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Abstract: Let A be a unital, complex normed *-algebra with the identity element e such that the set of all algebraic
elements of A is norm dense in the set of all self-adjoint elements of A and let {Dn}nzo and {An}nZ¢ be sequences of

continuous linear mappings on A satisfying

Dn+1(p) = ZZ:O ank(P)Dk(P)a

Any1(p) =X 1o An—k(p)Di(p),

for all projections p of A and all nonnegative integers n. Moreover, suppose that Do(p) = Do(p)® holds for all
projections p of A. Then

Cn
An = 5+ (Bpy(e)A0 + Lag(e) Do)

for all n € N, where C, denotes the nth Catalan number and Rp,()(a) = aDo(e) and Lae)(a) = Ao(e)a for all
a € A. Using this result, we present a characterization of left 7-centralizers satisfying a certain recursive relation. In
addition, a characterization of generalized higher derivations is presented. Moreover, we show that higher derivations,

prime higher derivations, left higher derivations, and o-derivations are zero under certain conditions.
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1. Introduction and preliminaries

Today, the use of recursive sequences is seen in most applied fields, such as the number theory, combinatorial
theory, and computer sciences. In combinatorial theory, the Catalan numbers form a sequence of natural
numbers that occur in various counting problems, often involving recursively-defined objects; for more details,
see [2, 12, 13] and references therein. Thus, solving these sequences in Banach algebras and C* -algebras seems to
be useful and necessary. The main purpose of this paper is to solve some recursive sequences in some *-algebras.

We first introduce some basic notations that play a fundamental role in what follows. Throughout the
paper, let A be a unital complex normed *-algebra with the identity element e. By Ay, , we denote the set

of all self-adjoint elements of A (i.e. As, = {a € A|a* =a}), and the set of all projections of A is denoted
by P(A) (i.e., P(A)={pe A|p®>=p, p* =p}). An element of A is usually called an algebraic element if it
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can be written as a finite real-linear combination of mutually orthogonal projections of A. We denote the set
of all algebraic elements of A by O 4. Thus, we have P4 C D4 C Ay, . If A is a von Neumann algebra, then
O 4 is norm dense in A,,, that is, O 4 = A,,. More generally, the same is true for AW *-algebras. For more
material about C*-algebras and W*-algebras, see, for example, [8, 11, 14] and the references therein.

Let a be an arbitrary element of an algebra 4. We define the linear mappings L., R, : A — A by
Ly(b) = ab and R, (b) =ba (b€ A). A straightforward verification shows that RyL, = L, R} for all a,b € A.
One of the main goals of this research is to show that left 7-centralizers are the solutions of certain recursive
sequences. Let A be an algebra and let 7 be an endomorphism of A. A linear mapping f : A — A is
called a left (resp. right) 7-centralizer if f(ab) = f(a)7(b) (resp. f(ab) = 7(a)f(b)) for all a,b € A. A
linear mapping f : A — A is called a Jordan left (resp. right) 7-centralizer of A if f(a?) = f(a)7(a) (resp.
f(a?) = 7(a)f(a)) for all a € A. For more details about 7-centralizers and Jordan 7-centralizers, see, e.g.
[1, 3]. Let Ny ={k,k+1,k+2,..} forall k €{0,1,2,...}. Our main result regarding 7-centralizers says that
let A be a unital, complex normed x-algebra with the identity element e such that O 4 is norm dense in A,

and let the sequences {D,}52 , and {A,}5°, satisfy

Dyi1(p) = > 4—o Dn—i(p) Di(p),

An+1(p) S ZZ:O Anfk(p)Dk(p)v

for all p € P(A) and all n € Ny. Let Ag(p) = Ag(p)Do(p) for all p € P(A). Suppose A is semiprime and D
is a surjective endomorphism such that Dg(Z(A)) = Z(A), where Z(.A) denotes the center of A. Then A, is
a left Dg-centralizer on A for all n € Ny.

In this article, we also present a characterization of generalized higher derivations via generating functions.
As another purpose of this study, we present some conditions under which higher derivations, prime higher
derivations, and left higher derivations are identically zero. For instance, our result concerning higher derivations
is as follows. Let A be a unital, prime complex normed x-algebra such that © 4 is norm dense in A,,. If
{dn}52, is a bounded higher derivation such that d,(p) € Z(A) for all n € N and all p € P(A), then d, =0

for all n € N. Some other related results are also discussed.

2. Results and proofs

Let O4, Asa, P(A), and Ni be the symbols which have been introduced in the Introduction. Throughout
this section, without further mention, e stands for the identity element of any unital algebra and any unital

ring. We use C), to denote the nth Catalan number and we know that

for all n € Ny.

Our first theorem, which has been motivated by [4] is as follows.

Theorem 2.1 Let A be a unital, complex normed x-algebra such that O 4 is norm dense in Ag, and let
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{Dn}22y and {A,}22, be sequences of continuous linear mappings on A satisfying
Dyi1(p) = 3i—o Du—k(p) Dr(p),
Ant1(p) = Xj—o An—k(p) Di(p),
for all p € P(A) and all n € Ny. Moreover, suppose that Do(p) = Do(p)? for all p € P(A). Then

C
A, = 7” (Rpy(e)Ao + Lag(e)Do)

for all n € N.
Proof By induction, we obtain that
D (p) = CnDo(p),
An(p) = CrAo(p)Do(p)
for all n € N. Let p and ¢ be orthogonal projections of A. Clearly, p + ¢ is a projection and we have
An(p+4q) = An(p) + An(g).
On the other hand, we have
An(p+q) = An((p+9)*) = Culo(p + q)Do(p + )

= Cnlo(p)Do(p) + Cn (Ao(p)Do(Q) + Ao(q) Do (p)) + Cnlo(q)Do(q)

= 20 (p) + Cu (B0(p) Do(@) + 2o(a) Do(p) ) + An(a),
which means that

An(p+4q) = An(p) + Cn (Ao (p)Do(q) + Ao(Q)Do(p)) + An(q).

Comparing (2.1) and (2.2), we get that

Ao(p)Do(q) + Ao(q)Do(p) = 0.
Therefore, if pi1,...,p, are projections of A such that p;p; = p;p; =0 (i # j), then

Ao(pi)Do(pj) + Ao(pj)Do(pi) =0

(2.1)

(2.3)

for all 4,5 € {1,...,m} with 7 # j. Assume that a is an arbitrary algebraic element of A. Therefore, a =

S Aip; for some mutually orthogonal projections pi, ..., pm of A. We know that A, (p) = Cr,Ag(p)Do(p)

for all p € P(A) and all n € N. Therefore, we have

An(a2) =A, ( Z )\?Pi) = Z )\?An(m) =Cn Z )\?Ao(pi)Do(Pi)~
i=1 i=1 i=1
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On the other hand, using (2.3) and (2.4), we have

Cnlo(a)Do(a) = Cnlg ( i /\ipi> Do ( i Aipi)
i=1 i=1

= > N80 (0) Do)

=1

m—1 m

+Cy Z Z Aidj (Aﬂ(pi)DO(pj) + Ao(pj)Do(pi)>

j=1 i=j+1

-, Z A7 A0(pi) Do(pi)

i=1

= A, (d?).

Hence, we see that A, (a?) = C,,A¢(a)Dg(a) for all a € O 4 and all n € N. Since every self-adjoint element of
A can be approximated in norm by algebraic elements and A,, and D,, are continuous (equivalently, bounded)

linear mappings for all n € Ny, we obtain that

Ap(a?) = CpAg(a)Do(a) (a € Agq,n € N). (2.5)

Let a1 and ag be two arbitrary self-adjoint elements of A. Replacing a by a; + as in (2.5) and then using

that, we arrive at

An(a1a2 + agal) = CnAo(al)Do(ag) + CnAo(ag)Do(al)

for all a1,as € Asq. Let a be an arbitrary element of A. Then there exist two self-adjoint elements a1, as of

A such that a = a1 + iao. Hence,
An(a®) = A, (a% — a2 +ilajas + agal))
= Cnlo(a1)Do(ar) — CnAo(az)Do(az)
+’LC AO a1 DO CL2 +A0(a2)D0(a1))

=C,Ao(a; + ZCLQ)D()(CH + ’Lag)

(
= CnA(]( )D()(a)7

which means that

Ap(a?) = CpAg(a)Do(a) (a€ A, neN). (2.6)
Replacing a by a + b in (2.6) and using that, we have

An(ab+ ba) = Cy, (Ao(a)Do(b) + Ao(b)Do(a)> (a,b€ A, neN).
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Considering b = e in the previous equation, we have

An(a) = - (B0(@)Dofe) + Ao(e) Do(a))
= % (RDo<e)A0(a) + Lag(e) DO(G)>
J— C’n
=3

(RDo<e)Ao + LAo(e)Do) (a),
which means that

Ch
An = F(Rpu@ Do + Lage Do) (n€N), (2.7)

Now, we show that A, = C,,A; for all n € N. It follows from (2.6) that A;(a?) = Ag(a)Dy(a) for all a € A.

Thus, we have

Ap(a?) = CrA (a?) (a € A, neN). (2.8)
Putting a + b instead of a in (2.8), we get that
Ay (ab+ba) = CA1(ab+ba) (n € N).

Letting b = e in the previous equation, we find that A,(a) = C,A1(a) for all a € A and all n € N. This
completes the proof. O

We denote the center of an algebra A by Z(A). Recall that Z(A) ={c€ A | ac=ca for all a € A}.
The following is the immediate consequence of Theorem 2.1.

Corollary 2.2 Let A be a unital, complex normed *-algebra such that O 4 is norm dense in A, and let the
sequences {Dn}22 and {A,}02 satisfy all the conditions of the above theorem. Let Ao(p) = Ao(p)Do(p) for
all projections p € A. Suppose A is semiprime and Dy is a surjective endomorphism such that Do(Z(A)) =
Z(A). Then A, is a left Dg-centralizer on A for all n € Ny.

Proof Using an argument similar to the proof of Theorem 2.1, we can show that Aq is a Jordan left Dg-
centralizer on A, that is, Ag(a?) = Ag(a)Dg(a) for all a € A. By [3, Theorem 1], Ay is a left Dg-centralizer,
that is, Ag(ab) = Ag(a)Do(b) for all a,b € A. Now, we define ®,, = A, — L Rp ()Ao for all n € N. It
follows from (2.7) that ®,, = %LAO(e)DO for all n € N. Then we have the following equalities:

®,,(ab) = %LAO(E)DO(ab) = %LAO(e)DO(a)DO(b) = ®,,(a)Dy(b),
which means that ®,, is a left Dg-centralizer for all n € N. Therefore, we have
(340) = SR 20(a) ) Dalt) = 2, (@) D0(6) = B, (at)
Ch
= A,(ab) — 7RDO(9)Ao(ab)

Cn
= An(ab) - TRDO(e)AO(G)DO(b)-
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Therefore, we get that A, (ab) = A,(a)Dy(b) for all a,b € A and all n € Ny. It means that A, is a left
Dg-centralizer for all n € Ng. O

Let A be an algebra. Recall that a sequence {d,} of linear mappings from A into itself is a higher
derivation if d,(ab) = >";_, dn—k(a)dy(b) for all a,b € A and for each n € Ny. Moreover, a sequence {f,} of
linear mappings from 4 into itself is called a generalized higher derivation if there exists a higher derivation {d, }
such that f,(ab) = >} _, fa—k(a)di(b) for all a,b € A and for each n € Ny. In the next theorem, we present a
characterization of generalized higher derivations on the complex normed *-algebras under certain conditions.
In the proof of the next theorem, generating functions play an essential rule. An interesting connection between

higher derivations and generating functions was given by Miller [9].

Theorem 2.3 Let A be a semiprime Banach *-algebra such that O 4 is norm dense in Asq and let {d,}22,
and {fn}5 be two uniformly bounded sequences of linear mappings with do = fo = I, where I is the identity

mapping on A. If
fn(p) = Xk—o fr—r(P)di(p),
dn(p) = Xi—o dn—k(P)di(p),

for all p € P(A) and all n € Ny, then {fn,} is a generalized higher derivation associated with the higher
derivation {d,} on A.

Proof Since {fn}52, and {d,}>2, are uniformly bounded sequences of linear mappings, there exist two
positive real numbers M; and My such that ||f,|| < My and ||d,|| < My for all n € Ny. For any t € (—1,1)

and any a € A, we have

|3 st
n=0

n n MlHall
lefnll\lall\tl < M| IGHZItI =

—T =

Similarly, we have HZZO:O dn(a)t”H < oo for all @ € A and for each ¢ € (—1,1). Thus, we can define

the functions «, 5 : (=1,1) — B(A) (the set of all bounded linear mappings from A into itself) by a; =
a(t) = Y07 o fat™ and By = B(t) = Y-, dnt™, respectively. Note that ay(a) = Yoo fn(a)t" and Si(a) =
> o dn(a)t™ for all @ € A. We continue the proof similar to the proof of Theorem 2.1. Let p be an arbitrary
projection of A. Then

@ (p)Be(p) = (an(p)t”> (Zdn(p)t"> Z (an #(p)dr(p )
n=0 n=0

n=0

=3 fal@t" = au(p),
n=0

which means that

ai(p) = ax(p)Be(p) (2.9)

for all p € P(A) and for each ¢ € (—1,1). Let p and ¢ be orthogonal projections of A; then p + ¢ is a

projection and we have

a(p+q) = ai(p) + ar(q). (2.10)
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On the other hand, we have
ai(p+q) = ar((p+9)%) = ar(p + @) B (p + q)
= a:(p)Be(p) + a(p)Bie(a) + () Be(p) + e (q)Be(q)
= ay(p) + cu(p)Be(q) + (@) Be(p) + e (q),

which means that

ai(p+q) = ai(p) + au(p)Be(q) + a(q)Be(p) + au(q) (2.11)

for each t € (—1,1). Comparing (2.10) and (2.11), we obtain that

a¢(p)Be(q) + as(q)Bi(p) =0

Let a be an arbitrary algebraic element of A. Therefore, a = Z:il Aip; for some mutually orthogonal
projections pi,...,p, of A. Therefore, we have
at(pi)Be(ps) + ae(pj)Be(pi) = 0, (2.12)

for all i,j € {1,2,...,m} with i # j and for each ¢t € (—1,1). Note that a® = Y"." | A?p;. Thus, we have
a®) = at(Z)\fpi) =Y Nawpi) = > Nau(p:)Bi(pi). (2.13)
i=1 i=1 i=1
On the other hand, using Equations (2.12) and (2.13), we have

ar(a)Bi(a) = oy ( i )\ipi)ﬂt ( i )\ipi)

Z +(pi) B (pi) Z Z (at i) Bi(ps) +at(p])ﬂt(pz)>

n

/\12 Qg (pi)ﬁt (pz)

s

S
Il
_

o (a?).

Hence, we see that a;(a?) = au(a)Bi(a) for all @ € D 4. Since every self-adjoint element of A can be
approximated in norm by algebraic elements and a; and J3; are continuous linear mappings for any ¢ € (—1,1),
we obtain that ay(a?) = a4(a)B;(a) for all a € As,. Replacing a by a; + as in the previous equation, we get

that ai(ajas + agar) = ai(ar)Bi(az) + ai(az)Bi(ar) for all a1,as € Ag,. Let a be an arbitrary element of A.
Then there exist two self-adjoint elements a; and ag of A such that a = a; + ias. Hence,

ai(a®) = oy (af — a3 +i(araz + a2a1)>
= au(ar)fi(ar) = au(a2) B(az) + i (ar(a1) B a2) + ar(az)Bo(ar)

= ay(ay +ia2)fi(ar + iag)
= a(a)Bi(a),
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which means that a;(a?) = ay(a)B;(a) for all a € A and for each ¢ € (—1,1). Thus, we have

D fala®)t" = a4(a®) = ay(a)By(a) = (Z fn(a)t"> (Z dn(a)t">
n=0 n=0 n=0
=Y > faw(@)di(a)t™.

n=0 k=0
We simply conclude that

f(@®) =" fa-r(a)dr(a) (2.14)

k=0

for all a € A. Reasoning like above, we can show that f3;(a?) = B:(a)? for all a € A and for each t € (—1,1).
Hence, we can obtain that

dn(a®) = dn_k(a)di(a) (2.15)
k=0

for all a € A. It follows from (2.14) and (2.15) that {f,} is a generalized Jordan higher derivation associated
with the Jordan higher derivation {d, }. Theorems 2.15 and 2.16 of [15] together show that {f,} is a generalized
higher derivation associated with the higher derivation {d, }. Thereby, we get the required result. O

In the following, we are going to prove that every higher derivation, prime higher derivation, and left
higher derivation of continuous linear mappings on a unital, prime complex normed x-algebra is identically zero

under mid conditions.

Given an integer n > 2, a ring R is said to be n-torsion free, if for x € R, nx = 0 implies x = 0. Re-
call that a ring R is prime if for a,b € R, aRb = {0} implies a = 0 or b = 0. To show that every higher
derivation is zero under certain conditions, we first establish the auxiliary result below.

Lemma 2.4 Let R be a unital 2-torsion free prime ring containing the element § and let {a,}5>, be a

sequence of R satisfying an =Y p_qan—kak for alln € N. If a,, € Z(R) (n € N), then a,, =0 for all n € N.

Proof Since a, € Z(R) for all n € N, we have a; = ajag + apa1 = 2a1ag. Thus, we have

0= a; — 2&10,0
= 20,1% — 2(11(10
e
=2 (5 - ),
which means that

2a, (g - ao) —0. (2.16)

Multiplying (2.16) from the left by an arbitrary element a € R, we have 2a;a (g — ao) = 0 and since R is a

2-torsion free prime ring, we obtain that ap = § or a; = 0. We investigate the following three cases:
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(1) ap # § and a; = 0;
(2) ap = 5 and a; # 0;
(3) ap = § and a; = 0.

Case 1. Suppose that ag # § and a; = 0. Therefore, we have ay = azag + a? + apas = 2asag. Reasoning like
above, we see that

0= ag — 2&2@0

e
= 2a2§ — 2a2a0

e
=205 (5 —a).

2as (g - ao) —0. (2.17)

which means that

Multiplying (2.17) from the left by an arbitrary element a € R, we have 2asa (g — ao) = 0 and since R is a
prime ring, we obtain that ag = §, which is a contradiction. Therefore, az = 0. Continuing this procedure, we

get that a,, =0 for all n € N.

e

Case 2. Suppose that ap = § and a; # 0. We have
a2 = agaq + CL% + apas
=az + a%,

which means that a? = 0. Since a, € Z(R) for all n € N and R is prime, we have a; = 0, which is a

contradiction.
Case 3. Suppose that ap = § and that a; = 0. We have
a4 = aqaq9 + ar1as + a% + asa; + aqag
e e
=as-+0+a3+0+as-
2 2
=aq4 + ag,

which means that a3 = 0. Since a,, € Z(R) for all n € N and R is prime, ag = 0. We show that a,, = 0 for

all n > 2. Suppose that aq,...,a,—1 =0 for all n € Ny. Therefore, we have

2
Q2n = Q2n00 + G2p—101 + -+ - + Qpy10p—1 + 05 + Ap—1An41 + -+ - + A102,—1 + Aod2n

e L, e
= a2n§ + a,, + §a2n
2

= a2n, + Ay,

which means that a2 = 0. Since a,, € Z(R) for all n € N and R is prime, a, = 0. This proves the lemma
completely. O

Now we are ready to prove the following theorem.
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Theorem 2.5 Let A be a unital, prime complex normed *-algebra such that D 4 is norm dense in Agq and let
{dn}52y be a sequence of continuous linear mappings satisfying dn(p) = > j_o dn—k(p)di(p) for all p € P(A)
and all n € N. If d,,(p) € Z(A) for all p € P(A) and all n € N, then d,, =0 for all n € N.

Proof Putting a, = d,(p), where p is an arbitrary projection of A, we get that a, = > ,_,an—ray for
all n € N. Now, all the conditions of Lemma 2.4 are fulfilled, and we achieve that 0 = a,, = d,(p) for all
p € P(A) and all n € N. Let a be an arbitrary algebraic element of A. Then, a = >_/", \;p; for some

mutually orthogonal projections pi,ps,...,pm of A. Hence, we have

m

m
dn(a) = d(Y_ i) = D Nidn(pi) = 0.
i=1 i=1
Since every self-adjoint element in A can be approximated in norm by algebraic elements and every d,, is a
continuous linear mapping, we have d,(a) = 0 for all a € Ag,. Let a be an arbitrary element of A. Then
there exist two self-adjoint elements a; and a2 of A such that a = ay + iae. Hence, d,(a) = d,, (a1 + ias) =

dp(ay) + id,(az) =0 for all a € A, which means that d,, =0 for all n € N, as desired. O

The following corollary provides the conditions under which a o-derivation is zero.

Corollary 2.6 Let A be a unital, prime complex normed *-algebra such that O 4 is norm dense in A, and
let d: A— A be a continuous o -derivation such that do = od = d and o*> = o. If d(p) € Z(A) for all
p € P(A), then d is identically zero.

Proof One can easily prove that for each n € N,

n

d(ab) =" (:)d"*’“(a)dk(b)

k=0

for all a,b € A, where d®° =o. If D, = %, then D,,(ab) = >y _o Dn—r(a)Dy(b) for all a,b € A. Therefore,
D,(p) = > 4o Dn—r(p)Di(p) for all p € P(A) and all n € N. Since d is continuous and d(p) € Z(A) for all
p € P(A) and also since Z(A) is a closed subalgebra of A, d(A) C Z(A). Now, it follows from Theorem 2.5

that D,, is identically zero for all n € N and consequently d = 0. O

For more details on o-derivations, we refer the reader to [6] and the references therein. In the following
theorem, it is supposed that dy = I, where [ is the identity mapping on A.

Theorem 2.7 Let A be a complex normed x-algebra such that O 4 is norm dense in Ay, .

(i) If {d,,}22, is a bounded left higher derivation (i.e. d, is a bounded linear mapping for any n € Ny ),
then d, =0 for all n € N.

(%) If {dn}S% is a bounded higher derivation such that d,(p) € Z(A) for all p € P(A) and all n € N,
then d, =0 for all n € N.

Proof (i) If {d,}5%, is a higher left derivation, then it follows from [7] that

)= > |dp)dsp) + cidi(p)d; (7))

itj=n, i<j
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where

{0 ifi=j
TV 1 ifig

for all p € P(A). We have di(p) = 2pdi(p). It follows from [5, Theorem 2.11] that dy is identically zero.
Moreover, we see that da(p) = pd2(p) + d1(p)di(p) + pd2(p) = 2pda2(p), and reusing [5, Theorem 2.11] implies

that do = 0. Continuing this procedure, we get that d,, =0 for all n € N.
(ii) The proof is straightforward. O

We now intend to prove another fundamental result of this paper. The following auxiliary result is needed

to prove that theorem. In what follows, P stands for the set of all prime numbers.

Lemma 2.8 Let R be a unital 2-torsion free prime ring containing the element § and let {a,}5>, be a
sequence of R satisfying a, = Zk|n aray forall n € Ny. If a, € Z(R) for all n € Na, then

(1) apn =0 for alln € N and all p e P.

(71) ap,p, =0 and ap2p, =0 for all prime numbers p1,ps € P.

(111) Gpypyps = 0 for all prime numbers pi,p2,p3 € P.

() ap,..p, =0 for all n € N and all prime numbers p1,...,p, € P.

(v) an, =0 for all n € Ny.

Proof (i) Let p be an arbitrary prime number. By putting A,, = a,» and getting idea from [10, Lemma 2.2],
we have

n n
A, =apn = g apray = E apr api = E Apn—i Gpi = E A, A;
P i=0 i=0

k|p” i=0

for all n € N. It follows from Lemma 2.4 that A, = 0. Consequently, ay,» =0 for all n € N and all p € P.

(ii) Let p; and py be two arbitrary prime numbers. Applying part (i) of the current theorem, we have

Apipy = E amkpz ag
k|p1p2

= Upypy A1 + GpyGpy + Ap, Ap, + A10p,p,

= 2aP1P2a17

which means that

ap,p, (€ — 2a1) = 0. (2.18)

Multiplying (2.18) from the left by an arbitrary element a € R, we have 2a,,p,a (% — al) =0, and since R is

a 2-torsion free prime ring, we obtain that a; = § or ap,p, = 0. If a;,,,, = 0, then there is nothing to prove.
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Now, suppose that a; = §. We have

A(p1p2)2 = A(p1p2)2 a1 F Ap p2ap, + Apy Ay 2 + Ap2p, Apy + Apy A2, + Apypy Apyps

T Qa3 + Apzapz + a10(p,py)>2
e , e
= Q(p1py)2 9 + (aplpz) + §a(p1p2)2
2
= a(P1p2)2 + (amm) ’

which implies that (ap,,,)? = 0. From this equation and using the assumption that R is a prime ring, we

obtain that a,,p, = 0. Now, we show that a,2,, = 0. We have

klpip2
= Ap2p, a1+ Apy Ap2 + Ap2ap, + Apypy Apy + Apy Apypy, T A10p2y,
= 2ap2p,01,

which means that

a2, (e —2a;) = 0. (2.19)

p%m

Multiplying (2.19) from the left by an arbitrary element a € R, we infer that ap2p, =0 0r ay = 5. If ap2p, =0,

then there is nothing to prove. Now, suppose that a; = §. Thus, we have

Up2ps)? = Opip3 = Optp3 1 T Q10p1p2 T+ Aptlps + Ap2apt + Gy, Gpy + Gpy Gy, + Ay Gy, p2 + Gp, 2 Gy
Tt ap2ap2,2 + Ap2p2ap2 + Gpy Ap3p2 + Q32 05, + Apdy, Apypy T Opypa Apdp, T+ Ap2p, A2y,

e e 9
= %%pgg + 5%‘%1)3 + (ap?m)

2
= apipz + (ap2p,)%
which implies that (ap%p,“)2 = 0. This equation along with the assumption that R is a prime ring implies that
a2, =0.

pPipP2

(iii) Let p1,p2, and ps be arbitrary prime numbers. Then

QApipops = § : G p1p2P3 Gk
k|pip2ps

= Upipaps @1 + A10p,paps + Apypy Gpy + ApsQp,py + Apops Apy + Gpy Gpyps + Apyps Apy + Ap, Ap ps

= 20‘?1;021730'17
which means that

Appops (€ — 2a1) = 0. (2.20)

Multiplying (2.20) from the left by an arbitrary element a € R, we get that ap,p,p, = 0 or a1 = 5. If
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Apipops = 0, then there is nothing to prove. Now, suppose that a; = 5. Therefore, we have

A(pypaps)? = Ap2p2p3 = Ap2p2p201 + A1ap252p2 + Ay p2,20p, + Apy Ap, p2p2
1 Ap2p,p2apy T ApyAp2p,p2 + Ap2p2, Apg + ApgAp2p2p,

3
T ap2p3ap3 + p2ap2p2 + Ap2p2apz + Ap2ag2
tapzpzap2 + ap2a52p2 + Apypy A, pyp2 + Qpypyp2Gpips
F Uprps Ay p2ps T Cpyp2ps Opips + Cpops Ap2paps T p2pyp. Gpops

+ a,z

e
_ e € 2
= pin3nig + o “pip3n3 + (@pypaps )

_ 2
= Ap2p2)2 + (ammps) )

2
p2paOpap? T Apyp2Qp2p, + Ap2p, Ap2py + Apyp2ap2y,, + (apipaps)

which implies that (aplp2p3)2 = 0. This equation along with the assumption that R is a prime ring implies

that ap,pyps = 0.

(iv) Let p1,...,pn be arbitrary prime numbers. We know that a,, = 0 and a,,,, = 0 for all i,j €

{1,...,n}. Suppose that ay, ., _ =0 forany ii,...,i,—1 € {1,...,n}. Thus, we have

ap,...p, = Gp;..p, 01+ A1ap,..p, + § Opiypif, Wpiy - Diy,
=ap,..p, a1 T G1ap,..p, +0

= 2aP1~-~pna17

such that p;, ...pi, -Pi, .y -+ Pi, = P1-..Pn and further, p;, ...pi, pi -+ Pi, # P1-..Pn. Hence,

ap, ..p, (€ —2a1) = 0.

Multiplying (2.21) from the left by an arbitrary element a € R, we get that ap, ., = 0 or a

ap,..p, = 0, then there is nothing to prove. Now, suppose that a; = §. Therefore, we have

2
Upy...pn)? = Qlpy..pn)?@1 + 010, . p,)2 + (Apy..p, )" + Zapil'”pik Gpj, .05,
e e 0
= prpn)?y + 5%p1-pn)? + (ap,..p,)
= Q(py..p,)? T+ (ap1---pn)2a

such that

Diy « - Pig-Pjr - - Pjr. = (D1 .. .Pn)?,

Diy - Piy £ PL--Dn,

Djy -+ Dj. F P1--Pns

i1y ik gts o dr € {1,..., 20}
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Therefore, (apl___pn)2 = 0. This equation along with the assumption that R is a prime ring implies that

ap,..p, = 0.
(v) Let n be an arbitrary element of Ny. We know that there exist prime numbers pq, ..., p, such that
n=p{*...p%m in which ay,...,a,, are positive integers. Therefore, we have
ap = ap;xl pom = Z CLP<1>¢1 pSm Q-
klpyt...pnm "
Using the facts (i), (ii), (iii), and (iv), one can easily conclude that a,, =0 for all n € Ny. O

Theorem 2.9 Let A be a unital, prime complex normed *-algebra such that O 4 is norm dense in Ag, and

let {d,,} be a sequence of continuous linear mappings satisfying d,(p) = ka dx (p)di(p) for all p € P(A) and
all n € Ng. If dy(p) € Z(A) for all p € P(A) and all n € Ny, then d,, =0 for all n € Ny.

Proof Let p be an arbitrary projection of A. Putting a, = d,(p), we see that a, = ka axzay for all
n € Ny. Now, all the conditions of Lemma 2.8 (v) are fulfilled and we achieve that 0 = a,, = d,,(p) for all

p € P(A) and all n € Ny. Using similar arguments as used in Theorem 2.5, we can prove that d, = 0 for all
n € Ny. O
In the following, we plan to show that every prime higher derivation is identically zero under certain conditions.

The concept of a prime higher derivation was defined by Mirzavaziri [10], which we state here.

Definition 2.10 Let A be an algebra. We say that a sequence {d,} of linear mappings from A into A is a
prime higher derivation if dyn(ab) =3y, d=(a)di(b) for all a,b € A and for each n € N.

Theorem 2.11 Let A be a complex normed *-algebra such that O 4 is norm dense in Ag, and let {d,} be
a sequence of continuous linear mappings with dy =1 and dn(q) = 3_y,,, dz (q)di(q) for all g € P(A) and all
n € Ny. If dy(q) € Z(A) for all ¢ € P(A) and all n € Ny, then d, =0 for all n € Ny.

Proof Let p € P and let ¢ be an arbitrary projection of A. Note that d,(q) = qd,(q) + dp(¢)g = 2¢d,(q) -
Then, d,(¢) = 0 and hence it follows from [5, Theorem 2.11] that d, is identically zero. A simple argument
shows that d,» and dps are zero for all p € P. Let p be an arbitrary prime number. Suppose that d,(¢q) =0
for any k € {1,...,n — 1} and any projection ¢ € A. Our goal is to prove that d,~(¢) = 0. We have

dpn (@) = dpr (q)di(g) = > dy-i(q)dyi (g)
1=0

klpn,
n—1
= dp (9)q + qdpr (q) + Y dpn—i(q)dpi (q)
=1

= 2qdp" (Q),

which means that

dpr (q) = 2qdpr(q)-
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Reusing [5, Theorem 2.11], we obtain that dp» =0 for all p € P and all n € N. Now, suppose that p; and ps
are arbitrary prime numbers. For any ¢ € P(A), we have
Ap1ps (@) = dpyp, (0) + qdp,p, (@) + dp, (0)dp, (q) + dp, (@) dp, ()

= 2qdp1p2 (C])

Thus, dp,p, = 0 by [5, Theorem 2.11]. Similarly, we can prove that dp,p,p, = 0 for all pi,p2,ps € P.
We show that dp,.,, = 0 for all pi,...,p, € P. To see this, suppose that dmlmmn,l(Q) = 0 for any

i1y-.50p—1 €{1,...,n} and any g € P(A). Thus, we have

Ay, p, (@) = > deira(q)di(q)

klp1...pn
=dp, . p,(Q)q+qdp, . p,(0) + Z dpilmpik (Q)dpikﬂmmn (9)
= dpy..p. (04 + qdp, _p, (@) +0
= 2qdyp,...p, (q)

such that
pil . 'pik'pik+1 A 'pi” = pl . ~pn7

Diy - Di, # P1---Pn,

pik+1 - Diy, #pl - Pn.

Hence, we have d,, ., (q) = 2qdp, ., (q), and consequently, dp,, ., = 0. Let n be an arbitrary element
of Ny. We know that there exist prime numbers p,...,p, such that n = p{*...p%m in which ay,...,a,, are

positive integers. For any ¢ € P(A), we have

dn(q) = dyos o (@)= Y dyo1am (q)di()-
k

klpyt...pmm

Using the fact that dyn(q) = 0 = dp,..p,(q), one can easily conclude that d,(¢) = 0 for all n € Ny. Using

similar arguments as used in Theorem 2.5, we get that d, = 0 for all n € N,. O

An immediate consequence of Theorem 2.11 is the following.

Corollary 2.12 Let A be a complex normed x-algebra such that O 4 is norm dense in Asq, and let {d,} be a
prime higher derivation of continuous linear mappings with dv = 1. If d,.(q) € Z(A) for all ¢ € P(A) and all
n € No, then d, =0 for all n € Ny.

Next, we intend to present the conditions under which the linear mappings satisfying a given recursive

relation are zero. First we prove the following useful lemma.

Lemma 2.13 Let A be a unital C*-algebra and let {a,}5 be a uniformly bounded sequence of A satisfying
an = Y p_oGn—kay for all n € N. If the element Y~ ant™ — 5 is either a positive or negative element of A

forall t € (—1,1), then a, =0 for all n € N.
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Proof Since {a,} is a uniformly bounded sequence, there exists a positive number M such that |la,| < M
for all n € Ng. For any ¢ € (—1,1), we have

oo
H Z ant”
n=0

oo

<D lant™|
n=0
oo

= lanllt"]
n=0
o]

<> M|t
n=0

M
= — <00

11t

We first define a function f : (=1,1) — A by f(t) = Y.~ ant". According to the above discussion, f is
a well-defined function on (—1,1). Moreover, the mth derivative of f exists and is given by the formula

fO(t) = D (nfi;n)!ant"*m. Therefore, we have

(; 0t ( ; OIS (z)t

n=0

oo n

=al + ZZ Ap—pait"

n=1 k=0
oo
ag + Z nt"
n=1
o0
=a’+ Z ant"™ —
n=0

= f(t) + a3 — ao,

which means that
F(&)? = f(t) = ag — ao.
Using the previous equation, one can easily observe that

(]

(f(t) - 5)2 j +ag — (2.22)

According to our assumptions, the element > " o a,t" — § is either a positive or negative element of A for all
€ (—1,1). It follows from (2.22) that

f(t):gi(Z—i—a%—ao)% (-1 <t<1).

Thus, a; + 2ast + 3azt? +--- = d’;(t) = 0. Putting ¢ = 0 in the previous equation, we get that a; = 0. We
also see that 2as + 3aszt +--- = dif;g ) = 0. Putting t = 0 in the previous equation, we deduce that as = 0.
Continuing this procedure, we obtain that a, = 0 for all n € N. The proof is now completed. O

We conclude our paper with the following theorem.
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Theorem 2.14 Let A be a unital C*-algebra and let {d,}32, be a sequence of continuous linear mappings
satisfying dyn(p) = > p_o dn—r(p)di(p) for all p € P(A) and all n € N. Suppose that Y~ d,(p)t"™ — § is
either a positive or negative element of A for all p € P(A) and all t € (=1,1). Then, d,, =0 for all n € N.

Proof Applying Lemma 2.13 and using similar arguments as used in Theorem 2.5, we get the required result.
The details are left to the reader. O
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