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Abstract: Let H denote a certain closed subspace of the Bergman space A2
α(Bn)(α > −1) of the unit ball in Cn . In

this paper, we prove that the operator
m⊕
1

Mz(s1,··· ,sn) is quasi-affine to the multiplication operator Mz(ms1,···,msn) on

H . Furthermore, the reducing subspaces of Mz(ms1,··· ,msn) are characterized on H .
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1. Introduction
Let C denote the set of complex numbers and Cn = C × C × · · · × C denote the Euclidean space of complex
dimension n . The open unit ball in Cn is the set Bn = {z ∈ Cn : |z| < 1} . The boundary of Bn is the set
Sn = {z ∈ Cn : |z| = 1} . For α > −1 , the weighted Bergman space A2

α(Bn) consists of holomorphic functions

f in L2(Bn, dvα) . The weighted Lebesgue measure dvα is defined by dvα(z) =
Γ(n+α+1)
n!Γ(α+1) (1− |z|2)αdv(z) . The

Bergman space A2
α(Bn) is a Hilbert space with the reproducing kernel Kα(z, w) = 1

(1−⟨z,w⟩)n+1+α , z, w ∈ Bn .

If f, g ∈ A2
α(Bn) , the inner product of f and g is defined by ⟨f, g⟩α =

∫
Bn

f(z)g(z)dvα(z) .

For a bounded linear operator S on a Hilbert space H , let A′(S) denote the commutant of S , i.e.
A′(S) = {T ∈ L(H)|TS = ST} . The characterization of the commutant of S should help in understanding
the structure of S . From the information of the commutant of a given operator, people research the similar
or unitary equivalence and the reducing subspaces of the operator. These problems on function spaces such
as the Hardy space and the Bergman space have been studied extensively in the literature. We mention here
that the papers [1–3, 5, 6, 8–11, 13–15] and the books [4, 17] include a lot of analysis of the operator theory
associated with the Hardy and the Bergman spaces. J. A. Ball (see [2]) and E. Nordgren (see [13]) studied the
problem of determining the reducing subspaces for an analytic Toeplitz operator on the Hardy space. In [14],
M. Stessin and K. H. Zhu described the properties of the commutant of analytic Toeplitz operators with inner
function symbols on the Hardy space and the Bergman space. In [7], Gu characterized reducing subspaces of
nonanalytic Toeplitz operators on weighted Hardy and Dirichlet spaces of the bidisk. In 2010, Lu and Zhou
researched the invariant subspaces and reducing subspaces of weighted Bergman space over bidisk (see [12]).
In 2011, Douglas and Kim in [5] studied the reducing subspaces of an analytic multiplication operator Mzn on
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the Bergman space A2
α(Ar) of the annulus Ar .

Based on the above works, in this paper, we prove that the operator
m⊕
1
Mz(s1,··· ,sn) is quasi-affine to the

multiplication operator Mz(ms1,··· ,msn) on a certain closed subspace H which depends on s = (s1, · · · , sn) of
the Bergman space A2

α(Bn) . Then we characterize the reducing subspaces of Mz(ms1,··· ,msn) on H .

2. The quasi-affinity of Mz(ms1,···,msn) (m ≥ 2)

Recall that the functions el(z) =
√

Γ(n+|l|+α+1)
l!Γ(n+α+1) zl forms an orthonormal basis of the Bergman space A2

α(Bn) ,

where l = (l1, l2, · · · , ln) runs over all multiindexes of nonnegative integers. And |l| = l1 + l2 + · · · + ln ,

l! = (l1)! · · · (ln)!, zl = zl11 · · · zlnn . It is well known that the multiplication operator Mwm is similar to
m⊕
1
Mw

on the Bergman space A2
α(D) (see [11]). Now, we will investigate the situation on the Bergman space A2

α(Bn) .
Because of the complication of multiindexes map, we consider a certain closed subspace H of the Bergman space

A2
α(Bn) . That is, H =

∞∨
k=0

{e(ks1,··· ,ksn)} . Without loss of generality, we assume that si ≥ 1 (i = 1, 2, · · · , n) .

In the following lemma we give a decomposition of the space H .

Lemma 2.1 If Hj = span{e((mk+j)s1,··· ,(mk+j)sn)|k ≥ 0} (j = 0, 1, · · · ,m− 1) , then we have
(i) {e((mk+j)s1,··· ,(mk+j)sn)}∞k=0 forms an orthonormal basis of Hj .
(ii) H = H0

⊕
H1

⊕
· · ·

⊕
Hm−1 .

(iii) Hj is a reducing subspace of Mz(ms1,··· ,msn) .

Proof (i) Simple computation shows that

⟨e((mk1+j)s1,··· ,(mk1+j)sn), e((mk2+j)s1,··· ,(mk2+j)sn)⟩ =
{

1, k1 = k2,
0, k1 ̸= k2.

(2.1)

(ii) It is easy to prove that Hj⊥Ht , 0 ≤ j ̸= t ≤ m− 1 .
Next, for f ∈ H , we have that f has the form

f =

∞∑
k=0

a0ke(mks1,··· ,mksn) + · · ·+
∞∑
k=0

am−1, ke((mk+m−1)s1,··· ,(mk+m−1)sn).

Suppose that f = 0 . Then from

⟨
∞∑
k=0

m−1∑
j=0

ajke((mk+j)s1,··· ,(mk+j)sn), e(ls1,··· ,lsn)⟩ = 0 (l = 0, 1, · · · ), (2.2)

we obtain that ajk = 0 (j = 0, · · · ,m− 1, k = 0, 1, · · · ). That is, 0 =

m︷ ︸︸ ︷
0⊕ 0⊕ · · · ⊕ 0 .

Therefore, H = H0

⊕
H1

⊕
· · ·

⊕
Hm−1.

(iii) It is easy to see that both Hj and H⊥
j are invariant subspaces of Mz(ms1,··· ,msn) . 2
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Let H and K be complex Hilbert spaces. An operator X in L(H,K) is said to be quasi-invertible if
X has zero kernel and dense range. Recall that for A ∈ L(H) and B ∈ L(K) , A is quasi-affine to B if there
exists a quasi-invertible operator S in L(H,K) such that SA = BS (see [16]).

Now we state our main theorem of this section.

Theorem 2.2 The operator
m⊕
1
Mz(s1,··· ,sn) is quasi-affine to the multiplication operator Mz(ms1,··· ,msn) on H .

Proof In the following, for simplicity, we set γk =

√
Γ(n+k|s|+α+1)

n∏
i=1

(ksi)!Γ(n+α+1)
.

Note that

Mz(s1,··· ,sn)e(ks1,··· ,ksn) = z(s1,··· ,sn)γkz
(ks1,··· ,ksn) = γk

γk+1
e((k+1)s1,··· ,(k+1)sn). (2.3)

Set Mj = Mz(ms1,··· ,msn) |Hj
(j = 0, 1, · · · ,m− 1). Then

Mje((mk+j)s1,··· ,(mk+j)sn)

= z(ms1,··· ,msn)γmk+jz
((mk+j)s1,··· ,(mk+j)sn)

=
γmk+j

γmk+m+j
e((mk+m+j)s1,··· ,(mk+m+j)sn).

(2.4)

Define Xj : H → Hj such that Xje(ks1,··· ,ksn) = ckje((mk+j)s1,··· ,(mk+j)sn) . The coefficients ckj are to be
determined later. Then we have

XjMz(s1,··· ,sn)e(ks1,··· ,ksn) = MjXje(ks1,··· ,ksn).

In fact,

Xj
γk

γk+1
e((k+1)s1,··· ,(k+1)sn) = Mjckje((mk+j)s1,··· ,(mk+j)sn),

and
γk

γk+1
ck+1,je((mk+m+j)s1,··· ,(mk+m+j)sn)

= ckj
γmk+j

γmk+m+j
e((mk+m+j)s1,··· ,(mk+m+j)sn).

From
ck+1,j

ckj
=

γk+1γmk+j

γkγmk+m+j
, (2.5)

we obtain
ckj =

γkγj

γmk+j
(k ≥ 0). (2.6)

Next, we will compute the limit of sequence {ckj} as k → +∞ .

lim
k→+∞

(ckj)
2

= lim
k→+∞

(γj)
2
Γ(n+k|s|+α+1)

n∏
i=1

((mk+j)si)!

Γ(n+(mk+j)|s|+α+1)
n∏

i=1
(ksi)!

.
(2.7)
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Hence, we only need to compute the limit of

dkj =

n∏
i=1

[(km+j)si]!Γ(n+k|s|+α+1)

n∏
i=1

(ksi)!Γ(n+(km+j)|s|+α+1)
. (2.8)

Applying the Stirling’s formula n! ∼ nn+ 1
2 e−n

√
2π , we have

dkj

=

n∏
i=1

[(km+ j)si]!Γ(n+ k|s|+ α+ 1)

n∏
i=1

(ksi)!Γ(n+ (km+ j)|s|+ α+ 1)

∼

n∏
i=1

[(km+ j)si]
(km+j)si+

1
2

n∏
i=1

(ksi)ksi+
1
2

× (k|s|+ n+ α)k|s|+n+α+ 1
2

[(km+ j)|s|+ n+ α](km+j)|s|+n+α+ 1
2

=

n∏
i=1

[
(km+ j)si

ksi

]ksi+ 1
2

×
n∏

i=1

[(km+ j)si]
(km+j)si−ksi ×

[
k|s|+ n+ α

(km+ j)|s|+ n+ α

]k|s|+n+α+ 1
2

×
[

1

(km+ j)|s|+ n+ α

](km+j)|s|−k|s|

=

n∏
i=1

(
m+

j

k

)ksi+
1
2

×
n∏

i=1

s
(km+j)si−ksi
i ×

[
k|s|+ n+ α

(km+ j)|s|+ n+ α

]k|s|+n+α+ 1
2

×
[

km+ j

(km+ j)|s|+ n+ α

](km+j)|s|−k|s|

= mk|s|+ 1
2n

(
1 +

j

km

)k|s|+ 1
2n n∏

i=1

s
(km+j)si−ksi
i

(
1 +

n+ α

k|s|

)k|s|+n+α+ 1
2

×
(

1

m

)k|s|+n+α+ 1
2
(

1

1 + j|s|+n+α
km|s|

)k|s|+n+α+ 1
2
(

1

|s|

)(km+j)|s|−k|s|[
1

1 + n+α
(km+j)|s|

](km+j)|s|−k|s|

=

(
1

m

) 1
2n+α+ 1

2
[(

1 +
j

km

) 1
2n

(
1 +

n+ α

k|s|

)n+α+ 1
2
(

1

1 + j|s|+n+α
km|s|

)n+α+ 1
2
] n∏
i=1

s
(km+j)si−ksi
i

|s|(km+j)|s|−k|s|

×
[(

1 +
j

km

)k|s|(
1

1 + j|s|+n+α
km|s|

)k|s|(
1 +

n+ α

(km+ j)|s|

)k|s|]
×
(
1 + n+α

k|s|

)k|s|[
1

1+ n+α
(km+j)|s|

](km+j)|s|

.

(2.9)

Note that

lim
k→∞

[(
1 +

j

km

) 1
2n

(
1 +

n+ α

k|s|

)n+α+ 1
2
(

1

1 + j|s|+n+α
km|s|

)n+α+ 1
2
]
= 1.

For

lim
k→∞

n∏
i=1

s
(km+j)si−ksi
i

|s|(km+j)|s|−k|s| ,
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we set
a = max{s1, · · · , sn}, b = min{s1, · · · , sn}.

Then
b(km+j)|s|−k|s|

|s|(km+j)|s|−k|s| ≤
s
(km+j)s1−ks1
1 · · · s(km+j)sn−ksn

n

|s|(km+j)|s|−k|s| ≤ a(km+j)|s|−k|s|

|s|(km+j)|s|−k|s| .

From

lim
k→∞

b(km+j)|s|−k|s|

|s|(km+j)|s|−k|s| = 0, lim
k→∞

a(km+j)|s|−k|s|

|s|(km+j)|s|−k|s| = 0,

we obtain

lim
k→∞

s
(km+j)s1−ks1
1 · · · s(km+j)sn−ksn

n

|s|(km+j)|s|−k|s| = 0.

Clearly, when j = 0 ,

lim
k→∞

[(
1 +

j

km

)k|s|(
1

1 + j|s|+n+α
km|s|

)k|s|(
1 +

n+ α

(km+ j)|s|

)k|s|]
= 1.

When j = 1, · · · ,m− 1 , we have

lim
k→∞

[(
1 +

j

km

)k|s|(
1

1 + j|s|+n+α
km|s|

)k|s|(
1 +

n+ α

(km+ j)|s|

)k|s|]
= lim

k→∞

(
1 +

j

km

)k|s|

lim
k→∞

[
km|s|

km|s|+ j|s|+ n+ α
× (km+ j)|s|+ n+ α

(km+ j)|s|

]k|s|
= 1.

And

lim
k→∞

(
1 +

n+ α

k|s|

)k|s|[
1

1 + n+α
(km+j)|s|

](km+j)|s|

= 1.

Moreover
lim
k→∞

dkj = 0.

Therefore
lim
k→∞

(ckj)
2 = lim

k→∞
γ2
j dkj = 0.

Suppose that f ∈ kerXj , and f =
∞∑
k=0

ξke(ks1,··· ,ksn), ξk ∈ C . Then, from

0 = ⟨Xjf, e((mk+j)s1,··· ,(mk+j)sn)⟩

= ⟨
∞∑
k=0

ξkckje((mk+j)s1,··· ,(mk+j)sn), e((mk+j)s1,··· ,(mk+j)sn)⟩,

we deduce that ξk = 0 (k = 0, 1, · · · ) . So kerXj = {0} .
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Next, for g ∈ kerX∗
j , and g =

∞∑
k=0

ηke((mk+j)s1,··· ,(mk+j)sn), ηk ∈ C , from

0 = ⟨X∗
j g, e(ks1,··· ,ksn)⟩ = ⟨g,Xje(ks1,··· ,ksn)⟩

= ⟨
∞∑
k=0

ηke((mk+j)s1,··· ,(mk+j)sn), ckje((mk+j)s1,··· ,(mk+j)sn)⟩,

we have ηk = 0 (k = 0, 1, · · · ) . So kerX∗
j = (ranXj)

⊥ = {0} . That is, ranXj = Hj . This implies that Xj is
quasi-invertible. Therefore, Mz(s1,··· ,sn) is quasi-affine to Mj . Since

Mz(ms1,··· ,msn) |H= M0

⊕
M1

⊕
· · ·

⊕
Mm−1,

we conclude that
m⊕
1
Mz(s1,··· ,sn) is quasi-affine to Mz(ms1,··· ,msn) . 2

3. The reducing subspaces of Mz(ms1,···,msn) on H

From Lemma 2.1, we know that for any f ∈ H , there exists a unique orthogonal decomposition f = f0 + f1 +

· · ·+ fm−1 , where fj ∈ Hj (j = 0, 1, · · · ,m− 1) . In this section, we will characterize the reducing subspaces of
Mz(ms1,··· ,msn) on H .

Lemma 3.1 If Mg : Hj −→ H is a bounded multiplication operator by a function g on Bn , then g ∈ H∞(Bn) ,
and ∥g∥∞ ≤ ∥Mg∥ .

Proof Since g =
Mgz

ks

zks , clearly Mgz
ks and zks are 2 holomorphic functions. Set Ω = {(z1, z2, · · · , zn) :

z1z2 · · · zn = 0} , then g ∈ H(Bn\Ω) . By the Riemann’s theorem about removable singular point in the several
variable functions, there exists a unique holomorphic function G ∈ H(Bn) such that G|Bn\Ω = g . Let ηzs

denote the point evaluation functional on H defined by ηzs(h) = h(zs) for h ∈ H . It is obvious that ηzs is
bounded, and for hk ∈ Hk ,

|g(zs)ηzs(hk)| = |g(zs)hk(z
s)| = |ηzs(Mg(hk))| ≤ ∥ηzs∥∥Mg∥∥hk∥.

It follows that
|g(zs)|∥ηzs∥ ≤ ∥ηzs∥∥Mg∥.

Therefore, |g(zs)| ≤ ∥Mg∥ , and g is holomorphic on Bn . 2

Lemma 3.2 Let S ∈ L(H) . Then S ∈ {Mz(ms1,··· ,msn)}′ if and only if there exist functions gj (j =

0, 1, · · · ,m− 1) in H∞(Bn) such that Sf =
m−1∑
j=0

gjfj , where fj ∈ Hj .

Proof Let Sf =
m−1∑
j=0

gjfj , and Mgj : H → H is the multiplication operator defined by Mgj (h) = gjh for

h ∈ H . Then for any f ∈ H , we have

SMz(ms1,··· ,msn)f

= Sz(ms1,··· ,msn)f = z(ms1,··· ,msn)
m−1∑
j=0

gjfj

= Mz(ms1,··· ,msn)Sf.

(3.1)
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That is, SMz(ms1,··· ,msn) = Mz(ms1,··· ,msn)S , as desired.
Next, if we suppose that SMz(ms1,··· ,msn) = Mz(ms1,··· ,msn)S , then

M∗
t(ms1,··· ,msn)−z(ms1,··· ,msn)S

∗ = S∗M∗
t(ms1,··· ,msn)−z(ms1,··· ,msn) ,

for any t = (t1, t2, · · · , tn) ∈ Cn . From [17], we know that the reproducing kernel of H is defined by

Kα(zs, ws) =
∞∑
k=0

Γ(n+k|s|+α+1)
n∏

i=1
(ksi)!Γ(n+α+1)

zksw̄ks

such that for each f in H , f(ws) = ⟨f(zs),Kα(zs, ws)⟩ , where we use zks to denote zks11 zks22 · · · zksnn . We
know that kerM∗

t(ms1,··· ,msn)−z(ms1,··· ,msn) is generated by the set

{Kα(zs, (t1wj , · · · , tnwj)
s)

=
∞∑
k=0

Γ(n+k|s|+α+1)
n∏

i=1
(ksi)!Γ(n+α+1)

zkstwj
ks|wj = (e

2jπ
ms1

i, e
2jπ
ms2

i, · · · , e
2jπ
msn

i), 0 ≤ j ≤ m− 1}.

Note that S∗Kα(zs, ts) ∈ kerM∗
t(ms1,··· ,msn)−z(ms1,··· ,msn) , and we obtain

S∗Kα(zs, ts) =
m−1∑
j=0

aj(ts)K
α(zs, (twj)

s), aj(t
s) ∈ C. (3.2)

Thus,
Sf(zs) = ⟨Sf,Kα(ws, zs)⟩

= ⟨f, S∗Kα(ws, zs)⟩ =
m−1∑
j=0

aj(z
s)f((zwj)

s)

=
m−1∑
j=0

aj(z
s)(f0((zwj)

s) + f1((zwj)
s) + · · ·+ fm−1((zwj)

s))

=
m−1∑
j=0

aj(z
s)(f0(z

s) + ws
jf1(z

s) + · · ·+ w
(m−1)s
j fm−1(z

s)),

(3.3)

where the last equality holds because wms
j = 1 (0 ≤ j ≤ m− 1) . Let

gj =
m−1∑
l=0

al(z
s)wjs

l (0 ≤ j ≤ m− 1). (3.4)

Since gj(z
s) = S(zjs)

zjs , 0 ≤ j ≤ m−1 , by Lemma 3.1, we know that ∥gj∥∞ ≤ ∥Mgj∥ , and gj ∈ H∞(Bn) . Thus,

we obtain Sf =
m−1∑
j=0

gjfj . 2

Now we will determine the reducing subspaces of the multiplication operator Mz(ms1,··· ,msn) on the space
H .

Theorem 3.3 Suppose that A = (Ajk)m×m is a projection such that MA = AM ,

where M =


M0 0 · · · 0 0
0 M1 0 · · · 0
· · · · ·
0 0 · · · 0 Mm−1

 . Then there exist functions φjk ∈ H (0 ≤ j, k ≤ m − 1) , such

that Ajk = Mφjk
, and φjk =

{
cj , j = k,
0, j ̸= k,

where cj is a real number.
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Proof By Lemma 3.2, we have Af =
m−1∑
j=0

φjfj , and (3.4) yields that φj =
m−1∑
l=0

al(z
s)wjs

l , φj ∈ H∞(Bn) .

Set al(z
s) =

m−1∑
λ=0

alλ(z
s) , and alλ(z

s) ∈ Hλ (0 ≤ λ ≤ m − 1) . Then, the operator A has the following matrix

representation

A =



m−1∑
l=0

al0(z
s)

m−1∑
l=0

al0(z
s)ws

l · · ·
m−1∑
l=0

al0(z
s)w

(m−1)s
l

m−1∑
l=0

al1(z
s)

m−1∑
l=0

al1(z
s)ws

l · · ·
m−1∑
l=0

al1(z
s)w

(m−1)s
l

· · · ·
m−1∑
l=0

al,m−1(z
s)

m−1∑
l=0

al,m−1(z
s)ws

l · · ·
m−1∑
l=0

al,m−1(z
s)w

(m−1)s
l


. (3.5)

It follows that A = (Mφjk
)m×m (0 ≤ j, k ≤ m − 1) , and Mφjk

: Hk → Hj . Now, we will analyze the

multiplication operators Mφjk
. For j = k , Mφjj

: Hj → Hj , suppose that φjj =
∞∑
t=0

bjjt e(ts1,··· ,tsn), bjjt ∈ C .

Note that
Hj = span{e((mt+j)s1,··· ,(mt+j)sn)|t ≥ 0},

so bjjt = 0 (t ̸= lm) . Thus, φjj(z) =
∞∑
l=0

bjjlme(lms1,··· ,lmsn) . Since A is a projection, we know that Mφjj
= M∗

φjj
.

From
⟨Mφjj

e(js1,··· ,jsn), e((ml+j)s1,··· ,(ml+j)sn)⟩
= ⟨e(js1,··· ,jsn),M∗

φjj
e((ml+j)s1,··· ,(ml+j)sn)⟩

= ⟨e(js1,··· ,jsn),Mφjje((ml+j)s1,··· ,(ml+j)sn)⟩,
(3.6)

we deduce that bjjlm = 0 (l = 1, 2, · · · ) . Observe that Mφjj
is a self-adjoint operator, hence bjj0 is a real number.

Set cj = bjj0 , we then have φjj = cj . If j ̸= k , Mφjk
: Hk → Hj , without loss of generality, assume that

k < j , and set φjk =
∞∑
l=0

bjkl z(ls1,··· ,lsn) . Similar to the preceding discussion, we know that only the coefficient

bjk(j−k)+ml (l = 0, 1, · · · ) in the Taylor expansion of φjk(z) is nonzero. Thus,

⟨Mφjk
e(ks1,··· ,ksn), e((ml+j)s1,··· ,(ml+j)sn)⟩

= ⟨bjk(j−k)+mlz
((j−k+ml)s1,··· ,(j−k+ml)sn)e(ks1,··· ,ksn), e((ml+j)s1,··· ,(ml+j)sn)⟩

= bjk(j−k)+ml

√√√√√ n∏
i=1

[(j+ml)si]!Γ(n+k|s|+α+1)

n∏
i=1

(ksi)!Γ(n+(j+ml)|s|+α+1)
(l = 0, 1, · · · ).

(3.7)

On the other hand, since A is a projection, we have

⟨Mφjk
e(ks1,··· ,ksn), e((ml+j)s1,··· ,(ml+j)sn)⟩

= ⟨e(ks1,··· ,ksn),M∗
φjk

e((ml+j)s1,··· ,(ml+j)sn)⟩
= ⟨e(ks1,··· ,ksn),Mφkj

e((ml+j)s1,··· ,(ml+j)sn)⟩ = 0.
(3.8)

Hence bjk(j−k)+ml = 0 (l = 0, 1, · · · ) and φjk = 0 (j ̸= k) . The proof is complete. 2
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Theorem 3.4 If Mz(ms1,··· ,msn) ∈ L(H) . Then Mz(ms1,··· ,msn) has 2m reducing subspaces.

Proof From Theorem 3.3, we know that A has the following form

A =


c0 0 · · · 0
0 c1 · · · 0
· · · ·
0 0 · · · cm−1

 . (3.9)

A2 = A yields that cj = 0 (0 ≤ j ≤ m− 1) or 1. Hence,

Mz(ms1,··· ,msn) |H= M0

⊕
M1

⊕
· · ·

⊕
Mm−1

has 2m reducing subspaces

c0H0 ⊕ c1H1 ⊕ · · · ⊕ cm−1Hm−1, cj = 0 (0 ≤ j ≤ m− 1) or 1. (3.10)

The minimal reducing subspaces are H0,H1, · · · ,Hm−1 , as required. 2
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