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Abstract: In this article, we describe the concepts such as sequentially soft closeness, sequential compactness, totally
boundedness and sequentially continuity in any soft cone metric space and prove their some properties. Also, we examine
soft closed set, soft closure, compactness and continuity in an elementary soft topological cone metric space. Unlike
classical cone metric space, sequential compactness and compactness are not the same here. Because the compactness is
an elementary soft topological property and cannot be defined for every soft cone metric space. However, in the restricted
soft cone metric spaces, they are the same. Additionally, we prove some fixed point theorems related to diametrically

contractive mapping in a complete soft cone metric space.
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1. Introduction

Molodtsov [32] introduced the soft set theory in 1999. He applied this theory to solve problems in medical
science, economics, social science, etc. Over time, many researchers have become interested in soft set and their
applications. Maji et al. [28, 29] examined the soft set theory at great length and also applied soft sets to
decision making problems. After these studies, important works were done in this direction [13, 27, 38, 45].
Some researchers [6, 40] have established the topologies on soft sets and have viewed topological properties of
soft sets. Samanta and Das gave the concepts of soft element, soft real numbers [17] and soft complex numbers
[18] on soft sets. Samanta et al. [16, 19, 30] studied mathematical structures such as soft vector, soft norm,
soft metric etc. Das and Samanta [20] introduced the soft metric concept via the notation of soft element and
proved Banach fixed point theorem. Tagkoprii and Altintag [42] established a new topological structure on soft
sets using elementary operations. Nowadays, many researches make interesting studies by applying the soft set
theory to almost every area. For some of those, see [23, 33-37].

Other than this, Huang and Zhang [24] presented the theory of cone metric space with the normal cone as
a generalisation of metric spaces. Then, Hamlbarani and Rezapour [39] proved the consequences of [24] without
having to take into account the normality of cone. In recent years, a lot of researchers viewed the fixed point
theory in the generalisations of the metric space ([1, 2, 5, 7-12, 14, 15, 21, 22, 25, 26, 31, 43, 44] and others).
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Abbas et al. [3] proved several important fixed point theorems in soft metric spaces via the soft point. Simgek
et al. [41] introduced soft cone metric structure using the soft element notation that are different from the soft
points and proved several fixed point theorems and Altintag et al. [4] studied the elementary soft topology of
soft cone metric spaces.

Here, we examine sequential compactness and compactness of soft cone metric spaces. We are interested
in fixed point theory for diametrically contractive mapping in a complete soft cone metric space. Altintag et
al. [4] showed that all soft cone metric spaces are not an elementary soft topological spaces. However, with
some restriction [see (D4)], a soft cone metric space becomes an elementary soft topological space. Thus, the
sequential compactness that can be defined in the soft cone metric space and compactness that can be defined
only in elementary soft topological cone metric space. Remember that these two concepts are not the same in
any classical cone metric spaces. Here, we work the concepts such as soft closeness, soft closure, sequentially soft
closeness, soft net, sequential compactness, totally boundedness, soft compactness, first countability, continuity

and diametrically contractive mapping and asymptotically diametrically contractive mapping.

2. Preliminary information

Definition 2.1 [32] Assume that P is a parameters set, U is a universal set and P(U) is the power set of U .
We call a pair (G, P) a soft set on U if G : P — P(U) is a mapping. That is, a soft set on U is a parametrized
class of subsets of U. We can regard a soft set as the a— approximate elements set of (G, P) for each o € P.

We call a function € : P — U a soft element of U. If for each a € P, g(a) € G(a), € belongs to (G, P).
If G(a) is a singleton set for each o € P, then the soft set (G, P) itself can be taken as a soft element. The
soft elements are denoted T, §, Z, etc. and the class of soft elements of (G, P) by SE(G, P). For details, see

[20].

Definition 2.2 [20] Assume that P is a parameters set and B(R) is the class of nonempty all bounded subsets
of real numbers set R. We call a mapping G : P — B(R) a soft real set and denote by (G,P). If G(a) is
a singleton set for each o € P, then (G, P) is a soft real number. Soft real numbers are denoted 5, t, ete.
Specially, for each o € P, a soft real number satisfying §(a)) = s, is denoted by 5. We denote all the soft real

numbers class and nonnegative soft real numbers class with R(P) and R(P)*, respectively.

Definition 2.3 Assume that (G, P) and (H, P) are soft sets on U. We call (G, P) a null soft set if G(a) =0
and call (G, P) an absolute soft set if G(o) = U for each o € P, denote them by ® and U, respectively.

We call (G, P) a soft subset of (H,P) if G(a) C H(a) for each a € P and denote by (G, P)C(H, P).
Then, we call (H, P) a soft upper set of (G, P) and denote by (H,P)D(G,P). (G,P) = (H,P) if and only if
(G,P)C(H,P) and (H,P)>(G,P).

The union (F,P) of (G,P) and (H,P), denoted by (F,P) = (G,P)J(H,P), is defined as F(a) =
G(a) U H(«). The intersection (F,P) of (G,P) and (H,P), denoted by (F,P) = (G, P)N\(H, P), is defined
as F(a) = G(a) N H(a). The difference (F,P) of (G,P) and (H,P), denoted by (F,P) = (G,P)K(H, P,
is defined as F(a) = G(a)\H(«). The complement (G,P)¢ = (G, P) of (G,P) is defined as a mapping
G¢: P — P(U) given by G°(o) = U\G(«t), Vaa € P.

The elementary union (F,P) = (G,P)U (H,P) and elementary intersection (F,P) = (G,P)m (H,P)

of (G,P),(H,P) € S(U) are defined by (F,P) = SS(SE(G,P)USE(H,P)) and (F,P) = SS(SE(G,P)n
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SE(H,P)), respectively. (For details, see [16, 20, 28, }2]).

Throughout the work, ® and the soft sets (G, P) on U such that G(a) # 0 for every o € P will be
considered. The class of those soft sets denoted by S(U).

3. Soft cone metric space

In this section, we briefly introduce soft cone metric space and prove new results for later sections.

Definition 3.1 [{1] Assume that (U,||.||, P) is a soft real Banach space. A soft set (C,P) € S(U) that meets

the following conditions is called a soft cone:
1. (C,P)#£®, (C,P)#SS({O}) and (C,P) is closed,
2. If #,5€(C, P) and a,beER(P)*, az + bje(C, P),
3. If z€(C,P) and —3€(C,P), £ =0.

For a soft cone (C,P) € S(U), a soft partial ordering < according to (C,P) is defined by =i <
g — T€ (C,P). Then, we say ©=y if §— € (C, P)° = SS(int (C, P)).

We call a soft cone (C, P) in soft real Banach space U normal if for each & ,§€U , ©=3=§ = ||Z|| <t |7/,
where 1>0 is a soft real number (we say T the soft constant element of (C, P) ); minihedral if for each &,j€U,

sub(Z,7) exists; strongly minihedral if there is a supremum of each above bounded soft set on U ; solid if (C, P)°

is mot null soft set; reqular if each increasing sequence of soft elements of U converges to a soft element in U .

Example 3.2 [/1] Suppose that P is a finite parameters set and R(P) (recall that R(P) = SE(R) ) is the soft

real numbers class. So, R™ is a soft Banach space. Thus, the soft cone
(C,P) =SS {(7’17 ) €ERY(P) : fléﬁ}
is normal, solid, minihedral and strongly minihedral.

Definition 3.3 [/1] Assume that P is a parameters set and X is a universal set. We call a mapping
d:SE(X)x SE(X) — SE(U) that meets the following conditions, a soft cone metric on X and call (X,d, P)

a soft cone metric space. For each %,7,% € SE(X),
D1. ©<d(z,9) and © =d(z,y) & T=7,
D2. d(z,9) = d(y, %),
D3. d(z,§)=d(&,2) + d(Z,7).
Example 3.4 Suppose that P is a finite parameters set, (C,P) =SS {(i’,zj) ER? i,gjé(_)} and d : R(P) x

R(P) — R2(P) is a mapping defined as d(z,7) = (|2 — §|,t|Z — §|) for a soft constant t>0 and Z,7j € R(P).

Then (R d, P) is a soft cone metric space.
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Theorem 3.5 [/1] Fach parametrized class of cone metrics {d, : o € P} on X gives a soft cone metric on

X.
As a result of this theorem, we say that each cone metric on X may be expanded to a soft cone metric
on X.

Definition 3.6 We call d defined by a cone metric d* a soft cone metric produced by d* .

Remark 3.7 The opposite of Theorem 3.5 is not provided in general. Hence, a soft cone metric is more

exhaustive than a parametrized class of cone metrics (see [42]).

Theorem 3.8 [/1] Suppose that d is a soft cone metric that meets following condition (D4) on soft set X. If
for o € P and #,5€X, dy : X x X — U is given as d(&,7)(a) = dy (2(0), §()), do is a cone metric.

Dy. {d(z,9)(@) : Z(a) = a,y(a) = b} is a singleton set if & € P and (a,b) € X x X.

Theorem 3.9 Assume that ()N(,d7 P) is a soft cone metric space, (C,P) € S(U) is a soft set and (C, P)° =
SS(int(C, P)). There is a soft real number 6>0 satisfying é—z€ (C, P)° for each ©=<&€U in (X, d, P) , where

Proof Since ©X¢, & € int (C, P). Hence, there is a >0 satisfying {xe Sz — ¢l ig} in int (C, P). When

U
||| <8, ||(6—Z) —é|| = ||&]| <b. So, é— & € int (C, P). Thus é— &€ (C, P)°. O
Theorem 3.10 There is ©O<CU satisfying é<é and ¢<éy for O=éy, &EU in (X,d, P).

Proof Since ©Xé, from Theorem 3.9 there is any 0>0 satisfying ||Z|| <0. Hence, £=<é. If ng € N is selected

”g”. Let ¢ = & Then | =

¢l

. Z6. From here, we get ¢<é. Obviously, ¢<¢ and ©Xé.
O

with < =1

1 &1
no no

4. Topology of soft cone metric space

Definition 4.1 [/] Assume that (X, d, P) is a soft cone metric space FEX and ©=<EU. We call the class of

soft elements
B(#,6) = {zeX L d(%,7) *5} c SE(X).

and (Bz, P) =SS (B(Z,¢)) an open ball and a soft open ball, respectively.

Similarly, we call the class of soft elements
Bl#,d = {zéf( : d(z,:f:)gé} c SE(X).

and [Bz P] = SS(B(%,¢)) a closed ball and a soft closed ball, respectively. From this definition, ¢ —
d(z,2)€(G, P)° for each z € B(Z,¢) and é — d(&,2)E(G, P) for each Z€(Bg, P).
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Definition 4.2 Assume that (X,d, P) is a soft cone metric space, ¥ C SE(X) is a class of soft elements. We
call Z € Y an interior element of Y if there is O<EEU satisfying & € B(,&) C Y.

Definition 4.3 Assume that (G, P) € S(X) is a soft subset in (X, d, P). We call (G, P) an interior element
of (G, P) if there is ©<EEU satisfying & € B(&,¢) C SE(G, P).

The interior int(G,P) of (G, P) is defined as the class containing of all interior elements of (G, P).
(G, P)° =SS (int(G, P)) is called the soft interior.

Theorem 4.4 Suppose that (G, P),(H,P) € S(X') is soft subsets in (X’,al7 P). The following properties are
provided.

1. (G, P)°E(G, P),

2. (G, P)C(H,P) implies int(G, P) C int(H, P),
3. int(G, P) Nint(H, P) C int (G, P) m (H, P)),
J. int(G, P) Uint(H, P) C int (G, P) U (H, P)).

Proof Only the property 3 will be proved.

Let # € int(G, P) Nint(H, P). Then, & € int(G, P) and & € int(H, P). Hence, there are ©<é,&eU
satisfying & € B(Z,¢1) C SE(G, P) and & € B(Z,¢2) C SE(H, P). Put ¢(a) = min{¢ («a),é2(a)} for each « €
P. Then, ©X¢EU and & € B(#,¢) C SE(G, P) and & € B(#,¢) C SE(H, P) implies # € int((G, P)m (H, P)).
Thus, int(G, P) Nint(H, P) C int((G, P)m (H, P)). O

Definition 4.5 We call T C SE(X) an open class in (X,d, P) if each element of Y is interior element of
itself.

Suppose that (G,P) € S(X). We call (G,P) a soft open set in (X,d, P) if there is an open class T of
soft elements of (G, P) and (G,P) = SS(Y).

Example 4.6 In (X,d, P), an open ball B(%,¢) is an open set so, (B, P) is soft open set.

Theorem 4.7 [{] The followings are provided in (X,d, P),

1. X and ® are soft open.
2. Arbitrary elementary union of soft open sets is soft open.

The finite elementary intersection of soft open sets can not be soft open [20]. However, we have the

following propositions, if d meets the condition (D4).

Proposition 4.8 [4] In (X,d, P) that meets the condition (D4), (Bs, P)(a) = B(&(a),&(a)) is an open ball
n (X,dy) forall a € P, ©X&€U and open ball B(i,¢).
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Proposition 4.9 [}/ In (X,d, P) that meets the condition (D4), (G,P) € S(X) is soft open set if and only
if (G, P)(a) is open in (X,dy) for each o€ P.

Theorem 4.10 /4] In (X,d, P) that meets the condition (D4), the finite elementary intersection of soft open

sets is soft open.

Remark 4.11 The arbitrary elementary intersection of soft open sets can not be soft open. For example, see
Ezample 3.J. Consider the soft sets (G, P), with (G,P),(a) = (0,L) for each o € P and n € N. Then

(G, P) = Mpen(G, P), = {0}. Since there is not a soft element O=<EU satisfying 0 € B(0,¢) ¢ SE({0}),
(G, P) is not soft open.

Definition 4.12 [/2] Assume that X is an absolute soft set. We call a soft sets class 7 C S(X) an elementary
soft topology on X and call the triple (X',ﬂ P) an elementary soft topological space if the following axioms

are satisfied.
i. X,®er,
. {(Us, P)}iep C 7 implies Wier(Us, P) € 7,

ii. {(U;,P)};_, C 7 implies P (U;, P) € .

Theorem 4.13 Any soft cone metric space that meets the condition (D4) is an elementary soft topological
space.

Proof Assume that 7; C S(X) is the class of entire soft open sets in (X,d, P) that meets the condition

(D4). From Theorems 4.7 and 4.10, 7z is a soft topology on X in accordance with elementary intersection and

elementary union of soft sets. O

Definition 4.14 We call the topology Tz the elementary soft metric topology on X and call (Xﬂ'g,P) the

elementary soft metric topological space.
Definition 4.15 We call (G, P) € S(X) a soft closed set in (X,d, P) if (G,P)° € S(X) and (G, P)® € 75.

Example 4.16 We consider Ezample 3.4. Let (G,P) = {Z}. Then (G,P)° € S(X) and (G,P)® is
open in (X,d, P), where (G,P)°(a) = (—0c0,#) U (&,00). Because for all §€(G,P)C, there is a soft ele-
ment ©=EEU satisfying § € B(y,¢é) C SE((G,P)°). So § € int ((G,P)°) implies §& ((G,P)°)°. Hence
(G,P)°C ((G,P)°)°. But ((G,P)°)" C(G, P)° from Theorem J.4. Thus (G,P)¢ = ((G,P)°)’ i.e. (G,P)°
is open. (G, P)¢ = (G,P)° since (G,P)* # ®, so (G,P)C is soft open. Thus (G, P) is soft closed.

Theorem 4.17 The followings are provided in (X,d, P).
1. X and ® are soft closed.
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2. Arbitrary elementary intersection of soft closed sets is soft closed.
Proof

1. X is soft closed, since X© = @ is soft open and X¢ € §(X). Similarly ® is soft closed.

2. If for i € I, (G;, P) € S(X) are soft closed, (G;, P)¢ € S(X) and (G, P)C is soft open. We must show
that (G, P) = Mier(Gy, P) is soft closed. For I = @&, we get (G, P) = Mier(Gi, P) = X, which is soft
closed. For I # @ and each i € I, (G;,P) = ® then (G, P) = Miesr(G;, P) = ® is soft closed. Lastly,
I# @ and (G,P) # @, then (G, P) = Miecr(Gi, P) = Nier (G, P). Hence,

(G, P)° = (Pic1(Gi, P)C = Uicr(Gy, P)C = User(Gi, P)C

is soft open by Theorem 4.7 and is a nonnull member of S(X). Since (G, P)® = SS (SE(G,P)°) is soft
open, (G, P) is soft closed.

O

Theorem 4.18 In (X,d, P) that meets the condition (D4), the finite elementary union of soft closed sets is
soft closed.

Proof It is sufficient to prove the theorem for two closed sets. Since (X,d,P) that meets the condition
(D4) and (G, P),(H,P) € S(X) are two soft closed sets, then (G,P)°,(H,P)¢ € S(X) and (G,P)® and
(H, P)C are soft open sets. So (G, P)*m (H, P)¢ = ((G,P)u (H, P))C is soft open by Theorem 4.10 and hence
(G,P)U (H,P) is soft closed set in (X,d,P). O

Definition 4.19 Assume that (G, P) € S(X) is a soft set in (X,d,P), ©<EU and F€X. We call & a soft
closure element of (G, P) if B(Z,¢) N SE(G,P) # @ for any soft open ball B(%,¢) containing Z.

We call that T is not a soft closure element of (G, P) if there is a soft open ball B(Z,¢) containing &
with B(#,¢é) N SE(G,P) =@ and (B, P) @ (G, P) € S(X).

The class of all soft closure element of (G, P) is denoted by cl(G,P). (G,P)=S5S(cl(G,P)) is called
as to soft closure of (G, P).

Theorem 4.20 Suppose that (G, P),(H,P) € S(X) are soft sets in (X,d, P). Then the followings are valid.

1. (G,P)=m {(H, P) € S(X): (G,P)C(H,P), (H,P) is soft closed},

2. (G, P) is closed soft set iff (G, P) = (G, P),

o

3. =7 and :X,

e
T

G,P)C(G, P),

5. (G,P)=(G,P),
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6. (G,P)E(H,P) implies cl(G, P) C cl(H, P),

C

7. (G, P) 0 (H,P) +® implies (G, P) U (H,P) = (G,P)U (H, P),

8. (G,P)a(H,P) ¢ (G,P)n(H,P).

Proof Only the property 7 will be proved. Since (G, P)C(G,P)U (H, P) and (H,P)C(G,P)V (H,P),

(G, P)E(G,PYU(H,P) and (H,P)C(G,P)u(H,P).

Hence (G,P)WV (H,P)C(G,P)U (H,P).
On the other hand, since (G, P)C(G, P) and (H, P)C(H, P) from property 4, (G, P)U(H, P)C(G,P)u

(H,P). If (G,P) m (H,P) # ®, by Theorem 4.18 (G,P) VU (H,P) is closed soft set. By property 1,

(G,P)U(H,P)C(G,P)V (H,P) since (G,P)U (H, P) is the smallest soft set containing the (G, P)U (H, P).
O

5. Compactness of soft cone metric space

Definition 5.1 [41] Assume that {Z,} is a sequence of soft elements in (X,d,P) and Z€X .

1. We call {&,} convergent to & if there is a N € N satisfying d(&,,%)<é for any ©<EEU and all n > N,

and denote by T, — T as n — .

2. We call {Z,} a Cauchy sequence in X if there is a N € N satisfying d(iyn,Zm)=<é for any ©O<EEU and
all n,m >N .

3. We call (X,d, P) complete if any Cauchy sequence {Z,} converges a soft element in X .
Proposition 5.2 [/1] Assume that (C,P) is a normal soft cone with soft constant  in (X,d,P) and €X .

Then,

1. A sequence {Z,} of soft elements of X converges to & if and only if d(i,,Z) — © as n — co.

2. Let us consider two sequences {Z,} and {jn} of soft elements of X with &, — & and §, — § as n — 0.

Then d(Zpn,¥n) — (Z,9) as n — 0.

Definition 5.3 Assume that (X, d, P) is a soft cone metric space. We call a soft set (G, P) € S(X) sequentially

closed if any sequence of soft elements of (G, P) converges to a soft element in (G, P).

Proposition 5.4 In (X,d,P), the closed ball B[%,¢] and soft closed ball [Bz, P] are sequentially closed for
7€X and OXEEU .
Proof If {§,} is a sequence of soft elements in B [Z,¢] with ¢, — § as n — o0, d(fin, %) — © and d(§y, T)=<é

as n — oco. Hence
§ € B[%,8 < d(§,7)=¢ < ¢ —d(j,%)E(C, P).
(

But, we obtain d(g,, %) — d(g,Z) from Proposition 5.2. So, lim, o (¢ — d(Gn,Z)) = ¢ — d(g,%)E(C, P) since
(C, P) is soft closed. Thus B [Z,¢] is sequentially closed and so [Bz, P] is sequentially soft closed. O
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Definition 5.5 Assume that (X,d, P) is a soft cone metric space. We call a soft set (G, P) € S(X) bounded
above if there is O<EEU satisfying d(z,7)=¢é for all Z,§E(G, P) and we call it bounded if

We call (G, P) unbounded soft set if the supremum does not exist in U.

Theorem 5.6 Suppose that (C, P) is a strongly minihedral cone with soft constant t in (X,d,P). A soft set
(G, P) € S(X) is bounded if and only if
§(G, P)(a) = sup |[|da(@(a),g(e))]| < o0, Vo € P.
z,5€(G,P)

Proof If (G,P) € S(X) is a bounded soft set, there is ©<EEU satisfying d(Z,7)=¢ for every &,§&(G, P).
Then for every a € P

la@ gl <tlel = lld@, gl () < tlef (@),

= ||da(Z(a), (cx)

= [lda(@(a), §(a

So, 6(G, P)(@) = sup; ge g, p) [da(Z(a), ()| < 0.

Conversely, let us assume that for each o € P

8(G, P)(a) = S [da(E(a), g(@))]| = Mo < 0.

Let us get fixed some ko € U with 6 < ko. Then there exists k€U with ©=k such that for any o € P,
k(o) = ko. Hence, by Theorem 3.10, 6>0 can be found so that ||Z|| <6. Thus, 26U with <k. For each

z,9€(G, P) let ¢ = Qﬁjg’g;‘. Then ||¢]| = § < §. Hence 29&0 Zf and so k — %G(C P)°. Therefore

@D, 2AAED] 5D &(C, P, then EDIE — 4 (5,5)E(C, P ie. d(s§) <AElfzal] —

¢E(C, P)°, where M(a) = M,,Ya € P and so d(&,§)=<é. Thus, (G, P) is bounded, since (C,P) is strongly
minihedral. O

Definition 5.7 Assume that ()N(, d, P) is a soft cone metric space, O<¢€U and Y = {@1, Uy ..., Un } is a finite
class of soft elements of X and (U, P) = SS(Y) We call (U, P) a soft ¢ —net for a soft set (G, P) € S(X) if
each ZE(G, P) there is @;, €(U, P) such that d (Z,1u;,) <c.

Definition 5.8 Assume that (X,d, P) is a soft cone metric space and O<c€U . We call a soft set (G, P) €
S(X) totally bounded if (G, P)C U, (U;, P), where 6(Us, P)=<é

Theorem 5.9 Suppose that (G, P) € S(X) is a soft set in (X,d, P). Then (G, P) totally bounded if and only
if (G, P) has a soft &-net for each O=<EEU .
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Proof Let us assert that (G, P) totally bounded and ©<&EU . So, we can find (U;, P) satisfying (G, P)CU?_,
(U;, P), where §(U;, P)<¢. Let us create a class T by selecting a soft element 4; from each set (U;, P). Take
(U, P) = SS(Y). We prove that (U, P) is asoft ¢—net for (G, P). Let £€(G, P). Thereis 4;,, i, € {1,2,...,n},
such that Z€(U;,, P). We finalize that d(Z,1;,) <¢, since &,u;,€(U;,, P) and 6(U;, P)=c.

Conversely, give ©=<¢€U. Then we can find a finite class T = {@1, Uz, ..., upn} of soft elements of X

and a soft set (U,P) = SS(T) such that there is u,,€(U, P) with d(&,;, )=<¢ for each ZE(G,P). Let
(U;,, P) = (Bs, P) = 88 {yex L d (§, ) %&}. Clearly (G, P)C W, (U;, P) and §(U;, P)=e. 0

Definition 5.10 Assume that (X,d, P) is a soft cone metric space. We call a soft set (G,P) € S(X)
sequentially compact if there is a subsequence {Z,,} of any sequence {Z,} of soft element in (G, P) such

that {Z,,} converges to a soft element in (G, P).

Proposition 5.11 Any sequentially soft closed set (G, P) € S(X) in a sequentially compact soft cone metric
space (X,d, P) is sequentially compact.

Proof Assume that {Z,} is a sequence of soft elements of (G, P), it is also a sequence of soft elements of

X . Hence, it has a subsequence converging to a soft element of X since X is sequentially compact. Thus,
7€(G, P) since (G, P) is sequentially soft closed. O

Proposition 5.12 In (X,d, P), a soft set (G, P) € S(X) is totally bounded if (G, P) is sequentially compact.

Proof We suppose that ©<¢€U, so (G, P) has no soft é-net. If #,&(G, P) is a fixed soft element, there
is #2&(G, P) with & — d(%1,%2)¢(C, P)° and SS{&,72} has no soft é-net. Thus, there is #3&(G, P) with
¢ — d(&1,%3)¢(C, P)° and & — d(is, #3)¢(C, P)°. Continuing in this way, a sequence {Z,} of soft element is
obtained in (G, P) with &— d(Z,,%,)¢(C, P)° for each n,m € N, which {&,} has nonconvergent Cauchy
subsequence. This contrasts with the sequentially compactness of (G,P). Thus, (G, P) is not sequentially

compact. 0

Lemma 5.13 Suppose that (C,P) is a soft cone in U and {Z,}, {§n} are two sequences in U. If &, — &,

Un — § a8 M — 00 in (U,HH,P) and T,= §p for each n € N, then &= .

Proof If #,= 9, (Jn — &) E(C, P). So, (§n — &,) — (§ — &) and hence (§j — ) E(C, P) since (C, P) is soft
closed cone. Thus = 7. O

Proposition 5.14 If (G, P) € S(X) is a sequentially compact soft set in (X,d, P), there are &,,750E(G, P)
with 6(G, P) = sup {d(Z, §) : &, §€(G, P)} = d (Zo, Go) -

Proof For a fixed soft element ©XEEU and n € N we have §(G,P) — £X§(G, P). From definition of

supremum, we can find Z,,§,€(G, P) such that §(G,P) — £Xd(Z,,J,) 26(G, P) for each n € N. From
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sequential compactness, there are sequences {Z,} and {g,} with Z, — Z,, ¥» — o as n — co. By Lemma
5.13,

n— oo n n—00

lim (5(6‘, P) — é) < lim (d (%, 7)) 28(G, P).

Hence §(G, P)=<1imy, o0 (d (Zn,%n)) 26(G, P). So §(G, P) —lim,, 0 (d (Zn, %)) €E(C, P). Thus,

lim (d (&n, 7)) — 8(G, P)E(C, P)°.

n—oo

By the axiom 3 of Definition 3.1, §(G, P) = sup{d(Z,9) : &, y€(G, P)} = d (%0, Jo) - O

Definition 5.15 Assume that (X,TE,P) is an elementary soft metric topological space and
ZL={(V;,P):icl} Crs

is a class of soft set. We call £ a soft open cover for a soft set (G,P) e S(X) if (G,P)C Uicr (Vi, P).

Definition 5.16 Assume that (X, 7z, P) is an elementary soft metric topological space and (G, P) € S(X) is a
soft set. We call a soft element ©=<ccU a Lebesque soft element of a soft open cover £ ={(V;,P) :i € I} C 7
for (G, P) if for each (H,P) € S(G, P) with §(H, P)=<¢c there exists (V;,, P) € £ such that (H,P)C (V;,, P).

Definition 5.17 Assume that (X, 7z, P) is an elementary soft metric topological space and (G,P) € S(X) is
a soft set. We call (G, P) compact if there is a finite soft subcover of each soft open cover for (G, P).

Remark 5.18 The above terminology will be used to prove that sequentially compact soft sets on a soft cone
metric space that meets the condition (D4) are compact. Since all soft cone metric space is not an elementary
soft topological space, in general, a sequentially compact soft cone metric space can not be compact. Because,

with respect to Definitions 5.15-5.17, compactness depends to the elementary soft topology on the soft metric
space.

Theorem 5.19 Suppose that (G, P) € S(X) is a sequentially compact soft set in (X,d, P) that meets the

condition (D4) and 7z is the elementary soft metric topology on X. Then any soft open cover £ =
{(V;, P):i €I} C1z for (G,P) has a Lebesgue soft element.

Proof We assume that £ is a soft open cover for (G, P) such that it has no Lebesgue soft element. Then,
for each n € N and ©=é€U, we can obtain (H,,P) € S(G,P) with §(H,,P)<< such that (H,,P) ¢
S (V;,P), ¥Y(Vi, P) € Z. Let us choose a soft element h, from each (H,,P). Since (G, P) is sequentially
compact, the sequence {ﬁn} is in (G, P) and has a convergent subsequence {Bnk} with ﬁnk — T€(G, P).
But (G,P)C Uies (V;, P), so, there exists i, € I such that z€(V; ,P). Since (Vi ,P) is soft open, we
obtain ©<é €U satisfying & € B (&,¢) C SE(V;,, P) and hence #€[Bg,, P]C (Vi,, P). Since h,, — & and
and 25 <é1. Now, (H;, ,P)C(Bg,P)C(V;,,P)

¢,¢1€(C, P)°, we can obtain i, € N such that d (:Z‘, iLino) =

and this is a contradiction. That is, if € (Hi,,, P), d(2,@) 2d (% by, ) +d (hi, . 7) 235+ $35 +5 =@

O
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Theorem 5.20 Suppose that (X,d, P) is a soft cone metric space that meets the condition (D4) and 7 is the
elementary soft metric topology on X . Then any sequentially compact soft set (G,P) € S(f() is compact.

Proof We assume that .2 = {(V;, P) :i € I} C 7% is soft open cover for (G, P). Since (G, P) is sequentially
compact, for any soft set (H,P) € S(G, P) with 6(H, P)=<¢, there is ©<¢€U and there is i, € I such that
(H,P)C (V;,, P). Since (G, P) is totally bounded, then (G, P)C U}, (U;, P), where 6(U;, P)=<¢. Thus, we can
find (Vi,P),(Va, P),...,(Vu, P) € £ such that (U;, P)E (V;,, P). Namely, (G, P)E W™, (U;, P)E W™, (Vi, P)
and hence (G, P) is compact. O

Definition 5.21 [42] Assume that (f(, T, P) is an elementary soft topological space. We call Bz C T containing

any soft element ZEX a soft local base at & if there is (Bg, P) € Bs satisfying i€ (Bg, P) C (U, P) for every
soft open set (U, P) € T containing T.

Example 5.22 If (X', d, P) is a soft cone metric space that meet the condition (D4),
B; = {(BE,P) : :F:éf(,@%ééﬁ}
is a soft local base at TEX for the elementary soft topology 7z on X.

Theorem 5.23 Every soft cone metric space (X, d, P) that meets the condition (D4) is first countable.

Proof It is enough to prove that B; = {(Bé,P) :n €N, @%ééﬁ} is a soft local base at ZEX . Assume
that (U, P) € 7¢ is a soft open such that Z€ (U, P). Then we can obtain ©=<¢ €U satisfying & € B (&,¢,) C
SE (U, P). By Lemma 3.10, we have n, € N such that ni%él. Hence, T € B (i, ni) C B(#,¢1) C SE(U,P).

It implies that Z&(B_: , P)C (U, P). Thus B; is a soft local base at . That is, (X,d, P) is first countable. O
no

Proposition 5.24 Suppose that (G,P) € S(X) is a bounded soft set in (X,d,P) that meets the condition
(D4) and (C,P) is a strongly minihedral soft cone. Then 6(G,P) = 06(G, P).

Proof §(G, P)=4(G,P) since (C, P) is a strongly minihedral soft cone and (G, P)C(G, P). Conversely, give
#,97€(G, P). There exist &, jn€(G,P) with &, — &, §, — § since (X,d, P) is first countable. From the soft
closedness of (C, P) and by Lemma 5.13,

n—0o0

Since # and § are any two soft elements and (C, P) is strongly minihedral, we finalize that §(G, P)=6(G, P).
O

Definition 5.25 Assume that (X,d, P) is a soft cone metric space. We call a map L : SE(X) — SE(X)

sequentially continuous if each sequence {Z,} of soft elements in X when %, — & implies Lz, — L& .
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Definition 5.26 Assume that (X,d,P) is a soft cone metric space that meets the condition (D4). We
call @ map L : SE(X) — SE(X) continuous at Z€X if there is (U, P) € 7z containing & such that
L(SE(U,P)) ¢ SE(V,P) for each (V,P) € 75 containing Lz. We call L continuous on (X,d, P) if it

is continuous at every soft element of X .

Definition 5.27 Assume that (X,d, P) is a soft cone metric space. We call a map L : SE(X) — SE(X) a

soft function if it meets the following condition (L) .

Proposition 5.28 Suppose that (X,d,P) is a soft cone metric space that meets the condition (D4). Then,
L: SE(X) — SE(X) is a continuous mapping if and only if L is sequentially continuous.

Proof Let us suppose that ©=<éEU and {Z,} is a sequence of soft elements of X as @, — i€X. We
obtain ©=¢& EU satisfying L (B (Z,&)) C B(Li,¢) since L is continuous at #EX . Since {Z,} is convergent,
we obtain N € N satisfying d (Z,,#) <¢é; and hence d (LZ,,Z)<¢ for each n > N. The converse holds since
(X,d, P) is first countable. O

Corollary 5.29 Suppose that (X',d, P) is a soft cone metric space that meets the condition (D4). If L :
SE(X) — SE(X) is continuous (sequentially continuous), then for any (G,P) € S(X), L (SE (G,P)) C

L(SE(G,P)).
6. Fixed point theory
Definition 6.1 Assume that (X,d, P) is a soft cone metric space and L : SE(X) — SE(X) is a mapping.

1. We call a soft element ©,€X that satisfies the condition Lz, = %, a fized soft element of L.
2. We create a sequence {Z,} of soft elements satisfying the relation
%o = L#1, %1 = Lig, ..., #n_1 = Lin
for each i,€X . Then, we call {&,} created by iteration.
3. We call L a contractive mapping on X if there is a soft real number t satisfying d (L&, Lj) <td (Z,7) for
each &, §EX , where 0<t<1.

Theorem 6.2 [/1] Assume that (X,d, P) is a soft cone metric space. Then, a contractive mapping L on X

has a unique fized soft element in X and the sequence {Li,} converges to the fized soft element.

Definition 6.3 Assume that (X,d, P) is a complete soft cone metric space and L : SE(X) — SE(X) is a
mapping.
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1. We call the mapping L diametrically contractive if for all soft closed bounded set (G,P) € S(X),
5 ((G', P))<6(G, P) such that ©=<4§(G, P), where (G',P) = SS(L(SE(G,P))). Obviously, any dia-

metrically contractive mapping is contractive.

2. We call a soft set (G, P) € S(X) L—invariant if L (SE(G,P)) c SE(G,P).

Theorem 6.4 Suppose that ()N(, d, P) is a sequentially compact soft cone metric space that meets the condition
(D4) and (C, P) is a strongly minihedral soft cone. A mapping L : SE(X) — SE(X) has a fived soft element

if it is a diametrically contractive mapping.

Proof Let us take the class

F = { (G,P)e S (X ) : (G, P) is nonempty, sequentially compact and L — invariant } :

X € .Z implies .Z # @ since X is sequentially compact and L (SE(X )) C SE(X). .Z is partially ordered by

(G1, P),(Gy, P) € F, (G1,P)=(Ga, P) & (G, P)C(Ga, P). Thus, each chain ¢ in .# has the finite intersection
property. The sequential compactness implies compactness since (f( ,d, P) that meets the condition (D4). Then
(H,P)=n{(G,P): (G,P) e} +#® and (H, P) is sequentially compact. Also

L(SE(H,P)) = L((N{SE(G,P):(G,P)ec})
N{L(SE(G,P)): (G, P) €<}
N{SE(G,P): (G,P) €}
SE(H,P).

n N

Clearly, (H,P) is a lower bound of .#. % has a minimal set element (G, P) from Zorn’s lemma. Let
YT, = L(SE (G, P)). Since the continuous image of a compact set is compact and (G, P) is L—invariant, it
is seen that L(Y,) C L(SE(G,P)) =7, and so (G',P) = (G,,P) =SS (Y,) is compact, i.e. (G,, P) € F.
From minimality of (G, P), we get (G, P) = (G,, P) and (G, P) = (G', P). Therefore § (G, P) =6 ((G', P)).
Since the mapping L is diametrical contractive, we obtain ¢ (G, P) = ©. Namely SF (G, P) consists of exactly

one soft element Z. Since (G, P) is also L—invariant, LZ = Z. O

Definition 6.5 Assume that (X,d, P) is a complete soft cone metric space. We call a map L : SE(X) —
SE(X) asymptotically diametrically contractive if for all nonincreasing sequence {(Gn,P)} of soft closed
bounded sets of S(X) with ©=<6, ({(Gn, P)}), 6z ({(G), P)}) <6, ({(Gn, P)}), where

9z ({(Gn, P)}) = lim 6 ({(Gn, P)})

n—0o0

is called the asymptotic diameter for {(G,,P)}.

Clearly, any asymptotically diametrically contractive mapping is diametrically contractive. Nevertheless,

in sequentially compact soft cone metric space that meets the condition (D4), the converse holds.
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Theorem 6.6 Suppose that (X, d, P) is a sequentially compact soft cone metric space that meets the condition
(D4). Amap L : SE(X) — SE(X) is asymptotically diametrically contractive if it is a diametrically contractive
mapping.

Proof We assume that {(G,, P)} is a nonincreasing sequence of soft closed bounded set of S(X) satisfying

0=0, ({(Gn, P)}) = lim 0 ({(Gn, P)}).

n—00

It follows that each (G,,P) is compact from the compactness of (X,d,P). So, (G!,P) = SS(L(Y,)) is
also compact since L is continuous. From compactness of (G}, P) we can obtain &, §,€(Gp, P) satisfying
d (L&, Lg,) = 0((Gl,,P)) from Proposition 5.14. Since {(G,,P)} is nonincreasing and (Gp,P) is also
compact, we can suppose that z, — Z, ¥y, — ¥y, without losing generality. Thus, from Proposition 5.14

and from L is continuous, we obtain

O ({(G’IIL’P)}) = lim 5({(G’II’L7P)}) = lim d<L-i'n7Lgn) = d(Lf,ng) .

If £ =g then
o ({(G, P)}) = d (L, L) = ©=6, ({(Gn, P)}).-
If  # gy then
5 ({(C. P))) = d(LE,Lj) d (5,§) = lm d (. d)
X lim sup {d (3,9) £ 7, GE(Gn, P)}
= lim §({(Gn, P)}) = 6 ({(Gas P)}).

O

Theorem 6.7 Suppose that (X,d, P) is a complete soft cone metric space that meets the condition (D4) and
(C, P) is strongly minihedral. A map L : SE(X) — SE(X) has a unique fized soft element 2€X if it is an

asymptotically diametrically contractive mapping. Also, If L has a bounded orbit {L"Z,},", for some ioéX’,

then {L"Z},2, converges Z for each FEX.

Proof Since L contractive, boundedness for one orbit {L"Z,} of L gives boundedness of each orbit {L"Z}.
Take Y, = {L™Z:m >n} = {L”j':,L”'Hi:, } Note that Y, = L(Y,,—1),Vn > 1. Put (G,,P) =SS (Tn),
then (G, P) =SS (L(Th-1)) = (G,,_1,P). From Theorem 3.5 and Proposition 5.14 and continuity of L, we

have
. (

—

GuP)}) = 6 {(GuP)}) =6 ({(G1.P)})
- (@, P =0 ({@.P)}).

We calculate that 6, ({(Gn,P)}) = © by asymptotically diametrical contractivity of L. Hence, {L"Z} is
Cauchy and thus convergent. Take lim, o, {L"%} = Z. Since L (L"%) — Lz, L""'% — Z and Lz = z. We

obtain that the fixed soft element is unique from the contractivity of L. O
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