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Abstract: We prove the existence of entire large positive solutions to the system

where the functions ;(s) = a;(s*)s, i = 1,2 are odd, increasing homeomorphisms, Pi,Ps : [0,00) — [0,00) are

continuous, and f,g : [0,00) X [0,00) — [0,00) are continuous and increasing functions.
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1. Introduction

In this paper, we study the existence of entire positive radial symmetry solutions for the combined semilinear

elliptic system

div(on ([Vul?)Vu) = Py(fe) f(u,0) w
div(az(|Vo[?)Vv) = Py(|z])g(u,v)

z € RY and N > 3. We assume that the functions Py, Ps, f and ¢ satisfy the following conditions:

(L1) P, P, : [0,00) — [0,00) are spherically symmetric continuous functions, that is, for » = |z|, we have

pi(|z[) = pi(r) and pa(|z|) = pa(r);
(L2) f,g:[0,00)x[0,00) — [0,00) are continuous and increasing functions with g(¢,s) > 0 whenever ¢, s > 0;

(L3) For fixed parameters a,b € (0,00), there exist continuous, nondecreasing functions G1,Ga, ¢ : [0,00) —
[0,00), and constants C; and Cy such that

g(t1,t2) < C1G1(t1 + t2)
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and
f(ti, MC15G1(t1 +t2)) < CaGa(ty +t2)p(s), s > 1,

where M = max{l, L}; and
g(a,b)

(L4) The functions ¢;(s) = a;(s?)s, i = 1,2 are odd, increasing homeomorphisms on R and for each r > 0,

there exists a constant B;,. > 0 with B;. — 0 as » — 0, and satisfies

@7 H(rz) < Bipg; H(z) for 2> 0and i = 1,2.

We say that the functions f and g are increasing if for every pair (u1,v1), (uz2,v2) € [0,00) X [0, 00) with

0 <wu; <wug and 0 < vy < wy, we have f(uy,v1) < f(uz,v2) and g(ui,v1) < g(ug,v2).

In a recent paper [1], Covei obtained sufficient conditions for the existence of bounded and unbounded

entire solutions to the semilinear elliptic system

{Au = pi(|z])f (u,0),x € RV, (1.2)

Av = pa(|z])g(u), = € RV,

for N > 3, where the functions p1,p2, f and g satisfy the following conditions:

(H1) p1,p2 : [0,00) — [0,00) are spherically symmetric continuous functions, that is, for r = |z|, we have

pi(|z]) = p1(r) and pa(|z]) = pa(r);

(H2) f:[0,00) x [0,00) — [0,00) and g : [0,00) — [0,00) are continuous increasing functions with g(s) > 0

whenever s > 0; and

(H3) for fixed parameters a,b € (0,00), there exist continuous functions h : [0,00) x [0,00) — [0,00) and

© :]0,00) = [0,00) such that h is nondecreasing and there exists C € (0,00) such that
f(tl,tQ.SQ) S Ch(tl,tg).gO(SQ), Vtg Z M.g(a), S92 Z 1,
where M =b/g(a) if b > g(a) or M =1 if b < g(a).

Many authors have studied positive entire solutions for equations of the form (1.2) with various nonlin-

earities. One may see the works in [5-10, 12-14] and the references cited therein.

Equations of the form

{div«m(wunw) + ax((al)er((Vu) Vu = b (fal) fr ()2 € BY, (13)

div(p2(|Vu) Vo) + ax(|z)e2(| Vo)) Vv = ba(Jz]) f2(u, v),z € RN, N >3,

has been studied by Zhou [16]. The conditions assumed by Zhou [16] are a;,b; : RN — [0,00) are continuous,
fi :10,00) x [0,00) — [0,00),7 = 1,2 are continuous and increasing. In another work, Zhang [15] studied the

existence of a positive radial solution to the quasilinear elliptic system

(1.4)

div(e:1 (|Vu)Vu) = a(|z]) f(v),r € RV,
div(p2(|Vo]) Vo) = b(|z|)g(u),r € RN, N >3,
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where a,b: RY — [0,00) are continuous, f,g:[0,00) — [0,00) are continuous and increasing. The case where
the function ¢;(t), « = 1,2 in (1.3) and (1.4) satisfies the inequality

(tpi(t)) >0 for allt>0andi=1,2. (1.5)

has been analysed respectively by the authors [16] and [15].
In a recent paper, Hai and Shivaji [4] obtained sufficient conditions for the existence of a positive radial
solution for the combined semilinear system of elliptic equations
7d1V(1/11(VU)) = )qfl(u), a < |’I" <b (1 6)
—div(¥2(Vv)) = A2 f2(v), a < |z| < b,

in the annular region v =v = 0, |z| € {a, b}, where a > 0, \ is a small positive parameter, f; : (0,00) — R is

continuous, and the functions ;(s) satisfy the condition

(H4) ;(s) i = 1,2 are odd, increasing homeomorphisms on R and for each ¢ > 0, there exists a constant

A. >0 with A. — 00 as ¢ — oo such that

Vit (cz) > Ay M (2) for 2 >0 and i = 1,2.

The motivation of this work has arisen from (1.6) and the condition (H4). Unlike the use of (1.5) in

(1.3) and (1.4), in this paper, we shall use a condition similar to (H4) [see condition (L4) given above].

The main result of this paper is Theorem 2.1. The conditions used in our theorem is simple and easy
to verify. The conditions we require in our result is the integrability of the coefficient functions and the use
of iteration process on the sequence of solutions. We have used the homeomorphism property of the function
vi(s),i = 1,2, which has not been used by any of the authors while dealing with the positive radial solutions
of systems of the type (1.1). Our Corollary 2.2 provide simple intrgrable conditions to obtain results on the
asymptotic behaviour of solutions. In the process, we provide an example (see Example 2.3), where Theorem

2.1 and Corollary 2.2 are applicable.

We note that solution (u,v) of the system (1.1) is an entire large solution if it is a classical solution of
(1.1) and satisfies the property
lim wu(r) =00 and lm wv(r)=oco. (1.7)
|r|—o00 |r|—o00
If the property (1.7) holds for a positive solution (u,v) of (1.1), then we say that (u,v) is an entire large positive
solution of the system (1.1).

Remark 1.1 Assumptions of the form (L4) can be found in [4]. We note that (L4) is implied by (H4).

The present work is split into three sections. Section 1 is introduction. Section 2 presents the notations

and the statements pertaining to our results. Finally, Section 3 presents the proof of our main theorem.
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2. Statement of the main results and examples

We shall use the following notations throughout the paper.

T t
Flrz/ ot (tl—N/ ON=1P(6) d&) dt
0 0
s t
Py, = / 05" (tl—N / eN—lpz(e)de) dt
0 0
r s t
Bh:/‘a@p(1+/U5¢GPN/eNﬂgwm@des
0 0 0

BQT- = PQ(S) ds
0

Q(r) = [ Bipdf, Q(oc) = lim Q(r);

0 r—00

" do .
H(r)= /a+b G 0) 1 2 (G 0) forr>a+b, and H(o0) = Tlggo H(r).

Our main results of this paper are as follows:

Theorem 2.1 Assume (L1) — (L4) and H(oco) = co. Then the system (1.1) has a positive radial solution
(u,v) € C2([0,00)) x C*([0,00)).

Corollary 2.2 The solution (u,v), obtained in Theorem 2.1, satisfies the following properties:

@ If

P(x0) < 00, Q(00) < o0, (2.1)
and
| e (@ (7 (@6 + Qo)) Basds < o, 22)
0
then rlggo u(r) < oo and Tl;rgo v(r) < oco.
1) If
/OO <p1_1 <t1N /t 5N71P1(5)f (a,b+ g(a,b)Fas) d5> dt = oo, (2.3)
0 0
and either
/OO 51 (TI_N /T sNTIPy(s) ds) dr = o0 (2.4)
0 0
or
/00 tpz_l <’I“1N /T sNT1Py(s)g (a + f(a,b)F15,b+ g(a, b)F23> ds) dr = oo (2.5)
0 0

are satisfied, then lim u(r) = co and lim v(r) = oo.
T—00 T—00
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(III) Let P(co) < oo holds. Further, assume that either (2.4) or (2.5) holds. Then lim u(r) < oo and
r—

oo

Thﬁrglo v(r) = oco.

(IV) If both (2.2) and (2.3) holds, then lim u(r) = oo and lim v(r) < co.
r—00

r—00

Below, we give an example of the existence of entire large positive solution for (1.1). Since the existence

of an entire large positive solution of the system
< 00 (2.6)

satisfying the property (1.7), is also an entire large positive solution for (1.1), we shall concentrate on the system

(2.6).
Example 2.3 Consider the system of equations

(TN_l(u/)3)/ — TN_l 1 1/2u1/2v1/2, 0<r<oo

2/3 9510/9
3r [IJF 10(3N—2)1/3

2.
13r%/3uv,0§7“<oo (2.7)

N—
1, u'(0) = 0, v/(0) = 0.
1

9510/9 1/2
10(3N—2)1/3

Here a=1,b=1, f(u,v) = ul/2p1/2 g(u,v) = uv, ©1(r) = pao(r) =13, Pi(r) =
3T2/3[1+

and Pa(r) = 37~+/3 For the above choice of f,g, P1 and Pa, we observe that (L1) and (L2) are satisfied.
Now, for a =b =1, we have M = mazx {17 ﬁ} = 1. Since g(t1,t2) = tita < (t1 +t2)?. Hence, assuming

Ci1 =1 and Gi(r) =r?, we have
g(t1,t2) < C1G1(t1 + ta).

Now,
f (t1, MC’lsGl(tl + tg)) = t}/281/2(t1 + tQ) < 81/2(t1 + t2)3/2

implies that we can set Cy = 1,p(s) = s'/2 and Ga(r) = r3/%. This shows that (L3) is satisfied. Also, we have

" do r/3 _ op=2/3
H(T):/Q 92/3+91/2= 11 —1/6 — 00 as T — O0.

Now Ba, =7/ =0 as r — 0 and for any r > 0,
—1 _ 138 _,1/3,1/3 _ g —1
py (rz) = (rz)/* =r/"2"" = Barpy (2)
proves that (L4) is satisfied for i = 2. Now, we shall verify (L4) for i =1. Clearly,

o1+ Fy) =0 (1 + /0 o5t (th /Ot eNlpg(e)(w) dt)

9510/9 1/2
14—
10(3N — 2)1/3
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yields By, = r/3, which tends to zero as t — 0. Thus, (L4) is satisfied for i = 1. Hence, by Theorem 2.1,

(2.7) has a positive radial solution (u,v).

The following calculations show that this positive radial solution (u,v) is an entire positive radial solution.
Indeed, the condition (2.4) follows from

i a-nN ! N—1 9510/
Fyy = St 0T P (0)do ) dt = ———————,
s Lot (0 [0 o) at= i

and the condition (2.3) follows from

n N t N1 35/3n10/9
S -lp b b)Fos | ds ) dt = — "
/0 ®1 < /0 S 1(S)f(a, + g<aa ) 2 ) 8) 10(N — 2/3)1/3

Hence, by the condition (II) of Corollary 2.2, the solution (u,v) is an entire positive radial solution.

3. Proof of the main results
Proof of Theorem 2.1: Clearly, a positive radial solution of the system of ODE (2.6) is also a positive radial

solution of (1.1). Let us define the sequences {uy}n>0 and {v,}n>0 on [0,00), iteratively, by

u(0) =ug = a, v(0) =vy =b,
up(r) =a+ for o1t (tlfN fot sN=IP(8) f (un—1(8),vn_1(5)) ds) dt, r >0, (3.1)
vp(r) = b+ for o5t (tl’N fg sNTIPy(8)g (un(s), vn_1(8)) ds) dt, r > 0.

First, we prove that the sequences {u,}n>0 and {v,}n>0 are nondecreasing on [0,00). For this, we

consider

u(r) =a+ /07' o7t (tl_N /t sNTLP(8) f (uo(s),v0(s)) ds) dt

0

=a+ /T o7t (tl_N /t sN1P(s) f(a, b)ds) dt.
0

0

Since uy(r) > a and v1(r) > b for n =1, then

ur(r) <a+ /07" gofl (tl_N /Ot sN_lPl(s)f(ul(s)ml(s)) ds) dt
= ugy(r)

implies that
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= va(1).
Similarly,
ua(r) =a+/0 (pfl (tl_N/o sNTUP(s) f (uy(s), v1( ))ds) dt
<ot [Lort (A [ RS o) oa(s) s ) a
= uz(r)
implies

= v3(r).
Hence, by induction, the sequences {uy}n>0 and {v,}n>0 are nondecreasing on [0, 00).

Now we prove that the nondecreasing sequences {un}n>o and {v,}n>0 are bounded above on any

bounded interval. By the monotonicity of {u,}n>0 , {Un}n>0, f,9, o7t and @y, we have

(M o1 (up () = VTP £ (un—1(7), -1 (7))

< VTP f(un(r), va (7)) (3-2)

and

<N P (r) g (un (1), vn (7). (3:3)

(
= o7t (rl—N /OTSN—lpl(s ( ,b+/0 0y (tl N/ GN_lPQ(O)g(un(G),vn1(9))d9> dt) ds)
< ort (7«1—” /OTSN—lpl(s ( ,b+/0 05 (tl N/ ON 1Py (0) (9),vn(9))d9> dt) ds)
(rl—N /OTSN—lpl(s ( ,b+/0 o5 <t1 N un(t),vn(t))/o eN—lpg(e)de) dt) ds)
(
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P [P (w5 Mo (5.0 (30) (1 Fa) s )

( —
<ort (7 [ (610 () 0o (s + ) )

(

(

)
)

Since Go is nondecreasing and 71~V < 1=V for 0 < s < r, using (L4) we have

< Cop7t (rl_NGg (un(r) + vn(r))/ sNTIP (8) o (14 Fas) d
0

U (1) < Capr* (Ga(un(r) + v (r)) = /O sV TP (s) (1 + Fos) ds

< Cx [y " (Gr(un(r) +va(r)) + 91" (Ga(un(r) +va(r)))] Bir

Integrating (3.3) from 0 to 7, we get
'U;(T) < 3051 <rl_N/ SN_IPQ(S)Q (un(s),vn(s)) dS)
0
<oyt (rl_N/ sNTLOL Py (5) Gy (un(s) + vn(s))d5>
0

Since '~V < s'=N for 0 < s < r, then by (L4), the above inequality gives

vl (r) < Crog t (G (un (1) 4+ va(r))) ri =N /OT sNTIPy(s)ds
< C1 (03 (Gr(un(r) +vn(r)) + o1t (Ga(un(r) + va(r)))] Bar.
Hence from (3.4) and (3.6), we have

up (1) + v, (r)

ClB2r CZBlr
92 (G1(un(r) +vn(r))) + @1 (G2 (un(r) + va(r))) = i

Integrating (3.7) from 0 to 7, we get

Un, (7)Fvn (1) a0 . i
<
/a+b 03 (G1(0)) + o1 1(G2(0) ~ (r) + C2Q(r),

that is,
H(up(r) +v,(r)) < C1P(r) + C2Q(r).

Since H is a bijection map with H~! increasing, it follows that
un(r) +va(r) < H-HCLP(r) + C2Q(r)).
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Then from (3.5), we have
W) < Criga” (G2 (H (C1P(r) + C2Q(1))) Bar. (39)
Integrating (3.9) from 0 to r, we have
,
0l <+ Cy [ (GUHHCP(E) + CQ() Bauds, (3.10)
0
Now, from (3.1), we have
(1) > b+ g(a,b)Far > g(a, b) Fa,. (3.11)
Consequently, from (3.8) and (3.11), we have
un(r) < H-YCLP(r) + C2Q(r)) — g(a, b) Fa,. (3.12)
Hence, from (3.10) and (3.12), we see that the upper bounds on {u,(r)}n>0 and {v,(r)}n>0 depends on 7.

Now, we claim that the sequences {uy}n>0 and {v,}n>0 are bounded and equicontinuous on [0, Cy] for

arbitrary Cy > 0. Indeed, from (3.1), we have

i) = o1 (PN [ S UPL(8)F (e (), v () ds (3.13)
(" )

0

> fa,b)gr? (N I SN_1P1(s)ds> >0

0

and

o (r) =¢3" (rl_N /Or sN TPy (8)g (un(s), vn-1(5)) dS)

> g(a,b)py (rl_N/ SN_IPQ(S)dS) >0,
0

which gives
Un(r) < up(Co) < C3 and vy, (r) < v, (Co) < Cu, (3.14)

where,

Co t
Cs = H™' (C1P(Cy) 4+ C2Q(Cy)) —g(a,b)/o 5t (th/O sNT1Py(s) ds) dt

and
Co
Cy = b+01/ (p2_1 (Gl (Hil(Clp(’l") +OQQ(T'))))B2T dr
0
are positive constants. Hence {uy}n>0 and {v,}n>0 are bounded on [0, Cy] for arbitrary Cy > 0.

Next, we show that u),(r) and v, (r) are bounded on [0,Cp]. Indeed using (3.14), we obtain from (3.13)
that

W (r) < F(Cs, Ca)pr ! (HN / ' 3N1P1(3)ds)

0
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< J(Co C) [Py i (rl-NrN-l / ds)
0

< f(Cs, Co)|| Prllss 7 (r).
Hence, for r € [0, Cy], we have
(1) < f(C3, Ca) [ Pllocp7  (Co) - (3.15)
Similarly, using (3.14) from (3.3) we have that

o Gl R ACTICNE NI

< g(Cg,C’4)<p2_1 (rl_NTN_l/ Pg(s)ds)
0

< (03, Co)|[ Pollooip3 (1)
Hence, for r € [0, Cy], we have
(1) < 9(C3,Ca) | Pallos-p3 " (Co) - (3.16)

Finally, we prove that {uy}n>0 and {v, }»>0 are equicontinuous functions on [0, Cy] for arbitrary Cy > 0.
Let €1 > 0,65 > 0 are arbitrary constants. Applying mean value theorem on u,, v, and using (3.15),(3.16) we
obtain that

|t () = un ()] < Jug, (§1)]|z — vl
< f(Cs,Ca)[|Pr o7 ' (Co)l — o

and
vn (@) = v ()] < v, (&)l — vl
< 9(C3, Ca) | Palloo-03  (Co) |z — y]-
The above inequality holds for all n € N and for z,y € [0,Cp]. Now setting

€1 €2

— and 52 = — )
F(Cs,Ca) || Prlloctpy M (Co) 9(Cs3,Cy)|| P2l 93 ' (Co)

01 =

we see that {u,}n>0 and {v,}n>0 are equicontinuous family of functions on [0, Cp]. Since, both {u,}n>¢ and
{vn}n>0 are bounded and equicontinuous for arbitrary Cy > 0, by Arzela-Ascoli theorem, {u,} and {v,} have
subsequences converging uniformly to u and v respectively on [0, Cp]. By the arbitrariness of Cy, we see that
u and v are positive entire solutions of (2.6), and thus (u,v) is a radially symmetric positive solution of the
system (1.1) with u(0) = a and v(0) =b. The u(r) and v(r) are given by

0

u(r) =a+ /OT o7t (th /t 3N1P1(s)f(u(s),v(s))ds> dt,r>0
and

o(r) = b+ / s (th / t sN1P2<s)g<u<s>,v(s>>ds) dt, > 0.

0

This completes the proof of the theorem.
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