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Abstract: Let H denote a certain closed subspace of the Bergman space A2(B,)(a > —1) of the unit ball in C™. In

this paper, we prove that the operator @ M (s, ,s,) is quasi-affine to the multiplication operator M_(msy,...,msy,) ON
1

H . Furthermore, the reducing subspaces of M (ms,, .- ,ms,) are characterized on H .
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1. Introduction

Let C denote the set of complex numbers and C" = C x C x - - - x C denote the Euclidean space of complex
dimension n. The open unit ball in C™ is the set B,, = {z € C" : |z| < 1}. The boundary of B,, is the set
Sp ={2€C":|z|] =1}. For a > —1, the weighted Bergman space A2 (B,,) consists of holomorphic functions

f in L?(B,,,dv,). The weighted Lebesgue measure dv,, is defined by dv,(z) = %(1 — |2*)*dv(z). The

Bergman space A2 (B,,) is a Hilbert space with the reproducing kernel K%(z,w) = W, z,w € By,

If f,g € A%2(B,), the inner product of f and g is defined by (f,g)e = fo f(2)g(z)dv(z).

For a bounded linear operator S on a Hilbert space H, let A'(S) denote the commutant of S, i.e.
A'(S) ={T € L(H)|T'S = ST}. The characterization of the commutant of S should help in understanding
the structure of S. From the information of the commutant of a given operator, people research the similar
or unitary equivalence and the reducing subspaces of the operator. These problems on function spaces such
as the Hardy space and the Bergman space have been studied extensively in the literature. We mention here
that the papers [1-3, 5, 6, 811, 13-15] and the books [4, 17] include a lot of analysis of the operator theory
associated with the Hardy and the Bergman spaces. J. A. Ball (see [2]) and E. Nordgren (see [13]) studied the
problem of determining the reducing subspaces for an analytic Toeplitz operator on the Hardy space. In [14],
M. Stessin and K. H. Zhu described the properties of the commutant of analytic Toeplitz operators with inner
function symbols on the Hardy space and the Bergman space. In [7], Gu characterized reducing subspaces of
nonanalytic Toeplitz operators on weighted Hardy and Dirichlet spaces of the bidisk. In 2010, Lu and Zhou
researched the invariant subspaces and reducing subspaces of weighted Bergman space over bidisk (see [12]).

In 2011, Douglas and Kim in [5] studied the reducing subspaces of an analytic multiplication operator M, on
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the Bergman space A2(A,) of the annulus A,..
m
Based on the above works, in this paper, we prove that the operator @ M, ¢, .s,) is quasi-affine to the
1

multiplication operator M, (ms,, . ,ms,) on a certain closed subspace H which depends on s = (s1,---,8,) of

the Bergman space A2 (B,,). Then we characterize the reducing subspaces of M _(ms, ... ms,) on H.

2. The quasi-affinity of M, (ms; .. .msn) (M > 2)

Recall that the functions e;(z) = ,/%zl forms an orthonormal basis of the Bergman space A2(B,),

where | = (Iy,l2,---,1l,,) runs over all multiindexes of nonnegative integers. And |l| = 1 + o+ -+ + ln,

m
I'= (1)) (Ip)!, 2" = zl* .- 2l Tt is well known that the multiplication operator Mm is similar to @ M,
1

on the Bergman space A2 (D) (see [11]). Now, we will investigate the situation on the Bergman space A2 (B,,).

Because of the complication of multiindexes map, we consider a certain closed subspace H of the Bergman space

o)
AZ(By). That is, H = \/ {€(ks, ... ks,)}- Without loss of generality, we assume that s; >1(i=1,2,--- ,n).
k=0

In the following lemma we give a decomposition of the space H .

Lemma 2.1 If Hj = span{e(mi+j)ss, - ,(mk+j)sn)|k >0} ( =0,1,---,m — 1), then we have
(1) {e((mbkti)si, (mk+i)sn) oo Jorms an orthonormal basis of H; .

(i) H=Ho@DH, D - DHp1-

(t4d) Hj tis a reducing subspace of M (msy, . msn) -

Proof (i) Simple computation shows that

1, ki = ko,
<e((mk1+j)s1,---,(mk1+j)sn)ae((mszrj)sl’...7(mk2+j)sn)> = { 0, ki + kj (2.1)

(#) It is easy to prove that H; LH;, 0<j#t<m—1.
Next, for f € H, we have that f has the form

00 00
f = E aOke(mksh»-- ,mksy) +-+ E Qm—1, ke((karmfl)sl,m ,(mk+m—1)s,)"
k=0 k=0

Suppose that f = 0. Then from

co m—1

<k20 ZO AGRE((mb-+)s1, (mb+i)sa)s €sy,ds,)) = 0 (0= 0,1,--+), (2.2)
= ]:

—N—
we obtain that a;; =0(j =0,--- ,m—1,k=0,1,---). Thatis, 0=000&---®0.
Therefore, H=Hy@P H: P - P Hpn-1.

(#4i) It is easy to see that both H; and H]J- are invariant subspaces of M (ms;,. . ,msn) - O
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Let H and K be complex Hilbert spaces. An operator X in L(H, K) is said to be quasi-invertible if
X has zero kernel and dense range. Recall that for A € L(H) and B € L(K), A is quasi-affine to B if there
exists a quasi-invertible operator S in L£(H, K) such that SA = BS (see [16]).

Now we state our main theorem of this section.

m
Theorem 2.2 The operator @ M, s, s, is quasi-affine to the multiplication operator M ms,, - .msn) on H.
1

Proof In the following, for simplicity, we set v, = [-iotklsitatl)
[T (ksi)T'(n4+a+1)
=1

Note that

syl bon) = e ((an)er, o (150 (2.3)

M, (o1 on) €(ksy e ksn) = 2
Set M = My s |, (j = 0,1,--- ,m — 1). Then

Mj€<<mk+j)s1,~--,<mk+j>s£>, "
z mMS1,,MSn 'Ykaer((m +])517"'7(m +J)Sn) (2.4)

_ Ymk+j
= L Cmktmeg)sy,e (mktmag)sn)
TYmk+m+j
Define X;: H — Hj such that Xjes, ... ks,) = Ckj€((mk+j)s1, - (mk+j)sn)- Lhe coefficients cp; are to be

determined later. Then we have

XM (o1 om) €(ksy oo ksn) = MG Xj€(ksy o ks,

In fact,
Vk
X ((k+1)s1, (k+1)sn) = MChj€((mktj)ss - (mhk+5)sn)s
V41
and
Ve . ) .
i1 ChHLIC((mk+m+j)sy,-- ,(mhk+m+j)sn)
_ . Ymk+j X .
= ki gy C(mEtmA)s1, s (mk+mj)sn)-
From
Ck+1,5 _ Yk+1¥mk+j
Ckji VR Ymktm4si® (25)
we obtain
YRy
Chj = o= (B =20). (2.6)

Next, we will compute the limit of sequence {cy;} as k — +oo.

li )2
A (cks)

P(ntklsl+a-+1) TT ((mk-g)sq)! (2.7)

= lim (v 7 .
’H“’O( ) T(n+(mk-+j)|s|+a+1) I (ks:)!
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Hence, we only need to compute the limit of
[((km+7)s;]'T (n+k|s|+a+1)
(2.8)

II=s

1

o

di; =
(k:s )'F(n+(k:m+j)|s\+a+l)

||':]:

i

~"V/27, we have

Applying the Stirling’s formula n! ~ n"*ze

di;
[T[(km+5)s]'T(n+ k|s| + a+ 1)

— i=1
[T (ks)'T(n+ (km+ j)|s| + o+ 1)
1:1
k (km+j)s;+4
zzl[( m+]) ] 2 § (k|s|+n_’_a)k\s|+n+a+2
ﬁ(ks)ksﬁé [(km + 7)|s| + n + a](km+d)lsl+ntats
kls| +n+a rs|+n+a+;

=1
km + j)s; | FitE
[(F (kmﬂ)?q ks;
] x [J1tkm + 5)s (km + j)|s| +n +a

- [

i=1

]Uc?nﬂ) s|—kls|

Kls|+n+a r's+n+a+%

% (km + j) s|+n+a
kaits (km+j)si—k
m + X s 9)si=ksi X -
H< k) Hl {(km+])|8|+n+a
](kmﬂ) s|—kls|

i=1
km+j

X
[(ka)ISI +n+o
] n+ «

kls|[+in n ]
=1
Blsltntatd /1 \ (bmeg)lsl—Hls| 1
N

)ks|+n+a+§

:|(km+j)|5—ks|

1

( 1 )]{)Sl-‘rn-‘ra-‘rQ (
x| — - - @ R

Jlsl+nta S __nToa

L+ T kmls[ | | km-+j)|s|

m
l—n[ (km+] si—ks;

n+a nta+i 1 nta+i a
) <1_|_ ils |+n+a> } |s |km+y)|s\ kls|

O e

(2.9)

) |

k|s| k|s|
J
o 14 "=
{0+ m) () (rmisn
k|s| (km+j)]s|
( ) [“(kmm J )
Note that
j %n n+a n+a+% 1 n+a+3;
lim 14+ = _ =1.
k—o00 k k‘|8| 1+ JlkHiTTa
For
n (km+j)s;—ks;
S
il;[l

kli)n;o || (Bmtd)ls|=kls| 7
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we set
a =max{sy, - ,8,},b =min{sy, -, Sp}.
Then
pkm+7)|s|—k|s| sgkmﬂ)sl—ksl _”sglkmﬂ‘)sn—ksn - a(km+4)|s|—k|s|
|5|(km+j)\5|*k\3| - |5|(km+j)\5|*k|8| - |5|(km+j)\8|*k|8|'
From
pkm+3)|s|—kls]| akm+i)|s|—kls|
llm ————— =0, llm ———
k00 |s|(km+J)\S|*k\5| T koo |5 (kmtj)ls|—Kls| —
we obtain
S(k:m—i—j)sl—ksl . s(km-ﬁ-j)s"—k:sn
. n
lim =2 - =0.
k00 |s|(km+J)|8|—k|8\

Clearly, when j =0,

. k|s| k|s| k|s|
. i 1 n+a
1 1+ — _ 1+——-— =1.
Pl [( + k‘m) ( 1+ J|k+7|z+oz) ( + (km—i—j)s) }

When j=1,---,m— 1, we have

.\ kls| k|s| k|s|
. j 1 nta

] 1+ -2 S — I+ —
kL“;oK +km) (Hﬂﬁw) ( +<km+j>|s|) }

. k\s| k' k . k|S|
= lim (1+-2)  lim mls| i Em 4Gl +n+a
ko0 km k—oo | kmls| + jls| + n + « (km + 7)ls|

And

K|s| (km-+j)|s|

1

Moreover

kli)rgo di; = 0.
Therefore

. 2 . 2
(k)" = [ s = 0

Suppose that f € ker X, and f = > Eke(rs, - ksn)» Sk € C. Then, from
k=0

0 = <)§<j>'fve((mk—i—j)sl,~~~,(mk+j)sn)>

<kZO ERChIC((mh+i)s1, (mk+1)sn)> E((mk+7)s1, (mk+7)sn) )

we deduce that & =0 (k=0,1,---). So ker X; = {0}.
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e

o0
Next, for g € ker X7, and g = D MRC((mbktg)s1,e (mhk+i)sn)s Mk € C, from
k=0

0 = <)§§g,€(ksl,...,ksn)>=<9,Xj€(ksl,...,ksn)>

= <k2077k€<<mk+j>sl,»--,<mk+j>sn>’ijeamkﬂ)sh---,(mkﬂ‘)sn)%

we have n, = 0(k=0,1,---). So ker X; = (ran X;)* = {0}. That is, ranX; = H,. This implies that X is

quasi-invertible. Therefore, M, s, is quasi-affine to M;. Since

Mz(”lslv‘” ,msn) ‘H: MO @Ml @ e @Mm—la

m
we conclude that @ M, ;.- .sn) is quasi-affine to M msy, - msn) - O
1

3. The reducing subspaces of M, ¢nsy,.-.ymsn) o0 H

From Lemma 2.1, we know that for any f € H, there exists a unique orthogonal decomposition f = fo+ f1 +
=+ fm—1, where f; € H; (j=0,1,--- ;m—1). In this section, we will characterize the reducing subspaces of
M msy, o mspy o0 H .

Lemma 3.1 If M, : H; — H is a bounded multiplication operator by a function g on B, , then g € H*(B,,),
and [|gljoc < [[Mg]|.

ks
Proof Since g = MZ-%, clearly M,z"* and 2** are 2 holomorphic functions. Set Q = {(21, 22, ", 25) :

2122+ zn = 0}, then g € H(B,\). By the Riemann’s theorem about removable singular point in the several

variable functions, there exists a unique holomorphic function G' € H(B,) such that G|z, \qo = g. Let 7.-
denote the point evaluation functional on H defined by 7,:(h) = h(z°) for h € H. It is obvious that 7, is

bounded, and for h, € Hy,

9(2*)nze ()| = [9(2*) e (2°)| = |mzs (Mg (hie))| < [l (11 M || [ ]|
It follows that
lg(z*)Ima= || < lInze |l M.
Therefore, |g(2°)| < || M|, and g is holomorphic on B, . O

Lemma 3.2 Let S € L(H). Then S € {M_ tms, - msn)} if and only if there exist functions g; (j =

m—1
0,1,---,m—1) in H*(B,) such that Sf = > g;f;, where f; € H;.
§=0

m—1

Proof Let Sf = Y g;fj, and My, : H — H is the multiplication operator defined by Mg, (h) = g;h for
§=0

h € H. Then for any f € H, we have

SMZ(msl,-~,mSn>f
m—1
_ Sz(msl,~~~ ,77LSn,)f — Z('msl,~~~ My, ) Z gjfj (31)
5=0
Mz(msl,»-»,mSn)Sf'
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That is, SM (msy, - msn) = M (msy,--,msn) S, as desired.
Next, if we suppose that SM,cnsy, ,msn) = M (msy, - ;msn) S, then

t(msy - smsn) _y(msy,- ,msp) = t(msy, - ymsn) _y(msy, - ;msn) >

for any ¢t = (t1,t2, - ,t,) € C™. From [17], we know that the reproducing kernel of H is defined by

00
T E 1 _
Ka(zs7ws) _ Z . (n+k|s|+a+1) ks ks
k=0 [I (ksi)!T'(n+a+1)
i=1

such that for each f in H, f(w®) = (f(2°), K*(2°,w®)), where we use z** to denote 212552 ...2kn  We

know that ker M*

t(msy. o msn) _y(msy, - msn

, is generated by the set

{K (2% (towy, - taw;)®)

S T(n+k|s|+a+1)

k=0 [T (ks;)'T(n+a+1)
i=1

247 - 251 i

stmjkﬂwj = (e’ emz’ ... ,e%i), 0<j<m-—1}.

Note that S*K“(z*,t°) € ker M}, and we obtain

t(msy, - ymsp) _y(msy, - ,msp) )

m—1
STK(2%,1°) = X0 aj(t)K(2°, (tw))*), a;(t°) € C. (3.2)
=0
Thus,
Sf(z%) = (Sf, K*(w*, 2%))
m—1
= (f,S"K*(w,2%)) = | . a;(2%) f((zw;)*)
J=
N m_l S S S S (3'3)
= ZO a;j(2")(fo((zw;)*) + fi((zw;)®) + - + fin—1((2w;)"))
]:
m—1
= X () (ol=) +wifil) 4w o (2%),
j=
where the last equality holds because w7** =1 (0<j<m-—1). Let
m—1 o
g9i = 2 a(z)w” (0<j<m—1). (3.4)
1=0
Since g;(2°) = %, 0<j<m-—1, by Lemma 3.1, we know that ||g;|c < |[My,|,and g; € H>(B,). Thus,
m—1
we obtain Sf = ) g;f;. O
=0

Now we will determine the reducing subspaces of the multiplication operator M, (ms;,- ,ms,) on the space
H.

Theorem 3.3 Suppose that A = (Ajk)mxm s a projection such that MA = AM ,

My 0 -+ 0 0

where M = 0 Ml 0 O . Then there exist functions ¢, € H (0 < j,k < m —1), such
0o 0 -+ 0 My

that Ajx = My, , and pji = { (C)J” i ; Z: where c; is a real number.
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m—1 m—1 A
Proof By Lemma 3.2, we have Af = Zo ©;fj, and (3.4) yields that ¢; = ZX:O ar(z%)w]’, p; € H*(B,).
j= =
m—1
Set a;(z°) = > ain(z), and a;xn(z°) € Hy (0 < A <m —1). Then, the operator A has the following matrix
A=0
representation
m—1 m—1 m—1 (m—1)s
ao(2%) aio(2%)wy > ap(z®)w
=0 =0 =0
) S anl) S oy
ap(z ap(z7)w, a1 (z”)w
A= =0 1=0 : 1=0 ! (3.5)
m—1 s m—1 s s m—1 s (m—1)s
> am-1(2%) X ama(FHwp e Y ame1 (2w
=0 =0 =0

It follows that A = (Mg, )mxm (0 < j,k < m —1), and My, : H, — Hj;. Now, we will analyze the

multiplication operators M, , . For j =k, M, : H;j — Hj, suppose that ¢;; = > bl’eqs, ... 1s,), b7’ € C.
=0

Note that
Hj = Span{e((mt+j)s1,--~ ,(mt+j)sn)|t 2 0}7

so b)) =0 (t #1m). Thus, ©;;(2) = 3 bl €ms,,.. ims,) - Since A is a projection, we know that M, = = M.
=0

From

(Mo, €(js,,- )2 E((mik) s J(ml+7)sn))
e(jSl,---,jsn)vMcpjje((mlJrj)sh---,(ml+j)sn)> (3.6)
= (€(isr, o gsn) Moy, €((mitg)se, (mit)sn))>

we deduce that b{fn =0 (=1,2,---). Observe that M, is a self-adjoint operator, hence béj is a real number.

Set ¢; = bgj7 we then have p;; = c¢;. If j # k, My, : Hy — Hj, without loss of generality, assume that

S .
k < j,and set @ = > b{kz(lsl*”' sn) - Similar to the preceding discussion, we know that only the coefficient
1=0

b{j’ikal (1=0,1,---) in the Taylor expansion of ¢;x(2) is nonzero. Thus,

(Mg, €(ks1, ksn)> E((mltg)st,eo(mi+f)sn))

= (0 gy g2 TS TR e sy €t )ss, e (i )sn))
" [T (G +mbsi ikl ot 1) (3.7)
= VGoryemi,| = . ((=0,1,---).
bli[l(ksi)IF(n+(J+ml)|s\+a+1)

On the other hand, since A is a projection, we have

(Mo €(ks o bsn) s €((mitg)st, - (mit5)sa))
= {€(ks1, o ksn)> MG, €((mitg)ss, e (mi+i)sn)) (3.8)
(C(ksy e ksn)r My, €((mitj)sy o (mitj)sn)) = 0-

Hence bgj].ik)erl =0(=0,1,---) and ¢;r =0(j # k). The proof is complete. O

1541



LI et al./Turk J Math

Theorem 3.4 If M, (msy, - msn) € L(H). Then M, ms,,msn) has 2™ reducing subspaces.

Proof From Theorem 3.3, we know that A has the following form

co 0 - 0
A= Vo0 (3.9)
0 0 - Cpog
A% = A yields that ¢; =0 (0 <j <m —1) or 1. Hence,
M, sy e men) lr= Mo @D ML @B+ @D M1

has 2™ reducing subspaces

CoHO D 01H1 D---D Cmlemfl, Cj = 0 (0 S j S m — ].) orl. (310)
The minimal reducing subspaces are Hg, Hy,--- , Hp,_1, as required. O
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