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Abstract: In this paper, we derive higher-order identities for the generalized bi-periodic Horadam sequences. Some of
our results generalize the identities for the classical Fibonacci sequences and Horadam sequences obtained by Hoggatt,
Horadam and Waddill. As an application, we derive some congruence properties satisfied by the generalized bi-periodic

Horadam sequences.
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1. Introduction

The generalized bi-periodic Horadam sequence {w,} := {wy(wo,wi;a,b,¢)} is defined by the following
recurrence relations:
awn_1 + cw,_o, if nis even
= > .
W { bwy,_1 + cwp_o, ifnisodd n=z?2 (1.1)

with arbitrary initial conditions wy and wj, and nonzero real numbers a, b, and c¢. The sequence {u,}
defined by {u,} := {wn(0,1;a,b,¢)} is called the generalized bi-periodic Fibonacci sequence. The sequence
{vn} defined by {v,} := {w,(2,b;a,b,c)} is called the generalized bi-periodic Lucas sequence.

The generalized bi-periodic Horadam sequence {w,,} is a natural generalization of the Horadam sequence
{H,} = {w,(Hy, Hy;a,a,c)} [5], the bi-periodic Fibonacci sequence {g,} := {w,(0,1;a,b,1)} [3], the classical
Fibonacci sequence {F,}, the Lucas sequence {L,}, etc.

The Binet’s formula for the generalized bi-periodic Fibonacci sequence {u,} is as follows [12, Theorem
8:

e (222).

We recall an identity for the sequence {w,} (see Theorem 3 in Section 3 [8]),

p S t1C(P) b S(ME(p+1)
Wptp = (a> UnWpt1 + C <a> Up—1Wp-
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By setting p = 0, we get the relation
Wy = UpW1 + C <a> Up—1WQ-

Based on this identity, we easily obtain the Binet’s formula for the sequence {w,}:

ab(n+1)
w, = —— (A" ' = Bp" ), n>0 (1.3)
(ab) L]
where
A awy + cbwg _ Bwi + cbwy
a—pf8 a—pfB

Here the variables o and 8 are the roots of the polynomial 22 — abxz — abc. That is,

ab + Va?b? + 4abe ab — Va?b? + 4dabe
2 ’ 2 '

= 6 =
The function ((n) is the parity function of n, i.e. {(n) =0 if n is even, and ((n) =1 if n is odd. We note

the following algebraic properties of a and 3:
a+p=ab, a—p=+a?b?+ 4abc, aff = —abc. (1.4)

By setting wo = 2 and w; = b in the equation (1.3), we get the Binet’s formula for the sequence {v,}:
pe(n)

(ab) L] @ +57). -

Up =

In this paper, the phrase ‘an identity of order n’ refers to an identity for an integer sequence in which
every summand is either a constant (associated to the sequence) or a product of n terms of the sequence.

In Section 2, we derive identities of order 2, 3, or 4 based on a combination of matrix methods and
algebraic manipulation on the known identities for the generalized bi-periodic Horadam sequences. Along the
way we apply our identities to derive new congruence properties for these sequences. Some of our identities
generalize the corresponding identities discovered by Hoggatt, Horadam, Waddill, and others, for the Fibonacci
sequence and Horadam sequence. It is worthwhile to note that the research on generating new identities and
summation formulas for various generalizations of the classical Fibonacci sequence by using matrix methods
has been extensive recently. For examples, the work done by Ekin and Tan [4], Keskin and Siar [7], and Tan

[9] serve as good references to the subject.

2. Main results

2.1. Some identities of order 2 for the sequence {w,}

ab abc

The matrix A = ( 1 0

) has the following property:

ab abc\" n bé (M), +1 chas™My
An:(l 0) :(ab)bJ((lC(nJr’lL)un ). (21)
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By the mathematical induction, we obtain the following: If n is even, then

n w1 _ Wn 41 n [ cbws _ z cbwy, 12
ar () = () () = (o). 22

(w1 bcwo) A" = (ab)g (U/n+1 bcwn) , (a*1w2 cwl) A" = (ab)% (ailwnﬁ cwnﬂ) . (2.3)

w3

Similarly, if n is odd, then

n wq B n_1 bwn, 41 n (cbwa\ n—1 abcwy, 42
A (alw()) = (ab) ( w, ), A (C’wl) = (ab) (bcwnH , (2.4)

(w1 bcwo) A" = (ab)% (bwnﬂ abcwn) , (a‘lwg cwl) A" = (ab)% (wn+2 bcwnﬂ) . (2.5)

By the Cayley—Hamilton theorem, we get the following matrix identity for A:
A? —tA —wul =0, where t = ab and u = abc. (2.6)

By the equation (2.6), we do the following computation:
AY —tA? —uPT = A%(A? —tA) — T = A% (ul) — T = u(A? — ul) = tuA. (2.7)

We define the matrix B as follows:

B— A2 — ab (ab+c abc)l
1 c

By the Cayley—Hamilton theorem, we get the following matrix identity for B:
B? —rB — sI =0, where 7 = ab(ab + 2c) and s = —(abc)?. (2.8)

By using the equation (2.8), we do the following computation:

B* —rB? — I = B*(B*> —rB) — s°I = B*(sI) — s*I = s(B* — sI) = rsB. (2.9)
On the other hand, by using equations (2.2) and (2.3), we get
n w1y _ n [ W2n+1 n [ cbwa _ n wa2n+2
() = (S ) (D) = (D). (2.10)
(w1 bcwo) B" = (ab)" (w2n+1 bcwgn) , <a71w2 cwl) B" = (ab)" (a’lwgm_g cwgn_,_l) . (2.11)
We state the following theorem.

Theorem 2.1 Let n be a fized positive integer. The following identities for the generalized bi-periodic Horadam

sequence {wy} are true:

<b<(n+1)wi+2 +atmy <a) Cwi—&-l —at"tp (Wn42Wnt1 + CWnp1wp) —

2 <bC(n+1)wi +aC(n+1) () cwi—l _ a{(nJrl)bc(,wlen + cwowan_1), (2.12)
a

be(ab + 2¢ b
sznww% -t (wgn—l + acwgn—2>

b
<w§n+3 + acwgn+2> — (ab + 2c)wani3wan+1 —
9 b
= —c*(ab+ 2¢) | wrwan—1 + Ecwow4n_2 . (2.13)
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Proof
Let r = ab(ab + 2) and s = —(abc)?. By the equations (2.8), (2.9), (2.10), (2.11), we compute the

following matrix product:

n n n— w
(w1 bewg) (B2 — B>l — $2B2"72) <a_12)0>

= (w1 bewo) B> *(rsB) (auil > =rs(wy bewg) B*! ( 11111 )

wo a “Wo

=rs(ab)** " (w1 bewy) ( Mdn—t )

a “Wyp—2
b
= —a3b302(ab + 20)(ab)2n_1 (w1w4n1 + acw0w4n2> . (2.14)
On the other hand,

(w1 bcwo) B2 <au1]100) = (w1 bcwo) Bt prtl (aul)1w0>

_ 2n+2 W2n+3 _ 2n+2 2 b 2
= (ab) (wan+s  bewanys) <a1w2n+2> = (ab) <w2n+3 + acw2n+2> . (2.15)

We compute the following two matrix products in an analogous way,

b
(w1 bewy) B! < _Uil ) = (ab)®*! (w2n+3w2n+1 + CU/2n+2w2n> ) (2.16)
a"lwy a
(w1 bewg) B2 YUY = (a2 (a2, + Lo (2.17)
a_lwo 2n—1 a 2n—-2 | - .

By the equations (2.15), (2.16), (2.17),

2n42 2n+1 _ 2 p2n—2 w1
(w1 bcwo) (B rB s°B ) <a_1w0)

b b
= (ab)**? <w§n+3 + acw§n+2) — (ab)® "2 (ab + 2¢) <w2n+3wgn+1 + acw2n+2w2n>

b
— (ab)? T2t <w§n1 + acw§n2> . (2.18)

We get the equation (2.13) by comparing equations (2.14) and (2.18).
The equation (2.12) can be obtained in a similar way by using equations (2.2), (2.3), (2.4), (2.5), (2.6),

(2.7) to compute the following matrix product:
(w1 bcwo) (A2n+2 _ A0+ uzAzn—z) < _?1{1 ) '
O

Remark 2.2 For the Horadam sequence {H,} = {w,(Hy, H1;a,a,¢)}, by Theorem 2.1, we get the following
identity (it was first discovered by Waddill [11]),

H? 5+ cH2, —aHyioHni1 — acHy 1 Hy — CHE — AHE_ | = ac(HyHay + cHoHap—1).
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We obtain the following two corollaries immediately by identities (2.12) and (2.13) in Theorem 2.1.

Corollary 2.3 Let n be an even positive integer. Let wg, w1, a, b, and c be any integers such that a # 0,

b#0, and c# 0. For the generalized bi-periodic Horadam sequence {wy,},

bw? o + acw?  — bctw? —ac®w?_; =0 mod (ab). (2.19)

Corollary 2.4 Let n be a fized positive integer. Let Hy, Hi, a, and ¢ be any integers such that a # 0 and
¢ # 0. For the Horadam sequence {H,} := {w,(Ho, H1;a,a,¢)},

H? o, +cH2,, —c*H} —c®H? =0 mod a, (2.20)

n

H3 . o+cH3 o —c'H} | —c"H} _,=0 mod (a®+2c). (2.21)

Remark 2.5 By the classical Fibonacci identity Foni1 = F2 + F2,

Fytnt1) = Finta = Fanys — Fangs = (Fo i3+ Fa o) — (Fa1 + Foyy).

Since 4|(dn+4) and Fy = 3, by the well-known divisbility of Fibonacci numbers [10], i.e. if n|m, then F,|Fy,,
it is clear that F3, 3+ F3, o — F3,_1 — F3, _5 =0 mod 3. Hence, the equation (2.21) is a generalization of

this classical result for {F,} to the corresponding result for the Horadam sequence {H,}.

By the definition of the sequence {w,} (see (1.1)), we get the following recurrence relations for n > 2:

Won+3 = (ab + 20)w2n+1 — CQ’LUQn_l7 (2.22)

Wap o = (ab+ 2¢)way, — Cwa,_o. (2.23)

We recall the following identity (see Corollary 1 in Section 3 [8]):

p S p\ St b
() wiJrl + () cw?Z = W1Wapt1 + (a) CwWoWap,.- (2.24)

a a

Let n be a fixed positive integer. We define the function G(n) as follows:

b ¢(n) be ¢(n+1) b ¢(n)
G(n) = (a) D2 - (ab + 2c) <a> w2 + <a> AHenty2 (2.25)

Lemma 2.6 Let n be a fized positive integer. The function G(n) satisfies the following identity for all n:
G(n) + UG —1) = 0.
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Proof We will prove it for odd n. By the equations (2.22), (2.23), (2.24), we do the following computation:

b be
<wn+1 — (ab + 2c)w? + GCZwi_l) + (cwi — (ab+ QC)Ewi_l + 03w2_2>
b be b
= (awiﬂ + cwi) — (ab+ 2c¢) (wi + aw%_1> +c? (awfl_l + cwi_Q)
be be 9 be
W1W2n41 + o Wolzn | — (ab +2c) ( wiwap—1 + 5 Wowan—2 + ¢ | wiwan—3 + 5 Wowzn—4

be
=w (w2n+1 — (ab+ 2¢c)wap—1 + cngn,g) + —wo (wgn — (ab+ 2¢c)wap—2 + 02w2n74) =0.
For even n, it can be proved by the same method. O

Lemma 2.7 Let n be a fized positive integer such that n > 2. Then,

b ¢(n) b ¢(n+1) b ¢(n) b ¢(n+1)
() w2, — () (ab+ c)w? — (a) c(ab + c)w? _, + () Aw?_, =0.

a a a

Proof It is clear by Lemma 2.6. O

The following corollary is clear by Lemma 2.7.

Corollary 2.8 Let Hy, Hy, a, and ¢ be any integers such that a #0 and ¢ # 0. For the Horadam sequence
{Hn} = {w’ﬂ(H07 H17 a, a, C)},
H? s+ cH2=0 mod (a®+c).

Let A be the following constant for the sequence {w,,}:
2 b o
A = wj — bwow, — —cwg.
We note that

b 4 5, b, b 9 5 b2,
G(1) = Jw2 — (ab+ 2c)wy + W0 = a(awl + cwp)® — (ab + 2¢)wy + ~Wo
2bc?
= —2cw? + —ng + 2bcwow; = —2cA. (2.26)
a

By Lemma 2.6, the following result can be proved by induction:

_ | —c"G(1), ifniseven
Gln) = { @1G(1), ifnisodd * "1 (2.27)

Theorem 2.9 For the generalized bi-periodic Horadam sequence {wy,}, we have the following identity:

b ¢(n) b ¢(n+1) b ¢(n)
() w2 — (ab+2c) (a) w2 + (a) Aw?_| = (=1)"2c"A.

a
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Proof It is clear by equations (2.26) and (2.27). O

Remark 2.10 If a=b=c=1, wg =0 and wy, = 1, then we obtain the following two Fibonacci identities

(which were first discovered by Hoggatt and Bicknell [1, 2]) by Lemma 2.7 and Theorem 2.9 respectively:

F? 4 —2F2 ,—2F2  +F2=0,

n

Fl, —3F +F. , =(-1)"2

2.2. Some identities of order 4 for the sequence {w,}

We recall the Cassini’s identity for the sequence {w,,} (see Theorem 4 in Section 3 [8]):

b ¢(n) b ¢(n+1)
() ww+—() w? = (1) 1A, (2.28)

Lemma 2.11 Let n be a fixed positive integer.

b ¢(n) b ¢(n+1)
() cw? | — () w? = (=1)"c"TA — bw,w, 1.
a a

Proof It can be proved by straightforward computation. We will prove it for even n only. By the identity
(2.28),

U}2 _ (_1)ncn—1A

n

ISERS

Wy — 1 Wp 1 — Ewi = wy—_1 (bwy, + cw,—1) —
2 b 2 n, n—1
CWn_y = Wy + bwywp—1 = (1) AL

We get our result as desired. The corresponding identity for odd n can be proved by the same computation. O
Lemma 2.12 Let n be a fixed positive integer.

b ™ 2 4 AR 4 2n—2 A2 n,n—1 2 20c\ 2

— cw,_1 + o w, =c¢ A% —2(=1)"c""bAw,wy—1 + | b+ | Wnatn-

a
Proof Let n be even. By Lemma 2.11, the result is obvious by expanding the square in the following equation:
b 2) 2 %c ,

2
2 4 4 2
CWy_1 + aigwn - (Cwn—l - gwn + a Wy 1 W

The proof for the case of odd n is similar. O

Let n be a fixed positive integer. We define the function S(n) as follows:

¢(n) ¢(n+1)
2
S(n) = (Z) bew? _ w, — 2 (Z) bw, w3 + (b2 _ bc> w2 w?.
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Lemma 2.13 Let n be a fixed positive integer.

2
S(n) =2(-=1)"c"'bAw, 1w, — (b2 + bc) w2 w?

a n n

Proof For even n, we apply Lemma 2.11 to do the following computation,
2 b o 2 2 2
S(n) = 2bwy_wy, | cwr_; — —w;, | + [ b° — — | wi_qw;,
a

2
= 2bw,_1 W, ((—1)"0"_1A — bwn_lwn) + (b2 — 20) w2 _ w?

n—1%n

=2(=1)"c" bAw, 1w, — (b2 + 2abc> w?_ w2,

The same result can be proved for odd n by essentially the same computation. O

By combining Lemma 2.12 and Lemma 2.13, we obtain the following theorem immediately.

Theorem 2.14 Let n be a fized positive integer. For the generalized bi-periodic Horadam sequence {w,}, we

have the following identity:

b 2¢(n) b 2¢(n+1) b ¢(n) b ¢(n+1)
<a> Awt |+ <a> wh 42 <a) bew3 _w, — 2 (a) bw,,_jw?

+ <b2 _ 2bc> w2 w? = 2n2A2.

a n—1%n

Remark 2.15 For the generalized Fibonacci sequence {h,} = {wy(ho,h1;1,1,1)}, by Theorem 2.14, we get
the following identity (which was first discovered by Horadam and Walton [6, p.272]):

hip 1+ hip 4+ 2h3_ by — 2R, _1h3 — B2 h2 = AZ
For the Fibonacci sequence {Fy}, the corresponding result was first stated in Zeitlin’s paper [13].

Based on the definition of the sequence {w,} (1.1), we obtain the following recurrence relations:

Wyl = a((")b((”+l)wn + CWy_1, (229)
Wi = (ab+ c)w, + a¢m TR e, (2.30)
Wpts = (aC(")Hb‘:(”J“l)Jr1 + 2a€(")b<("+1)c)wn + (abe + )wy_1. (2.31)

We replace the equations (2.29), (2.30), (2.31) into the following expression:
C5Wp 3 + CaWp g + C3WH1 + 2wy, + 1wy
to get an expression of the following form

dsw? + dywdw, 1 + dzw?w?_| + dywpwd_ | + dyw?_, (2.32)
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where the variable d;, for each 1 < ¢ <5, is written as a linear combination of the variables ¢; for 1 < 7 <5
such that the coefficients associated to each variable c; are expressions in terms of a, b and c. For example,

for even n, we have the following system of equations:
ds = co + blcs + (ab + 0)404 + (ab® + 2bc)tcs,
dy = (4b%c)es + (4(ab + ¢)*(ac))es + (4(ab® + 2bc)®(abe + ?))cs,
ds = (6b%c®)cs + (6(ab + c)? (ac)2)04 + (6(ab* + 2bc)?(abe + ¢*)?)cs,
dy = (4bc®)es + (4(ab + ¢)(ac)*)cq + (4(ab® + 2bc)(abe + ¢*)*)cs,
dy = c1 + ctes + (ac)es + ((abc + 02)4)05

For odd n, we get a similar system of equations.

By comparing coefficients of the terms wﬁwiﬁ’i, for 0 < k < 4, in the expression (2.32) and the LHS

of the identity in Theorem 2.14, we can solve the corresponding (5 x 5)-system of linear equations to have the

unknowns ¢;, for 1 <4 <5, written in terms of the constants a, b, and ¢. We summarize our result as follows:

Theorem 2.16 Let n be a fized positive integer. For the generalized bi-periodic Horadam sequence {w,}, we

have the following identity:

b 2¢(n) by 2¢(n+1) b 2¢(n)
(7) wy 5 — ab(ab + 3c) (5> wy 5 — c(6a*b*c + 10abc® + a®b® + 2¢°) (5> wy

a

b\ 2¢(n+1) b 2¢(n)
—abet(ab+30)(2) T wh+ M (2) T why = —Gabe AL,
a

n a n—1

Remark 2.17 For the generalized Fibonacci sequence {h,} = {wy(ho,h1;1,1,1)}, by Theorem 2.16, we get
the following identity (which was first discovered by Horadam and Walton [6, p.273]):

hi"“‘l N 4hi 19hn+2 4hi+1 + Rt = —6A2.

2.3. Some identities of order 3 for the sequence {w,}

It is difficult to come up with identities similar to those found in Theorem 2.9 and Theorem 2.14 for cubes of
the terms in the sequence {w,}. We state one result related to identities of order 3 for the sequence {w,}.

First, we state two lemmas.

Lemma 2.18 Let n be a fixed nonnegative integer.

¢(n+1) a\ 1-2¢(n)
Wy Wht1Whpo = (— 1)n+1 (b) "Awp 1 + (E) wZH
Proof By (2.28), for even n, we have
é a2 — _c"A
L Wn2Wn — Wy g = —C
é — A 3
awnwn+1w7L+2 = —Wnp+1C€C + Wypq1-
The identity for the case of odd n can be proved by essentially the same computation. O
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Lemma 2.19 Let n be a fixed nonnegative integer.
wl = (aC("H)bC(”)):swf’Hl + Awd + 3¢SV cw, w g wh s
Proof We will prove it for even n.

w:?hLQ = (awn+1 + Cwn)3

3,3 3,3 2,2 2 2
a’wy, 1 + cw, + 3a”cw; w, + 3acTwp 1wy,

3,3 3.3
= a’w;, 1 + cw;, + 3acwp Wy (GWp41 + cwy)

3,3 3,3
= a’w, 1 + cw;, + 3acwWpWp1Wn 2.

The identity for the case of odd n can be proved by the same computation. O

We state an identity of order 3 for the sequence {wy,}.

Theorem 2.20 Let n be a fized positive integer. For the generalized bi-periodic Horadam sequence {wy}, we

have the following identity:

wd g — <3ac(n+1)bC(n)c (%) e + (ag("ﬂ)bq”))?’) wi | — Awl
¢(n+1)
= 3aCHDpC) (o)t (%) Wl
Proof It is clear by Lemma 2.18 and Lemma 2.19. O

Remark 2.21 For the Horadam sequence {H,} = {w,(Ho, H1;a,a,c)}, by Theorem 2.20, we get the following
identity (which was first discovered by Horadam [5, p.174]):

Hy o — (Bac+a®)Hyy oy — ¢ Hy = 3a(—¢)" " AH 1.

2.4. Some power identities for the sequence {w,} by matrix methods

In this subsection, we explore a matrix method to obtain power identities for the sequence {w,}. For the
Fibonacci numbers {F,}, this matrix approach was used by Hoggatt and Bicknell [1, 2] to obtain some power
identities for the sequence {F,}.

Let (vg)n and (vp), be the following column vectors for {w,,}.

Aw? Aw?
(Va)n = 2acgun2wn+1 ;o ()n = 2bcgvn2wn+1
A" Wy 11 b wy, 44

Let E, and E} be the generalized bi-periodic Pascal’s Triangles for the sequence {w,}, which are defined by

the following (3 x 3) matrices:

0 0 % 0 0 &
E.,=10 ¢ 2|, Ep=(0 ¢ 2c
a2 a2 a b2 b2 b2
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If n is even, we obtain the following result by straightforward matrix multiplication:

_— ——
Ea(va)n = (Ua)n+1~ (233)
Similarly, if n is odd, we have
—
Ep(vb)n = (vb)n+1- (2.34)
Let Top and Tp, be the following (3 x 3) matrices:
1 0 0 1 0 0
Tw=10 2 0|, Thu=(0 ¢ 0
00 % 00 %

—
It is clear that T(;bl = Tpo. The matrices Ty, and Ty, act as transformations between (v,), and (vp),, i.e.

Tab(va)n = (Ub)na Tba(vb)n = (Ua)n~ (235)

By equations (2.33), (2.34), (2.35), we note the following properties among the matrices defined so far:

— —_—

TbaEbTabEa('Ua)n = (Ua)n+2a if n is evel, (236)
— —_—

TabEaTbaEb('Ub)n = (Ub)n+2> if n is odd. (237)

By computing the matrix products, we note that

c? c? c?

Tou v T By = Top EoToo Ep = | 2abc ¢ + 2abe 2¢2 + 2abe
a?b®>  abc+ a?b® 2+ 2abe + a?b?

To simplify the notation, we denote the matrix Ty FyTupFy (or TopEoTpe Ep) by M. The characteristic equation
of M is

M? — (3¢ + dabe + a?b*)M? — (3¢* + dabc® + a*b*c*)M — °T = 0. (2.38)

Theorem 2.22 Let n be a fized nonnegative integer. For the generalized bi-periodic Horadam sequence {w,},
we have the following identities:
w2 g — (3¢® + dabe + a®b*)w? 4 — (3c* + dabe® + a*b? w2, — Sw? =0,
Wh i 6Wn 7 — (3¢2 + dabe + a?b?)wy 4wy 5 — (3¢t + dabc® + a*b? )Wy 1oWn 43 — Cwpwn g = 0.
Proof It is clear by an application of the matrix identity (2.38) and by comparing the (2,1)-entry and
(3,1)-entry of the matrix equations in (2.36) and (2.37). O
We obtain the following corollary immediately by Theorem 2.22.

Corollary 2.23 Let n be a fixed nonnegative integer. Let wg, w1, a, b, and ¢ be any integers such that

a#0,b#0, and c#0. For the generalized bi-periodic Horadam sequence {wy,}, we have
w2, s —cwl =0 mod (3c® + 4abc + a*b?),

Wit 6Wntt — Cwpwprr =0 mod (362 + dabe + azbz).
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Remark 2.24 We note that 3c¢* + 4abc + a®b® = a ‘ug. By Corollary 2.23, we get

6

2 2 _
aw;, ¢ —ac’w, =0 mod ug,

AWy 46 Wy 47 — acﬁwnwnH =0 mod ug.

Indeed, this matrix approach to obtain power identities for the sequence {w,} can be generalized to obtain

identities of higher order.

— —
Let (do)n and (dp), be the following column vectors for the sequence {w,}:

Aw? Aw?
W | Bactwiwg,iq W | 36w w4
a)n -— 2 2 n o 2 2
3a‘cwpwy g |’ 3b %w%wwrl
a Wy 41 b Wy 41

Let M, and M, be the generalized bi-periodic Pascal’s Triangles defined by the following (4 x 4) matrices:

3 3

00 0 & 00 0 &
0 0 < 3 0 0 < 3¢
M, = a a |, My:= b b
0 ac 2ac 3ac 0 bc 2bc 3be
a® a® dd a® v v
Let N, and Ny, be the following (4 x 4) matrices:
1 0 0 O 1 0 0 O
N 02 0 o N |05 0 0
@=lo o % o] ™Tlo 0 &% 0
00 0 % 00 0 %

: -1 . ' - -
It is clear that N, = N, . The matrices Ny, and Ny, act as transformations between (dg), and (dp)n, i.e.

Nab(da)n == (db)na Nba(db)n = (da)n

We have the following properties:

— —
Npa MyNop Mo (de)n = (dg)nt2, if n is even, (2.39)
_—
NabMaNbaMb(db)n = (db)n+27 if n is odd. (240)

We note that Ny, MyNeyM, = NgpMyNpo My and this matrix is equal to

c? ? c? c?
3abc? c® + 3abc? 2¢3 + 3abc? 3¢® + 3abc?
3a2b%c  2abc® + 3a2b%c A3 + dabc? + 3a%b%c 3¢® + 6abc? + 3a2b3c
a®b3 a?b%c+adb®  abc® + 2a2b%c+ albd A + 3abc® + 3a%b%c + aBbd
The characteristic polynomial for this matrix is as follows:
zt — (4% + a®b® + 6a*b%c + 10abc?)x® + (2¢° + (2¢® + abc?) (2¢ + a®b® + 6abc + 9abc?))z?

—c5(4c3 + a®b® + 6a*b*c + 10abc?)x + 2.
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By the matrix equations (2.39), (2.40), the Cayley-Hamilton theorem and comparing the entries in the matrix

equations, we obtain the following result.

Theorem 2.25 Let n be a fized nonnegative integer. For the generalized bi-periodic Horadam sequence {wy},

we have the following identities:

3
wn+8

— (4¢® + a®b® + 6a*b?c + 10abc® w6 + (2¢° + (2¢® + abe®)(2¢ + a®b? + 6a*b*c + abe?))-
wd , — (4 + a®b® + 6ab?c + 10ab02) wl , + cPwd =0,

W2 gWnis — (4¢® + a®b* + 6ab?c + 10abc®)w?  ;wnis + (2¢° + (2¢° + abc?)(2¢* + a®b?
+6a*b%c + 9abc?) w2, swyia — ¥ (4e® + a®b + 6a*b e + 10abe® w2 | swp 42 + 2wl w, = 0,
W pow? g — (4% + @b + 6a?b%c + 10abe®)wy, 1 7w? ¢ + (2¢° + (2¢ + abe?)(2¢* + a®b?

)

+6a*b%c + 9abc?) wnyswh 4y — (4e® 4+ PV + 6a°b*c + 10abe®)wy 3wy Lo + ¢ Pwpprwy = 0.
We obtain the following corollary immediately by Theorem 2.25.

Corollary 2.26 Let n be a fixed nonnegative integer. Let wg, wi, a, b, and ¢ be any integers such that

a#0,b#£0, and c#0. For the generalized bi-periodic Horadam sequence {w,}, we have

w3 g + (25 + (2¢% 4 abc?) (2¢® + a®b® + 6ab?c + 9abc?))w? 4 + cPwd

=0 mod (4¢® + a®b® + 6a2bzc + 10abc?),
w2 gWnis + (2¢° + (2¢® + abe®) (2¢ + a®b® + 6a*b? ¢ + 9abe®) )wh, swnia + cPwl wy
=0 mod (4¢® + a®b® + 6ab*c + 10abc?),
Wyrows g + (2¢° + (2¢® + abe®) (2¢ + a®b® + 6a*b?c + 9abe?) ) wpsws 4 + ¢ Pwy Wl

=0 mod (4¢® + a®b® + 6a%b*c + 10abc?).

Remark 2.27 We note that 4c® + a®b3 + 6ab*c + 10abc® = a~'ug. By Corollary 2.26, we get

awl s+ a(2¢® + (2¢° + abc?)(2¢% + a®b? + 6a*b*c + 9abc?))w , + ac'Pwi

=0 mod ug,

awZ L gWpts + a(2¢® + (2¢° + abe®) (2¢® + a®b® + 6a*b?c + 9abe®) ) w2, swnta + acPwl w,
=0 mod usg,

AW owa g + a(2¢® + a(2¢® + abc?)(2¢* + a®b? + 6a%b*c + 9abc?) ) wysw2 L 4 + acPw,w?

=0 mod usg.

Acknowledgments

We are grateful to the referee(s) for giving us helpful comments to improve the quality of this paper. We are
grateful to Thotsaporn Thanatipanonda for his help in some algebraic computations by the computer program

Maple. The second author is grateful to Dr. Mohamed Salim for the arrangement of her visit to United Arab

1699



LEUNG and TAN/Turk J Math

Emirates University (UAEU) in February 2019. It is supported by UAEU UPAR Grant G00002599 (Fund No.
31S314).

(4]

[5]

1700

References

Bicknell M, Hoggatt VE. Some new Fibonacci Identities. Fibonacci Quarterly 1964; 2 (1): 29-32.

Bicknell M, Hoggatt VE. Fourth power Fibonacci identities from Pascal’s triangle. Fibonacci Quarterly 1964; 2 (4):
261-266.

Edson M, Yayenie O. A new generalizations of Fibonacci sequences and extended Binet’s Formula. Integers 2009;
9: 639-654.

Tan E., Ekin AB. Some identities on conditional sequences by using matrix method. Miskolc Mathematical Notes
2017; 18 (1): 469-477. doi: 10.18514/MMN.2017.1321

Horadam AF. Basic properties of a certain generalized sequence of numbers. Fibonacci Quarterly 1965; 3 (3):
161-176.

Horadam AF, Walton JE. Some further identities for the generalized Fibonacci numbers {H, }. Fibonacci Quarterly
1974; 12 (3): 272-280.

Keskin R, Siar Z. Some new identities concerning generalized Fibonacci and Lucas numbers. Hacettepe Journal of
Mathematics and Statistics 2013; 42 (3): 211-222.

Tan E., Leung, H.-H. Some basic properties of the generalized bi-periodic Fibonacci and Lucas sequences. Advances
in Difference Equations 2020; Paper No. 26, 11pp.

Tan E. On bi-periodic Fibonacci and Lucas numbers by matrix method. Ars Combinatoria 2017; 133: 107-113.
Vorob’ev NN. Fibonacci Numbers. Mineola, NY, USA: Dover Publications, 2013.
Waddill ME. Matrices and generalized fibonacci sequences. Fibonacci Quarterly 1974; 12 (4): 381-386.

Yayenie O. A note on generalized Fibonacci sequence. Applied Mathematics and Computation 2011; 217 (12):
5603-5611. doi:10.1016/j.amc.2010.12.038

Zeitlin D. On identities for Fibonacci numbers. American Mathematical Monthly 1963; 70: 987-991.



	Introduction
	Main results
	Some identities of order 2 for the sequence {wn}
	Some identities of order 4 for the sequence {wn}
	Some identities of order 3 for the sequence {wn}
	Some power identities for the sequence {wn} by matrix methods


