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Abstract: In this paper, we deal with the Hyers-Ulam-Rassias (HUR) and Hyers-Ulam (HU) stability of Hadamard
type fractional integral equations on compact intervals. The stability conditions are developed using a new generalized
metric (GM) definition and the fixed point technique by motivating Wang and Lin Ulam’s type stability of Hadamard
type fractional integral equations. Filomat 2014; 28(7): 1323-1331. Moreover, our approach is efficient and ease in use

than to the previously studied approaches. Finally, we give two examples to explain our main results.
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1. Introduction

Although the subject fractional calculus was introduced more than 300 years ago, researches are still working
in the development of both theory and application [21, 26, 29, 32]. The applications of fractional calculus
has been observed in almost every field of sciences, such as mechanics, electricity, biology, economics, physics,
biophysics, control theory, signal processing and image processing (see [13, 25, 30, 31, 33]). In recent years, the
HU stability of various fractional differential equations has been widely studied (see [5, 7, 14, 19, 20, 24, 38-40]).
The study on HU stability was initiated in 1940 and later on, it was extended to Banach spaces [9]. After that,
many researchers put their effort to develop the generalized theory to study the HU stability of various type
of differential phenomena (see [2-4, 8, 9, 11, 12, 16-18, 22, 23, 27, 28, 36, 38] and the other stability results
[15, 34, 35]).

In 2013, Wang et al.[38] gave Ulam’s type stability of fractional differential equations involving Hadamard
derivative. They obtained some Ulam-Hyers stability conditions by using the method studied in [28].

In 2014, Wang and Lin [37] investigated the Ulam’s type stability for fractional integral equations involving
Hadamard type singular kernel on a compact interval by using fixed point method. They extended the developed
results of [38] by choosing the closed interval based on the method of [27].

In 2016, Abbas et al.[1], developed the Ulam’s stability results for partial integral equations using the

Schauder’s fixed-point results by taking the Hadamard’s fractional integral.
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Kilbas et al.[21] examined the Cauchy problem for the following nonlinear fractional differential equation

with the Hadamard fractional derivative of complex order a; € C (R (aq) > 0):

(Daiyy) () = u(z,y(2), (a1 < & < by) (1.1)

(D27%y) (@1) = by (b = 1,..m) (1.2)

where m = [R(a1)] + 1 for aq ¢ N and m = oy for m € N, [aq,b;] is a finite interval of R, and

0320) @) = (v ) gy [ Dy 2

m—aj)

They proved the equivalence of (1.1)-(1.2) and a Volterra integral equation in the following form:

_ Cj Hi a1 —j 1 ¢ nf a1, @
o) =3 o ) a0 iy o) (13)

m

and applied this results to establish conditions for a unique solution of the Cauchy problem (1.1)-(1.2). Here
m—1<a; <m (m=1,2,..), ap and by are given constants such that 0 < a; <z < b; < co. Also, cj are
fixed real numbers for j =1,2,...,m, I'(.) is the Gamma function and « : [a1,b1] X R — R. In this paper, we
deal with the Ulam’s type stability for the fractional integral equations (1.3).

We organized this study as follows: In Section 1, we have given introduction. In Section 2, we introduce
some definitions and some theorems which will be useful in proofs of our results. In Section 3, by using the
motivation of [37], we investigate HUR and HU stability of the Eq.(1.3) on a compact interval with the help of

a new GM definition. In Section 4, we give several examples for our results.

2. Preliminaries

Below, we give some definitions and some theorems which will be useful in the proofs of our main results.

Definition 2.1 Let M > 0 be a given constant and 1 be a nonnegative function. For every function y
satisfying

Sy () e (05) e

Jj=1 .

xe M) < (z),

there is a solution yy, of the Eq.(1.3) and ¢ > 0 is a constant which is independent of y and y; such that

[y(@) = g1 (@) e ME < e (@) € ar, bl
then the Eq.(1.3) is called HUR stable.

In Definition 2.1, if ¢ (x) takes an arbitrary constant function, then the Eq.(1.3) is called HU stable.
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Now, the function d is called a GM on Y if and only if d : ¥ x Y — [0,00] satisfies the following
conditions for Y # 0:

(My) d(u,v) =0 if and only if u =v,
(Ms) d(u,v) =d(v,u) for all u,v €Y,
(Ms) d(u,w) < d(u,v) + d(v,w) for all u,v,w €Y.

Theorem 2.2 [10] Let (Y,d) be a generalized complete metric (GCM) space. Suppose that T : Y =Y is a
strictly contractive operator with the Lipschitz constant L < 1. If there exists a nonnegative integer k such
that d (T’”‘I:E,Tkx) < oo for some x €Y, then the following are true:
(Hy) The sequence {T™x} converges to a fized point x* of T,
(Hs) x* is the unique fixed point of T in

Y* = {yEY : d(Tkx,y) <oo},

(Hs) If y € Y™, then

1
d(y,z*) < ——d(Ty,y).
(y,27) < 7—7d(Ty.y)

HU stability of various equations is examined using Theorem 2.2 and d (GM) defined by
d(gah) := inf {C € [0,00] : ‘g(l’) - h($)| < Cw(x)a HAS [alabl}}a (21)

see [17, 18, 36] and therein references.

3. Main results

Below, we are interested in HUR and HU stability of the Eq.(1.3) on [a1,b1] such that [aj,b;] is a compact
interval. Now, we will give the following lemma which will be used in the proofs of our main results. In this
lemma, we use a new GM which is different from (2.1).

Let I :=[a1,b1] be an interval for a; > 0 and the set Y be such as
Y =C(,R). (3.1)
Lemma 3.1 [6] Let d: Y xY — [0,00] be a function defined by
d(g,h) := inf {c €[0,00] ¢ |g(a) — h(z)| e ME=a) < Oy(z), = € 1} , (3.2)

where M > 0 and ¢ € C[I,(0,00)] are given constant and function, respectively. Then (Y,d) is a GCM space.

Proof Firstly, we show that the function d defined in (3.2) isa GM on Y. It is clear that the conditions M;
and M are satisfied. Now, we show that the condition Mj also satisfies. For some g, h, f € Y, we can find an
x € I such that

l9(2) = h(@)| e M=) = |g(2) — f(2) + f(2) = h(x)] e~ M)

< lg(@) — F@)] e M@= 1| f(z) — h(z)| e~ M),
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Then, M3 holds.

Now, we will show that (Y, d) is complete metric space. Let {g,} be a Cauchy sequence on (Y, d). Then,
we can find an integer Np(g) > 0 for any € > 0 such that d(gm,gn) < e for all m,n > Ny(e). In other words,
there exists an integer Ni(¢) > 0 for any € > 0 such that

|gm () — gn (@) e M=) < cp(x) (3.3)

for all m,n > Ni(e) and all € I. This means that {g,(z)} is a Cauchy sequence in R for any fixed z.

Because of R is complete, {g,(z)} converges for all x € I. Thus, we have a function

g(x) := lim g,(x),

n—oo

where g : I — R. In (3.3), letting m — oo, we can find an integer Ny(g) > 0 for any € > 0 such that

|9(x) = gn(@)| ™M) < ey (a) (3.4)

for all x € I and n > Ni(e). This means that, it can be find an integer Ni(e) > 0 for any £ > 0 such that
d(g,9n) < e for all n > Nj(g). Additionally, because of ¢ is bounded on I, {g,(x)} converges uniformly to g
with the aid of (3.4) and so that g € Y. Thus, the proof is complete. O

Let 0<p1 <1, m—1<a; <m, pp <m and the following conditions hold:
[A1] : The function w : [a1,b1] x R — R is continuous and for any 1 € [a1,b1] and y,z € R,

lu(n,y) —u(n,2)| < L' |y — 2|. (3.5)

[Ag] : For all x € [ay,b1], the continuous function y : [a1,b;] — R satisfies the following inequality:

‘y(‘r) - i Ny (ln (i)al_j - r(im / <ln Dal_l ul y("))%

Jj=1 .

xe” (FTHDE=0) < (), (3.6)

and 9 : [a1,b1] — (0,00) satisfies
x 2 p1/2
([ @ a)" <xve. £5
[As] : Let 0 < K*L*M* < 1, where

. 1 1—p 1—=p1 1 p1/2 by \ P
M* = —_— In — )
['(a1) \ou —p1 2(L*+1) a

Here K*, L*, M* values were obtained by (3.2) metric. Similar conditions also exist by using (2.1) metric in
[39].
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Theorem 3.2 Suppose that [A1], [As] and [As] are satisfied. Then, there exists an unique continuous function

y1 : [a1,b1] = R which satisfies (1.3) and

- c; 2\ 1 * 2\t dn
y1(x) = 7:21 m (111 (11) + T (1) /(11 (ln 7]) w(n,y1(n)) ) (3.8)
and
() g (@) e P < L (39)

for all = € [aq,b1]
Proof Let the set Y be defined as (3.1). Also, let d:Y x Y — [0,00] be a function defined as

d(g,h) = inf{c € [0,00] : |g(x) — h(z)] e~ T +VE=a) < Oy(z), « € 1} . (3.10)
From Lemma 3.1, (Y,d) is a GCM space. Now, define the operator T: Y — Y by

(Ty)(x) = g e x) rre | (1n i) o yl) 2, (3.11)

forall y € Y and x € [ay,b1]. It is obvious that the operator T is well defined. Now, we will show that T is
strictly contractive on Y. From the definition of (Y,d), for any g,h € Y, we find a C,, € [0,00) such that

g () = h (@) e FHDEm0) <y (2), (3.12)

for any = € [a1,b1]. Then, from the definition T in (3.11), and (3.5), (3.7), (3.12), Holder’s and Cauchy-Schwarz

inequalities, we have

/ " (Inz — g (w9 () = u (. (1) dy

ai

(Tg) (x) — (Th) (x)] = ﬁ

L* x _1
< Inz — Inn)** —lpp —h d
= Ty /al( n) n 0P g (n) = h(n)|dn
L*Cyp, /1 a1 —1 . I _
: Inz —In ! P1 Lt (n—a1) g
= T |, ( n) nt Y (n) n
L*Cgh z 1 pp—1ya1—1 . 3
_ ) 1 —1 a1 a1 =1 (L*4+1)(n al)d
T (o) /al (Inz —Inn) (77 ) Y (n)e n

L*Cgh/x b1y 11 e
— ) Inz —In arl) LT+ (n—a1) g
Tan) /o, (( nn Y (n) n

ay— 1-p1
L*C h * p1—1 1ip11 r * _ 1/p1 P
< 9, _ a1 —1 (L +1)(77 al)
<o (/ (e — gy dn> ([ (vt )" an)

ai ay
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< ECu ([“nan®iyan) ([ wopman)”
= T(a) o nr —mnn noan . n 1

T (L4 D)(n—ay) pL/2
X e Pl dn
ay

K*L*Cy ) (z) < 1 —p (Inz— lnal)all_pil)lpl ( P1 e2(L*+;>1<za1>)”1/2
- I' (o) a1 —p1 2(L* + 1)

T % I-p /2
< K*L Cg,m/) (17) ( 1—p ) (lnb1 _lnal)a1—p1 (pl> 1 (L +D)(z—a1)
F(Oél) a1 —p1 2(L* + 1)

for all « € [a1,b1]. Thus, for all z € [a1,b1], we get

(Tg) (x) = (Th) (z)| e~ F V@m0 < K*L*M*Cy ) ().

So, we can write

d(Tg,Th) < K*L*M*d(g, h)

for any g,h € Y. By the condition [As], T is a strictly contractive on Y. Let g; € Y. Since g; and Tg; are

continuous, u and g; are bounded on [a1,b1] and v (x) > 0, then we can find a constant C* > 0 such that for

m a1 —j
T _ —(L*+1)(z—a1) — G (l l‘)

<C*Y(z).

Therefore, we show that d(Tg1,g91) < co. Now, using Theorem 2.2, there exists y; € C ([a1,b1],R) such that
T"g1 — y1 in (Y,d) as n — oo and Ty; = y1. That is, for every x € [a1,b1], y1 satisfies (3.8). Now, we will
show {g€Y : d(g1,9) <oo} =Y. Since g and g; are bounded on [ay,b1] and min,e(q, 5,)% (z) > 0, for any
g €Y and any z € [a1,b1] we can find a constant Cy; > 0 such that

|91(z) = g(x)| e”FFVET) < Cuyp ().

So, we obtain d(g1,9) < oo for all g € Y. Thatis, {g €Y : d(¢1,9) < o0} =Y. Hence, the function y; is

unique continuous with (3.8). Also, since (3.6) we obtain that

d(y, Ty) < 1. (3.13)
So, we obtain
D — < -
) < T YY) S T
for all « € [a1,b1]. That is, the inequality (3.9) holds. O
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Corollary 3.3 If ¢ (x) is an arbitrary constant function in Theorem 3.2, then we obtain HU stability of the
equation (1.3).

Now, instead of [A;] consider the following condition [A%].
[Af] : Let u: [a1,b1] x R = R be Carathéodory function. Also, there exists M, > 0 such that
u(n,y)] < Muy™ (Inby —Inn)™ ,p1 — a1 < g1 <0.
Also, for any n € [a1,b1] and y,z € R, let
lu(n,y) —u(n,2)| < Lin” (Inby —Inn) ly — 2|, p1 — a1 <q1 < 0.

Theorem 3.4 Let

1-p1 p1/2
1 1—pmp ) ( D1 ) a1t —
My = _— Inb; —lnaq)* TP,
b D (ay) <041+Q1—P1 2(L7 +1) (In by 1)

Suppose that [A7], [A2] and 0 < K*LiM{ < 1 are satisfied. Then for all x € [a1,b1], there exists an unique
continuous function yi : [a1,b1] = R such that y1 satisfies (1.3) and

(L*+1)(2—a1) < Y ()

ly (z) — 1 (2)]e 7W~

Proof First, we consider the second integral term in (3.8) and we show that it is bounded. That is, using

[A}], we obtain

1 * —
< / (Inz —Inn)* '~y (Inz — Inn)?" M.dy

M* v . - —1 a;+q1—1
=T )/ (Inz —Ingy)* Fot (nalpiql—l) dn

p1—1 }a1+q171

D) /w [(lnm — Inp)peaFaT

a1

M. z p1—1 alftiqll_l Pt x P
< Inz—1 ﬁ} "y 1d
< Fag ([ (v -t o) ([ )

M, (by —ap)” [ 1—p W}pl_l

dn

(Inz —Ilnay) T=m
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Proof is made by using the similar arguments to the proof of Theorem 3.2. Then, we have

(Tg) (x) — (Th) (x)] = ﬁ

[ =g (g () w0

ai

s [ =)™ b =10 g ()~ )] d

al

< T (Oél) /m (lnx — 1nn)a1_1 77_1771)1 (11’1.’17 _ lnn)% |g (77) . h(n)|

al

Xe*(LI+1)(n*a1)e(LI+1)(nfa1)d77

L* xT _ .
< 1Cg,h/ (Inz —Inp)™ T~ pPr=1y () LT =a) gy
F(al) a

1

* z p1— 1+q1—1 .
_ LiCen / (Inz —Inp)™ 0t (n“ﬁlﬂil)a U g et gy
r (al) a

1

* T p1— 1+q1—1 «
= LiCgn / ((lna: —Inn) n#)‘l q b (1) e(L1+1)("7*(11)d77
I' (o)

al

aqtar— 1-p1
LiCyi /x o1 S
< . Inz -1 a1Far—1 d
= T(an) <a1 ((nx nn)neita ) n
® « 1/p1 P
" (/ (et +n o) dn)
ai

< Ll /m(ln —lnp)mtaT - /EW( )/ d "
= T (o) i € n noan o n n

1
T 2(Li+1)(n—a1) p1/2
X e Pl dn
ai

RLCuw (don g, mal)“t’;l“)l_“
- () a1+ q1—p

D1 2L+ @—ap) \ P1/2
X | — P
2(Li+1)°

<K*L>{Og,hw(x>< 1-n )“’“( p )W’
- F (0[1) (65} —+ q1 —P1 2 (LT + ].)

Xe(LT—&-l)(w—al) (hl by —In al)al-‘rth—m

=K"LTM{Cypt (x),

for all « € [a1,b1]. Thus, we get

(Tg) (&) = (Th) ()] e F+DE0) < K*LIMTCy i (),

for all = € [a1,b1]. Therefore, we can complete the rest of the proof by applying standard process in proof of

Theorem 3.2 which is quite similar. O
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4. Examples

In this section, we will give the application of our main results with two examples. We will see that examples
are based on the results Section 3, although these examples cannot be demonstrated with results of Wang and
Lin [37].

Example 4.1. Consider the equation (1.3) with u(n,y(n)) = ny(n). Let a1 € RT, by = aje, p1 = 3, oq =1,
n=1. Then, M* = § and L* = 3. Also, we assume that for all z € [a,a1€], y : [a1,a1¢] = R is a continuous
function such that

o) - [CPun

ai

674($7a1) < e4w'

Here 9(z) = e**. So, for all = € [a,ase] we have

* 16 e IR 16 Yo 4
e "dn) :< et — et ) < —e*”,
(/ 5 ()

That is, we find K* = 1. Then, we obtain 0 < K*L*M* =2 <1 and I'(1) = 1.

Because of Theorem 3.2, we say that there exists an unique continuous function y; : [a1,a1e] = R such
that
y(z) =1 +/ 772y1(77)?

ay

and

ly(z) — g1 ()] e @0 < 4,

for all = € [a1,aie]. Thus by Theorem 3.2, Eq.(1.3) is HUR stable. However, in this example if we use Theorem

2.1 in [37], we get K = ﬁ, M=1,L=3and KML = % > 1. Therefore, since the K LM is not smaller

than one, this example cannot apply to Theorem 2.1 in [37].

Example 4.2. Consider the equation (1.3) with u(n,y) = 312 siny(n) (lnaleflnn)_% Let a; € RT,
by = aie, p1 = %, ar =1, ¢ = —%, n = 1. Then, we find

=

lu(n,y)| < 377% (Inaje —Inn)~
Also, for all n € [a1,a1€e] and y,z € R, we obtain

1
lu(n,y) —u(n,2)] <3n% (Inare —Inn) [y — 2|

So, [A}] satisfies. Since L = 3, we get M = @ Also, we assume that for all z € [a1,a1€], y € ([a1,a1€¢],R)

satisfies

L

Tl 1dn| 4 1
ylx) —c —/ 3n2 siny Inaje —In 5 Al gmtema) <~ o7,
(o) —es = [ a0k sy (mase — ) ~F 5 -
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Here 9(z) = =2=e. So, for all = € [ay,aie] we have

T q 1/4 1 1/4
7417d _ - dr _ 4da,y
(L) = (=)

That is, we find K* = %. Thus, K*LTM7 = %. Since Theorem 3.4, we say that there exists an unique

continuous function y; € C ([a1,a1€],R) which satisfies

IA

=

xr . _ d
yi(z) = a1 +/ 3n* siny (n) (Inase — Inn) ?77
ai

and

1 8
o) — ()| e—d@—a) « L 8 &

for all © € [a1,aie]. Thus by Theorem 3.4, Eq.(1.3) is HUR stable. However, in this example if we use Theorem

2.2 in [37], we get K = i, M=+3,L=3and KML = 3%4/5 > 1. Therefore, since the K LM is not smaller

than one, this example cannot apply to Theorem 2.2 in [37].

5. Conclusion

Studies involving fractional calculus has played an important role in several areas of science and engineering. In
recent years, HU stability of differential equations which have fractional derivative and integral in the various
fields have been studied by many researchers. HU stability is one of the main topics in the theory of fractional
equations. In this paper, we examine the HUR and HU stability of Hadamard type fractional integral equations
on compact intervals. The stability conditions are developed by using a new GM definition and the fixed point
technique by motivating Wang and Lin [37]. It is then shown that the results of this paper are better for some

previous results. Finally, we investigate in detail two examples to show the reported results.
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