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Abstract: In this paper, some new notions are defined about the unit group Ui (ZG) of a finite group G. Especially,
notion of simple unit is defined by using the number of elements in its support and absolutely small coefficients of the
unit. Units are classified as monomial, binomial, trinomial and k-nomial, level, unit with level | and simple unit. We
have shown triviality of monomial units and nonexistence of binomial units in the unit group U:i(ZG) of an arbitrary
finite group G. Some basic results and examples are posed about simple units and simple trinomial units in Uy (ZC,)of

a cyclic group C,, where p > 5.
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1. Introduction

Let G be a finite group and ZG be its integral group ring. Let U(ZG) be the unit groups of the integral
group ring. Let us denote its normalized units by U;(ZG). Several results of algebraic topology (see Milnor [9],
Theorem 12.8 and Corollary 12.9) suggest the significance of find out exactly what units exist with the integral
group ring ZG. If G = A is an abelian group then by Higman[5], Ayoub and Ayoub[2] characterization of the

unit group is reduced into characterization of torsion free part of the unit group:
U(ZA)=+tAx F (1.1)

where F' is a finitely generated free abelian group with rank
1
r= §(n+1+n272l).

Here n is the order of A, no is the number of cyclic subgroup of order 2 and [ is the number of distinct
cyclic subgroup of A. Since U(ZA) = £U;(ZA), remain part we’ll use normalized units U;(ZA). Then the
equation(1.1) can be written as:

Ui(ZA) = A x F. (1.2)

That is, there exists a system of r units uy,us,...,u, in Uy(ZA) such that each unit of ZA is represented
uniquely in the form
tgutuy?..ur(n, € Z,g € A). (1.3)
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The set {ui,ug,...,u,} is called a fundament system of units in ZA and each wu; is called fundamental unit.
Problem can be stated in two different ways [6]:
Problem A: Given a finite abelian group A, find a specific fundamental system of units in U3 (ZA).
This problem was found exceptionally difficult problem and formidable task. For this reason, the following
related problem was seemed more appropriate to attack.
Problem B: Given a finite abelian group A, find a specific system of r independent units of infinite order in
U1(ZA), which generates a subgroup of finite index.

Problem B was solved by Bass [3] for cyclic group by defining Bass cyclic units. But there is a problem.
If A has a large order than expressing each bass cyclic unit explicitly is difficult. That is, while expressing bass
cyclic unit, large numbers are obtained in the coefficients and more terms are used to write the unit. To avoid
these two problems we handled to solve problem A. Let us start with listing exceptional solved problems:

Let C, =<a:a™=1>. By [7] for n =5,8 the unit groups U;(ZA) are described:
Ul(ZC5) =Cyx < —1 +02 +a’2 > .

U(ZCs) = Csz < 2+ (a+a ') — (a® +a™?) —a* > .

Aleev and Pannina [1] described the structures of Uy (ZC),) for n=7,9 :
Ul(ZC7) = Crx < —14+a+a ', =142 +a7?) — (a®>+a73) >.

Ui(ZCy) = Cox < =1 —(a+a )= (a®*+a ) +2(a* +a™),-1—(a+a ')+ (a®>+a?) >.

Bilgin [4] characterized the unit group for n =12 :
Ui(ZCh2) = Cr1ax <3+2(a+a ')+ (a* +a™?) — (a* +a™*), —2(a® + a7 ") — 2a° > .

By using exact sequences Low [8] generalized these results to the direct product C,, x Cs.

To express several generators for the unit group we must use less and absolutely small coefficients and
less group elements in the support of each unit as much as possible. Before defining this notion, let us illustrate
two examples:

Example-1. Let F' be multiplicative free abelian group generated by u and v. Then the set of generators of

F' can be expressed infinitely many ways:

1 -1 ,-1

F=<uv>=<u,v ! >=<uov>s=<uto!> (1.4)

or

1

F=<w v>=<uw o >=<v®? v ut > (1.5)

in the equation (1.2) powers are 1 and there is no product so we say that generator sets are simple. By the
same reason none of the generator sets in equation (1.3) are simple.
Example-2. Let V' be a vector space over the field R spanned by vectors vy, vs,v3,v4 and W be a subspace

of V spanned by the vectors:
wy = 201 — v3 + 6v4, wa = vy — Hug — 13vg, w3 = 201 + 8vg + 4uy (1.6)

Question: How can we express a basis for W in ‘a simple way’?

We can express a basis for W in a simple way by
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. using less vectors in each combinations first and then,
. using absolutely small coefficients in each combination, and
. using at least one coefficient in each combination as 1.

By using these three criteria above let us find a basis for W in a simple way. We claim that the vectors
Uy =01 — 2U3,U2 = Vg — V3, U3 = V3 +2’U4

are simple basis for W since each combination no more than 2 vectors are used and all coefficients in each
combination are absolutely less than or equal to 2. Of course, we can also find several simple bases for W, but
there are not infinitely many bases for W.

Now let us modify this analogy to the normalized units in integral unit groups and define several new
concepts. After that let us state some basic results. First, monomials are trivial. Therefore, nothing to say
more. Secondly, we have shown that there is no binomial units in integral group rings ZG for any group G.
Later, we have demonstrated product of all simple trinomial units in the standard form is identity, which means
that inverse of any simple trinomial unit can be expressed as a product of other simple trinomial units in the
standard form. Since the number of simple units in the standard form is the same with number of generators

of U1(ZC),) for prime p > 5, a conjecture is added.

2. Definitions and some basic results

Definition 3. Let G be a finite group of order n, v € ZG and S = supp(7).

(1) |S] is called length of ~.

(ii) max Uges{|v,4|} is called level of ~.

Definition 4. Let G be a finite group of order n, v € U;(ZG) and S = supp(7).

(i) If |S| = k , then ~ is called k-nomial unit. Especially if k = 1,2 or 3, then 7 is called monomial, binomial
or trinomial unit, respectively. (ii) If the length of ~ is [ , then ~ is called k-nomial unit with level .

(iii) If I = 1, then ~ is called simple k-nomial unit.

Example 5. All monomial units of v € Uy (ZG) are trivial units. All of them are simple.

Example 6. If n = 5,8 or 12, then torsion free part of U;(ZC,,) is generated by a single unit as follows:

If n=>5,then u=—-1+a+a ' with v '=—-14+a%2+a2.

If n=8,then u=2+(a+a')—(a®>+a3) —a* withu™ ' =2~ (a+a™1)+ (a® +a73) —a.

If n=12,then u=3+2(a+a ')+ (a®> +a72) — (a* + a™*) — 2(a® + a°) — 2a° with

ut=3-2a+a )+ (a®+a?)—(a*+a*) +2(a® +a"5) —2a".

We say that torsion free part of U;(ZC5) is generated by a simple trinomial unit and torsion free part of
Uy (ZC43) is generated by simple 9-nomial unit with level 3.

For n = 8, we have
v=adu=-1-(a+a )+ (@@ +a+2a"=-1-(a+a V) +(@+a 3+ (a* +a?).

We say that torsion free part of U;(ZG) is generated by simple 7-nomial unit.
Theorem 7. If G be a finite group, then U;(ZG) has no binomial unit.

Proof. Let v =990 + 7101 € U1(ZG) be a binomial unit. Let 8 = gy 'y and g = g; g1 of order n.
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Then 8=y + 719 € U1(Z < g >). Consider the inverse of 8 as 37! = Z?;ll B:ig*. Hence

1=6.5"1
n—1 .
= (10 +79) Y Big'
=0

= (Y080 + 11 Bn-1)1 + (Y081 +7160)g + (YoB2 + 711 51)9* + .. + (Y0Bn-1 + 11 Bn-1)g" "

Then, we get
Y0Bo +71Pn-1 =1 and vfi + 1PBi-1 =0 (1 <i<n-—1).

Since [ is normalized unit, then vy +v; = 1 so that vy =1 — ;. Hence, we decude

i 1- -1 . -1,
Bi-1 - _ m_m (1<i<n-1) andﬂo:(L)n By

Bi " 7 "
Thus, it follows that
Y1 — 1 n— Y1 — "
1 =780 +71Bn-1=(1—7)(——)"""Bac1 + 1Bn-1 = Bn—l[% + 7).
gi! "1
Hence
n—1 i.n—i—1
N (71 = 1)y .
ﬁnflzn— andﬁi: n—,(l §Z<TL—].).
W= (n—-1" ==
Here
n—1 n—1 n—1
B = ——1 - n -

W—n—=D" I+t - D)r 27 AT AT

Since f,_1 is an integer, then
[Br-1| <1=pfp_1=00rl=~v=00r1=F=10r g=~v=goor g:.

This contradicts with being binomial unit of . Hence, there is no binomial unit in U3 (ZG) for arbitrary G.

Lemma 8. Let 5 < p=2k+1 and ¢*™/?. Then
k
[[-1+&+e7) =1
j=1
Proof. Let us consider following statement
. 4 9 ) .
“l14++ed 47 =-1+ QCOS(ﬂ) =—-1+ 2[20032(ﬂ) —1]= 4cosz(ﬂ) -3
p p p

Then, we have

j=1 j=1
ﬁ(élcoss(”j) 3005(%)
- mj
ot cos(%})
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B k cos(%)

_jI;[l cos(%j)

| sin(Z) 1 [ sin(35)cos(30)cos (5 )cos(%F)...cos(2hT)
Sm(%) L Sin(%)cos(%)cos(%)cos(%)...cos(%“)

‘:T

sin(Z) 1 [sin(® ”)/2k]

sm(‘%) sm(ZT“)/Zk

ks

- TN 9 - - 3(2k+1)7 T
B sin(%) sm(% — 37)
Sm(%ﬂ) L sin(@ — %)

_ r sin(%) 17sin(27 + (7 — 3;))}

sm(‘%) L sin(m—7)
_ [sin(%)sin(r — ;)}
sm(%)sm(w -7)

=1

This result completes the proof of Lemma 8.
Theorem 9. Let p=2k+1 and C, =<a:a” =1>. Then

Proof. Let ¢ = ¢2™/? . Consider the faithful representation G over C of degree p:

p:G— GL(p,C)

S O =
o O
o O

™
[N}

a —r

4
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By extending representation p over Z we get again a faithful representation:

I
zw

<.

Il
z??‘

Il
z??‘

p: LG — CP*P
p—1 p—1
> yial = plad)
=0 =0
k .
([ -1+ +a)
j=1

p(—1+dl +a™)

k
=1

J

(=1 + pla’) + p(a™7))

Il
_

1 0 0 1 00
0 ¢ O 0 € O
0 0 g2 0 0 g2
(-1 + : -
j=1
gp1 gp—1
[ -1+ 1 +17 0 0
0 —1+4el el 0 ‘
0 0 —1+e% 4%
j=1
M1 0 0
0 [T —1+e+e7 0 |
0 0 Hle—l—#s% +e%

L J

4 e-Di D

[T, —1+eP=Di 4 g1

Since p is a faithful representation, we obtain H?zl —1+4a’ + a7 = 1.This is the end of the proof.

Corollary
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Theorem 11. Let v € U1(ZC),) be a simple trinomial unit. Then v has the following form:

y=a'(-1+d +a?),

where 7,5 € Z and 0 < i, j < p.
Proof. Let v € U1(ZC)) be a simple trinomial unit. Then 7 can be written as follows:

v = —ai—i—aj—i—ak.
For some distinct integers 0 < i, j,k < p, choose B = a'y. Then
B=—14a"""+ad"!

or equally we write

B=—1+d +d"

Now let us demonstrate a¥ = a=7. Let & = e2™/P be primitive root of unit. Consider the multiplicative group

isomorphism:
P :Cp =<e >,
al e
By extending linearly over Z we get ring epimorphism:

Y ZC), — Zle]

p—1 p—1
> it > e
i=0 i=0

1=p(BB)
=p(-1+a +a" (57
S+ 4 i)
=(— cos Zﬂ 181N 2ﬂ cos @ isin @ 7(3)—1
=(—-1+ (p)+ (p)+ (p)Jr (p))¢(5) ’

which implies that

(B! = (- cos@ cos@ —zsanﬂ sin%
Y(B) = (-1+ (p)+ (p)) ( (p)+ (p))-
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Therefore, we get

1 =(-1+ cos(*) 4 cos( T2 = (sin(*22) 4 sin( ) 2
=1+ COSQ(%) + 0052(2;%% - 2608(%) - 2003(%) + 2c05(%)2003(%)
#sint(2T0) 4 sint (278 o 2sin( L 2sin( )
=3 — 2(005(%) + 005(27%{) - cos(@))
:COS(@)+COS(@) fcos(w). (2.1)

p

Now, by denoting cos(%) =z and cos(%) =y, we can simplify equation (2.1) as follows:

l=x+y—(zy—V1—22/1—9y2)=>(1 -z —y+ay)?=1-2>1 -9

=(1-2)*(1-y)?*=01-2")1-y

>l-z—-—y+azy=1+z+y+ay

=Yy = —T
:>cos(2—J) = —cos(@)
2mj 2
=cos(—=) = cos(m — Lk)

Hence, it is derived that

B=—-1+ad +a’ or'y:ai(—l—i—aj—i—a_j). (2.2)

Remark 12. In the equation (2.2) 8 = —1 +a’ + al — j) is called standard form of simple trinomial unit. If
p =2k + 1, then there are only k distinct simple trinomial unit in the standard form.
Example 13. Consider the unit group U;(ZC5) and U;(ZC7). Then

Ul(ZCn) =Csx < —1 +a+a’1 > .
The torsion free part of the unit group is generated by the simple trinomial unit. Similarly, we have
U(ZC7) = Cox < —14a+a b, =142@*+a2) = (a®+a73) >.

Since
(-14+a+aH(-14+ad®>+a?)=-1+2*+a?) - (a®+a7?),
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then we write

Ul(ZC7) =Crx < —1 +a+a*1,—1 +(l2 +(172 >

That is, torsion free part of the unit group is generated by the simple trinomial units in the standard form.

Now let us concentrate on unit group U; (ZC),) of prime order group C,. For p = 2k + 1, by computing

the rank of torsion free part, we have

1
n:p:2k+1,n2:O,l:2:>r=§((2k+1)+1—0—2):kz.

Torsion free part of Uy1(ZC),) is generated by k units and there are k simple trinomial units in the standard

form for U3 (ZC)p). We claim the following hypothesis.

Conjecture. Let 5 < p be a prime number. Then

Uy(ZC,) = Cp x F,

where F' is generated by all simple trinomial units in the standard form.

SO

O NI
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