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Abstract: In this paper, we develop homology groups for digital images based on cubical singular homology theory for
topological spaces. Using this homology, we obtain two main results that make this homology different from already-
existing homologies of digital images. We prove digital analog of Hurewicz theorem for digital cubical singular homology.
We also show that the homology functors developed in this paper satisfy properties that resemble the Eilenberg—Steenrod
axioms of homology theory, in particular, the homotopy and the excision axioms. We finally define axioms of digital

homology theory.
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1. Introduction

Digital topology is a developing research area, where topological properties of digital images are explored. In
this area, digital images are mostly defined as subsets of Z%, equipped with certain adjacency relations. Though
digital images are discrete in nature, they model continuous objects of the real world. Researchers are trying
to understand whether or not digital images show similar properties as their continuous counterparts. The
main motivation behind such studies is to develop a theory for digital images that is similar to the theory of
topological spaces in classical topology. Due to discrete nature of digital images, it is difficult to get results that
are analogous to those in classical topology.

Several notions that are well-studied in general topology and algebraic topology have been developed
for digital images, which include continuity of functions [2, 19], Jordan curve theorem [18, 21], covering spaces
[14], fundamental group [3, 12], homotopy (see [4, 5]), homology groups [1, 6, 7, 11, 15], cohomology groups [7],
H-spaces [8], and fibrations [9].

The idea of digital fundamental group was first introduced by Kong [12]. Boxer [3] adopted a classical
approach to define and study digital fundamental group, which was closer to the methods of algebraic topology.
Digital simplicial homology groups were introduced by Arslan et al. [1] and extended by Boxer et al. [6].
Eilenberg—Steenrod axioms for digital simplicial homology groups of digital images were investigated by Ege
and Karaca in [7], where it was claimed that homotopy and excision axioms do not hold in digital simplicial
setting. They demonstrate using an example that Hurewicz theorem does not hold in case of digital simplicial

homology groups.
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Karaca and Ege [11] developed the digital cubical homology groups in a similar way to the cubical
homology groups of topological spaces in algebraic topology. Unlike the case of algebraic topology, digital
cubical homology groups are in general not isomorphic to digital simplicial homology groups studied in [6].
Furthermore, Mayer—Vietoris theorem fails for cubical homology on digital images, which is another contrast to
the case of algebraic topology. In [15], singular homology group of digital images were developed, where digital
analogs of Hurewicz theorem and Eilenberg—Steenrod axioms of homology theory were not proven.

In this paper, we introduce digital cubical singular homology groups for digital images, based on cubical
singular homology groups of topological spaces [16]. We found out that unlike digital simplicial homology group,
digital cubical homology group, and digital singular homology group, the digital cubical singular homology group
relates to the digital fundamental group [3], in the same way as in algebraic topology. Furthermore, the digital
cubical singular homology groups also satisfy digital analogs the Eilenberg—Steenrod axioms of homology theory,
which makes it different from other three homologies developed for digital images.

This paper is organized as follows. We review some of the basic concepts of digital topology in Section 2.
We develop homology groups of digital images based on cubical singular homology of topological spaces as given
in [16] in Section 3, and give some basic results including the functoriality, additivity, and homotopy invariance
of cubical singular homology groups. In Section 4, we show that the digital fundamental group (given by [3])
is related to our first homology group, and obtain a result that is analogous to Hurewicz theorem of algebraic
topology. In Section 5, we prove a result for cubical singular homology on digital images (Theorem 5.6) similar
to the excision theorem of algebraic topology except that our result holds only in dimensions less than 3. This
result is then generalized and we call this generalization ‘Excision-like property’ for cubical singular homology
on digital images (Theorem 5.10). Cubical singular homology groups satisfy properties that are much similar
to the Eilenberg—Steenrod axioms of homology theory.

We define digital homology theory in Section 6, the axioms of which can be regarded as digital version
of Eilenberg—Steenrod axioms in algebraic topology and show that digital cubical singular homology is a digital
homology theory. Throughout this paper, we consider finite binary digital images, though most of the results
also hold for infinite case.

2. Preliminaries

2.1. Basic concepts of digital topology

Let Z¢ be the Cartesian product of d copies of set of integers Z, for a positive integer d. A relation that is
symmetric and irreflexive is called an adjacency relation. A digital image is a subset of Z?, with an adjacency
relation.

In digital images, adjacency relations give a concept of proximity or closeness among its elements, which
allows some constructions in digital images that closely resemble those in topology and algebraic topology. The

adjacency relations on digital images used in this paper are defined below.

Definition 2.1 [4] Consider a positive integer |, where 1 < 1 < d. The points p,q € Z¢ are said to be
¢y -adjacent if they are different and there are at most | coordinates of p and q that differ by one unit, while

the rest of the coordinates are equal.

Usually the notation ¢; is replaced by number of points x that are ¢;-adjacent to a point. For Z?2, there are 4

points that are c;-adjacent to a point and there are 8 points that are co-adjacent to a point, thus ¢; = 4 and
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co = 8. Two points that are x-adjacent to each other are said to be x-neighbors of each other. For a,b € Z,

a < b, a digital interval denoted as [a, b]z is a set of integers from a to b, including a and b. The digital image

X C 7% equipped with adjacency relation & is represented by the ordered pair (X, ).

Definition 2.2 [12][3] Let (X, k) and (Y, ) be digital images.

(i) The function f: X — Y is (k,\)-continuous if for every pair of k-adjacent points xo and x1 in X,

either the images f(xo) and f(x1) are equal or A-adjacent.

(ii) Digital image (X, k) is said to be (k,\)-homeomorphic to (Y, ) , if there is a (k, \) -continuous bijection
f: X =Y, which has a (), k) -continuous inverse f~1:Y — X.

(iii) A k-path in (X,kK) is a (2,k)-continuous function f :[0,m]z — X. We say f is k-path of length m
from f(0) to f(m). For a given k-path f of length m, we define reverse k-path f :[0,m]z — X defined
by f(t) = f(m —t). A k-loop is a k-path f:[0,m]z — X, with f(0) = f(m).

(iv) A subset A C X is k-connected if and only if for all x,y € A, x # y, there is a k-path from © to y. A

k-component of a digital image is the maximal k-connected subset of the digital image.

Definition 2.3 Consider digital images (X,x) and (Y,r) with X,Y C Z%.
e We say that (X,k) is k-connected with (Y,rk) if there is © € X and y € Y such that = and y are
k-adjacent in Z%.

e If (X,kK) is not k-connected with (Y, k), we say that (X, k) is k-disconnected with (Y, k).

Proposition 2.4 [3] If f: X =Y s a (k,\)-continuous function, with A C X a k-connected subset, then
f(A) is A-connected in Y .

Definition 2.5 [3]

(i) Let f,g: X =Y be (k,\)-continuous functions. Suppose there is a positive integer m and a function
H:[0,m]z x X =Y such that:

o forallz e X, H0,2) = f(z) and H(m,z) = g(x),

o for all x € X, the function H, : [0,m]z — Y defined by H,(t) = H(t,z) for all t € [0,m]z is
(2, A) -continuous,

o for all t € [0,m]z, the function Hy : X — Y defined by Hy(x) = H(t,x) for all x € X is (k,)-

continuous.

Then H is called (k,\)-homotopy from f to g and f and g are said to be (k, \)-homotopic, denoted as

J = g- If g is a constant function, H is a null-homotopy and f is null-homotopic.

(ii) Two digital images (X, k) and (Y, \) are homotopically equivalent, if there is a (k, A) -continuous function
f:X =Y and (\ k)-continuous function g :Y — X such that go f ~(. x) 1x and fog~n. ly,

where 1x and 1y are identity functions on X and Y , respectively.
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(iii) Let H : [0,m]z x [0,n]z — X be a homotopy between k-paths f,g:[0,n]lz — X in (X, k). The homotopy
H is said to hold the end-points fized if f(0) = H(t,0) = g(0) and f(n) = H(t,n) = g(n) for all
te [O,m]z.

2.2. Digital fundamental group

The concept of digital fundamental group of a digital image was first given by [12], but a more classical approach
to define and study digital fundamental group was adopted by Boxer [3]. We briefly explain digital fundamental
group as defined in the latter paper.

Definition 2.6 [3]

(i) A pointed digital image is a pair (X,p), where X is a digital image and p € X . A pointed digital image
(X,p) can be represented as ((X,p), k), if one wishes to emphasize the adjacency relation of the digital

image X .

(ii) Let f and g be k-paths of lengths my and my, respectively, in the pointed digital image (X,p), such that
g starts where f ends, i.e. f(m1) = g(0). The ‘product’ f * g of two paths is defined as follows:

(@), if t €10,m1]z
gt —my), ift € [mi,mi+malz.

<f*w@>={

The concept of trivial extension allows stretching the domain of a loop, without changing its homotopy class

and thus allows to compare homotopy properties of paths even when the cardinalities of their domain differ.

Definition 2.7 [3]

(i) Let f and f' be k-paths in a pointed digital image (X,p). We say that f' is a trivial extension of f, if
there exist sets of k-paths {f1, fa,..., fx} and {f1, f5,..., fI} in X such that

0<k<n

f=Juoxfax-xfi

F= i B T

there are indices 1 < iy < ig < --- < i <n such that:

e fl=f1<j<k and

vy

o i ¢ {i1,t9,... ik} implies f! is a constant k-path.

(ii) Two k-loops f and g with the same basepoint p € X belong to the same loop class, if there exist trivial

extensions of f and g, which have homotopy between them that holds the end-points fixed.

Definition 2.8 [3] Let 1I§(X,p) be the set of loop classes in (X,p) with basepoint p. Let [f],, denote the loop
class of k-loop f in (X,k). The product operation x defined as:

[fla * [9]n = [f * 9ln
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is well defined on II§(X,p) as well as associative [3]. The loop class [c], of the constant loop is identity in
5 (X, p) with respect to taking product. For every loop class [f],, the loop class [f], , where f is the reverse
path of f, is the inverse of [f], with respect to taking product x. Thus, II§(X,p) is a group under x and called
the digital fundamental group of the pointed digital image (X,p).

3. Cubical singular homology on digital images

Consider digital interval I = [0,1]z. Let I™ be the Cartesian product of n copies of I for n > 0. We shall
consider I" as a digital image (I",2n). By definition, I° is a digital image consisting of single point. For an
integer n > 0, a digitally singular n-cube or briefly a digital n-cube in (X, k) is a (2n, k)-continuous map
T:I"— X.

For an integer n > 0, let d@,, (X) denote the free Abelian group generated by the set of all digitally singular
n-cubes in (X, k). We write dQ,,(X) for dQ, .(X), when the adjacency relation is clear from the context. An
element of dQ,,(X) is a finite formal linear combination of digital n-cubes. The basis of the group dQo(X) can
be identified with X itself, and one can denote the elements of dQo(X) as Y, m;z;, where x; € X . A digitally
singular n-cube T : I — X is degenerate if there is an integer ¢, 1 <4 < n such that T(¢1,ta,...,t,) does
not depend on t;. Let dD,, .(X), or simply dD,(X), denote the subgroup of d@, (X) generated by the set
of all degenerate digitally singular n-cubes in (X, x). Let dC,, .(X), or simply dC,,(X), denote the quotient
group d@Q,(X)/dD,(X). We say dC,(X) is the group of digitally cubical singular n-chains in (X, k) and the
elements of dC,(X) are n-chains in (X, k). For any digital image X, dC,,(X) can be shown as free Abelian
group generated by nondegenerate digital n-cubes in X .

We define faces of a digitally singular n-cube as follows: For a digital n-cube T : I™ — X and 1 =1,2,...,n,
we define digital (n —1)-cubes A;T, B;T : I""! — X as

AiT(tlatQa s 7tn71) = T(t17t27 s 7ti71707ti7 s 7tn71)7

and  BiT(t1,t2,....th—1) = T(t1,t2, ... tic1, Lty oo b))

A;T and B;T are called front i-face and back i-face of T', respectively.

We define the boundary operator d,, on the basis element of dQ,(X) as 0,(T) = Y1, (-1)*(A;T — B;T)
and extend it by linearity (see [20], for the definition of extension by linearity) to get the homomorphism
Op : dQun(X) = dQp-1(X), n > 1. One may write 9 for 9, if n is clear from the context. For n < 0, let
dQn(X) = dCy(X) =0 and for n <0, let 9, = 0. It can be shown that 9,_10, = 0, for all integers n (see [106]
for details). A cubical singular complex of the digital image (X, x), denoted as (C, (X),0) or (dCe(X),0),
is the following chain complex:

D 40 (X) 2 d o (X)

Let dZ,,(X) denote the kernel of 9,, and dB,(X) denote the image of 9,41, for all integers n. The elements
of dZ,(X) and dB,(X) are called n-cycles and n-boundaries of (X, k), respectively. We define n‘" cubical
singular homology group of the digital image (X,x), as dH, .(X) = H,(dC,,0) = dZ,(X)/dB,(X), for all

non-negative integers n. If the adjacency relation « is clear from context, we shall simply write dH,(X) for
dH, .(X).
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rk-path and digital 1-cubes: A digital 1-cube T : I — X in a digital image (X, k) can be considered
a k-path of length 1. A k-path f of length m can be “subdivided” into smaller paths of length 1 or digital
1-cubes. For a k-path f of length m, we can associate an element Z;nzl fj of dQ1(X) to f, where f; : I = X

as f;(t) = f(j+t—1). We say that the element ZTzl f; is subdivision of f. The following are some properties
of subdivision Y77, f; of f:

1. f; are degenerate, whenever f(j —1) = f(j)

2. If f is a nonconstant path then Z;nzl f; is not degenerate, and so 27:1 f; is a nontrivial element in

dC:(X), where some f; might be 0 in dC;(X).

w

0 (S fi) = Fm) = £(0).
4. If f is a k-loop then Y77, f; is a 1-cycle.

Proposition 3.1 If (X, k) be a nonempty k-connected digital image, then dHy(X) ~Z.

Proof Consider the map ¢ : dCy(X) — Z defined as ), m;z; — >, m;. Now for > .n,T; € dCy(X),
we have € 0 0(>_,nT;) = (>, ni(BiT — A\T)) = > ,(ny —n;) = 0. Thus, dBy(X) C ker(e). The
reverse relation also holds for the following reason. Consider ) m;x; € ker(e). We have >, m; = 0.
Consider z € X (X is non-empty) and k-paths f; (X is k-connected) from z to x;. These paths can
be subdivided to form elements }. f;; € dC1(X) for each i. It can be verified that 9(3_; fij) = @ — x.
Thus, 8(22‘7]‘ m;fiz) = >, mixi — (D, mi)x = >, mix,, implying Y. m;x; € dBy(X). From first isomorphism
theorem of groups dHy(X) = dZy(X)/dBo(X) = dCy(X)/dBy(X) =~ Z. O

Proposition 3.2 Let {X,|a € A} be the set of k-components of the digital image (X,k). Then dH,(X) =
D, dH,(X,).

Proof The groups dQ,(X), dD,(X) and dC,(X) break up to @, dQ,(X.), B, dD,(X,) and P, dC,,(X,),
respectively, because the image of each digital n-cube T lies entirely in one k-component of (X, k) (see Sec-
tion 2). We also have dZ,(X) = @, dZ,(X,) and dB,(X) = @, dB,(X.); hence, dH,,(X) = P, dH,(X,),
because the boundary map 09, : dC,,(X) — dCp,_1(X) maps dC,(X,) to dCp_1(Xs). O

Proposition 3.3 For any digital image (X, k), dHo(X) is a free Abelian group with rank equal to the number

of k-components of (X, k).

Proof Follows from Propositions 3.1 and 3.2. O

Proposition 3.4 The cubical singular homology group dH,(—) is a functor from Dig to Ab.

Proof We define dH,,(—) on morphisms of Dig as follows: Consider a (x,\) -continuous function f: X — Y
from digital image (X,x) to digital image (Y,)\). For a digital n-cube T : I" — X in dQ,(X), we have
foT €dQn(Y). We define functions fu : dQn(X) = dQ,(Y) as T — f oT and extending by linearity, for
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integers n > 0. Since fu(T') is degenerate, if T € dD,,(X), the map fx induces fz : dC,(X) — dC,(Y), for
integers n > 0. It can be shown that fx is a chain map that sends n-cycles to n-cycles and n-boundaries to

n-boundaries, and therefore induces a map f, = dH,(f) : dH,(X) — dH,(Y) defined as [T] — [fx(T)].
Furthermore, it can be easily shown that for an identity map id : X — X the induced map id, =
dH,(id) : dH,(X) — dH,(X) is an identity map. Also for functions f : X — Y and ¢ :Y — Z, which are
(k,A)- and (A, 7)-continuous, we have (go f). = g« 0 fu : dH,(X) — dH,(Z), because (go f)u = gz o fu :
dQn(X) = dQ,(Z). O

The following can be easily proved.

Proposition 3.5 Let (X,k) and (Y, ) be (k, \)-homeomorphic digital images, then dH,(X)=dH,(Y), for

all n.

Proposition 3.6 If X = {x¢} is a one-point digital image, then

Z, ifn=20

0, otherwise.

Theorem 3.7 Let f,g : X — Y be (k,A)-homotopic maps from digital image (X,k) to the digital image
(Y,X). Then [ and g induce the same maps on homology group dH,(X), i.e. f. =g« .

Proof Let F :[0,m]z x X — Y be the homotopy from f to g. The homotopy F can be subdivided into
functions F; : I x X — Y defined as F;(¢t,xz) = F(j+t—1,z) for j € [1,m]z. Observe that Fy(0,z) = f(x)
and F,,(1,2) = g(x). In order to show that f. = g., we follow the standard method of algebraic topology,
which is, to construct a map @, : dQ,(X) — dQ,+1(Y) that contains similar information as the Homotopy F,

and satisfies:

g# — f# = an—&-l(I)n + q)n—lan (31)

Define @, : dQn(X) — dQn41(Y) as T = 3700, Fj(id x T) and extending by linearity, where id :
[0,1]z — [0,1]z is identity function. We need to compute the boundary 9® to verify eq. 3.1. One can observe
the following:

m m—1
A19,T = f4(T)+ > F;(0,T) and Bi®,(T)= > F;(1,T)+ gu(T) (3.2)
j=2 j=1
AZ(I)n(T) = (I)nflAiflT, and Bzén(T) = (I)nleiflT7 1€ [2, n + 1]2 (33)
F;(1,T)=F;41(0,T), je[l,m—1]z (3.4)
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Using these equations we can calculate the boundary of ®:

n+1
0%, (T) = (1) (4;2,(T) — B;®,(T))

i=1
n+1 )
=g4(T) = f4(T) + D _(—1)"(Ai®,(T) — Bi®,(T))
i=2
using egs. 3.2 and 3.4, for ¢ = 1, and using eqgs. 3.3
and substituting j =7 —1 for i > 1

=g4(T) — f4(T) — ®, 10T by definition of A(T)

It can be shown that ® maps degenerate digital n-cubes in (X, k) to degenerate digital (n+1)-cubes in (Y, ),
inducing a homomorphism ¢, : dC,(X) — dC,+1(Y). If we choose T to be a nondegenerate n-cycle, i.e.
T € dZ,(X), then we get gx(T) — fu(T) € dB,(Y). Therefore, in dH,(Y") we have,

l94(T) = f4(D)) = g.([T)) = fs(T) =0 = g. =[x

Corollary 3.8 If (X, k) and (Y, ) be homotopically equivalent digital images, then dH,(X) ~ dH,(Y).

Proof Follows from Proposition 3.7, and functoriality of dH,, . O

Example 3.9 A digital image is said to be k-contractible [3], if its identity map is (k,k)-homotopic to a

constant function c, for some p € X . For a k-contractible digital image (X, k), one can compute the homology

Z, ifn=0

~ because a k-contractible digital image is
0, otherwise,

groups using Propositions 3.6 and 3.7 as dH,(X) = {

homotopy equivalent to a point [3].

4. Digital Hurewicz theorem
Lemma 4.1 Let (X,p,k) be a digital image with basepoint p and k-adjacency relation and 115 (X, p) be the
digital fundamental group. Then there is a homomorphism ¢ : II§(X,p) — dH1(X) given by [f]; — [ZT:l fj] ,

where Z;nzl f; is the subdivision of x-loop f.

Proof Well-defined: We need to show that ¢ is a well-defined. Consider k-loops f and g of lengths m; and
ma, respectively, both based at point p € X such that [f], = [¢]; € [I§(X,p). Now f and g are in the same
loop class implies that there are trivial extensions f’ and ¢’ of f and g, respectively such that there exists a
homotopy H : [0,m]z x [0, M]z — X from f’ to ¢’ that holds the end points fixed. Subdivide H into digital
2-cubes j, k: I? — X defined as (s,t) — H(j+s—1,k+t—1), for j € [1,m]z and k € [1, M]z (see Figure
1). We shall show that the boundary 9 (Zj,k ijk) is equal to the difference of Zzn:ll f; and ZT;I g;, which

implies that the classes of these subdivisions are equal in the homology group dH;(X).
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" = v e

- H Hpy | LM | i
M- n M-=1 9m
1 1 /

- Hyq Hm1 L f1 91|
0 | 0 [ &% |

o 1 2 . . . m=2m-1 m 0 1 ... j j+Hl ...m-1 m

(a) ()}

Figure 1. Domain of H (proof of Lemma 4.1). (a) Subdivision of H into digital 2-cubes Hjj (b) digital 1-cubes
involved in O(Hj ).

Before computing 9 (Z el j’k) , note that the following equations hold:

ma mo

M M M M
D AHi g =) fi=> f; and Y BiHmi=3 6;=3 0 (4.1)
k=1 =1 =1 k=1 j=1 j=1

The only difference between f and its trivial extension f’ is that f’ pauses more frequently for rest than f
and whenever a path pauses for rest, its subdivision is trivial at that point in dCi(X) (being degenerate in
dQ1(X)). Further, it can be noted that:

A1Hj = Bi1Hj_ 14, j€2,m]z,ke[l,M]
and A2Hj7k = BQHjJC_l, ] € [1,m]Z,k‘ € [Q,M]Z (42)

AsHj1 = BoHjm = ¢p, j € [Lmz, (4.3)
where ¢, is the constant path of length 1 at basepoint p € X. Using eqgs. 4.1 to 4.3, it can be shown that

0 (ijk Hj,k> =202 95 — 252 f; € dC1(X). This proves that ¢ is well-defined.

Homomorphism: Consider k-loops f and g of lengths m; and mq, respectively, both based at point
p € X. Then

mi1+mo mq mi+mo
elflax o) = *gl) = | D (Fx9)| = |D_(F*a)i+ D (f*9)
j=1 j=1 j=mait1

= |2 fi+ 30| = D fi| + | 29| =ell) +e(lgl)

We say that the map ¢ defined in Lemma 4.1 is Digital Hurewicz map.
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Lemma 4.2 Let (X, k) be a digital image.

1. Consider a digital 1-cube T € dC1(X) and let T denote the ‘reverse’ of T, ie. T € dC1(X),
T(t)=T(1 —t). Then class of T +T is trivial in dH(X).

2. Consider digital 2-cube T € dC,(X) and define k-paths Ty, T1,T> and Ts5 to be AT, AT, BiT and

ByT, respectively. Then there is a trivial extension of Ty homotopic to Ty * To x Ty.
Proof

1. Let S:I? — X be a basis element of dCy(X) defined as S(t,0) = T(t) and S(¢,1) = T(0), for t = 0,1
(see Figure 2a). Note that the back 1-face B1S =T (see Figure 2a) and thus the boundary 9S =T +T
in dCy(X) making the class of T+ T trivial in dH;(X).

2. Consider the homotopy H defined as H : [0,3]z x I — X as
H(0,0) =T1(0), H(1,0) = T(0), H(2,0) =T5(1), H(3,0) = T5(0),
H(0,1) = H(1,1) = To(0), H(2,1) = H(3,1) = Tp(1) (see Figures 2b and 2c).
Clearly, H(t,0) = Ty * Ty * T3(t) and H(t,1) is a trivial extension of Tj.

O
The following Lemma (quoted from [20] with some minor changes) is required in the proof of digital

Hurewicz theorem (Theorem 4.4).

Ts
1 | T(0)  T(0) 1 | To(0) | To(0) | To(1) | To(1)
To 1 T,
0 T(0) | T(1) 0 Ti0) | Ty(0) | T5(1) | T5(0)
0 1 T, o 1 2 3

(a) (b) ()

Figure 2. (a) Digital 2-cube S, and (b) faces of digital 2-cube T, (c¢) Homotopy H (proof of Lemma 4.2). (a) Domain
of S with images labeled on each pixel (b) Schematic representation of 7' (¢) Domain of H with images labeled on each
pixel.

Lemma 4.3 Substitution principle

Let F be a free Abelian group with basis B, let xg,x1,...,xN be a list of elements in B, possibly with repetitions

and assume that Zf:o m;T; = Zfikﬂ m;x;, where m; € Z and 0 < k < N. If G is any Abelian group and

Yo, Y1,---,Yn 5 a list of elements in G such that x; = x; = y; = y;, then Zf:o m;y; = Zi]\ikﬂ myy; in G.

Proof Define a function n : B — G with n(x;) = y; for all i = 1,2,...,N and n(z) = 0, otherwise
(n is well-defined because of the given hypothesis). Extend the map n by linearity to n : F — G. Thus,

k N k N
0=n (Zi:O m4iT; — Ei:k+1 mixi) =D im0 MiYi — Zi:k+1 MY - U
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Theorem 4.4 Digital Hurewicz theorem
If (X,kK) is a K-connected digital image with p € X then the digital Hurewicz map (defined in Lemma 4.1) is
surjective with kerp as commutator subgroup of the digital fundamental group 11¥(X,p). Hence, Abelianized

digital fundamental group is isomorphic to dH1(X).

Proof Surjectivity: Consider [z] € dH;(X), with z = >"""  n;T;, where T} : I — X is a nondegenerate digital
1-cube, for all 7. Though n; € Z, we can assume, without loss of generality, that n; = 1,Vi, for the following
reason: If n; = 0, no contribution is made to z by n;T; and if n; < 0 then we can replace n;T; by —n;T;
without changing the class [z], using Lemma 4.2(1). Thus, we can assume n; > 0, Vi, but then each n;T; can

be written as T; + T; + --- + T; (n; terms). Therefore, z = Y " ' T;. Since z is a cycle, we have

dz=20 (Z T) =0 = Y (BiTi—AT) =0 (4.4)
=0 =0

For every ¢ € [0,m]z, there exists j € [0,m]z and BiT; = AT}, so that the sum in eq. 4.4 is 0, but i # j,
because in case i = j, T; would be degenerate. Let p be the permutation on elements of [0, m]z, satisfying the

condition that AT, 1) = B1T)(; for all i € [0, M]z, where arguments of p are read mod (M +1). We can
take product of k-paths T),;) to get a x-loop HZ’;O T,y based at point T),)(0) € X . Since the digital image
(X, k) is k-connected, we can take s-path o from p to T,)(0). We get:

At

r M m M
zaszwzoz]
Li=1 i=0 =1
r M

m M
Z o+ Z Thiiy — Z al] , using Lemma 4.2(1)
=1 i=0 =1

Kernel of p: Let II' denote the commutator subgroup of II5(X,p) and II denote the Abelianized digital

fundamental group, i.e. II is the quotient group II¥(X,p) modulo the commutator subgroup II’. Since

dH,(X) is an Abelian group, II' C kerp. We claim that the reverse inequality also holds. Consider a k-
loop f of length m such that [f], € kere. It suffices to show that [f] is identity in II, where [f] € II. Since
©([fly) = 0, the cycle ZT:1 f; lies in the boundary group dB;(X), i.e. there is Ef\il n;T; € dCy(X) such
that Z;nzl fi = 8(25\;1 n;T;), where n; € Z and T; : I? — X are digital 2-cubes. We assume without loss of
generality that n; = 1,Vi. Let us denote AT;, AsT;, B1T;, and ByT; as Ty, 131, T2, and T3, respectively,

for i € [1, N]z. We get
M

m
S fi=> (T +Tia + T — Tia) (4.5)
=1 i=1

This equation has basis elements of the free Abelian group dC7(X) on both sides. We shall apply substitution

principle (Lemma 4.3) to obtain an analogous equation in II. We need for each term in eq. 4.5, an element
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in II, satisfying the hypothesis of substitution principle. For each z € X, choose a k-path from p to z,
denoted by 3, , such that for the base point p, 5, = ¢, is a constant x-path at p. For each j € [0, m]z, define

K-loops, L = Bri-n * fj *ﬁ #(;) based at p corresponding to each f; (see Figure 3a). Similarly, define x-loops

Liq = Br,,0) * Tig * 5Tiq(1) based at p, corresponding to each T, (see Figure 3b). We get the following in
5 (X, p):

m*[/il * Ljo *Tﬁ]n

= [Brio1) * Ti0 * By (0) * Brir(0) * Tit * Briy (1) * Bria(0) * Tiz * Brin(1) * Bris(1) * Lis * Brig(0))n
= [Br,o(1) * Tio * Tix * Tyz *f{;*m]n

= [ﬁTio(l) « Tio * Tio *M]H , using Lemma 4.2(2)

= [ﬁTiO(l) * ﬂqu(O) o [CP]H (46)

Second equality above follows because Tjo(0) = Ti1(0) = Br,,0) = Briy0)> Ti1(1) = Ti2(0) = B 1) = Bris(0) 5
Ti2(1) = Ti3(1) = Br,,(1) = Bris1y and Ti3(0) = Tio(1) = Br,0) = Bryo(1) (see Figure 3b) and for any s-path
0, the loop p* g is homotopic to constant loop at ¢(0) (see Theorem 4.13 in [3]).

Ti

Figure 3. Schematic representation of paths 8, (proof of Theorem 4.4). Paths 8, are shown in blue color (a) from p
to Tio(1), T31(0), Ti2(0) and Ti3(1), and (b) from p to f(j),5 € [0,m — 1]z.

Slmllarly, |:H;n:1 Bf(]*l) * f] */Bf(])j|n = [H;nzl f]:|rI = [f]l‘[ in HT(X,p), because Bf(O) = Bf(m) is the

constant path ¢, at p. Therefore, we get the following in 1I,

1= 1151 = W11 Bro-v = £ * Bryy
j=1

Jj=1

T M
=[] Zio * Lir * Liz *Lz?)ﬂ )
li=1

by applying substitution principle (Lemma 4.3) to eq. 4.5 for the free Abelian group dC;(X) and the
multiplicative Abelian group II. Using eq. 4.6, [f] is trivial in II and [f], € II'. Therefore, the kernel
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of the digital Hurewicz map is the commutator of 115 (X, p), and II ~ dH;(X), using first isomorphism theorem
of groups. O

5. Relative homology and excision

For a digital image (X,x) and A C X, (4, k) is a digital image in its own right. Let ((X,A),x) or briefly,
(X, A) denote digital image pair with x-adjacency. A map of pairs f: (X, A) — (Y, B) between digital image
pairs ((X,A),x) and ((Y,B),\) isamap f: X — Y, with f(A) C B. We say that f : (X,4) — (Y,B)
is (k,A)-continuous if f : X — Y is (K, \)-continuous. It can be verified that 9, : dCp(X) — dCp_1(X)
maps dC,(A) to dC,_1(A). If dC,(X,A) denotes the quotient group dC,(X)/dC,(A), then 9, induces
homomorphism 9,, : dC,(X,A) — dC,—1(X, A) satisfying 0,1 0 9, = 0, and making up a chain complex
(dCe(X,A),D), given as:

On41

¢ A
ACw (X, A) —2" s O,y (X, A) "
Let us denote the homology of this chain complex as dH, (X, A), i.e.

ker (8 : dC(X, A) — dCy_1 (X, A))

dHn (X, 4) = Im(0n 41+ dCni1 (X, A) = dCy (X, A))

We say that dH,, (X, A) is nt" -relative cubical singular homology group of the digital image pair (X, A). Clearly,
dH,(X)=dH,(X,0).

Definition 5.1 Let (X, k) be a digital image. We define operators
Int,, : P(X) = P(X) and Cl, : P(X) = P(X) as follows:
Int,(A) ={re€A| Ny(z,X) C A},
Cly(A) ={zx € X | Ny(z,X)NA#0D},
where Ny(z,X) ={y € X |z is k-adjacent or equal to y}.

We say that Int.(A) is k-interior of A in (X, k) and Cl,(A) is k-closure of A in (X, k) and the set N (z,X)
is neighborhood of x in (X, k).

Notions similar to above appear in [13] and [10] and also, the s-interior and k-closure operators defined above
are very closely related to dilation and erosion operators, respectively, used in [10]. The following proposition
shows that these operators satisfy many relations that are similar to those satisfied by their counterparts in
topology.

Proposition 5.2 Let (X,k) be a digital image, A,B C X and x,y € X. Then:

(i) ACCly(A), Int,(A)C A
(ii) Int,(X —A)=X —Cl,(A), X — Int,(A) = Cl.(X — A)

(iii) AC B= Cl.(A) C Cl,(B) and Int,(A) C Int,(B)
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(iv) X = Int,(A)UInt.(B) & Clo(X — B) C Int,(A)

Proof The proofs are simple and follow easily from Definitions 5.1. o

The k-interior and k-closure operators for digital images are not idempotent, i.e. Int, o Int, # Int,

and Cl, o Cl, # Cl,, unlike interior and closure operators in topology, as shown in the following example.

Example 5.3 Consider the digital image (X,4) and A C X shown in Figure ja. The interiors Inty(A)
and Int?(A) = Inty(Inty(A)) are shown in Figures Jb and /jc, respectively, and the closures Cly(A) and
CI2(A) = Cly(Cly(A)) in X in Figures 5a and 5b, respectively. Clearly, Inty o Inty(A) # Inty(A) and
Cly o Cly(A) # Cly(A).

Int,(A) Int3(A
(X, 4) X4 (X, 4)
(a) (b) (©)

Figure 4. (a) Digital image (X,4), its subset A and (b) Ints(A), (c) Inti(A). Digital image X, A and interiors are
shown in blue, dark blue and gray color, respectively.

614 (A‘

(X,4) *x.9

(a) (b)

Figure 5. (a) Cl4(A) (b) CI3(A) in (X,4) Closures are shown in dark blue color, where digital image (X,4) and
A C X are shown in Figure 4a.

Lemma 5.4 Let (X,k) be a digital image, with subsets A and B such that X = Int,,(A) U Int.(B). Then
for n € {0,1,2} and for every digital n-cube T, either Im(T) C A or Im(T) C B.

Proof Consider a digital n-cube T : I — X and the following cases for n € {0,1,2}:
Case: n =0 In this case Im(T') consists of single element, say xq, of X. Thus, o € Int,(A) or z¢ € Int,(B),
implying Im(T) C A or Im(T) C B.
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Case: n =1 In this case, the set Im(T) C X comprises two elements, namely, 7(0) and 7'(1). We can assume
without loss of generality that the element T'(0) € Int,(A). By definition of Int, operator, x-neighbors of
T(0) are in A, which implies T'(1) € A. Since Int.(A) C A (Proposition 5.2 (1)), we get Im(T) C A.

Case: n = 2 In this case, the set Im(T) C X comprises at most four distinct elements, namely, 7'(0,0), 7(0,1),
T(1,0) and T'(1,1). We can assume without loss of generality that the element 7'(0,0) € Int,(A). By definition
of Int, operator, k-neighbors of 7'(0,0) are in A, which implies 7°(0,1),7(1,0) € A. Now T(1,1) may or
may not liein A. If T(1,1) € A, then Im(T) C A. If T(1,1) € X — A, then we claim that Im(T) C B. Our
claim follows from the following argument: From the definition of Cl, operator, T'(1,1) € X — A implies that
T(0,1) and T'(1,0) both lie in Cl,(X — A), which is a subset of Int,(B) by Proposition 5.2 (iv). Therefore,
T(0,1),T(1,0) € Int(B) = T(0,0) € B = Im(T) C B. O

We show in the following example that the above Lemma fails for n-cubes with n > 2.

Example 5.5 Consider the digital image (X,4) shown in Figure 6, where in parts (a) and (b), the subsets A
and B of X, respectively, are shown in darker shades of blue. Elements of interiors Inty(A) and Inty(B) in
(X,4) are shown in part (c) of Figure 6 as gray-shaded pizels and with double-line borders, respectively. Clearly,
X = Inty(A)UInty(B). In these figures, we have labeled some elements of X as a,b,c and d. Define a digital 3-
cube T as follows: T(0,0,0) =a, T(1,0,0) =7(0,1,0) =7(0,0,1) =b, T(1,1,0) =T(0,1,1) =T(1,0,1) = ¢,
T(1,1,1) =d. It is clear that neither Im(T) C A nor Im(T) C B.

(X, 4) (X, 4) (X, 4)

(a) (b) (©)

Figure 6. (a) Digital image (X,4) with its subset A, (b) subset B C X (c) interiors Ints(A) and Ints(B) in (X,4).
Parts (a) and (b) show subsets A and B of X in darker shades of blue, respectively, while part (c) shows the interior
Ints(A) in gray and the interior Int4(B) with double-line borders.

The following theorem is similar to Excision axiom of homology theory except that it holds only for n
less than 2.

Theorem 5.6 Let (X, k) be a digital image.

o For subsets A, W C X such that Cl,,(W) C Int.(A), the inclusion (X —W,A—-W) — (X, A) induces
isomorphisms dH, (X —W,A—W) — dH, (X, A), for n < 2.

Equivalently,

o For subsets A,B C X such that X = Int,(A) U Int.(B), the inclusion (B,ANB) — (X, A) induces
isomorphisms dH, (B, AN B) — dH,(X,A), for n < 2.
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Proof The equivalence of the two statements follows from Proposition 5.2 (iv) by taking B = X — W, which
implies W =X —-B and A—W = ANB.
One can verify that for all n, dC,,(A)NdCy(B) = dC,,(ANB) and for n < 2, dC,(X) = dC,,(A)+dC,(B) using

Lemma 5.4. Furthermore, the map 10, (dAC)’%((%n( B 4Cq (jc),:&c)"(B) induced by inclusion is an isomorphism by

second isomorphism theorem of groups. Therefore, we get:

_ dC.(B) _ dCy(A) +dCu(B) _ dCy(X)
OB ANB) = 0o A B~ dcu(d) dOu(A)

=dC, (X, A),

where only the second last equality is restricted to n < 2. It follows that dH,(X,A) ~ dH,(B,AN B), for
integers n < 2.

O
Theorem 5.6 is restricted to n < 2.

t

The first of the two versions of Theorem 5.6 states that there is no change in the nt"-relative homology

groups of the digital image pair (X, A), when n < 2, if we excise out a subset W, which is contained ‘well-inside’
A. In order to extend this idea to higher homology groups (n > 2), we need the subset W to be contained
deeper inside A. This can be done by iterative applications of interior and closure operators. This gives rise to

the following definitions and results similar to those in Proposition 5.2.

Definition 5.7 Let (X, k) be a digital image and A C X . We define the operators
Intl : P(X) — P(X) and Cl%. : P(X) — P(X), for nonnegative integers i, recursively, as follows:

Int’(A) = A, Int'(A) = Int.(Int'"'(A)), for positive integer i,
CI%(A) = A, Cl(A) = Cl.(CI-(A)), for positive integer i.
Proposition 5.8 Let (X, k) be a digital image, A,B C X and xz,y € X. Then:

(i) Cli(A) C ClIFY(A), Intiti(A) C Inti (A)
(i) Inti(X —A)=X —Cli(A), X —Int' (A) = CI (X — A)
(iii) X = Int’ (A)UInt (B) < Cli(X — B) C Inti (A)
Proof The proofs are simple and follow easily from Definitions 5.1 and 5.7, and Proposition 5.2.

We give a generalization of Lemma 5.4, using Definitions 5.7 and Proposition 5.8.

Lemma 5.9 Let (X, k) be a digital image, with subsets A and B such that there is a positive integer i with
X = Int' (A) U Inti(B). Then for n <i+1 and for every digital n-cube T, Im(T) C A or Im(T) C B.

Proof Consider a digital n-cube T : I — X, n € {0,1,...,4+1}. The set Im(T) C X can be partitioned
into sets S; for 7 =0,1,...,n defined as follows:

S] = {T(l‘hl'g,. . .,fﬂn) ‘ 2;7':11'1- :j}
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Note that for j € {1,2,...,n — 1}, elements of S; are x-neighbors of elements of S;;1 and S;_1 and that Sp
and S,, are singletons.

Case: n =0 In this case, the partition of Im(T) consists of single set So C X. Thus, Sy C Inti(A) or
So C Inti(B), implying Im(T) C A or Im(T) C B.

Case: 0 <n <i+1 We can assume without loss of generality that the singleton So C Inti(A). Then by
definition of Int! operator, S; C Int{79(A), for j = 1,2,...,n. Thus, for all j, S; C A, since Int’(A) C A
from Proposition 5.8 (i). Therefore, Im(T) C A.

Case: n =i+ 1 Again, we can assume without loss of generality that the set Sy C Int’ (A). From the definition
of Intl, for j =1,2,...,n—1, S; C Inti7(A). Now Im(T)— S, C A and S,, may or may not lie in A. If
Syp C A, then Im(T) C A, which completes the proof.

However, if S,, € X — A, then we claim that Im(T) C B, which also completes the proof. Our claim follows
from the following argument: From the definition of Cl, operator, S,, C X — A implies S, _1 is contained in

Cl.(X — A). Using Proposition 5.8, we get the following:
X -ACCl (X —-A) CCIl (X —A) C Int' (B),

= S,_1 C Inti(B) = S,_; C Int:7t(B), for j =2,3,...,n = Im(T) C B.

Theorem 5.10 [Excision-like property]
Let (X, k) be a digital image.

e For subsets A,W C X such that there is a positive integer i, with CI.(W) C Inti(A), the inclusion
(X—W,A-W) = (X, A) induces isomorphisms dH, (X —W,A-W) — dH,(X, A), for integers n < i+1.

FEquivalently,

e For subsets A, B C X such that there is a positive integer i, with X = Int: (A) U Int’(B), the inclusion
(B,ANB) — (X, A) induces isomorphisms dH,(B,ANB) — dH,(X, A), for integers n <i+1.

Proof The equivalence of the two statements follows from Proposition 5.8 (iii) as in the proof of Theorem
5.6. Rest of the proof is also similar to the proof of Theorem 5.6 except that the equality (dC,(A) +
dC,(B))/dC,(A) = dC,,(X)/dC,(A) holds for n < i+ 1 from Lemma 5.9. O

The following result states the condition under which Excision-like property for n'’-digital cubical-

singular homology holds for all n.

Corollary 5.11 Let (X, k) be a digital image.

o For subsets A, W C X such that W C A, Cl,(W) =W and Int,(A) = A, the inclusion (X — W, A —
W) — (X, A) induces isomorphisms dH,(X — W, A - W) — dH,(X,A), for all n.

FEquivalently,

o For subsets A,B C X such that X = AUB, Int,(A) = A and Int.(B) = B, the inclusion (B,ANB) —
(X, A) induces isomorphisms dH,(B, AN B) — dH, (X, A), for all n.
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Proof The equivalence of the statements can be shown in a similar way as in the proof of Theorem 5.6.
Using the hypothesis of first statement, one can show that for all integers i, CI%.(W) =W and Int’ (A) = A;
therefore, CI% (W) C Int’ (A) also holds for all integers i. Rest follows from Theorem 5.10. O

6. Digital homology theory
In this section, we show that digital cubical singular homology satisfies digital analogs of Eilenberg—Steenrod
axioms of homology theory. Other homologies for digital images have not been proven to exhibit this coherence
with homology theory of topological spaces.

We define category of digital-image pairs Dig? with digital-image pairs as objects and (x, \)-continuous
maps of pairs as morphisms. It can be shown that dH,(—,—) is a functor from Dig? to Ab in a similar way as

in Proposition 3.4.

Definition 6.1 We say that (k, A) -continuous maps of pairs f,g : (X, A) — (Y, B) are (k,\)-homotopic as
maps of pairs, if H : [0,m]z x X =Y s (k,A)-homotopy from f: X =Y tog: X =Y and H(t,A) C B,
Vt € [O,m]z .

Definition 6.2 Digital homology theory consists of functors dH,,(—,—) from the category of digital image pairs
Dig? to the category of Abelian groups Ab along with natural transformations 0, : dH, (X, A) — dH,_1(A),
(where dH,_1(A, D) is denoted as dH,_1(A) ) satisfying following azioms:

[Homotopy axiom]
If f,g:(X,A) — (Y,B) are homotopically equivalent, then fi,g. : dH,(X,A) — dH,(Y,B) are equal
maps.

[Ezactness aziom)
For each digital image pair (X, A), and inclusion maps i : A — X and j: (X,0) — (X, A), there is a
long-exact sequence:

P AH L (A) e dH (X)) — D dH (X, A) —2 e dH o (A)

[Excision axiom]
For a digital image pair (X, A) and a subset W C A such that there is a positive integer i with CIL.(W) C
Int' (A), the inclusion (X —W,A—W) — (X, A) induces isomorphism dH, (X —W,A—W) — dH, (X, A)
for0<n<i+1.

[Dimension aziom]
If X ={xo} is a one-point digital image, dH,(X) =0, for all n > 0.

[Additivity axiom)
If {(Xa,k) | @ € A} is a collection of mutually k-disconnected digital images with X, C Z% and (X, k)
is the digital image X =J, Xo, then dH,(X) ~ @, dH,(X,).

Theorem 6.3 The relative cubical singular homology groups dH,(—,—) form a digital homology theory.
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Proof We prove the axioms of digital homology theory one-by-one:

[Homotopy axiom] It can be shown using Theorem 3.7 that if f,¢g : (X,4) — (Y, B) are homotopically
equivalent, then f and g induce the same map f. = g« from dH,(X, A) to dH,(Y, B).

[Ezactness aziom] For a digital image pair (X, A), we have chain complexes (dCo(A),d), (dCe(X),d) and
(dCe(X,A),0). We also have chain maps i, : dCp(A) — dC,(X) and j. : dC,(X) — dC,(X, A),
induced by inclusions i : A — X and j: (X,0) — (X, A). This gives the following short exact sequence

of chain-complexes.
0> dCy(A) —= dCy(X) — > dCy(X, A) — =0
The above short-exact sequence induces the following long-exact sequence of homology groups:

o AH L (A) —Ss dH (X) —L dH (X, A) —2 dH 1 (A) —s
by zig-zag lemma ([17], Lemma 24.1). The zig-zag lemma also asserts the existence and uniqueness of the
homomorphism 9, : dC,, (X, A) — dC,—_1(A).

[Ezxcision aziom] , see Theorem 5.10.
[Dimension aziom] can be easily proved using Proposition 3.6.

[Additivity axiom] , see Proposition 3.2.

7. Conclusion
In digital topology, researchers are interested in exploring topological properties of digital images. Some
researchers have attempted to develop a theory for digital images which parallels with general topology, thereby
defining digital continuity, digital connectedness, digital homotopy equivalence, digital fundamental group, and
homology groups for digital images using various approaches (simplicial, cubical, and singular). This work
extends the research in this direction by introducing concepts and proving results for digital images that are
in line with algebraic topology and homology. Although some researchers have already defined homology for
digital images (simplicial, cubical, and singular), there were two important gaps that are filled in by this piece
of work. Firstly, cubical singular homology for digital images have not been defined previously. Secondly, the
already-available approaches to homology (simplicial, cubical, and singular) had failed to produce results that
may be considered digital analogs of Hurewicz theorem, homotopy invariance and excision property of homology
groups that are found in algebraic topology, while digital Hurewicz theorem (Theorem 4.4), Proposition 3.7,
and excision-like theorem (Theorem 5.10) fill in this gap using digital cubical singular homology.
Computability of digital cubical singular homology groups of various digital images is still a challenge not
accomplished in this work. It is well-known that singular homology for topological spaces is in general difficult
to compute and similar difficulty carries over to the case of cubical singular homology for digital images. More
theoretical study is required to make computations possible to some extent. Furthermore, it can be explored
whether it is possible to develop an algorithm to compute these groups for a given digital image. Such an
algorithm can be used to further explore the applicability of digital homology in the fields such as digital image

processing, image analysis and computer vision.
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The work presented and proposed in this document can be extended in various directions. Cohomology

theory for digital images can be developed. Our work is restricted to black-and-white digital images, one might

extend this work to develop homology theory for gray-scale and colored digital images and for unbounded digital

images.
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