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Abstract: Let p1, -+, pn be integers where n > 2 and each p; > 2. Let also H(p1, -+, pn) be the generalized Hecke
group associated to all p; > 2. In this paper, we study the commutator subgroups H'(p1, -+, pn) and iZa (p1, -+, Dn)
of the generalized Hecke group H(p1, ---, pn) and the extended generalized Hecke group H(p1, ---, pn). We give the
generators and the signatures of H'(p1, ---, pn) and ﬁ/(pl, cee, Dn)-
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1. Introduction

Let p1, -+, pn beintegers where n > 2 and each p; > 2. Let us consider the linear fractional transformations
1
X;(z)=—
Z( ) Z+)\z I
where \; = 2005(%) for p; > 2 is an integer. Generalized Hecke groups H(p1, ---, pn) are generated by

X/s and have the presentation

H(plv ] pn) =<X;: val = I>ECP1 **Cpn
and the signature (0; py, -+, pn, 00), [8] and [9]. Extended generalized Hecke groups H(py, -+, pn) can
be defined by adding the reflection R(z) = 1/Z to the generators of H(py, ---, pp). Hence the extended
generalized Hecke groups H(p1, ---, pn) have a presentation
F(pl’...,pn) :<X7,,R sz'b — R2 :I, RX?, :XZ_1R>,
or
F(pla 7pn) =< X;,R: th = R = (XzR)Z = [ >= Dp1 X7y " ¥y Dpna[g]-

Notice that the generalized Hecke group H(2,3) is the modular group I' = PSL(2,7Z). The modular group is

the discrete subgroup of PSL(2,R) generated by two linear fractional transformations

T(z)=—- and S(z)=—
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Then the modular group I' has a presentation
F:<T,S|T2:S3:I > (9 x (.

Also, if ¢ > 3 is an integer, then the generalized Hecke group H(2,q) is the Hecke group H(A,) ([2], [7], [10],
[11], [12]). If py = p and py = ¢ are integers where 2 < p < ¢ and p + q > 4, then generalized Hecke group
H(p,q) is the generalized Hecke group H, , ([5], [15], [18]).

On the other hand, the extended generalized Hecke group H(2,3) is the extended modular group I' (or
IT) ([23], [24]). We know that the extended modular group II = PGL(2,Z) is defined by adding the reflection

R(z) =1/ Z to the generators of the modular group I'. The extended modular group II has a presentation
M=<T,SR|T?=5%=R?=(RT)? = (RS)?> =1 > =Dy %z, Ds.

Also, if ¢ > 3 is an integer, then the extended generalized Hecke group H(2,q) is the extended Hecke group
H()\,), ([4], [26], [27]). Finally, if p; = p and ps = ¢ are integers where 2 < p < ¢ and p + ¢ > 4, then the
extended generalized Hecke group H(p,q) is the extended generalized Hecke group H, 4, ([6]).

The motivation of this paper is to study the commutator subgroups of the generalized Hecke groups
H(pi, ---, pn) and the extended generalized Hecke groups H(pi, -+, pn). If n = 2, then the commutator
subgroups of H(p1,p2) and H(p1,p2) was studied by many authors in [1], [3], [13], [14], [15], [17], [19], [21],
[22], [25], [29].

Here, our aim is to generalize the results given in [14] in the case p; = p and ps = ¢ where 2 < p < g and
p+q > 4, to the case py, - -+, p, are integers where n > 2 and each p; > 2. To do this, we use the Reidemeister—
Schreier method, the permutation method (see, [28]) and the extended Riemann—Hurwitz condition (see,
[16]). Here we give the generators and the signatures of the commutator subgroups of H(pi, ---, p,) and

H(p1, -+, pn). Of course, if we take n = 2, p; = p and py = ¢, then our results coincide with the results

given in [14] for H,, and H, .
2. Commutator subgroups of H(p,...,p,) and H(py,...,pn)
First we study the commutator subgroup H'(p1, --- ,pn) of the generalized Hecke group H(p1, -+, Dn).)

Theorem 2.1 Let p1,--- ,p, be integers where n > 2 and each p; > 2. Then

Z) |H(p17 7pn)H/(p1, ,pn)‘:p1p2pn

n—1 n
1) The commutator subgroup H'(p1, - ,pn) of H(p1, -+ ,pn) is a free group of rank > > (p; —1)-
i=1j=i+1

0=+ 2 T 8 i Dy = =D+ e (m) D D = Dy = ) = ).

Proof i) To obtain the quotient group H(p1,- - ,pn)/H' (p1, -+ ,pn), we add the relations X;X; = X,;X;
where 4,5 =1,--- ,n for i # j to the relations of H(pi, -+ ,p,). Hence we get

H(pl,"' ;pn)/H/(pla"' ,pn) =< Xl lel :I, XlXJ :XJXZ > Cpl X oo chn.
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Therefore we find the index as |H(p1, -+ ,pn) : H'(p1, - ,0n)| =01 D2 Pn.

1) Now we can use the Reidemeister—Schreier method for the generators of H'(pi,--- ,pn). First we

n
choose a Schreier transversal ¥ for H'(p1,--- ,pn). Here ¥ consists of the identity element I; > (p; — 1)
i=1

n—1 n
elements of the form X7 where 1 <i<nand 1 <a; <p;—1; > > (pi—1)(pj—1) elements of the
i=1j=i+1

n—2 n—1 n
form X;”X;j where 1 <i<j<mnandfort=17, 1<a <p;—1; > > > @-1)(p —1) (pk—1)
i=1 j=it1lhk=j+1
elements of the form XfiX;jXZ"‘ where 1 < i < j < k<mnandfort=1474k 1 <a <p —1; -

i

1 2 n
3> pi—1)(pj—1)---(ps — 1) elements of the form X7*X32--- X2 where 1 <t <mn, 1 <q <

Using the Reidemeister—Schreier method, after some calculations, we have the generators of H' (p1,--- ,pn)

as follows:

n—1 n
There are Y. > (pi—1)(p; —1) generators of the form [X{, X!} where 1 < i < j < n and for
i=lj=it1

t=14,5, 1 <ay <p— 1L

n—2 n—1 n
Thereare 2% > > (pi—1)(pj — 1) (px — 1) generators of the form [Xfi,X;jX;j’“] or [X?iX;j,X,‘:’“]
i=1j=i+1k=j+1
(for the difference, please see the place of the comma) where 1 < i < j < k < n and for ¢t = 4,j,k,
1<a; <p— 1

If we continue similarly, then we find that there are

1 2 n
(=1 > (=D —1)-(ps—1)
i=1j5=2 s=n
generators of the form [X7*, X5 ---X%] or [X{*X52%, .-+, X%] or [X{*X5%--- ,X%] where 1 < ¢t < n,

1 < ay; < p;— 1. Indeed, from [20], the generators are

- 1
L4 pipa--pa{=14 (1- ;)}
i=1 v

Also, using the Riemann-Hurwitz formula and the permutation method, we find the signature of H'(p1,--- ,pn)
as
N1 P1p2-p
1'P2 ""Pn
(n—1)— _;g%m P2 Pn T Temprpze b)) pipsepe
(1 + 1= 5 ;oo(lmn(pl,pgw-wpn) )
O
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Example 2.2 Let us consider the generalized Hecke group H(2,3,4). Then we have the index |H(2,3,4) : H'(2,3,4)| =

3
24. Now, we set up a Schreier transversal ¥ for H'(2,3,4). X consists of I; > (p; — 1) =6 elements of the
i=1

form X1, X, X2, X3, X3,X3; Z Z (pi — 1) (pj — 1) = 11 elements of the form X1X2, X1X3, X1 X3,
i=1j=i+1

X1X§, Xng', X2X3, X2X32, XQXé)), X22X3, X%X%, X X3 and z:lzzkz:( i )(pj_]-) (pk—l) = 6
=17

elements of the form X1X5X3, X1X2X§, X1X2X§’, X1 X2X3, X1X2X3, X1 X2X. 3. Using the Reidemeister—

2 3
Schreier method, we find the generators of H'(2,3,4) as follows: > > (pi—1)(p; —1) = 11 genera-
i=lj=i+1

tors Of the form [XlaXQ]) [X1?X22]? [XlaX3]) [leX32]; [Xlan’]: [X21X3]; [XQ,XE%]: [X27X??}7 [X227X3]7
1 2

(X3, X3], [X3,X3): 230 7 Z (pi = 1) (pj — 1) (px — 1) = 12 generators of the form [X1Xa, X3], [X1X2, X3,
i=1j=2k=3

[X1X27X§]7 [X1X2aX3]a [X1X227 X%]a [X1X227X§]; [X17X2X3]> [X17X2X§]; [X17X2X§’]: [X17X22X3]7 [X17X22X§]7
(X1, X2X3]. Finally, using the Riemann-Hurwitz formula, we find the signature of H'(2,3,4) as (11; co(?).

Now, we study the commutator subgroups F/(pl, -+ pn) of the extended generalized Hecke groups
H(p1, -+ ,pn). To do this, firstly, we rename the generators X; of the extended generalized Hecke group
H(p1,--- ,pn)- Let s,t and u be the number of the generators X; of order 2, of even order > 4 and of odd

order > 3 in H(p1, - ,pn), respectively. Let us denote the generators of order 2 by A;, Ay, --- , A; generators
of even order > 4 by Bi, Bs, -+, By; and generators of odd order > 3 by C1,Cs, -+ ,C,. Also, let ¢ and 7
be the orders of the generators By and Cj, respectively, where 0 < k < ¢ and 0 <[ < u. Then, the extended

generalized Hecke group H(p1,--- ,p,) has a presentation
< Aj,By,C,R: A2=B}* =C[' =R?>=1, RA;=A;R, RB,=B;'R, RC,=C[ 'R >.
Therefore, we can write as

F(pla"' 7pn) :ﬁ(2a27 a27q17QQa"' s Qe T1, T2, aru)
———

s times

Thus, we can give the following result:

Theorem 2.3 Let p1,--- ,pn be integers for n > 2 and p; > 2. Then
. -7 —_— s
Z) |:H(p17 7pn): H(pla 7pn):| =2 +t+1.

> (26 —1) (i) +

t
k=1

_ S
ii) The commutator subgroup H (py, -+ ,pn) is a group of generators S (j — 1) (j) +
j=2

53 @i - 1) () (1) + 2.

j=1k=1

Proof i) The quotient group H(py,--- ,pn)/ﬁ/(pl, -+« ,pp) is the group obtained by adding the relations
RBj, = ByR, RC); = CjR, where 0 < k <t and 0 < < u to the relations in H(py,---,p,). Thus the quotient
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_ _, _
group H(p1, -+ ,pn)/H (p1, -+ ,pn) is

< Aj,By,C,R: A2=B}* =C[' =R*>=1, RA;=A;R, RB, = B;/'R,
RC, =C; 'R, RBy, = ByR, RC; = C/R >
< Aj, By, R: A2 = Bl* = C]' = R* = (A;R)? = (ByR)* = (CIR)* =1 > .
From the relations RBj, = B, 'R; RBy, = BiR and RC; = C;'R; RC; = (4R, we find B? = C? = 1.
Also from the relations BZ"' =C)' = Bﬁ = Cf =1, we have Bg =1 and C; = I since g is even number and

r; is odd number. Thus, we get

H(pla"' 7pn)/ﬁ/(p17"' 7pn) = <Aj7Bk7R:A?:B]%:R2:(AjR)2:(BkR)2:I>
= (Cyx---xCyxCs. (2.1)
—_——

s+t times

Therefore, we find the index as
[F(pla"' ,Pn) :Fl(pl,... pn)| = 25t

ii) Now, we can determine the Schreier transversal X. To do this, we use the set M = {Ay, -, A;,
By, -+, B;}. Tt is clear that there are 2°7% — 1 subsets of M, except null set. Using the elements of
these subsets, we can obtain the elements of ¥. For example, if {As, Az, As, B2, Bs} is a subset of M,
then AsA3AsB;Bs is an element of X, (since the quotient group is abelian, these elements can be writ-
ten as alphabetically and numerically ordered). Thus, we can obtain 25t* — 1 elements in ¥. If we mul-
tiply these 25%* — 1 elements by R (for example, AsA3A5B2BsR), then we have 2°7 — 1 new elements
of ¥. Also, the elements I and R are in X. Consequently there are 257% — 1 4+ 251t — 1 4 2 = 2s+t+l
elements in Y. Notice that if s = ¢ = 0, then ¥ consists of only the elements I and R. Using the

Reidemeister-Schreier method, after required calculations, we get the generators of F/(pl, -+ pp) as follows:

Notice that A;l = A; and B,:l # Bg. If s > 2, then there are ( 5

9 ) generators of the form AgA.AzA.

where 1 < d < e < s; 2- ( ; ) generators of the form A A.AfpAi(AcAp)™' or AgAcAfAc(AqAr)™;
(s—1)- ( i > generators of the form Aj;Ay--- AgA;(Ag-- Ag)7L, or AjAg - AgAx(A1 Az -+ Ag)7L, or
coor AjAg- - AgAg (A Ay oA )T If t > 1, then there are 1 - ( i > generators of the form B;
) generators of the form ByBpByB; ', or ByByB,'B; " or ByBiB;! where

wherel§g§t;3-(
t
3

t
2
1<g<h<t 5 ( ) generators of the form BgBthBg(Bth)*l, or BgBthBgl(Bth)’l, or
ByByBBi(ByBp,) ™!, or BgBthB,jl(BgBm)_l, or ByB,B2 (ByBy,)"! where 1 < g < h < m <
(2t =1) - < i > generators of the form BiBy---ByBy(By---Y;)™! or B1By--- BBy (By---Y;)~! or

B1By--- BtBQ(BlBg s Bt)il or BiBy--- Bthl(BlBg v Bt)il or --- or BjBy--- BtBt—l(Bl s Bt_QBt)il
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or BiBy-- BB, (By---By_2B;)" " orBiBy---B}(B1By---By_1)~'. If s > 1 and t > 1, then there are 2 -

( fj > ( tl ) generators of the form AngAng_l, or AngAd where 1 <d<sand 1 <g < t;3-( ; ) ( tl )

generators of the form AgA.ByA4(AcBy)~! or AgAcByAc(AqBy)~! or AdAeB;(AdAe)_1 where 1 <d<e<s

S

andlgggt;zl-(l

) ( ; ) generators of the form AyByBpAq(ByBy)™" or AqByBpBy(AqBr)™' or

AngBthA(Ach)A or AngBfL(Ang)*l where 1 <d<sand 1<g<h<t--- ;(2t+sl).( z > ( i )

generators of the form

A1A2"'AsBlBQ'"BtAl(AZ"'AsBlBQ"'Bt)_l
A1A2 . 'ASBlBQ R BtAQ(A1A3 . 'AsBlBQ e Bt)il or

AyAy - AB1By - BiAj(A1Ag -+ Ay_1B1By - By) ™!
A1A2...AsBlBQ...BtBl(AlAQ...AsBQ...Bt)*l
A1A2---ASBlBg-~-Bth1(A1A2---A5B2~-~Bt)_1
AyAy--- A;B1By - ByBy(A1Ay - A;B1Bs - - By) ™!
A1 Ay A,B1By--- BtB;l(AlAQ e AsBlBg .. 'Bt)il

A1A2 T AsBlBg s BtBt—l(A1A2 te AsBl ce Bt_gBt)_l or
A1A2 cee ASB1B2 s BtB;jl (A1A2 cee ASBl s Bt,QBt)il or
AjAgy---AB1By--- B} (A1 Ay -+ ABy - By 9By 1) 7!

s+t
1

s+t

Also there are u - ( 0

) generators of the form C; where 1 <1 < u; w- < ) generators of

the form A4C;Aq4 or BgC’lBg’1 where 1 <d<s, 1 <g<tand 1<I<uu- ( S;t ) generators of the
form AgA.Ci(AgA.)~t or BgBhC’l(BgBh)’1 or AngCl(Ang)’1 where 1 < d(< e) < 5,1 < g(< h) <t
and 1 <[ < wju- ( S;;t > generators of the form AgA.ArCi(AqgAcAf)™" or AgA.ByCi(AgAcBy)~! or
AuByBrCi(AqByBy)™! or ByByB,,Ci(ByBpBy,) ™t where 1 < d(< e(< f)) < 5,1 < g(< h(< m)) <t and
1<i<wu -5 u- ( ii: > generators of the form AjAg--- AgB1By--- ByCi(A1Ag - A;B1 By -+ By) ™!
where 1 <[ <.
Also, using the Riemann—Hurwitz formula and permutation method, the signature of ig (p1,-++ ,pn) is
(1+ w Hge/2)2TTD T 00T if s> T and £ > 1,
(0;7,(2 ) ifs=1andt=0, (2.2)
(05 (Q1/2) r?,00), ifs=0andt=1, '
(057, 00), if s=0and t =0,
where 0 < k<tand 0<I<u. O

Example 2.4 Let us consider the generalized Hecke group H(2,2,3,4,5). Since s =2, t =1 and u = 2, we
take the generators as Ay, As, By, Ci, Co. Here, there are the relations A3 = A2 = B} = C} = C5.
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Then the index is 16 and the Schreier transversal ¥ is {A;, As, Bi, A1As, A1Bi, A3B;, A1A2B,
AR, AsR, BiR, A1AsR, A1B1R, A3B1R, A1A3B1R, I, R}. If we use the Reidemeister—Schreier method
and make the required calculations, then we get one generator of the form AyA3A1As; one generator of
the form B?; four generators of the form AlBlAlel, A1B?Ay, A2B1Ang1, Ay B3 Ay; three generators
of the form AjA;B1A1(A2B1)™Y, A1A3B1As(A1By)™t, A1 A3BI(A1Ay)™Y; two generators of the form Cf,
Cy; siz generators of the form A1C1A1, AsCi1As, A1CA1, AsCoAs, BlClBl_l, BlOQBl_l; six generators
of the form A1 AsCi(A1A2)™1, A1AsCo(A1As)™1, A1BiCi(A1By)™Y, A1B1Cy(A1B1)™ Y, AsBiCi(AsBy) ™Y,
AyB1Co(A3By)™! and two generators of the form AyAsB1C1(A1A3By)™Y, A1 AsB1Cy(A1A2By) 1. Totally,
there are 25 generators of F/(2,2,3,4, 5). Also, the signature of ﬁ/(2,2,3,4,5) is (1;2(4),30) 58) o))

Example 2.5 Let us consider the generalized Hecke group H(5,5,7,8). Since s =0, t =1 and u = 3, we take
the generators as By, C1, Ca, C3. Thus we have the relations B = 015 = 025 = C’g. Here the index is 4. Then

we can determine the Schreier transversal ¥ = {B1, BiR,I, R}. If we use the Reidemeister—Schreier method
and make the required calculations, then we find the generators of F/(5,5, 7,8) as one generator of the form
B2, three generators of the form Cy, Co, Cs; and finally, three generators of the form BlClBl_l, Blchl_l,

B1CyBy !, Therefore, there are seven generators of ﬁ/(57 5,7,8). Also, we obtain the signature of F/(S, 5,7,8)
as (035,73 4, 00).

From Eq. (2.1), if s+t < 1, then the commutator subgroup F/(pl, -++,pyp) is isomorphic to the free

product of some finite cyclic groups. Thus, we can study the second commutator subgroup F//(pl, c D)

using Theorem 1.1:

Corollary 2.6 i) If s = 0 and t = 0, then F/'(p1,~-~ ) (& H'(p1, -+ ,pn)) is a free group of rank

1"‘!‘7‘1-7"2"-7"“{—1—‘!‘2(1—%’)}.
=1 )

i) If s=1 and t =0, then Fﬂ(pl, o+ pn) s a free group of rank 141 -r3 - r2{-1+ lel(l - %l)}

i) If s=0 and t = 1, then Fll(pl, - ppn) is a free group of rank 1+ (q1/2)r? - r2- ~~T?L{*q%+2lz(1 -
=1

References
[1] Ates F, Cangiil IN, Cetinalp EK, Cevik AS, Karpuz EG. On commutator and power subgroups of some Coxeter
groups. Applied Mathematics and Information Sciences 2016; 10: 1-7.

[2] Ates F, CevikAS. Knit products of some groups and their applications. Rendiconti del Seminario Matematico della
Universita di Padova 2009; 121: 1-11. doi: 10.4171/RSMUP/121-1

[3] Cangiil IN, Bizim O. Commutator subgroups of Hecke groups. Bulletin of the Institute of Mathematics Academia
Sinica 2002; 30 (4): 253-259.

[4] Cevik AS, Ozgiir NY, Sahin. The extended Hecke groups as semi-direct products and related results. International
Journal of Applied Mathematics and Statistics 2008; 13 (8): 63-72.

2129



[5]

[6]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

[23]

[24]

2130

DOGRAYICI and SAHIN/Turk J Math

Demir B, Koruoglu O, Sahin R. On normal subgroups of generalized Hecke groups. Analele Universitatii ”Ovidius”
Constanta - Seria Matematica 2016; 24 (2): 169-184. doi: 10.1515/auom-2016-0035

Demir B, Koruoglu O, Sahin R. Conjugacy classes of extended generalized Hecke groups. Revista de la Unién
Matematica Argentina 2016; 57 (1): 49-56.

Hecke E. Uber die bestimmung Dirichletscher reihen durch ihre funktionalgleichung. Mathematische Annalen 1936;
112: 664-699. doi: 10.1007/BF01565437

Huang S. Generalized Hecke groups and Hecke polygons. Annales Academise Scientiarum Fennicee Mathematica
1999; 24 (1): 187-214.

Huang S. Realizability of torsion free subgroups with prescribed signatures in Fuchsian groups. Taiwanese Journal
of Mathematics 2009; 13 (2A): 441-457. doi: 10.11650/twjm /1500405348

Tkikardes S, Demircioglu ZS, Sahin R. Generalized Pell sequences in some principal congruence subgroups of the
Hecke groups. Mathematical Reports 2016; 18 (68): 129-136.

Ikikardes S, Koruoglu O, Sahin R. Power subgroups groups of some Hecke groups. Rocky Mountain Journal of
Mathematics 2006; 36 (2): 497-508. doi: 10.1216/rmjm /1181069464

Ikikardes S, Sahin R, Cangiil IN. Principal congruence subgroups of the Hecke groups and related results. Bulletin
of the Brazilian Mathematical Society 2009; 40 (4): 479-494. doi: 10.1007/s00574-009-0023-y

Jones GA, Thornton JS. Automorphisms and congruence subgroups of the extended modular group. Journal of the
London Mathematical Society 1986; 34 (2): 26-40. doi: 10.1112/jlms/s2-34.1.26

Kaymak S, Demir B, Koruoglu O, Sahin R. Commutator subgroups of generalized Hecke and extended gener-
alized Hecke groups. Analele Universitatii Ovidius” Constanta - Seria Matematica 2018; 26 (1): 159-168. doi:
10.2478 /auom-2018-0010

Koruoglu O, Meral T, Sahin R. Commutator subgroups of the power subgroups of generalized Hecke groups. Algebra
and Discrete Mathematics 2019; 27 (2): 280-291.

Kulkarni RS. A new proof and an extension of a theorem of Millington on the modular group. Bulletin of the
London Mathematical Society 1985; 17: 458-462. doi: 10.1112/blms/17.5.458

Lang CL, Lang ML. The commutator subgroup and the index formula of the Hecke group Hs. Journal of Group
Theory 2015; 18 (1): 75-92. doi: 10.1515/jgth-2014-0040

Lehner J. Uniqueness of a class of Fuchsian groups. Illinois Journal of Mathematics 1975; 19: 308-315. doi:
10.1215/ijm /1256050818

Newman M. The structure of some subgroups of the modular group, Illinois Journal of Mathematics 1962; 6:
480-487. doi: 10.1215/ijm /1255632506

Nielsen J. Kommutatorgruppen fiir das freie produkt von zyklischen gruppen (Danish). Mathematisk Tidsskrift
1948; B: 49-56.

Sahin R, Bizim O. Some subgroups of the extended Hecke groups H ()\,). Acta Mathematica Scientia 2003; 23 (4):
497-502. doi: 10.1016/S0252-9602(17)30493-9

Sahin R, Bizim O, Cangiil IN. Commutator subgroups of the extended Hecke groups. Czechoslovak Mathematical
Journal 2004; 54 (1): 253-259. doi: 10.1023/B:CMAJ.0000027265.81403.8d

Sahin R, Ikikardes S. Squares of congruence subgroups of the extended modular group. Miskolc Mathematical Notes
2013; 14 (3): 1031-1035. doi: 10.18514/MMN.2013.780

Sahin R, Ikikardes S, Koruoglu O. On the power subgroups of the extended modular group I'. Turkish Journal of
Mathematics 2004; 28 (2): 143-151.



DOGRAYICI and SAHIN/Turk J Math

Sahin R, Tkikardes S, Koruoglu O. Some normal subgroups of the extended Hecke groups H(),). Rocky Mountain
Journal of Mathematics 2006; 36 (3): 1033-1048. doi: 10.1216/rmjm/1181069444

Sahin R, Koruoglu O, Ikikardes S. On the extended Hecke groups H (\5). Algebra Colloquium 2006; 13 (1): 17-23.
doi: 10.1142/51005386706000046

Sarigedik Z, Tkikardes S, Sahin, R. Power subgroups of the extended Hecke groups. Miskolc Mathematical Notes
2015; 16 (1): 483-490. doi: 10.18514/MMN.2015.1214

Singerman D. Subgroups of Fuschian groups and finite permutation groups. Bulletin of the London Mathematical
Society 1970; 2: 319-323. doi: 10.1112/blms/2.3.319

Tsanov VV. Triangle groups, automorphic forms, and torus knots. L’Enseignement Mathématique 2013; 59 (1-2):
73-113. doi: 10.4171/LEM/59-1-3

2131



	Introduction
	Commutator subgroups of H(p1, ..., pn) and H(p1, ..., pn)

