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A unique solution to a fourth-order three-point boundary value problem
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Abstract: In this study, it is aimed to examine the solutions of the following nonlocal boundary value problem

y W+ g(a,y) = 0,2 € [e,d],y(c) = y'(c) =y (c) = 0,y(d) = Ay(€).

Here, € € (¢,d), A € R,g € C([¢,d] x R,R) and g(z,0) # 0. It is concentrated on applications of Green’s function that

corresponds to the above problem to derive existence and uniqueness results for the solutions. One example is also given

to demonstrate the results.
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1. Introduction

We investigate the following boundary value problem

y(4) +g(m,y) =0,z € [Cv d]v (1'1)

yle) =y'(c) =y"(c) = 0,y(d) = Ay(&). (1.2)
Here, £ € (¢,d),\ € R,g € C([¢,d] x R,R) and g(x,0) # 0.

Fourth-order three-point boundary value problems for ordinary differential equations can be expressed
as an important phenomenon since it emerges in the studies of applied mathematics, physics, and engineering.
Therefore this phenomenon can be further discussed and improved to be used in the future studies in those
fields. In order to obtain more precise models for the solutions, the usage of nonlocal boundary conditions can be
accepted since it considers the values inside the domain rather than considering only the boundary conditions.

This paper aims to find a result for the existence of a unique solution of (1.1)—(1.2) for a class of functions
g. The corresponding Green’s function is obtained to be used in the contracting mapping theorem to obtain
the results for the unique solutions of these particular equations. If the value A is taken as to be equal to 0,
this means one gets a two-point boundary value problem. Therefore it can be said that the two-point boundary
value problem is a special case of the problem (1.1)—(1.2).

Many researches are conducted for the nonlinear multipoint boundary value problems and existence of

their solutions. Some of those researches are [1, 6, 7] including their referenced works. In [3], Schauder’s fixed
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point theorem, the upper and lower solution method, and topological degree theory are used in order to conclude
to the existence of unbounded solutions for a fourth-order three-point boundary value problem on a half-line.

Green’s function plays an important role in the theory of boundary value problems. In the boundary
value problems theory, applying the Green’s function is highly functional. The background of this approach
with the Green’s function is well addressed in [8]. Using the Green’s function method for the fourth-order
three-point boundary value problems was heavily studied in [4, 5, 9], which promoted current research. The
existence of nontrivial solution for a fifth-order three-point boundary value problem was proved by using the
Leray—Schauder nonlinear alternative in [2].

The remaining of the paper is arranged as follows. In Section 2, we construct Green’s function imple-
menting integral equation formula and some additional assumptions. Section 3 is assigned to estimation of the
Green’s function. In Section 4, we prove our main theorem on the existence and uniqueness for solution of the

considered problem. Also, one example is given to illustrate the result. The conclusion is set out in Section 5.

2. Computation of the Green’s function

At the first instance let us construct Green’s function for the following three-point boundary value problem

oW 4 w(z) =0,z € [e,d], (2.1)

v(c) =v'(c) =v"(c) = 0,v(d) = 0, (2.2)

and afterwards, supposing that the solution of the following three-point boundary value problem

y(4) + w(x) =0,z ¢ [C, d]a (23)

yle) =y'(c) = y"(c) = 0,y(d) = My(&), (2.4)

can be stated as follows:
y(z) = v(x) + (ap + a1z + as2® + azz®)v(€)

, where ag,a1,as and agz are constants that will be specified, we will obtain Green’s function for the problem
(2.3)-(2.4).

Proposition 2.1 If w: [¢,d] = R is a continuous function, then boundary value problem (2.1)-(2.2) has a

unique solution

o) = [ [ s [ sy,

that we can rewrite as
d
v(x) = / B(z, s)w(s)ds,

where

(cz2l(d—s)® (=9’ <o<z<d,

B(x,s) = 6(e=d)? s 67 2.5
(@) { ledeel e<a<s<d (29
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Proof It is well known that the problem (2.1)—(2.2) is equivalent to solving the integral equation

1 xT
() = by + b+ bya? by — / (z — 5)*w(s)ds,

where bg, b1, by and bz are some real constants. Using boundary conditions (2.2), we can obtain

bo = 6(‘5—3@3 JE(d = 5)w(s) ds, by = —m S = sPPuw(s) ds,

by = fcd(d —s)w(s)ds, by = —gr2gys fcd(d — 5)3w(s) ds.

2(cfd)3 6(c—d)3

Thus, we get

4 (c—x)3(d—s)? 1 [
v(z) = /C Toe—dF w(s)ds — g/c (x — s)3w(s)ds

T (c—x)3(d—s)3 d (0 2)3(d— )3 L /e
:/C (6(0)—((1)?’)w(5)ds+/z Ww(s)ds6/c (z — 8)3w(s)ds

=[G - T oo+ [ [ et

The uniqueness follows from the fact that the corresponding homogeneous problem to BVP (2.1)-(2.2) only

O

admits the trivial zero solution. Hence, the proof of Proposition 2.1 is completed.

Proposition 2.2 Assume w : [¢,d] — R is a continuous function. If Xc—&)2 # (c—d)3,(c # &), then
boundary value problem (2.3)-(2.4) has a unique solution

that we can rewrite as
d
y(x) = / G(z, s)w(s)ds,

where
e —z)3
(c—d)P? = Ac—¢)

G(z,s) = B(z,s) + s B(E, 5). (2.6)

Proof Let y(z) = v(x) + (ao + a1z + a22? + azz®)v(€) ,where ag,a1,as and a3 are constants that will be

identified using boundary conditions (2.4) and v(z) = fcd B(z, s)w(s)ds. So,

=wv(c) + (ap + arc + azc® + azc®)v(€) = (ag + arc + azc? + azc)v(§),
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We get
(ap + arc+ asc® + azc®)v(€) = 0,
(a1 + 2asc + 3asc®)v(€) = 0
(2as + 6azc)v(§) =0,
(a0 + ard + azd”® + azd®)v(€) = M (&) (ao + a1€ + a2€® + az€® + 1),
or

ag + aic+ asc® +asc® =0,

ay + 2asc + 3azc? = 0,

2a5 + 6azc =0,

(1= Nag + (d— X)ay + (d* — X)ag + (d3 — \&3)az = \.

Solving the system, we have

_ AN B 32\
T NP T @ A
0 — 3cA o A
2T e—dP = Mc—8¥ 7 T (c—dPF —ME—)¥
Therefore
A 3¢ \x
y(@) = vla) + <(c —dP Mc—F T [d—P —AE—op
3elx? A3
G AT e ) K
B AN+ 3edx? 3\ + Az
=v(@ (@—dﬁ—xw—fﬁ*Kd—@S—A@—cﬁ>“9

C—$3
=04\ (=g e ) 1O

Let us prove the uniqueness. Assume that g(z) is also a solution of (2.3)-(2.4), that is
¢ () +w(z) =0,z € [c,d],
q(c) = ¢'(c) = ¢"(c) = 0,q(d) = Aq(§).
Let p(z) = q(z) — y(x),x € [¢,d]. Due to linearity property of derivative operator, we have
P (@) = ¢ (2) —yW (@) = —w(z) + w(z) = 0,z € [¢,d].
Therefore p(x) = by + by + boxz? + bsx®, where by, by, by and bz are constants that we will specify. We have
p(c) = q(c) —y(c) = 0,
() =dq'(c) —y'(c) =0,

p'(e) =q"(c) =y (c) =0,

) = q(d) = y(d) = Aq(&) = Ay(&) = Mg(&) — y(&)) = Ap(&),

=
S
I

[
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or

p(c) = by + bic + bac® 4 bz = 0,

/

)

(C) b1 + 2bsc + 3b302 =0,

p"(c) = 2bg + 6bzc =
)

p(d) = bo 4 brd + bad? + bsd® = A(bg + by& + bo&? + b3&®) = Ap(€).

We get the following homogeneous system

by + bic+ b202 + b303 =0,

by + 2byc + 3b3c? = 0,

2bs 4+ 6b3c = 0,

(1= b + (d = AE)by + (@ — AE)bs + (d* — AE¥ )b = 0

with determinant

1 c c? c3
0 1 2c 302 _ 3 3
0 0 2 6c - _2[(C_d) _A(C_f) ] #O

1-XN d=X d®—\2 B\

So the homogeneous system has only the trivial solution and hence p(x) =0,
x € [e,d] or q(z) = y(z),z € [¢,d]. The proof is done. O

3. The Green’s function estimation

Proposition 3.1 Let B(x,s) be the Green’s function given in Proposition 2.1. Then

d (d—c)*
/C | Blas) | ds <

for x € [c,d].
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Proof
d T d
/|B(x7s)|ds:/ \B(;U,s)\ds—i—/ | B(z,s) | ds
[T |e=2)Pd=5)®  (x—s)° U (c—x)3(d—s)
“l 6c—dF 6 d&+é 6le—ap |©
“le—2)*(d—s)?°  (x—9)° U (c—x)3(d—s)
SZ: 6(c — d)? 6 dy*é 6le—ap |©
JET T P T Py [
— )3
6 d%{/ d— s)lds + 1 / I kk+ (d = s)%|ds
1 (c—d)4 1[(c—d)*
<[5+
(- o

Proposition 3.2 The Green’s function G(x,s) given in (2.6) satisfies the following inequality

¢ (d—o)* IA(d=¢)7
JAECRIEE 12 (c— P —Ae— & |
for z € [c,d].
Proof
d B Ae—1x)3
A | Gz, s) | ds = B@Jy+®_dP_A@_§PB@J)@
/|Bx@|%+h_d /\B )| ds
_(d=o | A(e =) | (d—C
ST e ds A er] B
_(d=o [ Ald=e)?  (d=¢)*
ST Te—dp -9 12
_(d—0o* [A[(d=¢)® (d=o)
2 e dP—Ae—gp| 12
_(d-9o [ A (=0
2 T 1c—dP = Mc— &7
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4. Existence of a unique solution

Theorem 4.1 Suppose that g : [c,d] x R — R is continuous and satisfies a uniform Lipschitz condition with

respect to y on [c,d] X R,namely there is a constant L such that, for every (z,y1), (z,y2) € [¢,d] X R,
lg(z,y1) — gz, y2) [S L |y —y2 | -
If (c—d)3# XNc—€)3,(c#€) and (d—c) is so small that

(d~c)* A@-o” 1
12 12/(c—d)3 = Ae—=€)3 ~ L’

(4.1)

then there exists a unique solution of (1.1)—(1.2).

Proof Let Y be the Banach space of continuous functions on [¢,d] with maximum norm

Iyl = maz{] y(z) |: ¢ <@ < d}.

Note that y(z) is a solution of (1.1)—(1.2) if and only if it is a solution of (2.3)—(2.4) with w(z) = g(z, y(z)).
But (2.3)-(2.4) has a unique solution

where G(z,s) is defined in Proposition 2.2. Define the operator T :Y — Y by

d
Ty(z) = / Gz, 5)g(s, y(s))ds,
for z € [c,d].

We will apply Banach fixed point theorem to show the operator T has a unique fixed point. Let p,q € Y.
Then

d
0ole) = Ta(o) | =| [ Goo)aloup(o) a9

d
< / | G(w,5) | - | 9(s,0(5)) — g(5,q(s)) | ds

d d
s/ |G<x,s>|L|p<s>—q<s>|dssL/ | G(z,5) | lIp — gllds

(d—o)! [ A (d=¢)
SL{ 2 T c—dP —ale—

5)3|:| Hp - QH,fOI" T € [(;7 d]’

where we have used Proposition 3.2. It follows that
|Tp — Yql| < Bllp —qll,
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where

B:L (d—C)4+ ‘>‘

| (d—o)
12 12[(c — d)®

—AMe=O?]

By (4.1), 8 < 1 and we deduce that T is a contraction mapping on Y, and by the Banach contraction mapping

theorem we get the asked result.

O

Example 4.2 In this part we give an example to illustrate the usefulness of our main results. Let us consider

the following boundary value problem

y(4) —siny+1—-y=0,y(0) = y/<0) = y”(O) =0.y(1) = 7y<1>~

We have g(z,y) = —siny+1—y (g(z,0) =1#0) and

0
a—i :01£3%(1| —cosy — 1] §0r£3%<1|cosy|+l <L=2.

max
0<z<L1
So, g is Lipschitz with respect to y on [c,d] x R, with Lipschitz constant L = 2.

Since (¢ —d)3=—1+# ﬁ\% = Ac—&)? and

(d—c)* [ Al (d -

)7 1 21
12 12[(c—d)3 — Ac—€)3] 12 360 — 28/3 L

1
T >~(.150749 < — = 0.5.

(4.2)

Now an application of Theorem 4.1 proves that the problem (4.2) has a unique solution. The graph of solution

y(x) is displayed in Figure.

y(X)

0.005 7

[ —y(x)
0.004 10

[ y(X)
0.003 |
0.002
0.001¢ o

3 1
0.2 0.4 0.6 0.8 1.0

Figure. Solution of the problem (4.2).
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5. Conclusion

In conclusion, we have given some sufficient conditions which show the existence and uniqueness of solutions

for a nonlocal boundary value problem. An example is confirmed if the derived results can be valid.

(4]

[5]

References
Bai C. Existence of positive solutions for fourth-order three-point boundary value problems. Boundary Value
Problems 2007; 068758.

Bekri Z, Benaicha S. Existence of solution for a nonlinear fifth-order three-point boundary value problem. Open
Journal of Mathematical Analysis 2019; 3 (2): 125-136.

Cetin E, Agarwal RP. Existence of solutions for fourth order three-point boundary value problems on a half-line.
Electronic Journal of Qualitative Theory of Differential Equations 2015; 62: 1-23.

FEloe PW, Ahmad B. Positive solutions of a nonlinear n th order boundary value problem with nonlocal conditions.
Applied Mathematics Letters 2005; 18 (5): 521-527.

Graef JR, Henderson J, Yang B. Positive solutions to a fourth order three point boundary value problem. Discrete
and Continuous Dynamical Systems 2009; 2009 (Special): 269-275.

Graef JR, Qian C, Yang B. A three point boundary value problem for nonlinear fourth order differential equations.
Journal of Mathematical Analysis and Applications 2003; 50287 (1): 217-233.

Lakoud AG, Zenkoufi L. Existence of positive solutions for a fourth-order three-point boundary value problem.
Journal of Applied Mathematics and Computing 2016; 50: 139-155.

Roman S, Stikonas A. Green’s functions for stationary problems with nonlocal boundary conditions. Lithuanian
Mathematical Journal 2009; 49 (2); 190-202.

Sun Y, Zhu C. Existence of positive solutions for singular fourth-order three-point boundary value problems.
Advances in Difference Equations 2013; 51 (2013).

1949



	Introduction
	Computation of the Green's function
	The Green's function estimation
	Existence of a unique solution
	Conclusion

