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Abstract: This paper deals with the study of the initial-boundary value problem of edge-hyperbolic system with damping
term on the manifold with edge singularity. More precisely, it is analyzed the invariance and vacuum isolating of the
solution sets to the edge-hyperbolic systems on edge Sobolev spaces. Then, by using a family of modified potential wells
and concavity methods, it is obtained existence and nonexistence results of global solutions with exponential decay and

is shown the blow-up in finite time of solutions on the manifold with edge singularities.
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1. Introduction

Boundary value problems for partial differential equations play a crucial role in many areas of mathematics
and the applied sciences. For example, a principal task of quantum chemistry is the development of many-
particle models in electronic structure theory which enable accurate predictions of molecular properties [13]. As
boundary-initial value problem, it is important to know the existence and behaviour of the solutions of these
models near coalescence points of particles. It is the purpose of our work to develop tools which help to deepen
our understanding of the existence and reguality properties of the solutions which can be eventually used to
improve such models and corresponding problems. The Coulomb singularities at coalescence points of particles
are treated as embedded conical, edge and corner singularities in the configuration space of electrons [11].
Interesting phenomena are often connected with geometric singularities, for instance, in mechanics or cracks in
a medium are described by hypersurfaces with a boundary. Configurations of that kind belong to the category
of spaces (manifolds) with geometric singularities, here with edges. Singularities occur in physics too. To be
more precise, they occur in the theories that physicists use. When one asks physics to calculate the self-energy
of an electron, or the structure of space time at the center of a black hole, one encounter with mathematical bad
behaviour, that is the singularities from the point view of mathematics. A spacetime singularity is a breakdown
in spacetime, either in its geometry or in some other basic physical structure. When it is the fundamental
geometry that breaks down, spacetime singularities are often viewed as an end, or edge points, of spacetime
itself. Black holes are regions of spacetime from which nothing, not even light, can escape. A typical black
hole is the result of the gravitational force becoming so strong that one would have to travel faster than light

to escape its pull. Such black holes generically contain a spacetime singularity at their center; thus we cannot
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fully understand a black hole without also understanding the nature of singularities [12]. In recent years, from
a mathematical point of view, the analysis on such (in general, stratified) spaces has become a mathematical
structure theory with many deep relations with geometry, topology, and mathematical physics [10]. In [21],
Melrose, Vasy and Wunsch investigated the geometric propagation and diffraction of singularities of solutions to
the wave equation on manifolds with edge singularities. Let X be an n— dimensional manifold with boundary,
where the boundary X is endowed with a fibration Z — 0X and 0X — Y where Y, Z are without boundary.
By an edge metric ¢ on X, we mean a metric g on the interior of X which is a smooth 2-cotensor up to
the boundary but which degenerates there in a way compatible with the fibration. A manifold with boundary
equipped with such an edge metric also is called an edge manifold or a manifold with edge structure. If Z is
point, then an edge metric on X is simply a metric in the usual sense, smooth up to the boundary, while if Y is a
point, X is conic manifold [5]. A simple example of a more general edge metric is obtained by performing a real
blowup on a submanifold B of a smooth, boundaryless manifold A. The blowup operation simply introduces
polar coordinates near B, i.e. it replaces B by its spherical normal bundle, thus yielding a manifold X with
boundary. The pullback of a smooth metric on A to X is then an edge metric [21]. Because of the two motives
stated above, in this paper, we use the edge Sobolev inequality, Poincaré inequality and modified methods in [6]
to prove on the global well-posedness of solutions to initial-boundary value problems for semilinear degenerate
hyperbolic equations with damping term on manifolds with edge singularities. More precisely, we study the

following initial-boundary value problem for semilinear edge hyperbolic equations

ugy — Agu + V(2)u + yur = f(z,u), z e mtE,t >0,
u(z,0) = ug(z), ur(z,0) = uq(2), z € intE (1.1)
u(z,t) =0, z€OJE,t >0,

where, v is a nonnegative parameter and ug € ’H;:? (E), uy € L;# (E), N=1+mn+g¢g > 3 is a dimension
of E and coordinates z := (r,z,y) = (7,21, ..., Tn, Y1, ---, Yq) € E. Here the domain E is [0,1) x X x Y, X is
an (n — 1)-dimensional closed compact manifold,Y” C R? is a bounded domain, which is regarded as the local
model near the edge points on manifolds with edge singularities, and OE = {0} x X x Y. Moreover, the operator
Ag in 1.1 is defined by (rd,)?+ 092 +...4 92 +(rdy,)? + ...+ (rd,,)?, which is an elliptic operator with totally
characteristic degeneracy on the boundary r = 0, we also call it Fuchsian type edge-Laplace operator, and the
corresponding gradient operator by Vg := (70, 0%, , ..., Or,,, 70y, , ..., 70y, ).

Our study in hyperbolic system is in fact provoked by the study of [19] and we shall apply a poten-
tial method which was established by Sattinger [24]. So based on Martin and Schulze edge operators algebra
[20], we study the existence and nonexistence global weak solutions for semilinear edge hyperbolic differential
equations with respect to variable time with a positive potential function and a nonnegative weighted func-
tion. In [2], authors studied the problem 1.1 without damping term and the particular case of nonlinear term
f(z,u) = g(z)|u|P~tu. Furthermore,in the case of manifolds with conical singularities B, the well-known oper-
ator Ag + V(z) appears naturally in the nonlinear heat and wave equations, nonlinear and nonhomogeneous
Schrodinger equations. For example, investigations have been done about the existence results, multiple solu-
tions for nonhomogeneous degenerate Schrodinger equations in noncritical and critical cone Sobolev exponent
on manifolds with conical singularities [3, 8, 15]. For finding such positive potential function any one can con-
sider Poincaré’s constant on manifold B [2]. Our problem can be seen then as a class of degenerate parabolic

type equations in case that V(z) =0 and f(z,u) = f(u) then the problem 1.1 is reduced to problem 1.1 in [6]
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and in the classical sense our problem include the classical problem

uge — Au+ yup = f(u), zeNt>0,
u(z,0) = up(x), dru(z,0) = uy(z), x € (1.2)
u(t,x) =0, x €00, t>0,

where  is bounded domain of R™ with smooth boundary 92 and A is the standard Laplace operator and f
is a suitable function [16, 18]. It is well-known that problem 1.2 has been studied by many authors, for example
[18, 19]. Then, Runzhang [22] extended the results corresponding to the problem 1.2 in the [17] and [18] to the
critical case and the authors in [23] studied the case with damping term and nonlinear term kind of problem

1.2. In this article, we shall find the existence and nonexistence theorems for the problem 1.1 in edge Sobolev

nt1
space 7—[;:0 2 (E) which will be given in the next section. The similar results of type problem 1.1 studied on the
manifold B with conical singularity in [1, 4]. We assume that V is a positive potential function which can be

unbounded on the edge manifold E and is controlled by the following edge type Hardy’s inequality [9]

1 n+1
P

Vu € Hyly® (E).

/qu|u|2du < C|VE|? ns
]:E L

1
7 (B)

We suppose that f:E x Ry — R is a Caratheodory function with the following assumptions:
A1) f(.,u) € CYR) for all u € R and also

u(ufg(.,u) —f(.,u)> >0 Yu€eR,

where fy is the partial derivative with respect to second variable and the equality holds when u = 0.

As) There exists a positive constant ¢g such that

|f(~vu)|§CO|U|p,

where 1<p/<oo ifn=1,2 and2<p'+1<2* if n > 3.
Az) Let z€E, 2<p+1<6<2*" and for all u € R
As—1) (p+1)F(z,u) < uf(z,u) and
As_2) |uf(z,u) | < 0| F(z,u) | where, F(.,u) = fou f(., s)ds.

The through of this paper we consider the following constants:

| \/WU(Z) HL% E

C, = inf ) weHE ()
T [Veull nis ’ 20 ’
L,? (E)
Gl sy
C**:Su et 77 ; UEHLT E }
p{ ||V]Eu| n+1 2,0 ( )
Ly? (E)
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2. Edge Sobolev spaces

Consider X as a closed compact C'°—manifold of dimension n of the unit sphere in R"*!. We define an infinite

cone in R™"! as a quotient space X = Eﬁi))ﬁ, with base X. The cylindrical coordinates (r,0) € X2 — {0}
in R"*! — {0} are the standard coordinates. This gives us the description of X — {0} in the form R, x X.
Then the stretched cone can be defined as R, x X = X”. Now, consider B = X2 with a conical point, then
by the similar way in [9, 10, 25], one can define the stretched manifold B with respect to B as a C'°°—manifold
with smooth boundary 9B = X (0), where X (0) is the cross section of singular point zero such that there is a
diffeomorphism B — {0} = B — B, the restriction of which to U — {0} 2 V — 0B for an open neighborhood
U C B near the conic point zero and a collar neighborhood V' C B with V 2 [0,1) x X (0). Therefore, we can
take B =[0,1) x X C Ry x X = X”. In order to consider another type of a manifold with singularity of order
one so-called wedge manifold, we consider a bounded domain Y in RY. Set W = X2 xY = B x Y. Then W
is a corresponding wedge in R'*"*+4. Therefore, the stretched wedge manifold W to W is X x Y which is a
manifold with smooth boundary {0} x X x Y. Set (r,z) € X”. In order to define a finite wedge, it sufficient to
consider the case r € [0,1). Thus, we define a finite wedge as
[0,1) x X

E="2"" xYCX2?xY=W.
{O}XXX C X

The stretched wedge manifold with respect to F is
E=0,1)xXxY=BxY CX"xY=W"

with smooth boundary JE = {0} x X x Y.

Definition 2.1 For (r,z,y) € RY with N = 14 n+ q, assume that u(r,z,y) € D'(RY). We say that
u(r,z,y) € Ly(RY; du) if

p
o, = ([, atralran) " <o,
RY
where du = %dfcl....daznd%.. s ynd for 1 <p < 0.

tor

Moreover, the weighted L, spaces with wight v € R is denoted by LZ(Rf ;du), which consists of function
u(r,,y) such that

1
p
lullz; = </N 7"NIT”lt(nw/)l”du> < +o0.
R

+

Now, we can define the weighted p— Sobolev spaces with natural scale for all 1 < p < 0o on ]Rj\_le"’”"’q.
Definition 2.2 For me N, y € R and N =1+ n+q, the spaces

'H;"”(Rf) = {u €D RY) | r%—V(rar)kag(ray)ﬂu € L,(RY; d,u)}

1902



KALLEJI and KADKHODA /Turk J Math

for k € N, multiindices « € N and 5 € N? with k + |a| 4+ |8] < m. In other words, if u(r,z,y) € H;’W(Rf)
then (r0,)k0% (roy)Pu € LY(RY:dp). Therefore, H*Y(RY) is a Banach space with the following norm

gy = <]£N

k+|a|+]B]<m +

1
P

rv |r_'y(r8T)k8;‘ (ray)ﬂu|pd,u>

Moreover, the subspace HZ?@W(RQY) of HyV(RY) denotes the closure of C§°(RY) in HJ(RY). Now,
similarly to the definitions above, we can introduce the following weighted p— Sobolev spaces on X" x Y, where
XN =Ry x X and X" XY is an open stretched wedge.

N _

Hy (XA XY) = {u eD (X "xY) | 2 (r0)k0x(rd,) u e Ly(X" x Y;du)}

for k € N, multiindices « € N* and f € N? with k + |a| +|5] < m.

Then H;»7(X" x Y) is a Banach space with the following norm

3 =

[l xasyy = D (/X YTN|’°_7(T5r)k5§(ray)ﬂu|pdu>
A X

kt|ol+|Bl<m

The subspace H,'y" (X" x V) of Hp*7 (X" xY) is defined as the closure of C§5°(X" x Y).

Definition 2.3 Let E be the stretched wedge to the finite wedge E, then Hy"7(E) for m € N, v € R denotes
the subset of all uw € WP (intE) such that wu € Hp»" (XN X Y) for any cut-off function w, supported by a
collar neighborhood of (0,1) x OE. Moreover, the subspace H,'s"(E) of Hy*7(E) is defined as follows:

H(E) := [WH (XD X Y) + [1 — w]W"P (intE)

p,0 p,0
where the classical Sobolev space WP (intE denotes the closure of C§°(intE) in W™P(E) for E that is a
closed compact C*° manifold with boundary.

n+1 ntl

If ue L,” (E) and v € Lpf’/ (E) with p,p € (1,00) and % + p—l, = 1, then one can obtain the following edge
type Holder inequality

1
7

1 a
/rq|uv|du < </ rq|u|pdu) </ rvlP du) "
E E E

In the case p = 2, we have the corresponding edge type Schwartz inequality

1 1
2 2
/rq|uv|d,u < (/ rqu|2du) (rq|v|2du>
E E

In the sequel, for convenience we denote

1

o= [t ol e = ( [ rlupan)”
E L,? (B) E
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3. Some auxiliary results

In this section we give some results about the potential wells for problem 1.1 and we obtain some properties of
energy functional that we will use to prove the main results in Section 4.

Similar to the classical case, one can introduce the suitable functionals on the edge Sobolev space
1 n+1l

HQO (E):

1 1
J(u) = i/quEU\Zdu*— §/TQV(Z)|U\2dN—/ETQF(ZaU)d/%
E E

K(u) = /rq|VEu|2d,u+/qu(z)|u|2d,u—/rquf(z,u)du.
E E B
Then J(u) and K(u) are well-defined and belong to space 01(7-[;:(% (E),R). Now we define

N = {u EHyoT (B) 5 K(u)=0, /rq|VEu\2du ” 0},
E

d= inf{sup J(Au) u € 'H;? (E), /rq|VEu|2du # O}.
E

A>0

Thus, similar to the results in [4, 19] we obtain that 0 < d = injf\[ J(u). For 0 < § we define
ue

Ks(u) = 5/rq|VEu|2du+/qu(z)|u|2duf/Tquf(z,u)d,u,

E E E

Ns = {u € ’H;? (E) ; Ks(u)=0, /rq|VEu|2d,u # 0},

E

a(6) = inf J(u).

By preliminary results in [19] and as similar to [4], we provide some lemmas and propositions about the

problem 1.1.

Lemma 3.1 Suppose that the assumptions (A1) —(Az2) and (As_1) hold and consider g(u) := @ for u # 0.
Then

i) limy 0 g(u) = 0;

i) g 1is increasing on (0,00) and decreasing on (—00,0);

(
(
(7i1) for any z € E, uf(z,u) >0 for all u € R, where the equality holds only for u = 0;
(i) f(z,u) is increasing with respect to second variable on (—oo,00);

(

v) 0 < F(z,u) <

Lemma 3.2 [2/] Let f(z,u) satisfy (A1). Then F(z,u) > c1|u [P for |u|>1 and positive constant c;.
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Lemma 3.3 Let f(z,u) satisfy (A1), (As—1) and define o(\) := % [ r9uf(z, Au)dp. Then
(7) lim (A) =0, lim @(\) = oo;
A—0 A—r00

(i) p(A) is increasing on (0, 00).

Proof (i) Since

1 1
o = 15 [rrufoadul< [ vl o) | de
A JE AJE
1 ’ ’ ’
< o feort Dl = e Pt
A Ly t(E)
p +1
H li =0.
ence, /\g%w()\) 0
By Lemma 3.2 and assumption (As_1)
1 1
o\ = = )\rquf(z,/\u)d,uz]i/qu(z,)\u)d,u
A2 Jg A2 g

1
> (p_:#/rq | A [P dp = (p + 1)61)\1’71/74 | w |PT dp
E E

(p+ DX HulfP
LY (B)

Indeed, lim ¢(A) = oo.
A—00

(#) (A) is increasing on (0, 00), since by assumption (A;)

o) = % ]Erq()\u2f2(z,/\u)—/\uf(z,/\u))du

= 5 [ ruusite ) - s ) > 0
E

ntl
Lemma 3.4 Let f(z,u) satisfy (A1), u € 7—[;’02 (E) and ||Vrul| 2 #0. Then
’ L,? (E

(7) ;13}) J(Au) = 0;

(#5) lm J(Au) = —o0;

A—~+o0
(7i) the functional J(Au) admits its mazimal for 0 < A\, = AM(u) < 005
(iv) K(hu) = )\%J(/\U);
(v) K(Au) >0 for 0 <A< A, K(Au) <0 for all A, <X < oo and K(Au)=0.

nt1
Proof Take u € 7—[;’02 (E) and [|Vgul| 4 # 0. Then
’ L,? (E

2

1905



KALLEJI and KADKHODA /Turk J Math

1 1
lim JOw) = =||VeMu|? e+ = / riV (z) | M |? dp — / riF(z, \u)du
A—0 2 L, 2 (E) 2 E E

2
~ lim A{Hvﬁu?m +/TQV(Z) u P d,u] —/TqF(z,/\u)d,u:O.
A—0 2 Ly,? (E) E E

)\2
lim J(Au) = lim{||V]Eu|2n+1 Jr/qu(z) | u|? d,u] f/qu(z,)\u)du
Aoco 2 L22 (]E) E E

A— 400

o P HLOP
p+1

v

) A2
lim ((HCE)IIVEUIQW -
2 L,? (E)

7
IVeul? 1, )=—oo.
A—o00 L2 2 (]E

(#4i) According to definition of functional J

)\2
J(Au) = — [HV]EUH2 nt1 / riV(z) | u|? du] - / riF (2, Au)dp.
2 L,? ® JE E

Thus
o0J (A

() = )\[|VE| 2o+ / riV(z) |u |? du —/urqf(z,/\u)d,u}

oA L,2 (E) E E
From % = 0 and by definition of ¢(X) one can get

o) = [Veul® s+ [ 1V |u P d
L,? (E) E
We take
Ay = <p1(|V]Eu||2 1 / riV(2) | u|? du>,
Ly? (E) E
. . . . N 2J(w) _ /

and it follows A, is a maximal for J(Au) since for A = A, oz = ¢ (A) <O0.

(iv) Tt follows from definition of the functionals J and K.

(v) It follows from definition of the functional K and .. O

i+ Cly
Coczjl)q '

Proposition 3.5 Let f(z,u) satisfy assumption (Az2) and 0 < ||Vgul| L+1( : < 1(0) where 1(5) = (
L% (E

Then Ks(u) > 0. In particular, if

0< HVEUH n41 < l(l)
L,? (B)

then K(u) > 0.

1906



KALLEJI and KADKHODA /Turk J Math

Proof By definition of the functional Kj

Ks(u) = 6||VEu||i“;r1(E)+/]Equ(z) |u|2du—/Erquf(z,u)du
2
> 0+ CITsul g~ [ sz
L,? (E) E
> (04 C)|Veul? s — / cort | u [P+ dy
Ly,? (E) E
> (6+CH)|Veul? nes  — coCPH|Viu|? FL
L,? (E) Ly,? (E
= Veul? e <5+Cf—6005*“|VEUI|p§+11 )
L,? (E) 2?2 (B)
Therefore, Ks(u) > 0 from assumption. O

Proposition 3.6 Let f(z,u) satisfy assumption (Az) and assume that Ks(u) < 0. Then |Vgul| %( : > 1(0).
L% (E

In particular, if K(u) <0, then ||Vgu|

n+1 > [(1).
LT ® W)

Proof Since Kjs(u) < 0 by assumption (As) we get that

IVeul ags < [ rtuf(eadu— [ 11V [ul da
L,? (E) E E

< / || £z ) | d— 2| Veul? wes
E L22 (]E)
< / L [P dp— C2| Vgl
E L,2% (E)
<

! !
coC2 | VEu|P Fy = C2||Veul? o
L,? (E) L,?

2

(®)

Hence,
OIVEul® s+ CFVEul? sy < coCLI |Vl L
Ly? (B) Ly? (B) Ly?
Indeed,
1
§+C2\v -1
||VEU|| nt1 < < 7 ) = 1(5)
L22 (E) CQCE*+1
O
ntl
Corollary 3.7 Let u € ’H;’OQ (E), Ks(u) = 0 and ||Vgul| %( : # 0. Then |Vgul ng 2 1(6). In
’ L,2 (E L,

(E)

particular, if K(u) =0 and |[Vgu|| »+1  #0, then ||[Vyu| x> 1(1).
Ly? (E) Ly* (B)
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4. Invariance and vacuum isolating of the solutions

In this section, we express some properties of the solutions of the problem 1.1 such as an invariant set and

vacuum isolating of solutions for the problem 1.1 under suitable conditions.

Proposition 4.1 Let 0 < § < p—gl and assumption (As_1 — Az_2) holds, then d(8) > a(8)I*(5) where

a(d) = <(p+1) — 20 + Cf(p_l)). Moreover, we have

2(p+1)
2 1
d(6) = uien.{fz; J(u) =d §*a(§)[1 4+ 2]t (;)_Jrl )
Proof Let u € N, so by proposition 3.6 we get that |[Vgu| 2 > [(0). Then by definition of J and K
L,? (E
we obtain that
J(u) > }||V]Eu||2 1 +1/qu(z)|u(z)\2du— i/rquf(z u)dp
T2 L7 m 2 p+1 ’
E E
1 2 1 q 2
= SIVeul w45 [ rV(2)lu(2)"dn
> ® 2
E
= (Ve - s+ [V @) P
p+1 3 ’
E
Since Ks(u) =0,
1 1) D 1 1
Jw) > (= = —)|IVeul|? usr  + 2|2 i
W) = (G- DIVl StV
1 6 2 p— 1 2 2
> (5*?” IEU”L:% + WC*HV]EU” :Tl
1 0 (p—1)C? 9
= (- =) | Vgul|? .
5 p+1 2p+1) Ve 2

Since ||Vgul|? ... > 1%(5) then,
22 (B

d(8) > a(8)I*(6).

Now, we prove the second part of the assertion. Let 0 < ¢ and @ € Ny is minimizer of d(d) that is d(§) = J(a).
we define A = A(0) by

IVerd|2 e + /TQV(Z)Ma\?du _ /Arqﬂf(z, ) = o(A).
Ly* (E) z z
In fact, ¢ : (0,00) — (0,00) thus we can define A = A(ag) = ¢~ (ag) where,

2

o= [Veal s+ [ rV(laldn
LY ®
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Then for any 0 < 6 up on definition of p(A) there exists a unique A which satisfies

_ -~ 1 1
Alevawl +/WV@memelw<».
Ly2 (E) J ) 1)

Hence, for such A\, A\a € N, so by definition of d we get that

d < JOa)= 1||VEAa||2L+1 + 1/r‘IV(z)deu— /TqF(Z,)\ﬂ)d,u
2 L,? (|8 2
E E
A2 o o 1 _ _
< S IVEUl ws [ V() [T dp| — 5 | Arfuf(z, Au)du
2 L,? &) JE 0 Jg
A2 A2
= SlVea)? o+ 5 [ 1V (2)|afdp
2 L, ®) 2
E
1
- = [||VE/\u||2n+1 +/qu(z))\u|2d,u—K()\u)]
4 L,? (B)
E
2 1 —112 1 —12 1 —112 1 —12
= M| SIVEUl upn  + o [ rV(@)|ul dp — Z[IVEU|® nes  — = [ 77V (2)|u]*dp
2 L, ® 2 0 L,> ® ¢
E E
6—2 20
< N (=) |IVed|]? npn = N(=)C?||VEil|]® n0a
< XMl )lVe ILZ%(E) (g )C:IIVe |Lﬁ<m)
6—2
< N(—) 1+ CH|VEu|? wn
20 L,? (B)
Therefore, by definition of A = A(d) we have
2 6—2 2 —112
d <0 (—)1+ C) Vel nsa
20 L,? (B)
Moreover, d(8) > a(d)|| Vgl .1 . Indeed,
27 (B)
o2 d(5)
d<J\u) <672 |—= (14+C?) | —=.
<sm <o T2 avey |90
Hence,
2 21—1 20
d(9) > a(8) &* L+ C" (5=)d.

Now, we let 0 < § and @ € N is minimizer of d that is

1 1
d=J(a) = 5||IVeal® npn  + f/qu(Z)lﬂIQdu—/r“F(zﬂ)du-
2 L,* (€ 2 J

we define A = A(d) by

SIVarTl s+ [r VN = [ Artaf(e a)du = ().
Ly? (E)
E E
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Then, using the mapping ¢ : (0,00) — (0,00) and for any 0 < 4, there exists a unique A\ which satisfies

A=AB) = ! (5||an||2 v [V fap du) — o (p(5)) = 6.
L,?2 (E) E

2

Hence, for such A\, it € N5 by definition of d(d) we get that

1 5 1 5
d 2 GVl a4 [V P
2 L@ 2

1
- (v [rveara - k@)
Ly? (B)
E
1 1

— 1_1 l12 —_ q 712
= G IVE s+ G ) [V

0—2
> N 2 ~ 112 .

On the other hand,

1 1
d(s) < JOa) = =|| Ve nia +f/ qV(z)|)\ﬂ|2d,u—/qu(z7)\ﬂ)du
2 L, ® 2
E
A2 A2 _
< SVl 45 (VAP
L, ® 2
E
1
= g (OveNalR gt [P - K500 )
0 L7 (E)
E
(16 11
_ 2 |+ 9 il L1 q ~12
8 |G PIvsill |+ (G =) [Vl |
E
(16 - (2-0)C? _
:AQ *—*VUQn,1 _7*vu2nl
_(2 ) IVe ”Lﬁ(m) 59 IVE IILZ%(E)
1 6 (0—2)C? _
< N ooy 2 a1
Assumption of (As_o) implies that
2
(p+1) - 20
p—1 0—2

thus

d(9) < X*a(8) Vel wpa

L,? (&)
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Then, from definition of A\(d) and above conclusions we get that

2 1 2
21+ 22 5y < w214 et 2 o)
p—1 0—2
2 2y—1_ 20
Therefore,
. 2 2—1 20
d(0) = inf J(w)uen; =6" a(6) d 1+ C]7° 7—.

Remark 4.2 According to d(d) in proposition 4.1 we obtain that
1) ;E}I%) d(6) =0,

2) we set Cy :=d[l+C2]71 2 and Cy =3 + (127(;21633 then

a(6) = dft + 12 52(1 J +Cf(p_1))=

0—2 2 _p+1 p+1
¢ ¢
C1Cp0% — —L 53 =62 — =L 5.
e p+1 p+1
Then,
d'(8) =2C"6 -3 G g2 [2C" — 3015] =
p+1 p+1

d'(6) =0= 0= 32Ca(p+1). Hence, if 0 < § < 2Ca(p + 1) then d(8) is strictly increasing function and if
§> 2Co(p+1) then d(8) is strictly decreasing function.

Now, we introduce the following potential wells

W= {u eHyoT (B) 3 K@) >0, J(u)< d} u {0},
W = {u eHLT (B) 5 Ke(w)>0, J()< d(a)} u {0},

for 0 < 4, and corresponding potentials outside of the set that defined as above
1. ntl
E=qucuecHty)® (E) ;o K(uw) <0, Ju) <dp,

n+1

Ej = {u €Hyy? (E) 5 Ks(u)<0, J(u)< d(é)}

for any 0 < 4.
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ntl ntl
Definition 4.3 u = u(z,t) € L*>°(0,T; ’H;:o2 (E)) with uy € L>(0,T;Ly? (E)) s called a weak solution of
the problem 1.1 on intE x [0,T) if

(ut,v)g—i—/o (VEu7VEu)2dT+/O (V(z)um)ng—i—/O (Wut,v)ng:/O (f(z,u),v)2dr + (u1,v)2

ntl n+1
for all v e ’H;:O 2 (E) and t € (0,T). u(z,0) =ug in ’H;:O 2 (E) and hold the following energy inequality

t
1(t) + / lurl oy dr<I1(0),  Wte[0,T),
0 L,? ()
where 0 <T < oo and
1
1) = Sl s+ ().
L,? (B

ntl n
We note, since v € L*>(0, T} H;:O 2 (E)) and u; € L>=(0,T; L3 (E)) from the first equation of the problem 1.1

_q1,n41
as similar in [14], one can obtain that us; € L>°(0,T; ’Hz’(l)’ 2 (E)).

Now we discuss the invariance of some sets corresponding to the problem 1.1.

n4l
Proposition 4.4 Let 0 < J(u) < d for u € ’H;:O > (E). Suppose that 61 < 2Ca(p+1) < &2 be roots of equation
d(0) = J(u). Then Ks(u) has no change in its sign for 6 € (01, d2).

Proof We assume that there exists a dg € (d1,d2) for which Ks,(u) = 0. Hence, by definition of d(4) we have
J(u) > d(9). But, we have two cases the following for &g

01 < g < %Cg(p-i-l) < o
0 < %Cg(p—f— 1) < dp < 09

Now, by Remark 4.2 We get that d(d1) < d(do) or d(d2) < d(dp) then we obtain that d(d;) = d(d2) = J(u) <
d(dp) that this is contradiction . O

ni1
Theorem 4.5 Let ug € 7—[;:0 2 (E), 0 <e<d. Suppose that &1 < Ja are roots of equations d(0) = e then
i) all solutions of problem 1.1 with 0 < J(ug) < e belong to set Ws for §1 < § < da provided K (ug) > 0

or |Veuol® .y, =0.
2 (]E

L,

i1) all solutions of problem 1.1 with 0 < J(ug) < e belong to Es for § € (01,02) provided K(ug) < 0.

Proof i) Let u(t) be a solution of the problem 1.1 with initial value uy for which satisfies in conditions

0 < J(up) < e < d, K(ug) > 0 or ||[Vgugl|?... = 0. Let T be existence time for solution wu(t). If
Ly? (B)
| VEUo||? s = 0, then since uy has compact support ug = 0, so by definition of Wy we obtain that
2

2

ug € Ws. If K(ug) > 0 then by assumption we have

0< J(up) < e=d(6y) =d(63) < d(5) < d
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for 01 < § < 3. Hence, Ks(ug(t)) > 0 for §; < § < d2, by Proposition 4.4. Therefore, by definition of Wi,
ug € Wy for §; < 6 < 3. Now, we have to show that for §; < 6 < d3 and 0 < t < T, u(t) € Ws. Suppose
that, there exist tp € (0,7") such that for §; < 6 < d2, u(to) € OW;s. Then we can imply that , Ks(u(tg)) =0
and HV]EuOHinTH(E) # 0, or by definition of W5, J(u(to)) = d(d). Since u(tp) is a solution of problem 1.1, so

2

it satisfies in energy inequality i.e.

for any ¢ € (01,62) and t € (0,T). Therefore, the equality J(u(tg)) = d(d) for any 6 € (d1,02) and t € (0,T) is
o

not possible. If Ks(u(tp)) =0 and ||[Vguo|* ...  # 0, then by definition of d(§) we get that d(5) < J(uo(t)),
Ly? (B)

that is in contradiction with energy inequality. Therefore, u(t) € Wy for any ¢ € (d1,d2) and ¢ € (0,7).

i4) Similar to first case it can be prove that ug € Es for § € (§1,02) provided Ks(up) < 0. Now,
we should prove u(t) € Es for any 6 € (d1,02) and ¢ € (0,7). Suppose that there exist ¢y € (0,7), such
that for ¢ € [0, o), u(t) € Es and u(ty) € OFs, that is, Ks(ug) = 0 or J(u(ty)) = d(0) for & € (41,02).
According to energy inequality the equality J(u(to)) = d(0) is not possible similar to first case. Hence, we
assume that Ks(u(to)) = 0, then Ks(u(t)) < 0 for t € (0,tp), since for ¢ € [0,t), u(t) € Es, then by
definition of Es5, Ks(u(t)) < 0. Now, using the Proposition 3.6 we obtain that ||VEu(t)||LnT+1(]E) > {(6) and

2

Veu(to)|

> [(0) # 0. Hence by definition of d(d), J(u(tg)) > d(§) which is in contradiction with

n+l
L,?2 (E

energy inequality. O

Remark 4.6 Suppose that all assumptions in Theorem 4.5 hold. Then for any § € (61,02) both seta Wy and

FEs are invariant. Moreover, both sets

Wsy6, = |_| Ws, Es,s, = |_| Es
§1<5< 52 51<8<6

are invariant respectively under flow of the problem 1.1. Hence, we can get for all weak solutions of the problem
1.1

U(t) ¢N5162 = |_| N5-

51 <6< 82
To discuss about the invariant of the solutions with negative level energy, we introduce the following results.

nt1 nt1
Proposition 4.7 Let ug € Hy'y? (E) and uy € Ly® (E). Suppose that 1(0) = 0 and |Vgul () 70
: L% (B

Then all weak solutions of the problem 1.1 satisfy

(p/+1)(1+03)>p’11.

Viu| = > M = ;
IVeul = ) 2 < 207 e,

2
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+1

Proof Let us consider u € ’H;OHT (E) as a weak solution of the problem 1.1. According to the Definition 4.3

t
10+ [l s dr <10) =0,
0 L,? (B)

Therefore, by definition of constants C, and C..

2
*

2

i
coCP !

IVeul? nen = o || Veul| L,

L,z ®) P +1 L,?

1
| Veul]® s +
2 L,? (E)

2 (B)

< Lveulan  +C Ve - /“|wﬁhm
-2 L,? (£ 2 L,z ® P +1Jg
1 2 3 2 q
< SIVeulPan 4 IVl [ rTE (e ud
L2 (B 2 L,? & JE
1 1 C?
< SlulPup 4 5IVEUI 4 S Vel —/”ﬂ%ww
L,? (E) 2 L2 (€ 2 L, €& JE
t
< uw+v/nmwui.
0 L,® ()

Hence,

IVEul| ng
L,?

><@+nu+@wy%
E® 207, % ¢,

ntl ntl
Theorem 4.8 Let uy € ’H;:O 2 (E), u1 € Ly* (E) and assumption (As—1) holds. Suppose that either I1(0) < 0

or I(0) = 0 and ||Vgul 7@1( : # 0. Then all weak solutions of the problem 1.1 belong to Es for any
L,?2 (E
+1 -1
de (0, BE=(1+ ﬁC’f).

Proof Let u(t) be an arbitrary weak solution of the problem 1.1 with expressed assumptions in face of the

Theorem and T be the existence time of u(t). From Definition 4.3, for every

p+1 p—1 5
56(0, 5 (1+p—+10*)

and ¢ € [0,7T"), we can obtain
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1
Dl s+ al®)|Veul? s+ —— Ka(u)
20 T ® L,2 ® p+l1
1, 16 p—1 2) )
= —lu n + **7+7C’* VEeull® ni
Il o+ (5 5o+ ey O IVl
1
¥ <6|vEu|| o4 [P [ ruseaoa)
p+1 .2 (B JE E
S N +p—c2||wu||
20 Lt @® 2 L,? ® 2(+1) , 2 ()
+ 1 riV(z )|u|2d,ufL rquf(z u)du
p+1Jg p+1 ’
1 1 1 1 1
< lwgll? . + = || VEul]? . +[—+]/quzu2d
T o e e d ) AL
= (g wyde < u?
p+1Jg VWA =5 tL:#(]E)
t
+ J(u) + 7/ lur]? s < 1(0). (4.1)
0 L,2% (E)

If 7(0) < 0, then 4.1 implies that Ks(u) <0 and J(u) < 0 < d(d) for every

p+1 2
56(0, 5 (++1C)>

and t € [0,T). If 1(0) =0 and ||Vgul| nTH( : # 0, then Proposition 4.7 gives
L,? (E

IVeul| nga >M
L,? (E)

2

for t € [0,T). Again by the relation 4.1 we get Ks(u) < 0 and J(u) < 0 < d(§) for

p+1 2
o€ (0, 5 (1+p+1C)>

and t € [0,T). Therefore, for two cases discussed above, for every 6 € (0, ZEH(1+ 1;& C?)) and t € [0,7T), we

have u € Fy. O

5. Existence and nonexistence results
In this section we prove the global existence and nonexistence of solutions and give a sharp condition for global

existence of solutions for problem 1.1 with I(0) < d.

ntl ntl
Theorem 5.1 Let v > 0, ug € 7—[;:02 (E) and w1 € Ly* (E). Suppose that I(0) < d, K(up) > 0 or

IVEuo|| %( : = 0. Then under assumptions (A1 — Ay — As), problem 1.1 admits a global weak solution
L% (E
1, ntl ntl
u(t) € L=(0,00;Hy'o> (E)) with uy € Ly* (E) and u(t) € W for t € [0,00).
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+
Proof By Proposition 3 in [7], we can choose {¢;(x)} as orthonormal basis of space 7-[2 (E). Then we

construct approximation solution w,,(z,t) similar to [19] as following:

for m = 1,2, ... that satisfies in problem 1.1 i.e.

(Witms 0k)2 + (VEUM, VEQr)2 +  (V(2)um, k)2 + 7 (Utm, ¢r)2

= (f(z,um), or)2, (5.1)
n(240) = 3 iy (0)5(2) = o), 6:2)
in "H;g%l (E) and
Um (2, 0) zm:h ) — uq(2), (5.3)
j=1

ntl
in Ly? (E). Multiplying 5.1, 5.2 and 5.3 by hj,,(t) and forming the sum on k =1,2, ...,

D (et o)l (1) + (Vetm, VEGr) b (t) + (V(2)tim, 9r)2hien (1)
k=1

+ Z’Y ’U,tm7§0k hkm Z z Um h’km()
k=1 k=1

for m =1,2,3,... . Therefore,

/rquttmutmdu + /quEumVEutmdqu/r“V(z)umutmdu
E E E

+ ’y/rqutmutmdu:/rqf(z,um)utmd,u. (5.4)
E E

Using the Leibniz rule one can get

1d 1d 1d
a md a m2d e mzd
th/r |wem|“dp + th/r |VEUm| ,u—i—zdt/r V(2)|um|*du

d
+ v/rqlutmIQdu= */T’]F(zaum)dw (5:5)
s dt Jg

1916



KALLEJI and KADKHODA /Turk J Math

By integration of the relation 5.5 with respect to ¢

1 1 1 ¢
il o SIeun s 5 [Vt [l g dr
Ly? (E) Ly? (E) E 0 Ly? (B)
- /qu(z,um)du
E

t
= L@+ [ el g dr <10 <d. (5.6)
0 Ly? (E)

where the last equal is upon definition 4.3. Using 5.6 and definition of functional K,

1 1
Tum) = GIVsunl a4 [ V@l [ 1TF )
L,? (E) E E
1 2 1 2
=z SIVeunll® nps 45 [ PV () um | dp
2 L,* (E) 2 Je
1
- ——(IVeuml® » +/quzum2d —Kum>
g (19wl | [ Ve P K
p—1 2 / 2 ]
= — _||VEumll* = + [ iV (2)|um|“d
ey 1Tl e |+ [V
p—1 2 2
> —(1+CY)||VEum||® » .

Then

t
1 2 p—1 2 2
—||u n+1 dT + =7 . N 1+C* V U n+1
e oy Il

IN

t

I, (t) + 'y/ |trm||? ner  dr < I,,(0) < d. (5.7)
0 Ly? (B)

for t € [0,00) and sufficiently large m. Therefore, for any ¢ € [0, c0),

d
—1I,(t ml? . =0 5.8
a (t) + [l ||L2%(E) (5.8)

and I, (t) +’yf0t Huq.m”iﬂ;rl (E)dT = I,,(0) < 0 where, I, (t) = %HUtm”inT_H(]E) + J(u,,). Hence, for sufficiently

large m and 0 <t < oo we obtain that u,, € W by Proposition 4.5. From 5.8 and by the same argument in

ntl
[19] it implies that there exists a u and subsequence {u;} of {um,} such that u; — u in L"C(O,T;’}-[;’O2 (E))

weakly star and a.e. in E x [0,00). Moreover, u; — u in L;,,E(]E) strongly and for each ¢ > 0 and uy — ug

n41
in L>°(0,00; L, 2 (E)) weakly star. Also it satisfies on all conditions of Definition 4.3. Now, we prove that

lim [ r9F(z,u;)dp = /qu(z,u)du.

1—00 E E
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To this end, we have the following estimations

/E rUF (2, u)dp — /E qu(z,u)du'

IN

/rq|F(z,ui)—F(z,u)\d/,L
E

IA

/ErQ|f<z,u+m<ui—u>>| ui— | dy

< fzut pi(u —u)|” g — P
L5 ®)

s L:/Ill (E)
where, 0 < pu; <1, s= pp—Jfl. On the other hand,
Gt st =) s = [0 St s = w) | d
Lss (E) E

IN

cafr"wm(ui—u) ' dp
E

’
p +1

= cfllu+pi(u —w)|f T <o

/+1
Lo ®
Then one get that

lim [ r?F(z,u;)du = /TqF(Z,’LL)d/L.

1—=o0 Jp E

Therefore, from 5.8

1 1 1 K
Sl g SIVeuP 45 [V P ety [l dr
L,? 2 ,? ® 2Je 0 L,? ()

IN

N 2 (E) 9 (E) 17— 00

t
4 timinty [ ol apdr
11— 00 0 L22 (]E)

IN

2

¢
+ 'y/ tri]|? dT) li_minf<Ii(O)+/qu(z,ui)du>
0 L22 (E) i—00 E

= lim <1i(0) + /E qu(z,ui)du> =1(0) + /[E r9F (2, u)dp.

17— 00

This implies the energy inequality in Definition 4.3. Finally, by Theorem 4.5, u € W for 0 <t < oo.

1918

1 1 1
liminf —|lug||? ny + liminf = ||Vgu||? npn 4 liminf = [ 79V (2) | u; |* dp
i—oo 2 L i—oo 2 L2 2 Jr

1 1 1
liminf<||uﬁ||2n+1 Vsl a5 [ V)
i—00 2 L,2% (E) 2 L,? (E) E

(5.10)

(5.11)
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Corollary 5.2 If we replace the assumption I(0) < d, K(ug) > 0 by 0 < I(0) < d, Ks,(ug) > 0 where

(01,02) is the maximal interval including § = %C’g(p + 1), where Cy introduced in Remark 4.2, such that

+1

I(0) < d(8) for 6 € (61,062). Then problem 1.1 admits a global weak solution u(t) € LDO(O,OO;,H;:;T (E)) with

n+1
2

up € L*(0,00; Ly 2 (E)) and u(t) € Ws for § € (61,02), t € [0,00).

Proof It is immediately implied form Theorems 4.5 and 5.1. O
Corollary 5.3 If we replace the assumption Ks,(ug) > 0 or [VEgugl L:% ® = 0, by
HVEUOHL:%(]E) < l(d2), then problem 1.1 admits a global weak solution wu(t) € LOO(O,OO;’H;:(% (E)) with
us(t) € LOO(O,oo;L;# (E)) satisfying

Vel s < j(((g)), Jul? g < 20(0), 0500 (5.12)

Proof From assumption ||[Vguol| s < l(d2), we can get that K, (ug) > 0 or ||[Vguol| 5 = 0. Then
L,? (E) L,? (E)

it follows from Corollary 5.2 that problem 1.1 admits a global weak solution such that for any d; < § < 4o,
n+1

nt1
0<t<oo, u(t) € LOO(O,OO;'H;:O2 (E)) with u; € L*=(0,00;Ly? (E)) and u(t) € W;. Moreover, similar of
the proof Theorem 4.8 for every §; < § < d2, 0 <t < o0,

1 9 9 1
- n +a(d)||V n + —K, < 1(0).
2||Ut||L2#(E) a(d)]| JE“HLﬁ(E) p+1 s(u) < 1(0)

If we tend 6 to §; then we achieve 5.12. O

Now we discuss the global nonexistence of solutions of the problem 1.1.

ntl ntl
Theorem 5.4 Let 0 < v < (p—1)(1+C?)\1, ug € ’H;:OQ (E), uy € Ly> (E). Suppose that 1(0) < d and
K(ug) < 0. Then the existence time of solution for problem 1.1 is finite, where A\ is the first eigenvalue in

Proposition 77 i.e.

||VEU||L7L;1 E
A = inf L ®
o Tull e
u€H, o 2 (E),uz#0 L,? (E)

Proof Let u(t) be any weak solution of problem 1.1 with I(0) < d and K(up) < 0, T be the maximal

existence time of u(t). We will prove T < oo by contradiction. Let M (t) := ||ul|?,.,, , then
2

2

. d
M(t) = %/Erq|u(z,t)|2du = 2(ug, u)a,

from definition of functional K,

M(t) = 2luel® s+ 2w, w)2 = 2uel® s = 29(ue w)2 — 2K (u). (5.13)
Ly? (E) Ly? (E)

1919



KALLEJI and KADKHODA /Turk J Math

Using proof of Theorem 4.8 we can get,

1 2 2
- n + a ]. C n + 7K

2 ) 2

1 11 ,
= Z|ug||” » + =z — +7C Veull” .
I+ (5= g+ ey O IVl o

1
+ <|VEU||2TL+1 +/qu(z)|u2du—/rquf(z,u)du>
p+1 L,2 (E) E E

1 D
+ = || Veu||? . +702Vu n
Vel s 5y CE Vel s

1
= Sl s

+ b iV (z )|u|2du—L rquf(zm)d,u

p+1Jg p+1

1, 1 ) [1 1 1]/ )
< —uel|farr + =||VEY||T 2 + 1 (z——)+ —— riV (2)|u|°d
< gl gIVs o |G )+ | [ Ve

t
- /WFQUMM<7MMwH $3@ + 7 [ el g dr
(E) 0 L,? (E)

_ +7/Wmm o, S10) (5.14)

Thus inequality 5.14 implies that

M(t)

Y

2HutH2L+1 - 2’7(utvu)2
L,? (E)

2

p—1 2
— —— 1+ C))||Vrul|® »
e 2(p—|—1)( )| Veul? e

@ +3)uel® s+ (p= 1)1+ C)|[Veul? agn
L7 (B) Ly? (B)

2@+DP@—MM2

= 2vy(u,u)2 — 2(p + 1)I1(0). (5.15)

In first, let us consider I(0) < 0. Then,
M) > (p+3)ul® o +@=DA+CONMNul? nsa = 2y(us, u)o
Ly? (E) Ly? (B)
condition v < (p — 1)(1 + C?)\; implies that, there exists a constant € € (O , -1+ C’f)) such that

v < p—1—¢(1+ Cf))\%.

Therefore,

S:
=
\%

@At lul? s + G-1=Ollul?un - 29w )
L7 (B) L (B)

+ = DOl s (5.16)
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On the other hand,

2
Y 2
2 , < (p-1- 2 o1l
O L L T e et L (1O
< @-1-9lul?e  + @-DA+CON|ul? (5.17)
L,?2 (B Ly? (E)

From 5.16 and 5.17, we can get that

M(t) > (44 )lue® s - (5.18)
L,? (B)

By cone Hoélder inequality we get

MOS0 = 5010 > (P g ol < wa) 20
()" = A@%(M@)M(w - (a+1)M(t)2> <0,

for a = i and 0 <t < oco. Hence, there exists a T7 > 0 such that

lim M~%(t) =0
t—T
and lim;_,p, M(t) = 400, which is contradicts T = +oc.
In second case, we consider 0 < I(0) < d. In this case from Theorem 4.5 we have u € E5 for 0 <t < 00

and 6 € (3C2(p+1) , 02) (see Remark 4.2)where (6; 02) is the maximal interval including

§ = 2Ca(p+1) such that d(8) > I(0) for 6 € (6; , 2). Therefore, K5(u) < 0 and ||VJEUHL%(E) > () for

2Ca(p+1) < < bz, 0 <t < oo. Consequent, Ks(u) <0 and |[Vgul| > () for 0 <t < co. From 5.13,

d . . .
Gt = o (a0 1) =2 (JulP g |- K(w)
L,? (B)
= 20 (P a1+ gy~ DIVl s =K ()
L,* (E) 2C5(p+ 1) L,? (E) 50D
362 362
> 207 (s — ) () = C(62)e™.
= = (202(])—1—1) " (202(])—1— 1)) (32)e

Hence,

M(t) > C(02) (1 —e ) + e 7 M (0)
Y
Hence there exists ty > 0 for which
. C(02)
M(t) > t>1
=52 wezn
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and
C(02)
2y

C(02)
2y

M(t) > (t — to) + M(tg) > (t—to),  t>to.

From assumption v < (p — 1)(1 + C?)\y, it follows there exists a constant

66(0 : (p—1)(1+cjf)>

such that
P <-1-9 -1+ CHx -
From 5.15,
M) > (+3)|wl®on  —2vue , wot@—-DA+CHN|ul? v —2(p+1)I(0)
L,? (B) L,? (B)

= (4+ollulon  +@-1-lulPup 29w , up
L7 (®) L (B)

2

+ (P =D+ CHAT — elfue]

2,0+ eM(t) - 2(p+ DI0).
L,? (E)

Also we can obtain

72

p—1—c¢

[\
=

S
o~

IS
N—
[\
IA

P—1=luwl’np +
L? (B)

lull? ny
2 L

1
27 (B)

IN

2

From 5.20 and 5.21 we get
M) = (44 O)uel® ay  +eM(t) = 2(p + 1)I(0).
L,? (E)

From 5.19, it follows that there exists a t; > 0 such that

e(t) > 2(p + 1)1(0) Vt >t

and then
M) > (44 e)|lul? nss vt > .
L,? (B)

Now, similar to first case we can obtain a contradiction. Hence we always have T < co.

P=1=llue)?ass  +[(p— 1A+ CHON = dllul® a
Ly? (E) Ly? (E)

(5.19)

(5.20)

(5.21)

(5.22)

O

From Theorems 5.1 and 5.4 we can obtain the following theorem for global existence and nonexistence of

solutions for problem 1.1.

ntl ntl
Theorem 5.5 Let 0 < v < (p— 1)(1 + C%)\y, ug € H;:OZ (E) and uy € Ly? (E). Suppose that I(0) < 0.
Then, when K(ug) > 0, problem 1.1 admits a global weak solution and when K (ug) < 0, problem 1.1 does not

admits any global weak solution.
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