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Abstract: By applying Laplace differential operator to harmonic conjugate components of the analytic functions and
using Wirtinger derivatives, some identities and relations including Bernoulli and Euler polynomials and numbers are
obtained. Next, using the Legendre identity, trigonometric functions and the Dirichlet kernel, some formulas and relations
involving Bernoulli and Euler numbers, cosine-type Bernoulli and Euler polynomials, and sine-type Bernoulli and Euler
polynomials are driven. Then, by using the generating functions method and the well-known Euler identity, many new
identities, formulas, and combinatorial sums among the Fibonacci numbers and polynomials, the Lucas numbers and
polynomials, the Chebyshev polynomials, and Bernoulli and Euler type polynomials are given. Finally, some infinite

series representations for these special numbers and polynomials and their numerical examples are presented.
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1. Introduction

There are various kinds of useful applications for Laplace differential operator, Wirtinger derivatives, Legendre
identity, trigonometric functions and the Dirichlet kernel, such as in the theory of complex analysis, harmonic
analysis, differential equations, partial differential equations, mathematical physics and variety fields of engi-
neering. In this article, we use the Laplace differential operator to harmonic functions related to the generating
functions, which resulted new relations and formulas related to Bernoulli and Euler polynomials and numbers.
We then apply the Wirtinger derivatives to the Bernoulli and Euler polynomials. Also, by using generating
functions for special numbers and polynomials including the Fibonacci numbers, Bernoulli and Euler numbers
and polynomials, the Lucas numbers, the Chebyshev polynomials and other special polynomials such as the
cosine-Bernoulli polynomials, the cosine-Euler polynomials, the sine-Bernoulli polynomials and the sine-Euler
polynomials, many new formulas, relations and combinatorial sums are obtained. Lastly, we present remarks
and observations for inequalities of special numbers and polynomials.
Let us briefly give the following definitions and notations.

Let N=1{1,2,3,...} and Ny ={0,1,2,3,...}. Let R and C denote the set of real and complex numbers,
respectively. For 2,y €R,set z=x+iycC, z=2 —iy € C and 2 = —1.
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The Bernoulli polynomials B, (x) are defined by

te® . B, (x)tY
Hp(z,t) = 1= > I (1.1)
v=0

where [t| < 21 (¢f. [2-36] ; and references therein).
Substituting « = 0 into (1.1), Bernoulli numbers: B, = B, (0) are derived (¢f. [2-36] ; and references
therein). By using (1.1), we have

o0 oo

B, (x)t? B,tY
> PP =y B

v=0 v=0

As a result of the product of the two series on the right side of the above equation, the following formula is very

easily achieved:
v .
B,(z) = ) Bzv Y, 1.2
@=3 ("), (1.2

where By =1 and for v > 2, we have

and finally for v > 0
Boyy1 =0

(see for detail [2-36]).
The Euler polynomials E,(x) are defined by

where [t| < 7w (¢f. [2-36]; and references therein).
Substituting x = 0 into (1.3), Euler numbers E, = E,(0) are derived (cf. [2-36] ; and references therein).
By using (1.3), we have

E,(z)tY Ny D
P o

v=0 v=0

Once again, as a result of the product of the two series on the right side of the above equation, the following

formula is given:
Ey(z)=Y" (”) WE,_, (1.4)

where Ey =1 and for v > 1, we have
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and finally for v > 1
Ey,, =0

(cf. [2-36] ; and references therein).
The Fibonacci polynomials F,; (z) are defined by

where [t| <1 (¢f. [4, 5, 16, 17]).
Substituting z = 1 into (1.5), Fibonacci numbers Fy = F; (1) are derived. These numbers are computed

by the following recursive formula:
Fo=Fi1+ Fao,

where Fy =0 and F; =1 (¢f [4, 5, 16, 17, 38]).
The Lucas polynomials Ly (x) are defined by

—xt

(cf. [4, 5, 16, 17)).
Substituting = 1 into (1.6), Lucas numbers Ly = Ly, (1) are derived. These numbers are computed by
the following recursive formula:
Ly = Lk—1 + Lp—2,

where Lo =2 and Ly =1 (¢f. [4, 5, 16, 17, 38]).
The first kind of Chebyshev polynomials T; (x) are defined by

1—uxt
1— 2zt +2 ZTl (1.7)

while the second kind of Chebyshev polynomials U; (x) are defined by

— ot +t2 ZUZ (1.8)

see [1-3, 7, 16, 18].
Combining (1.5) and (1.6) with (1.8) and (1.7), respectively, we have the following well-known relations:

U, (;) = ilFl+1, (1.9)
and

7 7
T; <2> = §Ll» (1'10)

see [16, 17, 38].
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The Fibonacci-type polynomials in two variables G, (z,y; k,m,n) are defined by

1 - )
1—$kt—ymtm+" :ng (xvy;k7m7n)t 5 (].].].)
v=0
where k,m,n € Ny [26]. Using (1.11), we have
ke v—j(m+n-—1) ; o
Go (x,y;k,myn) = > ( . )ymfx”k—mfk—"ﬂﬂ (1.12)
J

Jj=0

where [a] is the largest integer < a [26, 27].
Substituting « = y =1 and m = n = 1 into (1.11) and (1.12) and using (1.5), we get the following

well-known Lucas formula, which was found by Lucas in 1876, for the Fibonacci numbers:

=
F,=6G,-1(1,1;1,1,1) = ( . ),
1 ) 2;0 ;
J_
where v € N (¢f. [16, 17, 26, 32]).

The polynomials Cj(x,y) and S;(x,y) are given, respectively, as follows:

e cos (yt) = ZCl(x,y)ﬁ, (1.13)
1=0
and
xr : = tl
e“sin (yt) = Z Sl(x,y)ﬁ, (1.14)
1=0

(cf. [10-14, 20, 21, 35, 36] ).
Using (1.13) and (1.14), we directly obtain

Ciles) = Y (1) )a'=2ig (1.15)
=0 J
and
=,
Sitea) = 30 (1) (4, )2 (1.16)
§=0

(cf. for detail, see [10-14, 20, 21, 35, 36] ).
By using (1.7), (1.8), (1.13) and (1.14), the following relations are derived [12, 13]

T (z) = Cy (x V1- x2) (1 € No), (1.17)
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and
S; (7, V1 — 22
U1 () ( ) (1 €N). (1.18)
V1— 22
Substituting y = —1, ¥k = m = n = 1 into (1.11) and replacing « by 2z, we obtain the following

identities for the polynomials Cj(z,y) and S;(z,y) and the Fibonacci-type polynomials [14]:

C (x,\/lf:ﬂ) =G (22, -1:1,1,1) — 2Gi_1 (22, —1;1,1,1) (I €N), (1.19)
and
Sii1 (x V- x2) = /1—-22G, (22,-1;1,1,1) (I € Ny). (1.20)
The cosine-Bernoulli polynomials B (z,y) and the sine-Bernoulli polynomials B (z,y) are defined
as follows:
xt
te™ cos (yt) cos ( ZB(C) z,y) ‘, (1.21)
and
te®sin (yt) = t“
———22 =% "B 1.22
o =B (122

for detail, see [22].
By using (1.13), (1.14), (1.21) and (1.22), we have the following well-known identities:
(v
B't(;C) (ZE, y) = Z_:O <m> B'U—mcm(mv y)a

and

Bl(;S) ($, y) = <:7/> Bv—mSm(zv y)v

for detail, see [22].
By using (1.13), (1.14), (1.21) and (1.22), we also have the following well-known identities: for v € N,

B9 (¢ + 1,y) — B (2,y)

- =Cy_1(z,y), (1.23)
and

B (¢ 41, yi - B (2,y) — Sy 1 (2 ), (1.24)
see [22].

By combining (1.21) and (1.22) with (1.2), we get [14]:

B (z,y) +iB{¥ (z,y) Zv:i: <U>< > v (iy)? =, (1.25)

7=0d=0
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and
v ] .
J i
B (z,y) —iB (z,y) Z ( ) (d) B,z (iy) <. (1.26)
7=0 d=0
The cosine-Euler polynomials E (x,y) and the sine-Euler polynomials il (x,y) are defined as follows
[21]):
2¢e” cos (yt) c
Qi1 ZOE( ) (z,7) ', (1.27)
and
2e”! sin yt ZE(S) . (1.28)
] ) —- :
By using (1.13), (1.14), (1.27) and (1.28), we have the following well-known identities [21]:
E(C) == N Ev—mcm
Cen=3 (, (@),
and
E — UNEy S, y).
v (2,9) mz::O (m (z,y)
By using (1.13), (1.14), (1.27) and (1.28), we also have the following well-known identities [21]:
ES (x4 1,y) + B
and
(S) ()
E’U 17 Ev )
WAL E B0 _ 5 (0. (1.30)
By combining (1.27) and (1.28) with (1.4), we have [14]:
E (z,y) +iEY (z,y) ZZ( >( ) b (iy)i ™, (1.31)
§=0 d=0
and
v 7 .
B (2,y) — i (2,y) = Z(—l)j_d(D (‘;)E 5 (iy)y . (1.32)
§=0 d=0

The results of this paper are summarized as follows:

In Section 2, by applying the Laplace differential operator to the analytic and harmonic functions
including generating functions for special polynomials, we give many identities for Bernoulli numbers and
polynomials and for Euler numbers and polynomials. Applying partial derivative operators to the generating

functions for Bernoulli and Euler polynomials, we also give derivative formulas for these polynomials.
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In Section 3, by using the Legendre identity and trigonometric functions, and the Dirichlet kernel, we
present many new formulas, identities and relations including the Bernoulli numbers, the cosine-Bernoulli
polynomials, the sine-Bernoulli polynomials, the cosine-Euler polynomials and the sine-Euler polynomials.
Moreover, by using Umbral calculus methods, we obtain some combinatorial identities involving the Bernoulli
and Euler numbers and polynomials.

In Section 4, we give some new identities and relations among the Fibonacci numbers, the Lucas numbers,
the cosine-Bernoulli polynomials, the sine-Bernoulli polynomials, the cosine-Euler polynomials and the sine-
Euler polynomials.

In Section 5, with the help of series representations for Fibonacci-type polynomials, we give some infinite
series representations for the cosine-Euler polynomials, the cosine-Bernoulli polynomials and the sine-Bernoulli
polynomials.

Finally, in Section 6, we give some remarks and observations on inequalities for special polynomials and

numbers.

2. Identities for Bernoulli and Euler polynomials

In this section, by applying the Laplace differential operator to the special functions, we give some identities and
formulas for Bernoulli and Euler numbers and polynomials. Moreover, by using the Cauchy—Riemann equations,
we obtain some relations including the cosine- and sine-Bernoulli polynomials and the cosine- and sine-Euler

polynomials.

Theorem 2.1 Assume that
tezt
et —1

Uz,ylt) = cos (yt), (2.1)

is analytic in the open domain R CR? and |t| < 2w. Then a harmonic conjugate of this function is given by

tezt )
V(z,ylt) = 1 sin (yt) .

Proof Let
Hp(z,t) =Ul(x,y|t) +iV(x,y|t).

The function Hp(z,t) is to be analytic on an open subset R C C. By applying the well-known Cauchy-Riemann
equations to the functions U(z,y|t) and V(z,y|t), we get

0 0
%U(x,ylt) = Fyv(x’y‘t)’ (2.2)
and
0 0
= =_—— . 2.
SVl = =V l) (23

We now show that U(xz,y|t) is a harmonic function. By applying the following Laplace differential operator

o? 02 02

A = — _— =
022 Vo2 = 07
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to Equation (2.1), we obtain

0? 02
AUGyl0) = 55Ul + 55Uyl =

Hence U(z,y|t) is harmonic. In order to find a harmonic conjugate of the function U(z,y |t), using Cauchy—

Riemann equations, we should solve the following differential equation:

Vil = [{-gualndes Luyloa]

tewt
= a3 sin (yt) + ¢,

where ¢ is an arbitrary constant. Since c¢ is arbitrary, it can be ignored and therefore, we obtain components

of the analytic function Hg(z,t) as follows:

Hp(z,t) = U(z,ylt)+iV(z,ylt) (2.4)

tewt tewt

= —qcos (yt) + ietj sin (yt) .

By combining (2.4) with (1.21), (1.22) and (2.1), we have the following results:

The functions U(z,y[t) and V(z,y[t) are harmonic conjugate to eachother in the open domain R CR?:

Uiy lt) = 2 cos(yt) = S B (
ylt) = —— cos (ut) Z (z,y)

and

t xt
V(z,ylt) = = c sm (yt) = ZB(S) x,y)

where z,y € R and || < 27.
The functions U(z,y |t) and V(z,y|t) are also C?-functions in the open domain R CR? and |¢| < 27.

With the help of the Euler’s formula, we have
teZt

Hp(t) = = Bn(z) =

where z € C and |t < 27.
Similar to the above method, the following functions are harmonic conjugate to eachother in the open
domain R CR?:

2e*t
Wiy lt) = 2o cos () = zE<C> (@)

and

2e%t
_ (%) (
o(z,ylt) = p sm (yt) = g Ey (x,y)
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where |t| < 7. Thus, with the help of the above harmonic conjugate components, the analytic function

Gr(zt) =P,y t) +ip(z,y[t)

is given by the generating function of the Euler polynomials E,, (z) as

Gpet) = 25— g, ()
E\Z, 7et+17n=0 nzn!7

where z € C and [t| <.

Theorem 2.2 Let A be the Laplace differential operator. Assume that

HB(Z,t) =

is analytic with respect to the variable z in the open domain R CC with |t| < 2w. For any z =x+1iy € R, we

have

o0

A (|Hp(z1)] Z n(n — 1)%2 n-2 Bj(x)Bn,j,z(x)ti:. (2.5)
=0 Wi n.

Proof Applying the Laplace differential operator to the following equation

2

xt
Hp(z0) = | (cos(yt) + isin(yt))
= U,y lt) +iV(z,yt)*
first yields
A(1H(0F) = AUyt + Vi ylt)

= 82{U2my|t)+V xy|t}+ {szy|t)+V(:Ey|t}
Since
a—2{U2(glc It) + V3(z |t)}—2g Uz |t)EU(x [t)+V(x |t)2V(m |t)
> Y Wt} =2 Y[t 5 -Ulz,y Yo V(w,y
and
82

5 (U@l + Viayle)} = %{Wmmwivmmw+vmmwivmyw}

after some calculations, we obtain

A <|HB(z,t)\2) = 42 H% (2, 1)
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or
A (|Hp(z 1)) = 42 Hp (22, ) Hp(0, 1)
where
H%(x,t) = Hp(z,t)Hp(z,t).
Combining the above equation with (1.1), we arrive at the desired result. O

Corollary 2.3 Under the restrictions of Theorem 2.2, we have
o0

(|HB 2,1)| ) Z (n—1)B?,(2a )g (2.6)

Corollary 2.4 Under the restrictions of Theorem 2.2, we have

e’} n—2

A (\HB(z7t)|2) =4 -1y (" j_ 2) BjBn,j,z(zx)g. (2.7)

n=2 7=0

Combining (2.5) with (2.6), we have the following well-known relations:

e = Y (1)Bi@E. @

j=o ™

_ zn: (7;) B;B,_;(2x).

j=0
Combining the above relation with (2.7), we arrive at the following corollary:

Corollary 2.5 Under the restrictions of Theorem 2.2, we have

oo

St~ B, (@) =

n!

d 2
—H t
‘dz B(Za )

Theorem 2.6 Let A be the Laplace differential operator. Assume that

2 zt

Ge(zt) = a1

is analytic with respect to the variable z in the open domain R CC with |t| < 7. For any z =x +iy € R, we

have
(|GE 1) )—42 (n—1) Z( ; 2>Ej(x)En_j_2(x)f:!. (2.9)
7=0

The proof is the same as that of Theorem 2.2, and so we omit it.
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Corollary 2.7 Under the restrictions of Theorem 2.6, we have

oo n

A(1Ge(z,1)] Z (n—1 HZQ n-2 EjEn_j_z(Qz)L'. (2.10)
= J n!

Corollary 2.8 Under the restrictions of Theorem 2.6, we have
2 71
(\GE 1) ) § n(n—1)E? (2x)a. (2.11)

Combining (2.11) with (2.9) and (2.10), we have the following well-known relations:

EQ(2x) = i(?)EjEnj(zx)

Jj=0

Zn: (?) Ej(x)Ep_j(z).

=0

Remark 2.9 In the work of Mejlbro [25], we see that if h(z) is any analytic function for z = x+1iy € R, then

the following result holds true
2

d
2 j—
A (\h(z)| ) =4 —dzh(z) (2.12)
Theorem 2.10 Let A be the Laplace differential operator. Assume that
3 zt
Hg(z,t) = 1€

is analytic with respect to the variable z in the open domain R CC with |t| < 2w. For any z =x+iy € R, we

have
-2 t"
A(U(z,ylt)) =2 E (n—1) JEO< i )Bj (f)Bn—j—Z(QT)E-

Proof By applying the chain rule in partial derivatives to the function U(z,y [t)V (z,y|t), we first have

AUy )V (@, 10) = Viey ) - Uy 6) + Ul 1) oV (zy0),

and

82 32

02 0 0

So, by applying the above formulas to the harmonic C?-function in R CR?:

t X
Ulaylt) = e cos(yt),
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after some elementary calculations, we obtain

A (U(z,yt))

) ? ) ?
2(=—=U t 2( U t
(3:17 ($7y|)> + <8y (fc,yl))
= 2°H%(z,t).
Combining the above equation with (1.1), we arrive at the desired result. O

Corollary 2.11 Under the restrictions of Theorem 2.10, we have

o0 ’I’L

A (U?(z,yt)) Z (n—1 Br(f)z( );

Corollary 2.12 Under the restrictions of Theorem 2.10, we have

9 n
lgrad U(z, y|t)|? Znn—l B,(L)Q(2 )n'

n=2

where
rad Hp(z,t) = EU(ZL‘ [t) — 2V(:r [t)+i EU(I [t) + gV($ t)
g B\~, - O Y ay Y ay Y O Y .
Theorem 2.13 Let A be the Laplace differential operator. Assume that

Gg(z,t) =

is analytic with respect to the variable z in the open domain R CC with |t| < w. For any z =x +iy € R, we

have

Ay 1) =23 nln - DB, 005

n=2

The proof is the same as that of Theorem 2.10, and so we omit it.

Remark 2.14 Since
Hp(z,t) = U(z,ylt) +iV(z,yt)

is an analytic function for z = x +iy € R CC, the functions U(x,y|t)V (z,y|t) and U*(z,y|t) are harmonic
in R CR?. Therefore, we have [25]

A (UP(a,y|t)) = 2 |grad Uz, y [t)[.

The derivative formulas for Bernoulli and Euler polynomials can be represented by the derivative of their

generating functions, which belong to the family of Appell polynomials. However, with the help of the following

0 1 o . 8

partial derivative operators
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and
o 1[0 0
= 4= 2.14
0z 2 <8x+18y)’ (2.14)
we provide a proof for these derivative formulas as follows:
Here we add that the operators (2.13) and (2.14) are also known as the Wirtinger derivatives (c¢f. [33-37]).

By combining (1.25) with (1.2) and applying the operator % to the final Bernoulli polynomials equation,

we get
0 1<~ (n 0 - 0 ;
—B = - Bh_i| — i) —i— y) ) .
HLACREDS (3) 8 ](&E(xﬂy) zay<x+zy>)

After some elementary calculations for the above equation, we obtain
) “~n\ . i
%Bn (2) = Z ( _)jzj 'B_j.

Thus, we have the following result:

Corollary 2.15 Let n € N. Then
0

%Bn (2) =nBp_1(2).

By combining (1.26) with (1.2) and applying the operator % to the final Bernoulli polynomials equation,

we have
0 1<~ /n o ) o ,
ZB.(3) =+ Buoj (L@ —iyy +il(@—iyy).
25, 22(3) (geta i) +ig (o i)
After some elementary calculations for the above equation, we obtain

%Bn (z) = i: (?)j(z)j—an_j.

j=0
Thus, we have the following result:

Corollary 2.16 Let n € N. Then

QB,L (Z) =nBn-1(2).

z

By combining (1.31) with (1.4) and applying the operator % to the final Euler polynomials equation,

we have

Jj=0

After some elementary calculations for the above equation, we obtain
0 A
B =3 (1)is By
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Thus, we have the following result:

Corollary 2.17 Let n € N. Then we have

%En (2) =nE,_1(2).
Finally, by combining (1.32) with (1.4) and applying the operator % to the final Euler polynomials

equation, we have

%En (z) = % En: (?) En_; (;x(x —iy) + z’a%(x - iy)j> .

=0

After some elementary calculations for the above equation, we obtain
0 " /n
7B @ =3 (1)ier B

Thus, we have the following result:

Corollary 2.18 Let n € N. Then we have

0 _ _
£En (Z)=nE,-1(Z).

3. Another kind of identities for Bernoulli and Euler numbers and polynomials

In this section, by using the Legendre identity and some trigonometric functions including the Dirichlet kernel,
and also using the Umbral calculus methods, we give some new formulas, identities and relations including the

Bernoulli and Euler numbers and Bernoulli and Euler type polynomials.

3.1. Identities for Bernoulli numbers, cosine- and sine-Bernoulli polynomials and cosine- and

sine-Euler polynomials

With the help of the following Legendre identity and trigonometric functions associated with the Dirichlet

kernel, some new formulas and relations will be proved. We have first

sin(t(n+2)) =sin (L) +2sin (L zn:cos(kt), (3.1)
2 2 2 —

as the Dirichlet kernel and

cos (t{n+ L)) =cos (L) = 26in (£ zn:sin(k:t), (3.2)
2 2 2 —

(cf. [9, p. 129], [28, p. 342]).
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Theorem 3.1 Let n,v € N. Then we have

1 2 1
BO (z,= =—= B9 (2=
N <x,2+n> o1 vt x,2

41 v 1 B 1
I B e O
N v (5)
9 1) 9~-1-2i g3 k
I;j:o( )<2j+1) w125 (7:K)

Proof Let us modify (3.2) as follows:

cos (t <n + ;)) — sin (;) cot (;) ~ 2sin (;) gsin(kt). (3.3)

After multiplying the function etf_ on both sides of Equation (3.3), combining the resulting equation with

Equations (1.21)—(1.22) and the following well-known equation

where [t| <7 (cf. [9, p. 44], [34]), we reach the following equation:

> 1 tv
ZBI(,C) <:1c7 3 —l—n) —

!
v=0 V.
= s 2v+1
Y tv 41)+1B2 9 ¢
- B(S) B L RS el U 2
Z +vz_0 v,vz0< " i (3
“ e tv e v ¢ 2v+1
=YY B @h S ( ) |
!
k=1v=0 U o 0 21}—|— 1
Therefore
o) 1 v o) 1 t’U
(@) 1\t
S (e 0n) =3 2 ()
»> o v (5) 1\ t¥
—1)J ‘ 1\
+Uz:;) j;) (-1) (23 + 1) 227+1(2j 1 2) Bajr2B, " o, (x, 2) 5
n oo [*7] . . .
j —1-25 p(s
_QZZ Z (—1) <2j+1>2 B 2 (x’k)a'
k=1v=0 j=0
Comparing the coefficients of ’;—, on both sides of the above equation, we arrive at the desired result. O
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Theorem 3.2 Let n € N and v € Ng. Then we have
s 1
0 (e den) =0 () <353 o (e, (o)
k=1 j=0

Proof After multiplying the function etf—itl on both sides of Equation (3.1), combining the resulting equation
with Equation (1.22), we reach the following equation:

) [, 1 P, L\ ) (2 IV qyepee 0
;BU <x72+n>v! ;)B ( ) +2I;UZOB (x )v'g( 1)Yk? R
Therefore

f:Bf,S) <x+n) ZBS)< >+2ZZZ ( )zngBgSg](,;)j.

v=0 k=1v=0 j=0

Comparing the coefficients of ’;—U, on both sides of the above equation, we arrive at the desired result. O

fffl on both sides of Equations (3.3) and (3.1), combining the

resulting equations with Equations (1.27) and (1.28), and after some necessary operations as the same form as

Similarly, after multiplying the function

in Theorem 3.1 and Theorem 3.2, we arrive at the following theorems:

Theorem 3.3 Let n € N and v € Nyg. Then we have

E(%) (J;;—&—n) E® (a; >+2kz:1]z(:) ( )kQJE (x;>

Theorem 3.4 Let n,v € N. Then we have

1 2 1
EO (2= =2 FE9 (2=
> (:c,Q—I-n) o1 Pt x,2

[UEI] ) 1 1
1)7+1 E
# 3C0g) ) et (=)
n [%57] ;
S
’ (2j+1>2 TS @)
k=1 j=0

Theorem 3.5 Let v € Ng. Then we have

ifv+1
B, (x,2) =2 (1)](, >B,§€)2j(x71).
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Proof Substituting y =2 into (1.22), we get

21 xt
%sm ZB(S (z,2)

From the above equation, we get

0 . tQ’UJrl oo (C
2 —1’————7 B 1) B(S
Z; ) (20 + 1)1 & (=, E:
Therefore
;B9 @) & %
2 LA B (2,2 :
;%;% (25 + 1)!(v — 25)! ;% 1 )(+1ﬂ

Comparing the coefficients of t¥ on both sides of the above equation, we arrive at the desired result.

Theorem 3.6 Let v € Ng. Then we have

v—2j

B (2,2) =2 (1V<”>B“)(x1y

Proof Using (3.4), we also get

o0 (oo} oo

2}2 @>x1 E:B

v=0

Therefore
% ] B(S)

i - UU2_J23 ZB(S (z,2)

Comparing the coefficients of t¥ on both sides of the above equation, we arrive at the desired result.

3.2. Identities for Bernoulli and Euler polynomials

Here, we give some identities and formulas for the Euler and Bernoulli numbers and polynomials.
Theorem 3.7 Let n € Ny. Then we have

n (3] : %%

(o) -5 () s 5 2 () o )

=0 k=0

where we use the usual Umbral calculus convention of symbolically replacing (B)™ by B, .

(3.4)
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Proof Combining (1.25) with (1.2), we have

By, (z +iy) =

-

Il
o

(7;) (z +iy)! B_j. (3.5)

J

By substituting = =y into (3.5), we get

n

By (z+iz) =Y <?> 2 (1+i) Bn_j.

Jj=0

Therefore, by combining the above equation with the well-known identity * Eq. (2.24)

(3] (=]

2

140" = k_0(1)'€<27;> i kg (—1)F (2;_ 1) (3.7)

1
and

1+i:\/§e%,

we eventually arrive at the desired result.

Theorem 3.8 Let n € Ny. Then we have

%] J+1

n | e |
3200 () (e 3 2 () )

== 2k —1

(\@e%x + B) =

where we use the usual considered as convention of symbolically replacing (B)"™ by B

The proof can be the same method as we used for Theorem 3.8. However, let us briefly summarize it
Combining (1.26) with (1.2), we have

n

(x —iy) Z()x—zy B,_;.

Jj=0

By substituting = = y into (3.8), we get

n

By (z—ix)=Y (?) 21 (1— i) Bn_;.

Jj=0

Therefore, by combining the above equation with the well-known identity * Eq. (2.25)

(1—4)" = i_l(—l)k<2k> +i [g}(—nk (%”_ 1) (3.10)

k=1

wl3

*Gould HW (2011). Table for Fundamentals of Series: Part I: Basic properties of series and products, Vol. 1 [online]. Website
https://math.wvu.edu/~hgould/Vol.1.PDF [accessed 00 Month Year]
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and

1—i=+2e7,
we eventually arrive at the desired result.
Combining (1.31) and (1.32) with (1.4), we also have

n

E,(e+iy) =Y <7> (@ + iy) B, (3.11)

=0
and

E, (x —iy) = i (?) (x — iy) En_;. (3.12)

Jj=0

By replacing = y in (3.11) and (3.12) and combining the final equations with (3.7) and (3.10), we arrive at

the following theorems:
Theorem 3.9 Let n € Ny. Then we have
n 1]

(x/ie%ix + E)n =2 kzo(ﬂ)k <?) <2]}€)xiEn_j - zjio > (—1)* <?> <2kj_ 1) w By,

where we use the usual convention of symbolically replacing (E)" by E, .

<

Theorem 3.10 Let n € Ny. Then we have

() =SS () (A i3 3 () (o )

4. Relations among Fibonacci numbers, Lucas numbers and some special polynomials

In this section, we present some novel identities and relations including Fibonacci numbers, Lucas numbers, the
cosine and sine Bernoulli polynomials and the cosine and sine Euler polynomials.

By combining (1.17) with (1.10), we obtain the following relationship between the Lucas numbers and

L-2a (3 5). ()

polynomials C,, (z,y):

2" 2
By combining (1.18) with (1.9), we also obtain the following relationship between the Fibonacci numbers and

polynomials S, (x,y):

F, =

25 (l \/5> . (4.2)

o\ 2

Therefore, by using (4.1) and (4.2), we obtain

N (Z ﬁ) s, <Z\/5> _ (Ln —i\/ﬁFn).

202
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Combining (4.1) with (1.23), we can also get the following theorems:

Theorem 4.1 Let n € Ng. Then

@) (4 5 (©) (i
I — 2Bn+1 (%2’ \2[> - 2Bn-l—l (5’ é)

i (n+1)
Combining (4.2) with (1.24), we have

Theorem 4.2 Let n € Ny. Then

(S) (i+2 5 (S) (i V5
- 2Bn+1 (%7 %) - 2Bn+1 (5) 7)

V5 (n+1)in—1

Fy,

Combining (4.1) with (1.29), we have

Theorem 4.3 Let n € Ny. Then

o (112 V5 (i V5
L, =i <En (2,2 +E9 (5.5 -

Combining (4.2) with (1.30), we have
Theorem 4.4 Let n € Ng. Then

B (32,8) + B (4,

Z’n—l\/g

)
F, = 2

5. Infinite series representations for some special polynomials

In this section, by using series representations for the Fibonacci-type polynomials, we present some interest-

ing infinite series representations including the cosine-Euler polynomials and the cosine- and sine-Bernoulli

polynomials. Some numerical examples for each of these series representations are also given.

For ¢ > 1, Ozdemir and Simsek [26] gave the following infinite series representation for the polynomials

gj (937y; k7m7 TL)Z

m

i Wj (xay; k7m7n) q

- +n _ pkont+tm—1 _ ’

J:O q] q77l n €T q y77l
where

Wj (1'7 Y3 k» m, n) = gj*n (iC, Y; ka m, n) )

where j > n. In light of the previous equation, we modify Equation (5.1) as follows:

i gj (m,y;k,m,n) _ anrm
= qj - qn-i-m _ xkqn—&-m—l _ ym’
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where ¢ > 1 (cf [14, 26]).
If we substitute © = 2o, y=—1, k=m =mn =1 into (5.2), then we get

i G;(20,-1;L,1,1) ¢’ 53)
= ¢ ¢? —2aq+1° ’

By using (1.19), (1.23) and (5.3) and after some elementary calculations, we obtain:

i G, (20,-1;1,1,1) — aG;_1 (20, ~1;1,1,1)
J=1 ¢
3 c C
| E e ) B @)
(G+1)g

J=1

From the above equation, the following theorem is concluded.

Theorem 5.1 Let || <1 and ¢ > 1. If qla| # 1, then

i Bj(i)l (a+1,V1—a?) 7B§i)1 (o, V1 —a?) . oag—1 (5.4)
=~ G+ 2 —2aq+1° '

Let us consider a particular example for the series representation (5.4). Substituting ¢ = 5 and o = -

10
into (5.4) gives
o Rr©) (11 3/11 (€) (1 3v/11
ZBJ‘H (107 10 )_Bj+1(107 10 ) -1
= (j+1)57 2
By using (1.20), (1.24) and (5.3), the following infinite series is concluded
$ 6 oL L1) i (041, VT—0?) - BY, (0, VT =)
=0 @ =0 (U+2)@V1-a? '
Therefore:
Theorem 5.2 Let || <1 and ¢ > 1. If qla| # 1, then
< p(s) ()
ZBJ‘+2(04+1N1*042)*Bﬂz(a’vl*o‘rz}: V1 - o (5.5)
= G+2)¢ 2 —2aq+1 '
For example, substituting ¢ =5 and a = % into (5.5) gives
w R (11 311 (S) (1 311
Z Biys (ﬁ? 10 ) - B (E’ 10 ) 3Vl
(+2)5i 1 T2

Jj=0
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By using (1.19), (1.29) and (5.3) and after some elementary calculations, we can obtain another infinite

series:
i G; (2a,-1;1,1,1) — aG;_1 (2a,—-1;1,1,1)
=1 ¢
oo E(C)(a—i—l m) E(C ( 1—a2)
= 2 o .
Therefore:

Theorem 5.3 Let |a| <1 and ¢ > 1. If gla| # 1, then

iE](C a+1\/1—a2)+EC)( ,\/1—042)_ 20q — 2 (56)
= ¢’ 2209+ 1 '

For example, substituting ¢ =5 and a = % into (5.6) gives

pilitieiPhac it e JE

6. Remarks on inequalities for special polynomials and numbers

Polynomials are frequently used in various branches of mathematics and many applied sciences due to their
straightfoward usage. One of most commonly used polynomials is known as polynomial inequalities. The
polynomial inequalities plays significant role in mathematical inequalities especially in theory of approximation
and many applied sciences since the time of Cauchy, Chebysev, Gauss, Hardy and other researchers.

In this section, we briefly study some well-known inequalities of some particular classes of polynomials.
In fact, their applications in approximation theory is not discussed in this paper, but it can be investigated in
future studies.

Lehmer [19] gave the following inequality for the Bernoulli numbers with help the Fourier expansion of
the Bernoulli polynomials:
(2k)121— 2k r—2k

|Bael < = 5=z

where k € N.
In [21], Masjed-Jamei et al. gave the following inequality for the cosine-Euler polynomials E (z,9):

C 2’()—1—1 c o) (1
sup ‘Eé'u-?-l (xay)‘ S 2 {‘E( ) 7 )‘a‘Eév) (27:1/)‘}7
z€[0,1]

where v € N and y € R. They also gave many inequalities for the cosine-Bernoulli polynomials Bq(,c) (z,y), the
sine-Bernoulli polynomials B (z,y), the cosine-Euler polynomials B (z,y) and the sine-Euler polynomials
ES) (2,y) (cf [20-24]).

In [8], by using inequalities including binomial coefficients, Gun and Simsek have studied the upper bound

and the lower bound of many special polynomials and numbers.
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