of inequalities in their sharpest forms which more directly displays the principle of local
uncertainty as follows:
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• Let α > n
2 , there exists a constant Kα,n which verifies the following inequality for all measurable set E

of Rn such that 0 < m (E) < +∞ and f ∈ L2 (Rn) :∫
E

∣∣∣f̂ (ξ)
∣∣∣2 dξ < Kα,nm (E) ‖f‖2−

n
α

2 ‖|t|α f‖
n
α
2 ,

where

Kα,n =
Γ
(

n
2α

)
Γ
(
1− n

2α

) (
2α
n − 1

) n
2α

α2nπ
n
2 Γ
(
n
2

) (
1− n

2α

) .

• Let 0 < α < n
2 , there exists a constant Cα,n such that for all measurable set E of Rn and f ∈ L2 (Rn)

we have: ∫
E

∣∣∣f̂ (ξ)
∣∣∣2 dξ < Cα,n (m (E))

α
n ‖|x|α f‖22 ,

where

Cα,n =

(
n

2n+1α2π
n
2 Γ
(
n
2

)) 2α
n (

1− 2α

n

) 2α
n −1

.

The aim of this paper is to establish Heisenberg inequality and local principle inequalities related to the
multivariate Laguerre function. At the end of this paper, we prove that the Heisenberg inequality can be
deduced from the inequalities of local uncertainty principle that we will establish. Notice that, in framework of
Laguerre function of one variable, analogous results are obtained by Rahmouni in [10].

The outline of the content of this paper is as follows:
In the second section, we give some results concerning the generalized Fourier–Laguerre transform F , (in

case of Laguerre function of several variables), which can be useful later. In the third section, we establish the
Heisenberg’s inequality : if a, b > 0 then there exists C := C (α, n, a, b) > 0 such that for all f ∈ L2

α (K) we
have

‖|(x, t)|aK f‖
2b

a+2b

2,ηα

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥ a

a+2b

2,γα

≥ C ‖f‖2,ηα
.

In the fourth section, building on the ideas of Faris [2] and Price [8, 9], we develop a family of inequalities
in their sharpest forms which constitute the local uncertainty principle for the generalized Fourier–Laguerre
transform as follows :

• Let β be a real number such that 0 < β < |α|+ n+ 1 , there is a constant K := K (α, β, n) such that for
all f ∈ L2

α (K) and every measurable set E ⊂ Nn × R with 0 < γα (E) < ∞ ,

‖F (f)χE‖2,γα
≤ K (γα (E))

β
2(|α|+n+1)

∥∥∥|(x, t)|βK f
∥∥∥
2,ηα

.

• Let β be a real number such that β > |α| + n + 1 , there is a constant M := M (α, β, n) such that for
every f ∈ L2

α (K) and every measurable set E ⊂ Nn × R with 0 < γα (E) < ∞ , we have

‖F (f)χE‖2,γα
≤ M (γα (E))

1
2 ‖f‖1−

|α|+n+1
β

2,ηα

∥∥∥|(x, t)|βK f
∥∥∥ |α|+n+1

β

2,ηα

.
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• Let β = |α|+ n+ 1 , then there is a constant Ω := Ω (α, n) such that for all nonzero function f ∈ L2
α (K)

and measurable set E ⊂ Nn × R such that 0 < γα (E) < ∞ , we have

‖F (f)χE‖2,γα
≤ Ω(γα (E))

1
2(|α|+n+1) ‖f‖1−

1
β

2,ηα

∥∥∥|(x, t)|βK f
∥∥∥ 1

β

2,ηα

.

2. Preliminaries
In this section, we collect some results which constitute harmonic analysis associated with the multivariate
Laguerre function. For more details we refer the reader to [7].

Let K = [0,+∞)n × R and α = (α1, · · · , αn) ∈ (0,+∞)n . For (m,λ) ∈ K̂ = Nn × R , we define the
function Ψα

m,λ on K by

Ψα
m,λ (x, t) = eiλtLα

m

(
|λ|x2

)
,

where x2 = (x2
1, · · · , x2

n) for x = (x1, · · · , xn) ∈ (0,+∞)n and Lα
m is the Laguerre function with several

variables of degree |m| and order α defined on [0,+∞)n by

Lα
m (x) =

n∏
k=1

Lαk
mk

(xk) ,

Lαk
mk

being the Laguerre function on R+ of degree mk and order αk which is

Lαk
mk

(r) = e−
r
2
Lαk
mk

(r)

Lαk
mk (0)

, r ≥ 0 ,

Lαk
mk

is the Laguerre polynomial of degree mk and order αk .

Notice that for k ∈ N and β > 0 the Laguerre polnomial Lβ
k is defined in terms of the generating function by

+∞∑
k=0

tkLβ
k (r) =

1

(1− t)
β+1

e−
rt

1−t . (2.1)

We denote by Lα
m the multivariate Laguerre polynomial of degree |m| and order α defined by

Lα
m (x) =

n∏
k=1

Lαk
mk

(xk) ; x ∈ [0,+∞)n .

The generalized Fourier–Laguerre transform F is defined on K̂ = Nn × R by :

F (f) (m,λ) =

∫
K
f (x, t)Ψα

m,−λ (x, t) dηα (x, t) , f ∈ L1
α (K) ,

where dηα is the positive measure defined on K by :

dηα (x, t) =

(
n∏

k=1

x2αk+1

πΓ (αk + 1)

)
dxdt .
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We denote Lp
α (K) , 1 ≤ p < +∞ , the space of measurable functions on K such that

‖f‖p,ηα
=

(∫
K
|f (x, t)|p dηα (x, t)

) 1
p

< +∞

and Lp
α

(
K̂
)

, 1 ≤ p < +∞ , the space of measurable functions on K̂ such that

‖g‖p,γα
=

(∫
K̂
|g (m,λ)|p dγα (m,λ)

) 1
p

< +∞ ,

dγα being the positive measure defined on K̂ by :∫
K̂
g (m,λ) dγα (m,λ) = (2π)

n−1
∑

m∈Nn

Lα
m (0)

∫
R
g (m,λ) |λ||α|+n

dλ .

The generalized Fourier–Laguerre transform F satisfies the Plancherel formula

‖F (f)‖22,γα
= ‖f‖22,ηα

. (2.2)

A generalized convolution product ∗ is defined on K and verifies the inequality

‖f ∗ g‖2,ηα
≤ ‖f‖2,ηα

‖g‖1,ηα
, (2.3)

where f ∈ L2
α (K) and g ∈ L1

α (K) (see [7]).

Notation 2.1 We denote by :

1. δϱ the dilation on K defined by :

δϱ (x, t) =
(
ϱx, ϱ2t

)
, ϱ > 0 .

2. δ
′

r the dilation on K̂ defined by :

δ
′

r (m,λ) =
(
m, r2λ

)
, r > 0.

3. |.|K the homogenous norm on K related to the family of dilations (δϱ)ϱ>0

|(x, t)|K =
(
‖x‖4 + 4t2

) 1
4

.

4. Λ the operator defined on K̂ by :

Λ = Γ2
1 − 4

(
Γ2 +

∂

∂λ

)2

,

where Γ1 and Γ2 are defined on [7, Page 5].
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5. |.|K̂ the quasinorm on K̂ defined by :

|(m,λ)|K̂ = 4 |λ|
(
|m|+ |α|+ n

2

)
.

6. BK,r the ball in K centered at (0Rn , 0) of radius r

BK,r = {(x, t) ∈ K; |(x, t)|K < r} ,

Bc
K,r its complementary in K and χBK,r

, χBc
K,r

their characteristic functions.

Similarly, BK̂,r is the ball in K̂ centered at (0Nn,0) of radius r

BK̂,r =
{
(m,λ) ∈ K̂; |(m,λ)|K̂ < r

}
.

7. fϱ the dilated of the function f defined on K by :

fϱ (x, t) = ϱ−2(|α|+n+1)f
(
δ 1

ϱ
(x, t)

)
,

preserving the L1
α (K) norm of f with respect to the measure dηα .

Lemma 2.2 (1) Let Σ = {(x, t) ∈ K | |(x, t)|K = 1} be the unit sphere in K . We denote by ωα,n the surface
area of Σ and Ωα,n the volume of the ball BK,1 . Then,

ωα,n =
Γ
(

|α|+n
2

)
2nπn− 1

2Γ (|α|+ n) Γ
(

|α|+n+1
2

)
and

Ωα,n =
ωα,n

2 (|α|+ n+ 1)
.

(2) The measure of BK̂,r with respect to the Plancherel measure dγα is finite and we have

γα

(
BK̂,r

)
= r|α|+n+1Ξα,n , (2.4)

where

Ξα,n =
πn−12n

|α|+ n+ 1

∑
m∈Nn

Lα
m (0)

(
1

4 |m|+ 2 |α|+ 2n

)|α|+n+1

.

Proof

(1) We begin by remembering that the polar coordinates in Rn are given by the following smooth diffeomor-
phism φ , from the open set{

(r, θ1, . . . , θn−1) ; r ∈ (0,+∞) ; (θi)1≤i≤n−2 ∈ (0, π)n−2 and θn−1 ∈ (−π, π)
}
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into Rn deprived of a half closed hyperplane,

φ (r, θ1, . . . , θn−1) = r

cos θk

k−1∏
j=1

sin θj


1≤k≤n−1

,

n−1∏
j=1

sin θj

 .

The Jacobian of φ is given by :

rn−1
n−2∏
k=1

(sin θk)
n−k−1

.

By a similar reasoning to [4, Lemma 1], we consider the following smooth
diffeomorphism

G : (0,+∞)
n ×

(
−π

2
,
π

2

)
−→ (0,+∞)

n × R

(s, θ) 7−→

(√
cos (θ) s ,

‖s‖2

2
sin (θ)

)

of which the Jacobian is equal to ∥s∥2

2 (cos θ)
n
2 −1 . Using firstly G and then φ , we can deduce that if f

is an integrable function on K , then

∫
K
f (x, t) dηα (x, t) =

∫ +∞

0

∫
Σ

r2|α|+2n+1f (δr (ξ)) dξdr , (2.5)

where

ξ =

(√
cos θ φ (1, θ1, . . . , θn−1) ,

sin θ

2

)
∈ Σ ,

for θ ∈
(
−π

2 ,
π
2

)
and (θi)1≤i≤n−1 ∈

(
0, π

2

)n−1 .
The surface area of Σ is given by :

ωα,n =

∫
Σ

dξ

=
1

2πn

(
n∏

k=1

1

Γ (αk + 1)

)(∫ π
2

−π
2

(cos θ)
|α|+n−1

dθ

)

×
n−1∏
k=1

∫ π
2

0

(cos θk)
2αk+1

(sin θk)
2 |α|k + 2n− 2k − 1

dθk ,

where |α|k =

n∑
j=k+1

αj . We remind that the beta function is defined for < (a) > 0 and < (b) > 0 by :

B (a, b) =

∫ 1

0

sa−1 (1− s)
b−1

ds =
Γ (a) Γ (b)

Γ (a+ b)
.
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By straightforward calculus using a suitable change of variable and the beta function, we find the advertised
value of ωα,n . The volume Ωα,n is simply deduced from relation (2.5) :

Ωα,n =

∫
BK,1

dηα (x, t) =

∫ 1

0

∫
Σ

r2|α|+2n+1dr dξ =
ωα,n

2 (|α|+ n+ 1)
.

(2) We notice that

(m,λ) ∈ BK̂,r ⇐⇒ |λ| < r

4
(
|m|+ |α|+n

2

) .

Then, the equality (2.4) is simply deduced since

γα

(
BK̂,r

)
= 2nπn−1

∑
m∈Nn

Lα
m (0)

∫ r

4(|m|+ |α|+n
2 )

0

λ|α|+ndλ .

Furthermore, we have
Lα
m (0)

(4 |m|+ 2 |α|+ 2n)
|α|+n+1

≤ Lα
m (0)

|m||α|+n+1

and we know that Lαk
mk

(0) ∼
∞

mαk

k

Γ (αk + 1)
. Then, the family

∑
m∈Nn

Lα
m (0)

|m||α|+n+1
is summable if and only

if the family
∑

m∈Nn

mα1
1 . . .mαn

n

|m||α|+n+1
is also summable. We deduce that γα

(
BK̂,r

)
is finite since from [16,

chapter XIV],
∑

m∈Nn

1

|m|n+1 is summable.

2

3. Heisenberg’s inequality for the generalized Fourier-Laguerre transform
In this section, we use the heat kernel associated with the differential operator

L = −
n∑

k=1

(
∂2

∂x2
k

+
2αk + 1

xk

∂

∂xk
+ x2

k

∂2

∂t2

)

to establish the Heisenberg’s inequality.
Notice that the operators Λ and L satisfy these properties which are proved in [7]

LΨα
m,λ = |(m,λ)|K̂ Ψα

m,λ ,

ΛΨα
m,λ = |(x, t)|4K Ψα

(m,λ) ,

F (Lf) (m,λ) = − |(m,λ)|K̂ F (f) (m,λ) . (3.1)

We define Lb for b ∈ R , as in [18, Page 117] . Then, by (3.1) we get

F
(
Lbf

)
(m,λ) = |(m,λ)|bK̂ F (f) (m,λ) . (3.2)
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Proposition 3.1 Let s > 0 . Define the heat kernel hs associated with the operator L by, for each (x, t) ∈ K ,

hs (x, t) =

∫
K̂
e−s|(m,λ)|K̂Ψα

m,λ (x, t) dγα (m,λ) .

Then

hs (x, t) = (2π)
n−1

∫
R

(
|λ|

2 sinh (2 |λ| s)

)|α|+n

e−
|λ|∥x∥2

2 coth(2|λ|s)eiλtdλ .

Proof For s > 0 and (x, t) ∈ K , we have

hs (x, t) = (2π)
n−1

∑
m∈Nn

Lα
m (0)

∫
R
e−s|(m,λ)|K̂Ψα

m,λ (x, t) |λ|
|α|+n

dλ

= (2π)
n−1

∫
R
hλ
s (x) e

iλtdλ ,

where

hλ
s (x) =

∑
m∈Nn

(
e−s|(m,λ)|K̂e−

|λ|∥x∥2
2

n∏
k=1

Lαk
mk

(
|λ|x2

k

)
|λ||α|+n

)

= e−
|λ|∥x∥2

2 e−2|λ|(|α|+n)s |λ||α|+n
n∏

k=1

( ∑
mk∈N

e−4|λ|mksLαk
mk

(
|λ|x2

k

))
.

We use relation (2.1) to obtain the desired equality. 2

By a straightforward calculation, we obtain:

Proposition 3.2 The heat kernel hs satisfies the following properties for all (x, t) in K

(1)

(
L+

∂

∂s

)
(hs (x, t)) = 0 .

(2) For s , t > 0 , hs ∗ ht = hs+t .

(3) hs (x, t) ≥ 0 , hs (x, t) = hs (x,−t) and
∫
K
hs (x, t) dηα (x, t) = 1 .

(4) For all ϱ > 0 , we have hϱ2s (δϱ (x, t)) = ϱ−2(|α|+n+1)hs (x, t) .
Furthermore,

F (hs) (m,λ) = e−s |(m,λ)|K̂ .

A reasoning similar to [6, Lemma 3.5] allows us to prove the following inequality:

Lemma 3.3
hs (x, t) ≤ Cs−(|α|+n+1)e−

A
s |(x,t)|2K ,

where A and C are two positive constants.
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For the proof of the main result of this section namely the inequality of Heisenberg, we will need the
following two lemmas:

Lemma 3.4 The function hs belongs to L2
α (K) and we have

‖hs‖2,ηα
= Dα,ns

− |α|+n+1
2 , (3.3)

where

Dα,n =

(
πn−1

2|α|

∫ +∞

0

(
u

sinh (4u)

)|α|+n

du

) 1
2

.

Proof By the Plancherel formula (2.2) , we have

‖hs‖22,ηα
= ‖F (hs)‖22,γα

= (2π)
n−1

∫
R
e−4|λ|(|α|+n)s

n∏
k=1

( ∑
mk∈N

Lαk
mk

(0) e−8|λ|mks

)
|λ||α|+n

dλ .

Using the generating function identity (2.1) for each Laguerre polynomial Lαk
mk

we get

‖hs‖22,ηα
= (2π)

n−1
∫
R

(
e−4|λ|s

1− e−8|λ|s

)|α|+n

|λ||α|+n
dλ

= (2π)
n−1

∫
R

(
|λ|

2 sinh (4 |λ| s)

)|α|+n

dλ

=
πn−1

2|α|
s−(|α|+n+1)

∫ +∞

0

(
u

2 sinh (4u)

)|α|+n

du .

2

We denote by {Hs | s > 0} the heat semigroup associated to the operator L , where Hs (x, t) =

f ∗ hs (x, t) .

Lemma 3.5 Let 0 < a < |α|+ n+ 1 , then for all f in L2
α (K) there exists a positive constant C such that

‖Hs (f)‖2,ηα
≤ Cs−

a
2 ‖|(x, t)|aK f‖

2,ηα
. (3.4)

Proof For r > 0 , we put fr = fχBK,r
and fr = f − fr . Then

|fr (x, t)| ≤ r−a |f (x, t)| |(x, t)|aK .

The above relation together with relation (2.3) and the fact that ‖hs‖1,ηα
= 1 give us the following inequalities

‖Hs (fr)‖2,ηα
≤ ‖fr‖2,ηα

‖hs‖1,ηα
≤ ‖fr‖2,ηα

≤ r−a ‖|(x, t)|aK f‖
2,ηα

. (3.5)
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On the other hand, we use relations (2.3) and (3.3) to find

‖Hs (fr)‖2,ηα
= ‖fr ∗ hs‖2,ηα

≤ ‖fr‖1,ηα
‖hs‖2,ηα

≤ ‖hs‖2,ηα

∥∥∥|(x, t)|−a
K χBK,r

∥∥∥
2,ηα

‖|(x, t)|aK f‖
2,ηα

≤
(

ωα,n

2 (−a+ |α|+ n+ 1)

) 1
2

r(−a+|α|+n+1)Dα,n

× s−
|α|+n+1

2 ‖|(x, t)|aK f‖
2,ηα

≤ Cα,nr
(−a+|α|+n+1)s−

|α|+n+1
2 ‖|(x, t)|aK f‖

2,ηα
, (3.6)

where

Cα,n = Dα,n

(
ωα,n

2 (−a+ |α|+ n+ 1)

) 1
2

.

Using relations (3.5) and (3.6) , we deduce that, for all r > 0 ,

‖Hs (f)‖2,ηα
‖f ∗ hs‖2,ηα

≤ ‖fr ∗ hs‖2,ηα
+ ‖fr ∗ hs‖2,ηα

≤ r−a ‖|(x, t)|aK f‖
2,ηα

(
1 + Cα,nr

(|α|+n+1)s−
|α|+n+1

2

)
.

In particular for r =
√
s , we get

‖f ∗ hs‖2,ηα
≤ (1 + Cα,n) s

− a
2 ‖|(x, t)|aK f‖

2,ηα
.

2

Theorem 3.6 Let a, b > 0 . Then, there exists C := C (α, n, a, b) > 0 such that for all f ∈ L2
α (K) we have

‖|(x, t)|aK f‖
2b

a+2b

2,ηα

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥ a

a+2b

2,γα

≥ C ‖f‖2,ηα
. (3.7)

Proof

1. Assume that 0 < a < |α|+ n+ 1 and b ≤ 1 . By using relation (3.4) , we get

‖f‖2,ηα
≤ ‖Hs (f)‖2,ηα

+ ‖(1−Hs) (f)‖2,ηα

≤ C1s
− a

2 ‖|(x, t)|aK f‖
2,ηα

+
∥∥∥(1−Hs) (sL)

−b
(sL)

b
f
∥∥∥
2,ηα

. (3.8)

Let g = (sL)
b
f . Then, for t ≥ 0 , since the function: t 7−→ (1− e−t) t−b is bounded when b ≤ 1 , we

deduce by the Plancherel formula (2.2) and relation (3.2) that∥∥∥(1−Hs) (sL)
−b

g
∥∥∥
2,ηα

=
∥∥∥(1− e−s|(m,λ)|K̂

) (
s |(m,λ)|K̂

)−b
F (g)

∥∥∥
2,γα

≤ C2s
b
∥∥∥|(m,λ)|bK̂ F (f)

∥∥∥
2,γα

. (3.9)

721



KAMOUN and SELMI/Turk J Math

Substituting (3.9) in (3.8) , we get

‖f‖2,ηα
≤ C

(
s−

a
2 ‖|(x, t)|aK f‖

2,ηα
+ sb

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥
2,γα

)
.

Optimizing in s , we obtain for all 0 < a < |α|+ n+ 1 and b ≤ 1

‖f‖2,ηα
≤ C ‖|(x, t)|aK f‖

2b
a+2b

2,ηα

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥ a

a+2b

2,γα

. (3.10)

2. Let 0 < a < |α|+ n+1 and b > 1 . Then, we have
|(m,λ)|K̂

ε
≤ 1+

( |(m,λ)|K̂
ε

)b

for all ε > 0 . It follows

that ∥∥|(m,λ)|K̂ F (f)
∥∥
2,γα

≤ ε ‖f‖2,ηα
+ ε1−b

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥
2,γα

.

Optimizing in ε , we get

∥∥|(m,λ)|K̂ F (f)
∥∥
2,γα

≤ b (b− 1)
1
b−1 ‖f‖1−

1
b

2,ηα

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥ 1

b

2,γα

.

We get the desired inequality from the above relation together with the following inequality

‖f‖2,ηα
≤ C ‖|(x, t)|aK f‖

2
a+2

2,ηα

∥∥|(m,λ)|K̂ F (f)
∥∥ a

a+2

2,γα

which is deduced from relation (3.10) .

3. If a ≥ |α|+ n+ 1 , then for all ε > 0 we have |(x, t)|K
ε

≤ 1 +
|(x, t)|aK

εa
. It follows

‖|(x, t)|K f‖
2,ηα

≤ ε ‖f‖2,ηα
+ ε1−a ‖|(x, t)|aK f‖

2,ηα
.

Optimizing in ε , we get

‖|(x, t)|K f‖
2,ηα

≤ a (a− 1)
1
a−1 ‖f‖1−

1
a

2,ηα
‖|(x, t)|aK f‖

1
a

2,ηα
. (3.11)

From relation (3.10) , we have

‖f‖2,ηα
≤ C ‖|(x, t)|K f‖

2b
1+2b

2,ηα

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥ 1

1+2b

2,γα

. (3.12)

Combining relations (3.11) and (3.12) , we get the result.

2
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4. Local uncertainty principle
In this section, we establish three inequalities in their sharpest form that constitute local uncertainty principle
associated with the multivariate Laguerre function.

Theorem 4.1 Let β be a real number such that 0 < β < |α|+n+1 , there is a constant K := K (α, β, n) such

that for all f ∈ L2
α (K) and every measurable set E ⊂ K̂ with 0 < γα (E) < ∞ , we have

‖F (f)χE‖2,γα
≤ K (γα (E))

β
2(|α|+n+1)

∥∥∥|(x, t)|βK f
∥∥∥
2,ηα

,

where

K =

(
ωα,n (−β + |α|+ n+ 1)

2β2

) β
2(|α|+n+1) |α|+ n+ 1

−β + |α|+ n+ 1
.

Proof Let 0 < β < |α|+ n+ 1 and f ∈ L2
α (K) . For all r > 0 , we have

‖F (f)χE‖2,γα
≤ ‖F (fχBr )χE‖2,γα

+
∥∥F (fχBc

r

)
χE

∥∥
2,γα

≤ (γα (E))
1
2 ‖F (fχBr

)‖∞,γα
+
∥∥F (fχBc

r

)∥∥
2,γα

≤ (γα (E))
1
2 ‖fχBr

‖1,ηα
+
∥∥F (fχBc

r

)∥∥
2,γα

. (4.1)

On the one hand, by Hölder’s inequality, we get

‖fχBr‖1,ηα
≤

∥∥∥|(x, t)|−β
K χBr

∥∥∥
2,ηα

∥∥∥|(x, t)|βK f
∥∥∥
2,ηα

≤ Aα,β,nr
−β+|α|+n+1

∥∥∥|(x, t)|βK f
∥∥∥
2,ηα

, (4.2)

where

Aα,β,n =

(
ωα,n

2 (−β + |α|+ n+ 1)

) 1
2

.

On the other hand, we apply Plancherel formula (2.2) , we get∥∥F (fχBc
r

)∥∥
2,γα

=
∥∥fχBc

r

∥∥
2,ηα

≤
∥∥∥|(x, t)|−β

K χBc
r

∥∥∥
∞,ηα

∥∥∥|(x, t)|βK f
∥∥∥
2,ηα

≤ r−β
∥∥∥|(x, t)|βK f

∥∥∥
2,ηα

. (4.3)

Now, combining the relations (4.1) , (4.2) , and (4.3) , the following relation holds for all r > 0 ,

‖F (f)χE‖2,γα
≤
(
r−β + (γα (E))

1
2 Aα,β,nr

−β+|α|+n+1
)∥∥∥|(x, t)|βK f

∥∥∥
2,ηα

.

We minimize the above relation to find the desired inequality. 2
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Theorem 4.2 Let β be a real number such that β > |α| + n + 1 , there is a constant M := M (α, β, n) such

that for every f ∈ L2
α (K) and every measurable set E ⊂ K̂ with 0 < γα (E) < ∞ , we have

‖F (f)χE‖2,γα
≤ M (γα (E))

1
2 ‖f‖1−

|α|+n+1
β

2,ηα

∥∥∥|(x, t)|βK f
∥∥∥ |α|+n+1

β

2,ηα

,

where

M =

 πωα,n

2 (β − (|α|+ n+ 1)) sin
(
π |α|+n+1

β

)
 1

2 (
|α|+ n+ 1

β − (|α|+ n+ 1)

)− |α|+n+1
2β

.

Proof Since β > |α|+ n+ 1 , the function

(x, t) 7−→
(
1 + |(x, t)|2βK

)−1

belongs to L1
α (K) ∩ L2

α (K) . By using Hölder’s inequality, a straightforward calculus gives us the following
inequalities, for every function f in L2

α (K) ,

‖f‖21,ηα
≤

∥∥∥∥(1 + |(x, t)|2βK
)− 1

2

∥∥∥∥2
2,ηα

∥∥∥∥(1 + |(x, t)|2βK
) 1

2

f

∥∥∥∥2
2,ηα

≤
∥∥∥∥(1 + |(x, t)|2βK

)− 1
2

∥∥∥∥2
2,ηα

(
‖f‖22,ηα

+
∥∥∥|(x, t)|βK f

∥∥∥2
2,ηα

)

≤ πωα,n

2β sin
(
π |α|+n+1

β

) (‖f‖22,ηα
+
∥∥∥|(x, t)|βK f

∥∥∥2
2,ηα

)
. (4.4)

Let ϱ > 0 , we replace f by fϱ in relation (4.4) . Since ‖fϱ‖22ηα
= ϱ−2(|α|+n+1) ‖f‖22,ηα

and
∥∥∥|(x, t)|βK fϱ

∥∥∥2
2,ηα

=

ϱ2β−2(|α|+n+1)
∥∥∥|(x, t)|βK f

∥∥∥2
2,ηα

, we get for all ϱ > 0

‖f‖21,ηα
≤ πωα,n

2β sin
(
π |α|+n+1

β

) (ϱ−2(|α|+n+1) ‖f‖22,ηα
+ ϱ2β−2(|α|+n+1)

∥∥∥|(x, t)|βK f
∥∥∥2
2,ηα

)
.

Minimizing over ϱ > 0 , we get

‖f‖21,ηα
≤ M2 ‖f‖2−

2(|α|+n+1)
β

2,ηα

∥∥∥|(x, t)|βK f
∥∥∥2 |α|+n+1

β

2,ηα

.

The inequality above gives us the result since we have

‖F (f)χE‖2,γα
≤ ‖F (f)‖∞,γα

(γα (E))
1
2 ≤ ‖f‖1,ηα

(γα (E))
1
2 .

2
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Theorem 4.3 Let β = |α| + n + 1 , then there is a constant Ω := Ω (α, n) such that for all nonzero function

f ∈ L2
α (K) and measurable set E ⊂ K̂ such that 0 < γα (E) < ∞ , we have

‖F (f)χE‖2,γα
≤ Ω(γα (E))

1
2(|α|+n+1) ‖f‖1−

1
β

2,ηα

∥∥∥|(x, t)|βK f
∥∥∥ 1

β

2,ηα

,

where

Ω =

(
ωα,n (|α|+ n)

2

) 1
2(|α|+n+1)

(
1 +

1

|α|+ n

)
β (β − 1)

1
β−1

.

Proof Since β = |α|+ n+ 1 > 1 , we have for all ε > 0

|(x, t)|K
ε

≤ 1 +
|(x, t)|βK

εβ
; (x, t) ∈ K .

Thus, we get

‖|(x, t)|K f‖
2,ηα

≤ ε ‖f‖2,ηα
+ ε1−β

∥∥∥|(x, t)|βK f
∥∥∥
2,ηα

.

Minimizing the right hand side on ε , we get

‖|(x, t)|K f‖
2,ηα

≤ β (β − 1)
1
β−1 ‖f‖1−

1
β

2,ηα

∥∥∥|(x, t)|βK f
∥∥∥ 1

β

2,ηα

.

The result follows from the relation above and the following inequality which is deduced from Theorem 4.1

‖F (f)χE‖2,γα
≤

(
ωα,n (|α|+ n)

2

) 1
2(|α|+n+1)

(
1 +

1

|α|+ n

)
× (γα (E))

1
(|α|+n+1) ‖|(x, t)|K f‖

2,ηα
.

2

As an application of the local uncertainty principle, based on the work of Ghobber and Jaming [3], we
are able to regain the Heisenberg’s inequality as it is detailed below

1. First case : Assume that 0 < a < |α|+ n+ 1 and b > 0 . Using Plancherel formula (2.2) and Theorem
4.1 , we get for all r > 0

‖f‖22,ηα
= ‖F (f)‖22,γα

=
∥∥∥χBK̂,r

F (f)
∥∥∥2
2,γα

+

∥∥∥∥χBc
K̂,r

F (f)

∥∥∥∥2
2,γα

≤ K2
(
γα

(
BK̂,r

)) a
|α|+n+1 ‖|(x, t)|aK f‖2

2,ηα
+ r−2b

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥2
2,γα

.

By relation (2.4) , we deduce that

‖f‖22,ηα
≤ K2Ξ

a
|α|+n+1
α,n ra ‖|(x, t)|aK f‖2

2,ηα
+ r−2b

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥2
2,γα

,
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where K is given in Theorem 4.1 .

By minimizing the right hand side of the above inequality over r > 0 , we get the following inequality:

‖|(x, t)|aK f‖
2b

a+2b

2,ηα

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥ a

a+2b

2,γα

≥ Σα,n,a,b ‖f‖2,ηα
,

where

Σα,n,a,b =
(
K2Ξ

a
|α|+n+1
α,n

)− b
a+2b

(
2b

a

)− a
2(a+2b) (

1 +
a

2b

)− 1
2

.

2. Second case : Assume that a > |α|+ n+ 1 and b > 0 . We use Plancherel formula (2.2) and Theorem
4.2 , we find

‖f‖22,ηα
≤ M2γα

(
BK̂,r

)
‖f‖2−2

|α|+n+1
a

2,ηα
‖|(x, t)|aK f‖2

|α|+n+1
a

2,ηα

+

∥∥∥∥χBc
K̂,r

F (f)

∥∥∥∥2
2,γα

, (4.5)

where M is given in Theorem 4.2 .

Using Plancherel formula (2.2) again, we get

∥∥∥∥χBc
K̂,r

F (f)

∥∥∥∥2
2,γα

≤ ‖f‖2−2
|α|+n+1

a
2,ηα

∥∥∥∥χBc
K̂,r

F (f)

∥∥∥∥2
|α|+n+1

a

2,γα

. (4.6)

Substituting (4.6) in (4.5) , we obtain

‖f‖2
|α|+n+1

a
2,ηα

≤ M2r|α|+n+1Ξα,n ‖|(x, t)|aK f‖2
|α|+n+1

a

2,ηα

+ r−
2b
a (|α|+n+1)

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥2 |α|+n+1

a

2,γα

.

We minimize the right hand side of the above inequality, we get

‖f‖2,ηα
≤ Hα,n,a,b ‖|(x, t)|aK f‖

2b
a+2b

2,ηα

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥ a

a+2b

2,γα

,

where

Hα,n,a,b =

((
M2Ξα,n

2b

a

)− 2b
a+2b

(
1 +

2b

a

)) a
2(|α|+n+1)

.

3. Third case : Assume that a = |α|+n+1 and b > 0 . Using Plancherel formula (2.2) and Theorem 4.3 ,
we get for all r > 0

‖f‖22,ηα
≤ Ω2

(
γα

(
BK̂,r

)) 1
|α|+n+1 ‖f‖2−

2
a

2,ηα
‖|(x, t)|aK f‖

2
a

2,ηα
+

∥∥∥∥χBc
K̂,r

F (f)

∥∥∥∥2
2,γα

, (4.7)
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where Ω is given in Theorem 4.3 .

Again the Plancherel formula (2.2) allows us to say that

∥∥∥∥χBc
K̂,r

F (f)

∥∥∥∥2
2,γα

≤ ‖f‖2−
2
a

2,ηα

∥∥∥∥χBc
K̂,r

F (f)

∥∥∥∥ 2
a

2,γα

. (4.8)

Substituting (4.8) in (4.7) , we get

‖f‖
2
a
2,ηα

≤ rΩ2Ξ
1

|α|+n+1
α,n ‖|(x, t)|aK f‖

2
a

2,ηα
+ r−

2b
a

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥ 2

a

2,γα

.

Minimizing over r > 0 , we get

‖f‖2,ηα
≤ E

a
2

α,n,a,b ‖|(x, t)|
a
K f‖

2b
a+2b

2,ηα

∥∥∥|(m,λ)|bK̂ F (f)
∥∥∥ a

a+2b

2,γα

,

where

Eα,n,a,b =

(
Ω2Ξ

1
|α|+n+1
α,n

) 2b
a+2b

(
2b

a

) a
a+2b (

1 +
a

2b

)
.

□
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