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Abstract: A 3-dimensional Riemannian manifold equipped with a tensor structure of type (1,1), whose third power
is the identity, is considered. This structure and the metric have circulant matrices with respect to some basis, i.e.
these structures are circulant. An associated manifold, whose metric is expressed by both structures, is studied. Three
classes of such manifolds are considered. Two of them are determined by special properties of the curvature tensor of the
manifold. The third class is composed by manifolds whose structure is parallel with respect to the Levi-Civita connection

of the metric. Some geometric characteristics of these manifolds are obtained. Examples of such manifolds are given.
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1. Introduction

Significant results in the geometry of Riemannian manifolds with additional structures are related to the
curvature tensor, the Ricci tensor, the scalar curvatures, the Ricci curvature and the sectional curvatures
of some characteristic 2-planes of every tangent space of the manifolds. We will mention the following papers on
this topic. Some of them refer to the theory of Riemannian almost product manifolds ([10, 11, 14]), and others
refer to the theory of almost Hermitian manifolds ([2, 13, 15, 17]). There are studied classes of manifolds, whose
curvature tensors are invariant under the additional structure, with interesting geometrical characteristics.
Naveira made a classification of Riemannian almost product manifolds by the properties of the tensor VP,
where V is the Levi-Civita connection determined by the metric, and P is the almost product structure ([12]).
The class Wy defined by VP = 0 in this classification is common to all classes. Every manifold in W, has
curvature tensor which is invariant under P. In this way, almost Hermitian manifolds were classified by Gray
and Hervella ([8]). In [9], there are introduced three classes determined by Gray’s curvature identities and it is
proved that every Kéahler manifold satisfies them. Due to Gray, in these classes curvature identities are a key
to understand their geometry.

We consider a 3-dimensional Riemannian manifold (M, g,Q). Here ¢ is the metric and @ is a tensor
field of type (1,1), such that Q3 =id, Q # id. The local coordinates of @ form a circulant matrix and Q is
compatible with ¢, such that an isometry is induced in any tangent space of M . Also, we consider an associated
manifold (M, g, Q) whose metric g is expressed by g and @, and § is necessarily indefinite. We study two
classes Lo and £ of manifolds whose curvature tensors are invariant under ). The class Ly, composed

by manifolds whose structure @ is parallel with respect to the Levi-Civita connection of the metric, is their
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subclass. Our purpose is to obtain some geometric properties of (M, g, Q) and relations between curvature
quantities of (M, g,Q) and (M, g,Q), when these manifolds belong to Lo, £, or Ly.

The paper is organized as follows. In Section 2, we recall some basic facts about (M, g, Q) and (M, g,Q)
known from [3, 5, 6]. In Section 3, we obtain conditions for (M, g, Q) which are necessary and sufficient for
belonging of (M, g,Q) to each of the classes Lo, £ and Ly. In both classes Lo and L, we express the
Ricci tensor of (M, g, Q) by the metrics g and g, and establish that (M, g, Q) is an almost Einstein manifold.
Also, we get a condition under which the manifold (M, g, @) is Einstein. In Section 4, we obtain the sectional
curvatures of some characteristic 2-planes of (M, g, Q). For an Einstein manifold, we find the Ricci curvature
in the direction of a nonisotropic vector, as well as in the direction of an isotropic vector. In Section 5, we
characterize geometrically examples of the considered manifolds on 3-dimensional real Lie groups, which are

constructed in [4].

2. Preliminaries

We continue our investigations on manifolds (M, g,Q) and (M, g, Q) studied in [3, 5, 6]. These manifolds are
determined in the following way.

Let M be a 3-dimensional differentiable manifold equipped with a Riemannian metric g. Let @ be a
tensor field on M of type (1,1) whose coordinate matrix, with respect to some basis {ej, es,e3} of the tangent

space T,M, p € M, is a circulant one:

_ 010
@)=1(0 0 1 (2.1)
100
Obviously
Q3 =id, Q # id. (2.2)
Let the structure ) be compatible with ¢ such that
9(Qz, Qy) = g(,y). (2.3)

Here and anywhere in this work, z,y, z, u will stand for arbitrary elements of the algebra on the smooth vector

fields on M or vectors in T, M . The Einstein summation convention is used, the range of the summation indices
being always {1,2,3}.
The equalities (2.2) and (2.3) imply that the matrix of g has the form

A B B
(95) =B A BJ, (2.4)
B B A

where A and B are smooth functions on M. We suppose A > B > 0 in order that the metric g is positive
definite.
The associated metric g on (M, g,Q) is determined by

g(x,y) = g(x,Qy) + g(Qx,y). (2.5)
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It is an indefinite metric whose component matrix has the form

2B A+B A+B
(G;)=|A+B 2B A+B]. (2.6)
A+B A+B 2B

Further, we will say that (M, g, Q) is associated with (M, g, Q).

Definition 2.1 A basis of type {z,Qz,Q*x} of T,M is called a Q-basis. In this case, we say that the vector
x induces a @) -basis of T,M .

In [5], for (M, g,Q) it is verified that:
(i) if a vector x induces a ()-basis of T,M and ¢ is the angle between x and Qz with respect to g, then

¢ € (0, 2?77), /(z,Qx) = £(Qx,Q%x) = £(x,Q%x) = ; (2.7)

(ii) an orthogonal @-basis of T, M exists.

The Levi-Civita connection on a Riemannian manifold is denoted by V. The curvature tensor R of V
is defined by

z,Y

Also, we consider the tensor of type (0,4) associated with R, defined as follows:
R(z,y,2,u) = g(R(z,y)z, u).

A manifold (M, g,Q) is in class Lo if the structure @ is parallel with respect to g, i.e.

V@ =0.
A manifold (M, g,Q) is in class £y if
R(z,y,Qz,Qu) = R(x,y, z,u). (2.9)
A manifold (M, g,Q) is in class Ly if
R(Qz,Qy, Qz,Qu) = R(z,y, z,u). (2.10)

The subsets Ly C L1 C Lo are valid ([3]).
Let R;jrn, be the components of the curvature tensor R of type (0,4). The following statements are

presented in [3].

Proposition 2.2 The property (2.9) of the manifold (M, g, Q) is equivalent to the conditions

Ri212 = Ri313 = Ra3a3 = —Ri213 = —Ri323 = Ri223. (2.11)
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Proposition 2.3 The property (2.10) of the manifold (M, g,Q) is equivalent to the conditions
Ri212 = Ri313 = Rages, Ri213 = Riza3 = —Rio03. (2.12)

The Ricci tensor p and the scalar curvatures 7 and 7%, with respect to g, are given by the well-known

formulas:

*

P(y,Z) :gin(eiuyvz7ej)v T:gijp(ehej) T :gup(elae]) (213)

In (2.13) we denote by ¢ and g the components of the inverse matrices of (g;;) and (g;;), respectively.

A Riemannian manifold is said to be Einstein if its Ricci tensor p is a multiple of the metric tensor g

and a smooth function on M, i.e.
p(z,y) = ag(z,y). (2.14)

In [16], for locally decomposable Riemannian manifolds is defined a class of almost Einstein manifolds.

For the considered in our paper manifolds, we suggest the following:

Definition 2.4 A Riemannian manifold (M, g, Q) is called almost Finstein if the metrics g and § satisfy
plz,y) = ag(z,y) + B9(z,y),

where o« and B are smooth functions on M .

3. Almost Einstein manifolds
We consider a manifold (M, g,Q) and the associated manifold (M, g, Q).

Let V be the Levi-Civita connection of g and R be the curvature tensor of V. The Ricci tensor p and

the scalar curvatures 7 and 7*, with respect to g, are

ﬁ(yaz) :gijé(eiayazaej)a T :gijﬁ(eiaej)a T :gijﬁ(ehej)' (31)

In [4], for (M,g,Q) and (M, g,Q), it is established the following

Theorem 3.1 For the Ricci tensors p and p and for the scalar curvatures T, 7%, T and T° the following

relation is valid:

~ 1 ~ % . * ~ % ~
pla,y) = ple,y) + (7" = T)g(z,y) + (27 = 27" + 7 — 7)g(2,y)- (3.2)
Further, we apply formulas (2.8) — (2.12) to g, V and R.

3.1. The class Lo
For the manifold (M, g, Q) the following propositions are equivalent ([3]):

(i) (M,g,Q) belongs to La;

(ii) the components of the Ricci tensor p are

P11 = P22 = P33, P12 = P13 = P23; (33)
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iii) (M, g, is an almost Einstein manifold and the Ricci tensor p is expressed by
p

(o) = Zo(e) + (5 + D)l y) (3.4)

Further, we will obtain some geometric properties of (M, §,Q) when (M, g, Q) isin L5. For this purpose,

first we state the following:

Theorem 3.2 A manifold (M,g,Q) belongs to Lo if and only if (M, §,Q) belongs to Lo.

Proof The local form of (3.2) is

~ 1 ~ % 1. * ~ % ~
Pij = pij + §(T —T)gij + 6(27’ — 21" + T —7)Gij. (3.5)

Let (M,g,Q) belong to L5. From (3.5), having in mind (2.4), (2.6) and (3.3), we get
p11 = P22 = P33, P12 = P13 = P23. (3.6)

It is known that the curvature tensor R for a 3-dimensional Riemannian manifold is completely deter-
mined by the Ricci tensor p and the metric g, as follows:

R(z,y,z,u) = —g(x, 2)p(y, u) — 9(y,u)p(x, 2) + 9(y, 2)p(z, u) + 9(z,u)p(y, 2)

+ (90, gty ) — gly, 2)g(,w).

The local form of the above identity, written for R, is

~ T

Rijki = —Gikpjt — Gj1Pik + GiePit + GarPjk + 5 (Girdji — GjkGat)- (3.7)

Taking into account (2.6), (3.6) and (3.7) we find that the components of the curvature tensor R satisfy

R1212 = R1313 = R23237 R1213 = R1323 = *R1223~ (38)

According to Proposition 2.3, the equalities (3.8) imply that (M, g, Q) belongs to Ls.
Conversely, for (M, g, Q) € Lo conditions (3.8) hold. On the other hand, bearing in mind (2.6), we state

that the components of the inverse matrix of § satisfy the equalities §'' = §*2 = g3 and §'2 = §'3 = §*.
Then, using (3.8) and the first equality of (3.1), we get (3.6). Therefore, from (2.4), (2.6), (3.5) and (3.6) it
follows that that equalities (3.3) are valid, i.e. (M,g,Q) € Ls. O

In the course of the above proof we obtain the following:

Corollary 3.3 A manifold (M, g, Q) belongs to Lo if and only if the components of the Ricci tensor p satisfy
the equalities (3.6).

Theorem 3.4 A manifold (M,§,Q) belongs to Lo if and only if (M,g,Q) is an almost Einstein manifold.

Then we have

o) = Sglwy) + (G + )t (39
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Proof Let (M,g,Q) belong to L5. Due to Theorem 3.2, (M,g,Q) is in Lo and the equality (3.4) is valid.
We substitute (3.4) into (3.2) and obtain (3.9), i.e. (M, g, Q) is an almost Einstein manifold.

Vice versa. Let (M,g,Q) be an almost Einstein manifold. Bearing in mind Definition 2.4 we have
plx,y) = ag(x,y) + Bg(x,y). Applying (2.4) and (2.6) in the latter expression of p we get (3.6). Due to
Corollary 3.3, the manifold (M, g,Q) is in L. O

Theorem 3.5 Let (M, §,Q) belong to Lo. Then the curvature tensor R has the form

R= (%* + g)fn + %*f@ (3.10)
where
(2, y, 2,u) = 9y, 2)g(z,u) — gz, 2)4(y, u), 311)
To(@,y, 2,u) = gy, 2)g(w,u) + 9(x, )3 (y, 2) — g(x, 2)3(y, v) — 9y, W)g(x, ).
Proof The proof follows directly from (3.7) and (3.9). O

Next, with the help of Theorem 3.4, we establish the following:

Corollary 3.6 Let (M,§,Q) belong to Lo. Then (M, §,Q) is an Einstein manifold if and only if the scalar

curvature T* is equal to zero.

Proof The equality (3.9) is similar to (2.14) if and only if 7* = 0. In this case the Ricci tensor has the form

g(z,y). (3.12)

w| N

plr,y) =

O
Now, taking into account (2.6), (3.6) and (3.12), we make the following:

Remark 3.7 Fvery FEinstein manifold (M, g, Q) belongs to Lo .

3.2. The class £;
Theorem 3.8 Let (M,§,Q) belong to Lo. Then (M,§,Q) belongs to L1 if and only if the scalar curvatures

satisfy 7 = —T.
Proof From (2.4), (2.6), (3.8), (3.10) and (3.11) we calculate the components of R:

(A? — B?) + —~(A? + 2AB — 3B?),

~ %
- - - T
Ri212 = Ri313 = Rasaz = 3

|

(3.13)

~ %

~ ~ - 7
Ri213 = Ri323 = —Ri223 = g(AB — BY) + —(A* - B?).

|

If (M,g,Q) € Ly then, due to Proposition 2.2, we have Ris12 = —Ry215. Hence, from (3.13) it follows
that
(T—7)A-B)(A+2B)=0.

1489
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Therefore, having in mind that A > B > 0, we get 7* = —7
Vice versa. Let 7% = —7 be valid. From (3.13) we find that Ris12 = —Ri213, s0 (M,3,Q) isin L4

Furthermore, due to Theorem 3.4, Theorem 3.5 and Theorem 3.8, we obtain the following:

Corollary 3.9 Let (M,§,Q) belong to Ly. Then

(i) the Ricci tensor is p(x,y) = %(g(x,y) — 29(1’,y)) and it is degenerate;

(ii) the curvature tensor is R = —— (7, + 27).
Proof (i) Applying the equality 7 = —7 in (3.9) we get p = %(g(x,y) — 2g(,y)), which because of (2.4)
and (2.6) yields p1; = g(B —A), p12 = %(A — B). Consequently, we have that det(p;;) = 0.
(i) Using the equality 7* = —7, from (3.10) we find R = —6(7?1 +275), where 71 and 75 are determined
O

by (3.11).
Remark 3.10 A manifold (M, §,Q) € L1 does not admit Einstein metric.

3.3. The class L,

In [5], it is proved that (M, g, Q) belongs to Ly if and only if the functions A and B satisfy the following

matrix equality
gradA = gradB

Proposition 3.11 The manifold (M, g, Q) belongs to Ly if and only if (M,g,Q) belongs to Ly.

(3.14)

Proof Let (M,g,Q) bein Ly. Thus the components of the metric (2.6) satisfy an equality of the type (3.14).

Therefore we have
grad2B = grad(A4 + B)
1 1

i.e.
2By =—-Ay — B1+ Ay + By + A3 + Bs,
2By = —Ay — By + A3 + Bs + Ay + DBy,
9B3 = —As — By + Ao + By + Ay + By,

5) is reduced to

— 9B

where A; = é%’ B = 5,

Ay =—

Bj . The system (3.1
As = By — By + B,

B + By + Bs,

1490
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which is equivalent to the matrix equality (3.14), i.e. (M,g,Q) € Lo.
Vice versa. If (M, g,Q) isin Ly, then we have (3.16) which implies (3.15). Consequently, the components
of the metric § satisfy an equality of the type (3.14). Hence (M, g, Q) € Ly. O

4. Some curvature properties of the considered manifolds

In this section we consider some curvature properties of the associated manifold (M, g, Q).

According to the well-known definitions we say that:
(i) a 2-plane {z,y} spanned by the vectors z,y € T, M is nondegenerate if g(x,z)g(y,vy) — §*(z,y) # 0;

(ii) the sectional curvature of a nondegenerate 2-plane {x,y} spanned by the vectors x,y € T, M is the value

7. _ R(:C>y7x7y)
Hey) = e ey - Py

(4.1)

Further in this section, we suppose that = induces a )-basis in T, M and ¢ is the angle between = and

Qx with respect to g. Thus the properties (2.7) are valid.

Lemma 4.1 The 2-plane {x,Qx} is nondegenerate, with respect to g, if and only if ¢ # arccos ( — %) If

{x,Qx} is a nondegenerate 2-plane, then {x,Q*x} and {Qz,Q*x} are also nondegenerate 2-planes.

Proof The vectors x, Qz and Q?*z determine 2-planes {z,Qx}, {z,Q%z} and {Qz, Q*r}. With the help of
(2.3), (2.5) and (2.7) we calculate

9(z,Qx) = §(z, Q*z) = §(Qz, Q*x) = g(z,z)(cos p + 1),

(4.2)
i(z,z) = §(Qz,Qx) = §(Q%x, Q*x) = 2g(x,x) cos .

Then, we obtain that {x,Qx} is a nondegenerate 2-plane when the inequality

7 (@,) — 7(2,Qx) = (cosp — 1) (Bcos i + 1)g(a,) # 0

holds. Consequently, the 2-plane {z,Qz} is nondegenerate if and only if ¢ # arccos ( — %) Due to (4.2), if

{x,Qx} is a nondegenerate 2-plane, then {z,Q?z} and {Qx,Q%*x} are also nondegenerate 2-planes. O

Theorem 4.2 If (M, §,Q) belongs to Lo, then the sectional curvatures of the basic 2-planes are

k(e Qo) = F(r, @20) = K@, Q%) = S L5 2, (4.3)
where ¢ # arccos ( — %) .
Proof Since (M,§,Q) is in Lo we have (2.12), which implies

R(z,Qx,z,Qx) = R(z, Q*x, z, Q%) = R(Qz, Q*z, Qz, Q*x). (4.4)
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On the other hand, taking into account (3.10), (3.11) and (4.2), we find

R(z,Qx,z,Qx) = 7~:{3—*(1 —cos? @) g?(x,x) + = (1 — cos @) (1 + 3 cos ) g*(, x). (4.5)

|

We apply Lemma 4.1 and the equalities (4.2), (4.4), (4.5) in (4.1) and we get (4.3). O

Corollary 4.3 If a vector x induces an orthonormal Q) -basis, then

S|

k@, Qr) = Kz, Q%) = k(Qu, Q%) = T -
The following statement is inspired by results for curvatures of degenerate 2-planes obtained in [1].

Proposition 4.4 Let (M, g,Q) belong to Lo and let {z,Qx} be a degenerate 2-plane. Then R(m,Qx,x,Qx)
vanishes if and only if (M, g,Q) is an Einstein manifold.

Proof Let {z,Qz} be a degenerate 2-plane. From Lemma 4.1 it follows that ¢ = arccos ( — %) Thus the

~ 8
equality (4.5) takes the form R(z,Qx,z,Qx) = 27—7 g

Due to Corollary 3.6, (M, g,@) is an Einstein manifold. O

2(x,z). Then R(x,Qz,z,Qz) = 0 if and only if 7* = 0.

In case that (M, g,Q) is an Einstein manifold we suggest the following definition: The sectional curvature of a

degenerate 2-plane {x,Qx} is

B . R(x,Q$a$7Q$)
k = 1
Q= ) i 2)3(Qr. Qr) - . Q)

. (4.6)

Therefore, we establish the following:

Theorem 4.5 Let (M,g,Q) be an FEinstein manifold. Then the sectional curvature of a 2-plane {x,Qz} is a

constant and

Rl

k(z,Qx) = ot (4.7)

Proof Due to Corollary 3.6 we have 7* = 0. Hence (4.5) becomes
R(z,Qx,z,Qx) = %(1 —cosp)(1 + 3cosp)g?(z,2).
If ¢ = arccos ( — 3) then from the above equality, (4.2) and (4.6) we find

];(% Q) = lim —7(1+3cosyp) _
Lp~>arccos (7%) 6(1 + 3 cos @)

|

If ¢ # arccos ( — 3) then (4.3) holds. Hereof the equality 7* = 0 implies (4.7), which completes the proof. O
With the help of Theorem 3.8 and Theorem 4.2 we state the following:
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Corollary 4.6 If (M, g,Q) belongs to Ly, then the sectional curvature of a 2-plane {x,Qx} is

(1 —cosyp)

. 7
M, Q) = G0 T B cos )’

where ¢ # arccos ( — %)

Since ¢ is an indefinite metric it admits isotropic vectors. In [7], it is established that z is an isotropic
vector with respect to g if and only if ¢ = 7. Also, if  is an isotropic vector, then Qz and Q2x are isotropic
vectors, too.

The Ricci curvature in the direction of a nonisotropic vector x is the value

#a) = 2B2) (4.8)

Theorem 4.7 If (M,§,Q) belongs to Lo and x is a nonisotropic vector, then the Ricci curvatures are

it 3 =k

7(z) = 7(Qx) = 7(Q%z) = GCTOW + (% + g). (4.9)

Proof According to Corollary 3.3 the components of p satisfy (3.6), which implies p(z,x) = p(Qz,Qx) =
p(Q%*x,Q%x). Hence, taking into account (3.9), we find

plx, ) = p(Qx, Qz) = p(Q*r, Q%x) = )g(x,x). (4.10)

co| W
Q

Applying (4.2) and (4.10) in (4.8), we obtain (4.9). O

Proposition 4.8 Let (M, §,Q) belong to Lo and let x be an isotropic vector. Then p(x,x) vanishes if and

only if (M,g,Q) is an Einstein manifold.
Proof Since z is an isotropic vector it follows that ¢ = 7. The latter equality, (4.2) and (4.10) imply

plx,z) = %g(x,x). Thus p(z,z) = 0 if and only if 7 = 0. Hereof, due to Corollary 3.6, (M, g,Q) is an

Einstein manifold. O
In case that (M, g,Q) is an Einstein manifold we suggest the following definition: The Ricci curvature in the

direction of an isotropic vector x 1is

#(r) = lim 25) (4.11)
v—3 g(z,x)
Therefore, we establish the following:
Theorem 4.9 Let (M, §,Q) be an Finstein manifold. Then the Ricci curvature is a constant and
P(z) = g (4.12)
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Proof Due to Corollary 3.6 we have 7* = 0, and the equality (4.10) becomes

plx,x) = gg(x,z). (4.13)

Let 2 be an isotropic vector, i.e., ¢ = % . Therefore, using (4.2), (4.11) and (4.13), we calculate

Let x be a nonisotropic vector. Substituting 7* = 0 into (4.9) we get (4.12), which completes the proof. O
Having in mind Theorem 3.8 and Theorem 4.7 we state the following
Corollary 4.10 If (M, §,Q) belongs to L1 and = is a non-isotropic vector, then the Ricci curvature is

; 1
T

cos @

).

5. Lie groups as manifolds of the considered type

Let G be a 3-dimensional real connected Lie group and g be its Lie algebra with a basis {x1, 29,23} of left
invariant vector fields. The manifold (G, g, @) equipped with a circulant structure @ and a Riemannian metric

g, determined by

Q1 = 12, Qro = 13, Qr3 = 771, (5~1)
N0, i
staevay ={ & 170 (5:2)

[4])-

is a manifold of the same type as (M, g,Q) (
For the associated metric g, using (2.5), (5.1) and (5.2), we get

oy ={ o 127 (5.3

Obviously (G, g,Q) is a manifold of the same type as (M, g,Q).
Let G’ be a subgroup of G, and (G’,g,Q) be a manifold with the curvature tensor which is invariant
under Q. According to [4], we have three classes of Lie algebras g satisfying this condition. We consider two

of them whose Lie brackets are determined as follows:

[#1,22] = A2 + Ao, [T2, 23] = A3xa — A3, [x1, 23] = A3z + Aoxs. (5.4)

[.%1,352] = [1'2,1'3] = 7[1‘1, ‘%3} = MT1 + Aoxo — ()\1 + )\2).%3. (55)
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5.1. Einstein manifolds
Let (G’,g,Q) be a manifold with Lie algebra determined by (5.4). In this case (G’, g, Q) belongs to L and it
is an Einstein manifold ([4]). Further, we study the associated manifold (G’, g, Q).

The well-known Koszul formula implies

25(Va,zj, 2r) = §([2i, 25), 2x) + G2k, 23] 25) + §([wn, 5], 22). (5.6)

Now, using (5.3), (5.4) and (5.6), we calculate

Ve, L1 = —ot1, Voo = M2, VT3 = A3x3,
2@9315(12 = ()\1 — Ay — )\3).%'1 + ()\1 + Ao — )\3),%2 - ()\1 — Ay — )\3).7;37

Vo3 = —(A1 + Xa — A3)zy + (A1 + Az — A3)xa — (A1 — Ao — A3)z3,

2@932581 = A1+ A+ )\3)&61 + ()\1 — Ao — A3)x2 Al — Ao — )\3).’173,

Va1 = —(A1 4+ Ao + Az)xy 4+ (A1 + Ag — A3)z0

—(
—( —(

V@3 = —(A1 + Ao 4+ A3)z1 4+ (A 4+ Ao + A3)za — (A1 — Ao — A3)as,
—( — (A1 + A2 = Ag)w3,
—(

)
)
)
26.»53582 = Al + )\2 =+ Ag)l‘l =+ ()\1 =+ )\2 — )\3)1’2 + ()\1 —+ )\2 + )\3)583.
Then, from (2.8), (5.1) and (5.3), we obtain all nonzero components of R on (G, §,Q):

~ ~ ~ ~ ~ ~ 1
Ri212 = Razz3z = Ri313 = Raza1 = Ri213 = Rize3 = §(>\% + A3+ A3) + Ao+ Aods — A As. (5.7)

The latter equalities imply that conditions (2.12) are satisfied, but (2.11) are not satisfied.

Further, from (3.1), (5.2), (5.3) and (5.7), we find all nonzero components of p and the scalar curvatures

of (G',3,Q):

P12 = P13 = P23 = ()\% + /\% + )\%) 4+ 221 A0 4+ 2A9A3 — 2A1 A3, (58)
F=3(A7 + A3+ A3) + 6A1 A2 + 623 — 6A1 As. (5.9)
Moreover, taking into account (5.3), (5.8) and (5.9), it follows that p = %g, ie. (G, g,Q) is an Einstein

manifold.
We apply (5.3) and (5.7) in (4.1) and we state that the sectional curvatures k;; of the basic 2-planes

{z;,z;} are equal to

~ 1
k= —§(A§+A§+A§) — A2 — A2dz 4+ A1 (5.10)
Therefore, we establish the truthfulness of the following:

Proposition 5.1 Let (G',3,Q) be a manifold with Lie algebra determined by (5.4). Then the following
properties hold:

(i) (G',3,Q) belongs to Lo but (G, g,Q) does not belong to Ly ;
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(ii) the nonzero components of R and p are (5.7) and (5.8), respectively;
(iii) (G',q,Q) is an Einstein manifold and its scalar curvature is (5.9);

(iv) (G',g,Q) is of constant sectional curvatures (5.10).
5.2. Almost Einstein manifolds
Let (G', g,Q) be a manifold with Lie algebra determined by (5.5). In this case (G', g, Q) belongs to Ly and it

is an almost Einstein manifold ([4]).

Now, we consider the associated manifold (G’, g, Q). From (5.3), (5.5) and (5.6) we obtain

?xlxl = )\1(583 - $2), ?zle = )\1(301 - xg), ?xle = )\1($2 - xl),
Yzzzl = /\2(503 - IQ), szIQ == )\2(561 - Ig), YITTB = )\2(1’2 - Il), (511)
ngml = (/\1 + )\2)(582 — $3), ngzg = ()\1 + )\2)(563 — $1), sz.fﬁg = ()\1 + /\2)(1‘1 — JL‘Q).

In the well-known formula (V,,Q)x; = V.., (Qz;) — QV,x; we apply (5.1) and (5.11). Thus we find VQ =0,
€., (GlmgaQ) S £0~
By using (2.8), (3.1), (5.1), (5.3) and (5.11) we calculate the components of R and j:

R1212 = R2323 = R1313 = _R1213 = _R2123 = _R1323 = _2(/\3 + )‘3 + /\1/\2)7 (512)

pr1 = paz = Paz = —2p12 = —2p13 = —2p23 = —4(A] + A3 + A Na). (5.13)

We find the scalar curvatures and the sectional curvatures of (G’, g, @) with the help of (3.1), (4.1), (5.2), (5.3),
(5.12) and (5.13). The obtained results we expose in the following:

Proposition 5.2 Let (G',§,Q) be a manifold with Lie algebra determined by (5.5). Then the following
properties hold:

(i) (G',g,Q) belongs to Ly;
(ii) the nonzero components of R and p are (5.12) and (5.13), respectively;

(iii) (G',q,Q) is an almost Einstein manifold and its scalar curvature T and 7 are

F= 7 =120 + A2 + M \2);
(iv) the sectional curvatures of the basic 2-planes {x;,x;} are equal to k = 2(A3 + X3 4+ A1 \a).
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