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Abstract: In this paper, we consider a mixed boundary value problem to a class of quasi-linear elliptic operators
containing a p-Laplace operator. We show the existence of a unique weak solution and an estimate. We also demonstrate
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1. Introduction

Fundamental nonlinear stationary conservation law reads

divy=/f 1inQ,
u=gq on I'y, (1.1)
j-m=h only,

where j is the current density. Here Q is a bounded domain in RY with a C%!-boundary I' and I'; and
I’y are disjoint open subsets of I' such that I'; UTy = I' and m denotes the unit outer normal vector to the

boundary I'. If 5 is of the form
j = —a(|Vu|*)Vu, (1.2)

problem (1.1) corresponds to many physical problems, for example, hydrodynamics and gas dynamics, electro-
statics, heat conduction, elasticity, and plasticity.

For an intuitive picture, let N = 3. If we regard u(z) as the temperature of a body € at the point
x € Q, then j in (1.1) is the current density vector of the stationary heat flow in €. The function f describes
outer heat sources. The boundary conditions prescribe the temperature v on the boundary part I'; and heat

flow through the boundary part I's. If o =1, then the problem (1.1) becomes

—Au=f in Q,
u=g onI'y, (1.3)
—g—z =h onls.
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From the mathematical point of view, this is a mixed boundary value problem for the Poisson equation. If
a(|Vu|?) = |Vu|P~2, the problem (1.1) corresponds to the p-Laplacian equation. In the case I'ys = 0, i.e.
Dirichlet boundary condition, or in the case I';y = @, i.e. Steklov or Neumann boundary condition, there are
many articles. For example, see Figueiredo et al. [7], Dong and Xu [8], Zhang and Wang [18], Wang [14],
Yuan and Du [15], Torné [13], Zerouali et al. [17], Nastasi [11], Colasuonno and Noris [5]. On the contrary,
for mixed boundary problem, there are only a few articles (cf. Ge and Tian [10], Arerna et al. [4]). Equation
(1.2) represents a constitutive law which depends on the specific properties of the material. If « is a positive
constant, a represents the heat conductivity and (1.2) is called heat conductivity.

In this paper, we consider the following problem.

—div [Si(z, |Vu|*)Vu] = f in Q,
u=g onI'y, (1.4)
—Si(x, |Vu|2)g—;‘b =h on Iy,

where a function S(z,t) is a Carathéodory function on Q x [0,00). Then
j = —=8(z,|Vu|>) Vu (1.5)

corresponds to a nonlinear constitutive law, where the heat conductivity depend on x and the gradient of
temperature. The negative sign in (1.5) reflects the fact that heat flows from points with higher temperature
to points with lower temperature.

An advantage which considers such an operator is in the ability to prove that the problem (1.4) is well-
posed. For the existence of a weak solution to (1.4), we consider the following variational problem: to find a
minimizer of the functional

/ (S(z, |Vul?) — fu)dx +/ hudo (1.6)
Q T2
on the function space such that uw = g on I'y, where do is the surface measure on I'. We show the existence
of a unique weak solution to (1.5) and an estimate. Moreover, we can obtain the continuous dependence of the
solution on the data f,¢g and h. Furthermore, we consider the dual problem of (1.6). We show that the dual
problem also has a unique solution which is related to the unique minimizer of (1.6).

The paper is organized as follows. Section 2 consists of three subsections. In subsection 2.1, we define a
function S(z,t) having some structure conditions and its properties. In subsection 2.2, we introduce the spaces
of functions used in this paper. In subsection 2.3, we give one of the main theorem (Theorem 2.7) in the paper.
Section 3 is devoted to a proof of Theorem 2.7. In section 4, we show the continuous dependence of solution

obtained in section 3 on the given data. In section 5, we consider the duality problem for conservation laws.

2. Preliminaries

Let © be a bounded domain in RN (N > 2) with a C%!-boundary I'. Moreover, we assume that I'; and '
are disjoint open subset of I' such that

Fl UFQ =TI and Fl # @ (21)

Throughout this paper, for 1 < p < oo we denote the Holder conjugate exponent of p by p’, i.e.
(1/p)+(1/p') = 1, and we only consider vector spaces over R. For any space B, we denote BY by the boldface
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character B. Hereafter, we use this character to denote vectors and vector-valued functions, and we denote
the standard inner product of vectors a = (ay,...,ay) and b= (by,...,by) in RY by a-b= Zivzl a;b; and

la| = (a - a)'/?. Furthermore, we denote the dual space of B by B* and the duality bracket by (-,-)p- 5.

2.1. Function S(z,t) satisfying some structure conditions

We assume that a function S(z,t) is a Carathéodory function in 2 x [0,00) and for a.e. in z € Q, S(z,t) €
C?((0,00)) N C([0,00)) satisfies the following structure conditions: there exist a constant 1 < p < oo and
positive constants 0 < A < A < oo such that for a.e. z € Q

S(x,0) =0 and MtP~=2D/2 < G, (x,t) < AtP=D/2 for t > 0. (2.2a)
MP=2D/2 < G (2, 8) + 2tSy (x, ) < AtP7D/2 for ¢ > 0. (2.2b)
If1 <p<2,Su(x,t) <0, and if p > 2, Sy (x,t) > 0 for t > 0, (2.2¢)

where S; = 9S/0t and Sy = 92S5/0t>. We note that from (2.2a), we have

2 2
;\tP/Q < S(x,t) < 2;Atp/? for t > 0. (2.3)

We introduce two examples. When S(x,t) = v(z)t?/? | where v is a measurable function in Q satisfying
0 < v <v(z) <v* < oo forae. in Q, the function S(z,t) satisfies (2.2a)—(2.2c). This example corresponds

the p-Laplacian operator. As an another example, we can take

(1) = ae ™Vt 4a  fort >0,
=1 a for t =0,

where a > 0 is a constant. Then we can see that S(x,t) = v(x)g(t)t?/? satisfies (2.2a)-(2.2¢) if p > 2, (cf.
Aramaki [2]).

We have the following strict monotonicity of S;.

Lemma 2.1 There exists a constant ¢ > 0 depending only on p and \ such that for any a,b € R (d > 1),

G N cla —blP ifp=>2,
(Su(e-laP)a - siGeoPp) a0y = { 0l EER

In particular,

(Su(z, al2)a — Sy(, [b/2)b) - (@ — b) > 0 if a # b.
For the proof, see Aramaki [3, Lemma 3.6].

Lemma 2.2 There exists a constant C > 0 depending only on p and A such that for any a,b € R?,

Cla — b|P~! ifl<p<2,

2 2
Sico.laa— s oP < { C o b e
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For the proof, see Aramaki [1].

We can see that the following strictly convexity.

Lemma 2.3 If S(z,t) satisfies (2.2a) and (2.2b), then for a.e. = € Q, a function RY 3 a + S(z,|a|?) is

strictly convex.

Proof For fixed a.e. x € Q, if we put p(a) = S(z,]al?) : R? — R, then ¢ is Gateaux differentiable and
¢'(a) = Si(z,]al*)a. By Lemma 2.1, ¢’ is strictly monotone, so ¢ is strictly convex. (cf. [2, Lemma 2.3]). O

2.2. Spaces of functions

From now on we use the notations LP(£2), W™P(Q) (1 < p < co and m > 0,integer), W*P(I') (s € R), and
so on, for the standard Lebesgue space and Sobolev spaces of real valued functions.

For 0 < s <1 and 1< p < 0o, by definition, we say b € W*P(T") iff

b(y)|?
/|b|1’da<ooand //Fxr P ‘N 1_H)Sdadc7<oo,

and the norm is defined by

by)IP e
16l ws.e () = (/ [b]Pdo + //Fxr o= y|N 1_Hmdada .

Then W#P(T") is a real, separable and reflexive Banach space with respect to this norm.
For every i = 1,2, by definition, a function g : Ty — R belongs to W'~1/PP(T;) iff there exists
g € W=1/PP(T) such that § = g on T';. If we set
”g”Wl*l/P’P(Fi) = Wllfll/fp ", 1gllwi-1/, P(T')>
g=gonTl;
then the space W'~1/P?(T;) is a real normed space (we identify two functions whose differ on a subset of T'; of

surface measure zero). Clearly we can regard W1~1/7»(T") ¢ W'~1/7P(T;) and the inclusion mapping is linear
and continuous.
We give a key lemma which plays an important role in the later.

Lemma 2.4 For every i = 1,2 and for any g € W =V/PP(T;), there exists g € W'P(Q) such that =g on
I';, and there exists a constant C > 0 depending only on p,) and T'; such that

||§||W1~P(Q) < CHglefl/PvP(Fi)- (2.4)

Proof For any g € W'~/P»(T;), by the definition, there exists § € W'~/P?(T) such that § = g on I'; and

lollwssmawy = int Gl
g=gonl;
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It is well known that for g, there exists u € W1P(Q) such that % = § on I', in particular, % = g on I';, and

there exists a constant C' > 0 depending only on p, ) and I'; such that

[llwrr @) < Cllgllwi-1/e.0(r)-

Thus we have

it Elonarn < .
e ), [allwrr@) <C Wllrbw(r Gl w1-1/m0 (-
u=g on I'i g=g onT;

It suffices to note that the infimum of the left-hand side is achieved at some g € WP(Q) such that g = g on
I;. O
We note that the inclusion mapping

WI=VPe(D) s LP(T) (2.5)

is linear and continuous.
The following lemma follows from Zeidler [16, Appendix (53c), p. 1033] (cf. Dautray and Lions [6,
Chapter IV, §7, Remark 4]).

Lemma 2.5 For 1 <p < oo, if I'y # 0, then for any v € WHP(Q),

1/p
(/ |Vv|pdac+/ v|pd0)
Q '

is an equivalent norm to ||v||wr.eq . In particular, if v € WP(Q) satisfies that v =0 on Iy, then || V| Lr(q)

and |[v||w1.rq) are equivalent.

2.3. Main theorem

We consider problem (1.4) where f € WhP(Q)*, g € W=1/PP(T) and h € W~1/PP(Ty)* are given functions.
Define
X, ={veW"?(Q)v=gonT;}and X = {v € W"?(Q);v=0onT}. (2.6)

We give the notion of a weak solution to (1.4).

Definition 2.6 We say u € WP (Q) is a weak solution to (1.4) if u € X, and u satisfies
/ Si(z, | Vul|?)Vu - Vudz = (f,v)q — (h,v)r, for allv € X, (2.7)
Q

where <f, >Q = <f, >W1 P(Q)* , WLP(Q) and <h7’l)>F2 = <h’/U>W1—l/p,p(l‘2)*7W171/p,p(1‘2) .

We are in a position to state one of the main theorems.

Theorem 2.7 Assume that ) is a bounded domain in RN (N > 2) with a C%!-boundary T satisfying (2.1).
Let f € WhP(Q)* g € W'=YPP(Dy) and h € W'=VPP(Dy)*. Then the mized boundary value problem (1.4)

has a unique weak solution uw € W1P(Q), and there exists a constant C > 0 depending only on p,\,T'1,T's and
Q such that

laly sy < CU By + 1910 ssmm ey + IRIT s/ (2.8)

2263



ARAMAKI/Turk J Math

3. Proof of Theorem 2.7

In this section, we give a proof of Theorem 2.7 by the variational mathod. Assume that £ is a bounded
domain in RN with a C%!' boundary T' satisfying (2.1), and that f € WhP(Q)*,g € W'=/PP(I'}) and
h € WI=1/P2(Ty)*. Since the inclusion mappings WP (Q) < W=1/PP(T) < W'=1/P»(T}) are continuous,

the set X, defined in section 2 is a closed convex subset of W1P(Q2). We define a functional on X, by

Fo) = 5 [ S@ Voo = (£ + (hooirs,

and consider the following minimization problem: to find u € X, such that

F(uw) = inf F(v) (3.1)

We call such a v a minimizer of F' on X, .

Proposition 3.1 The minimization problem (3.1) has a unique minimizer u € X, .

Proof First we show that F' is weakly coercive on X, ie., F(v) = oo if v € Xy and |[v||y1r) — 0.

1/p
</ |Vv|pdx—|—/ |gpd0>
Q I

is an equivalent norm to |[[v[|y1.r(q) on Xy. By (2.3), there exists constants ¢, C' > 0 such that

Indeed, from Lemma 2.5, we see that

A
Fv) > E/Q \VolPdz — || fllwre @) [[vllwie@) = Rllwi-1me @y« [V]lwr-1mm )

> clvliyingg) */F |glPdo = C([[ fllwrr@= + [hllwi-1/e0@a)llvllwre@)-
1

Since 1 < p < oo, we can see that if v € X and ||v||w1.r(q) — 00, then F(v) — o0.

Next, from Lemma 2.3, the functional F' is strictly convex. Here we note that if v,w € X, and v # w,
then Vv # Vw since I'; # 0.

Clearly F is proper.

Finally we show that F' is lower semicontinuous on X,. Indeed, since S(z,t) is a Carathéodory function

on  x [0,00) and satisfies

2A
S(z,|Vo|?) < —|Vu|?
p
from (2.3). Define the Nemyskii operator E by
(E(p))(x) = S(x, [p(x)|?) for p € L"(Q2).
Then it follows from [16, Proposition 26.6] that E : LP(Q) — L'(£) is continuous and bounded, that is,

I1E(@)|lz1 ) < CllpllLe @),
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so we have

1S (@, [pI*) 10y < CllpllLeo)-

This implies that if v; — v in X, then Vv; — Vv in LP(Q), so S(z, |Vv;|?) = S(z, |[Vv|?) in L'(Q), that

is,
/S(m7\ij\2)dm—> / S(x, |Vv|?)dz.
Q Q

Therefore, F' is continuous on X,. Since F' is convex and continuous, F' is lower semi-continuous on M,. By
the Ekeland and Témam [9, Chapter II, Proposition 1.2], the minimization problem (3.1) has a unique solution
uec Xy. O

We continue the proof of Theorem 2.7. Let u € Xy be the minimizer of (3.1). For any v € X and any
t € R, since u +tv € X,, we have F(u) < F(u+ tv). From the Euler-Lagrange equation,

d
—F(u+tv)] =0forallveX.
dt =0

This means that u satisfies (2.7).
We show the uniqueness of a weak solution to (1.4). Let wui,us € X, be two weak solutions to (1.4).

Then for every i = 1,2,
/QSt(x, |Vu;[?)Vu,; - Vodr = (f,v)q — (h,v)r, for all v € X. (3.2)
Since u; —ug € X, we take v = u; — ug as a test function of (3.2). Thus for ¢ = 1,2,
/Q Si(x, |Vu;|?)Vu; - V(uy —ug)de = (f,u; — uz)q — (h,us — uz)r,.

Therefore, we have

/ (Si(, |V ) Vs — Sy, [ Vo) Vsa) - W (g — g)dar = 0.
Q

By the strict monotonicity of S; (Lemma 2.2), Vu; = Vuy in Q. Hence u; — ug is a constant. Since
u1 = ug = g on I'y, the constant is equal to zero, so we have u; = us.

Lastly we show the estimate (2.8). Let u € X, be the weak solution to (1.4). From Lemma 2.4, for
g € WI=1/PP(T))| there exists § € W'?(Q) such that g =g on I'; and

[llwrr@) < Cllgllwr-1/ma(ry), (3-3)

where C' > 0 is a constant depending only on p, and I';. Since u — g € X, if we take v = u — g as a test

function of (2.7), then we have
/ Sy(x, |Vul*)Vu - Vudr = / Si(x, |Vul?)Vu - Vgde + (f,u)q — (f,5)a — (h,u)r, + (h,G)r,. (3.4)
Q Q

From (2.2a),

/ Si(z,|Vul|?)Vu - Vudr > )\/ |VulPdz.
Q Q
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On the other hand, we estimate the right-hand side of (3.4) from above. By (2.2a), (3.3) and the Holder and

Young inequalities,

Sy(z, |Vul2)Vu - Vgda| < A/|Vu|p*1\V§|da:

Q Q
< AVl o) IVl
< AVl g + IV,
<

IVl ey + C Ol e

for any € > 0 and some constants C'(e) and C’(e). Furthermore,

[(fruya + (hur,| < ([fllwre@ llullwre@) + |Bllwi-1/me @y [lullwr-1/p0my)
< Cllflwre@- + hllwi-ver @y )lulwre @
< e||u\|€[,1,p(9) + O(G)(HfHI{;vLP(Q)* + ||h||]ljvl—1/1””(1“2)*)

for any € > 0 and a constant C(€). Similarly,

N

(Lda+ (gl < Iflwie@-1Glwre@) + 1Allwi-/es @y 1Gllwi-1/eer,)

IN

C(”f“%ﬂﬂ(@)* + ”hH;I.iVlfl/p,p(Fz)* + ||g||€/[/171/p‘p(1"1))

/|Vu|pdx+/ lg|Pdx
Q Iy

is equivalent to [[ul[fy1., ) and the inclusion mapping W1=1/pP(T')) < LP(T;) is linear and continuous, we

for a constant C'. Since u € X,

choose € > 0 small enough, we obtain the estimate (2.8). This completes the proof of Theorem 2.7.

4. Continuity of the weak solution on data

In this section, we derive the continuity of the weak solution to (1.4) on the given data.

We have the following theorem.

Theorem 4.1 Assume that Q is a bounded domain in RN with a C%' boundary T satisfying (2.1). Moreover,
we assume that f;, f € WYP(Q)*, g;,g € WIVPP(T'y), h;,h € WI=YPP(To)* and f; — f strongly in
WP(Q)*, g; — g strongly in W=V/PP(Ty), h; — h strongly in W1=1/PP(Ty)*. Furthermore, let u; € X,
be the weak solution to (1.4) with f = f;,9 =g;,h = h; and let uw € X, be the weak solution to (1.4). Then we

can show that u; — u strongly in WHP(Q) as j — co.

Proof The weak solution u; satisfies that
/ Si(z, |Vu;|?)Vu; - Vodz = (fj,v)q — (hj,v)r, for all v € X, (4.1)
Q
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and
s ey < OO mqay + 1950 srmrsy + IR s spey) < Co (4.2)

where we can assume that the constant Cy is independent of j. From (4.1) and (2.7), we have
/ (Se(z,|Vu;|*)Vuj — Se(z, |Vul*)Vu) - Vodz = (f; — f,v)q — (h; — h,v)r, for all v € X. (4.3)
Q

Since g; — g € W'=V/PP(Ty), it follows from Lemma 2.4 that there exists v; € W'P(Q) such that v; = g; — g
on I'y and

lvillwre@) < Cllg; — gllwr-1m0(ry)s

where C' is a constant depending only on p, 2 and I'y, but independent of j. Since u; —u —v; € X, we take

v=uj; —u—v; as a test function of (4.3). Then we have
/ (Si(z, | Vu;[*)Vu; — Si(z, |[Vul|?)Vu) - V(u; — u)dz
Q

= / (S¢(z, | Vu;[?)Vuj — Sy(z, |[Vul|?)Vu) - Vuda
Q
+{fi = fruj —u—wvj)a — (hj — h,u; —u—vj)p,.
The case p > 2.

From Lemma 2.1,

/ (Si(z, | Vu;[*)Vu; — Sy(z, [Vul*)Vu) - V(u; —u)de > c | |V(u; —u)|Pda.
Q Q

On the other hand, from Lemma 2.2 and (4.2),

/ (Si(z, | Vu;|*)Vuj — Sy(z, |Vul?)Vu) - Vu,de
Q

<c / (Vus] + [Vul)P2|V (u; — )|V |da
Q

(p—2)/p 1/p 1/p
<c (/ (VP + |Vu|p)dx> (/ IV (uy — u)|pdx> (/ |vuj|de>
Q Q Q

< C1(2C0) PPV (u; — )| e 195 — gllwr-1mn(ry)
< ellV(u; = u)llpo) + CENg = 91wy

for any € > 0 and a constant C(e). Furthermore, we have

I(fi = fruj —u—vi)al < |If5 = fllwrr@)-(lug — ullwie @) + lvillwie@))
< f5 = Fllwre@«(lu; = ullwie@) + Cllg; — gllwi-1/v0r,))
<

5”“]’ - u”{p;VLP(Q) + C’(e)(”f] - f”];vl,p(g)* + ng - gH;[.;VI—l/p,p(Fl))'
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Similarly, we have

[(hj — hyuj —u—vj)r,| < €lluj — UHZ;VLP(Q) + C(e)(llhy — hHgyl—l/p,p(rz)* +llg; — 9||€V1—1/p,p(r1))-

If we choose € > 0 small enough, we have
||uj - u”g{/lyp(g)

< C(”f] - f||€vl-,p(g)* + ”gj - g”?}[/lfl/p,p(r‘l) + ng - g‘|€V171/p,p(p1) + ”hj - h”g{/lfl/p,p(I‘?)*)'

The case 1 < p < 2.
In this case we use the reverse Holder inequality (cf. Sobolev [12, p. 8]) to get

2/p (2-p)/2
([196-wrar) < [190;-0p0el+ vur-2as ([ (9] vara)
Q Q Q
From this inequality, there exists a constant ¢ > 0 independent of j such that
/Q(\Vujl +IVul)P 2V (4 — u)|*dz > ¢ V(u; — u) |10 ()

On the other hand, from Lemma 2.2,

/ (Si(z, |Vuj|*)Vuj — Si(z, |Vul?)Vu) - Vu,dx
0

<c / IV (u; — )P~ [V de
Q

1/p
<o ([ 1V -wPas) 1Vl
—1
= CV(uj — )00y IVvillze ()
2/(3—
< eV (s = )30 + COlgs = gl e,
for any € > 0 and a constant C(¢). Furthermore, we have
[(f; = frug —u—vpal < |fy = fllwre@)(lu; — ullwre@) + Cllg — gllwr-1/p0@,))
< elluy — ullfyrny + CEOUS = flivro@y + 195 = 9l i-vmar,)-
Similarly, we have
(R = hyuj —u—vj)r, | < elluj = ullfn@) + CE)hy = hllfp/mmr,)- + 195 = 911/ w,))-
If we choose € > 0 small enough, we have
llu; — U||%v1vp(n)
2/(3—p)

< CUf5 — FBrroy + 195 = 91 maqeyy + 195 = 9IS ity + 15 = B ey )-

In each case, if f; — f in W'P(Q)*,g; — g in W'=VPP(T'y) and h; — h in W'=V/PP(Ty)*, then we have
u; — u in WHP(). This completes the proof of Theorem 4.1. O
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5. Duality theory for conservation laws

In this section, we consider the duality theory for conservation law (1.1). Let S(x,t) be a Carathéodory function
on Q x [0,00) satisfying (2.2a)—(2.2¢c).

5.1. Preliminary remarks
Define
1
Blx,t) = §S($,t2) for (z,t) € Q x R.

By Lemma 2.3 with d =1, for a.e. € Q, B(x,t) is strictly convex and satisfies
A A
=[P < B(x,t) < —|¢P for all t € R.
p p

Therefore, B¢(x,t) = Si(x,t?)t is a strictly monotone increasing and continuous function in R (we regard

Si(z,t?)t as zero at t = 0) and satisfies
—A[tP7E < Bi(x,t) < AJt|P! ace. z € Q and for all £ € R.
For a.e. x € Q and t* € R* = R, if we define

B (x, ") = sup(t"t — B(z,1)),

teR

then it is clearly achieved at ¢ such that t* = ,(x,t), i.e. t = B; ' (x,t*), where ;' is the inverse function of
Bt (.’I}, t) .
For a.e. x € Q and p € RY | define

1(.8) = Bz p)) = 5 S(a.pP),

and for p* € (RY)* = RY | define
7 (@,p") = sup (p*-p—(z,p)).
PERN

Since vy(z,p) = B(z, |p|) > %|p|p (p > 1), the function RY > p + v(z,p) — p* - p is strictly convex, weakly

coercive and C'. Thus inf,cgn~ (y(x, p) — p* - p) is achieved at a unique point p such that

*

p" =7'(z,p) = Si(x, |p|*)p,
where 7' denotes the Gateaux differential with respect to p, so |p| = ; *(z, |p*|). Hence
V(. p") = Bi(x, [pl)Ip| — B(=,|p|) = B (z, [p[*) = B (z, |p*]).

For a.e. = €  and a fixed ¢ € RY | if we define §(x, p) = v(z,p + ¢), then we have

0" (z,p*) = sup (p*-p—9d(x,p)) = sup (p*-q—(x,q) —p*-¢c) =7"(x,p") —p" - c.
peERN qeRN
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5.2. Theorem on the duality theory for conservation laws
Let f € WYP(Q)*, g € WI=V/PP(Ty) and h € WI=V/PP(Ty)*. Let X, and X be defined by (2.6) and define
Y = LP(Q), we identify Y* with LPI(Q) by the relation

(p*,p>y*,y=/p*-pdx-
Q

Since X is a closed subspace of W1P(€), it is a separable and reflexive Banach space with respect to the

norm |jul|x = [|Vul|gr(q) which is equivalent to |lul[w1.»q) from Lemma 2.5. From Lemma 2.4, there exists

g € WHP(Q) such that g =g on I'; and there exists a constant C' depending only on p,Q and T'; such that
[Flwr@) < Cllgllwi-s /e (5.1)
We consider the following problem: to find u € X, such that

Flu)=a:= Ulen)gg F(v), (5.2)

together with the so-called dual problem: to find p* € L? /(Q) such that

F.(p") = B:= sup F.(q"), (5.3)
g*eK
where

Fv) = %/ S(z,|Vov|*)dz — b(v) for v € X,
Q

b(v) = / fvdz — | hvdo for v € X,

Q I,
K = {g"e€Y*=L"(Q);(q", Vv)y-y = b(v) for all v € X},
Fia) = - [ B(laldo+ [ g Vodo - b(g) for g € K.

Q Q

We give a theorem on the duality theory for conservation laws.

Theorem 5.1 Assume that Q is a bounded domain in RY (N > 2) with C%'-boundary T' which satisfies
(2.1). Then the problems (5.2) and (5.3) have a unique solution @ € Xy and p* € K, respectively, and oo = 3,

p* = Si(x, |VU|*) VT a.e. in Q, (5.4)
and there exists a constant C > 0 depending only on p,I'1,T'y and Q such that
012y + 1871 3y < CU Mooy + 1905117y + 1 sy (5.5)

Moreover,
F.(p*) < F.(p") = F(u) < F(u) for allu € X4 and p* € K. (5.6)
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We have the following error estimates. When p > 2, there exist constants c,c; > 0 depending only on p,I'1,T's
and € such that

cllu — ﬂ||’£p(ﬂ) < c||Vu — VHHI;J,(Q) < F(u) — Fu(p*) for allu € X,,p* € K. (5.7)
When 1 < p < 2, there exists a constant co > 0 depending only on p,I'1,T's and Q such that
(Il 0y + IV ) T2/ 0 = T gy < F(w) — Fulp®) for allue Xpp* € K. (58)

Proof
For any p € Y, define a functional

Hip) =3 [ Sta.lp+ Val)ds - big)

For v € Xy, if we put w=v -7, then w € X and Vw = Vv — Vg. Thus we have

H(Vw) — b(w) = %/QS(I, Vo2)dz — b(v) = F(v).

Therefore, we see that the problem (5.2) is equivalent to the problem: to find w € X such that

H(Vw) —b(w) = vlg)f((H(Vv) —b(v)), (5.9)
and
o= Ulg)f((H(Vv) —b(v)). (5.10)

This plays an important role in many physical problems of elasticity and plasticity theory. From [16, Theorem
51.B], the dual problem of (5.10) reads

v = sup [-H"(p")], (5.11)
p*eK
where
H*(p*) = sup((p", p)y-,y — H(p)).

peEY

We compute H*. Since

H(p) = /Q A(.p + Vg)dr — b(g) = /Q 5(z, p)dz — b(g),
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we have

H*(p*) = Stelg(@*,p)y*,y—H(p))

= sup {<p*7p>y*7y —/Qé(x,p)dx} +b(9)

peEY

([ ste.pias) )+ )

/ 5*(z,p*)dz + b(F) ( from [16, Problem 51.7] )
Q

B /Qw(x,p*) —p" - Vg)dz + b(g)

/Q (6" (x.p"]) — p" - VG)dz + b(g).

Thus we have —H*(p*) = F,(p*). Hence we see that the problems (5.11) and (5.3) are identical and v = §3.

Now we compute H’. Since
H'(p) =+'(z,p+ Vg) = Si(z,[p+ Vg|*)(p+ Vg) for pe Y,
it follows from Lemma 2.1 that
(H'(p) — H'(q),p— @)v-y = (Si(x,|p+ V7*)(p+ V7) — Si(z,lg + V7*) (@ + V7)., p— @)y v

¢Jolp+ Vgl + g+ Vg)P2lp—qPdz  if 1 <p<2,

where ¢ is a positive constant depending only on p and 2. When 1 < p < 2, we use the reverse Holder

inequality (cf. Sobolev [12, p. 8] to get

(p—2)/2
[ o= Vsl +la+ Vo) ip - alde > o ( [ o+l +la+ Vg|p>da:) 1P — @l

where ¢; ia a positive constant depending only on p and 2. Thus there exists a constant ¢y > 0 depending

only on p and 2 such that

(H'(p) —H'(q),p — @)y-y

{ CQHP - q”zL),P(Q) ifp > 2,

~ _ —2)/2 . (5.12)
e2 (Jo(Ip + VP + g + VgP)de) "™ p— gl Hl<p<2
This implies that H’ is strictly monotone. Furthermore,

(H'(p),p)yy+-y = (Si(z,|lp+ Vg (p+V7),p)y-y
= Si(z,|p+ Vg (p+ V9, p+ V9 y-y — Si(z,[p+ V7*)(p+ V), Vg)y-y

Y

AP+ Vil —C [ I+ V57 |Vglda

v

)‘Hp + V?Hip(g) - er + V?”iz}(g) - C(e)”Vg”][),P(Q)

2272



ARAMAKI/Turk J Math

for any € > 0. Here we used the Holder and the Young inequalities. If we choose € so that ¢ < A, we can see
that H’ is coercive. Since it is clearly seen that H' : Y — Y* is hemicontinuous, the inverse (H')™!:Y* Y
exists and (H')~! = (H*)". Furthermore, we can apply [16, Theorem 53B]. Therefore, the problems (5.10) and

(5.11) have a unique solution w € X and p* € K, respectively, a = 3, and
p* = H (V®) = Si(x, |V + Vg|*) (V@ + V7).

If we put @ =w+ g, then (5.4) holds. Since @ is a unique solution of (1.4) and

151, ) = 15 |V a2) Wl ) < CIVall, g,

we have the estimate (5.5) by (2.8). From (5.12) and [16, Theorem 51B], we get (5.7) and (5.8). O

Remark 5.2 Here the Euler equation to (5.10) becomes:
(H'(Vw), Vo)y«y = b(v) for allv e X, (5.13)
This means that

/ Si(z, |Va|?) Vi - Vode = / fudz +/ hvdo for allv € X,
Q Q2 Iy

that is, W is a weak solution of (1.4).

The Euler equation to (5.11) becomes:
(" =P, (H) ' (P*))y-y >0 for all ¢* € K. (5.14)

Since p* = Si(z,|Vu|?)Vu = H'(Vw), we have (H')"Y(p*) = Vw = Vu — Vg. Since q¢* € K, we have
(g*,VW)y«y = bw) = b(u) — b(g). Hence (5.14) becomes

/ Si(x, |VT*)Va - Vaudz — b(w) < / Si(z, |Va*)Va - Vgdr — b(g).
Q Q

We can derive the continuity of the solutions @ and p* on the data.

Corollary 5.3 Assume that f;, f € W'P(Q)*, gj,g € W=VPP(Ty), hj,h € WI=VPP(To)* satisfy f; — f
strongly in WYP(Q)*, g; — g strongly in W1=Y/PP(T'y), h; — h strongly in W'=1/PP(Ty)* . Let u; and p; be
solutions of the problems (5.2) and (5.3) with f = f;,9 = g;,h = hj. Then we can show that w; — u strongly
in WHP(Q) and P — P* strongly in ¥ Q).

Proof The strong convergence of {u;} to u follows from Theorem 4.1. Since Pj = S(x, |V1,;|?)Vu; by

Theorem 5.1, it follows from Lemma 2.2 that

7P| < C|Vu; — Vulp~? if1l<p<2,
Pi =P 1= co(vy,| + |Va)r-2|va, — V| ifp > 2.
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When 1 < p <2, we have

Whe

/Q 55— PP da < Clft; — ullfyrp gy — 0 as j — oo.

n p > 2, it follows from the Hoélder inequality that

/ B — PP dw < c/ (IVa;| + |va)»=2? |vu; — va? de
Q Q

(r—2)p"/p p'/p ,
<C (/ (IVw,| + |Vu|)pdx> (/ |V, — Vu|pdx> < Cilu; —ﬂ||€v1,p(m — 0 as j — oo.
Q Q

O

Acknowledgment

The

author would like to thank the anonymous referee(s) who read the manuscript carefully and gave me some

advice for a previous version of this article.

2274

References
Aramaki J. Existence of weak solution for a class of abstract coupling system associated with stationary electro-
magnetic system. Taiwanese Journal of Mathematics 2018; 22: 741-765.

Aramaki J. Existence of weak solutions to stationary and evolutionary Maxwell-Stokes type problems and the
asymptotic behavior of the solution. Advances in Mathematical Science and Applications 2019; 28: 29-57.

Aramaki J. Existence and regularity of a weak solution to a class of systems in a multi-connected domain. Journal
of Partial Differential Equations 2019; 32: 1-19.

Arerna D, Buccellato SM, Tornatore E. On a mixed boundary value problem involving the p-Laplacian. Le
Mathematiche 2011; 66: 93-104.

Colasuonno F, Noris B. A p-Laplacian supercritical Neumann problem. Discrete and Continuous Dynamical Systems
2017; 37: 3025-3057.

Dautray R, Lions JL. Mathematical Analysis and Numerical Methods for Science and Technology Vol. 2. Berlin,
Germany: Springer-Verlag, 1988.

De Figueiredo DG, Gossez JP, Ubilla P. Nonhomogeneous Dirichlet problem for the p-Laplacian. Calculus of
Variations and Partial Differential Equations 2017; 56: 19.

Dong W, Xu J. Existence of weak solutions for a p-Laplacian problem involving Dirichlet boundary condition.
Applied Mathematics and Computation 2014; 248: 511-518.

Ekeland I, Témam RT. Convex Analysis and Variational Problems. Philadelphia, PA, USA: Society for Industrial
and Applied Mathematics, 1976.

Ge W, Tian Y. Mixed type boundary-value problems of second order differential systems with p-Laplacian.
Electronic Journal of Differential Equations 2014; 2014: 9.

Nastasi A. Weak solution for Neumann (p, ¢)-Laplacian problem on Riemannian manifold. Journal of Mathematical
Analysis and Applications 2019; 479: 45-61.

Sobolev S. Applications of Functional Analysis in Mathematical Physics. Translation of Mathematical Monographs
Vol. 7. Providence, RI, USA: American Mathematical Society, 1963.



ARAMAKI/Turk J Math

[13] Torné O. Steklov problem with an indefinite weight for the p-Laplacian. Electronic Journal of Differential Equations
2005; 2005: 8.

[14] Wang Y. Existence of weak solutions for a Dirichlet boundary value problem with p-Laplacian operator. Mathe-
matica Applicata 2013; 26: 561-566.

[15] Yuan JJ, Du ZQ. Existence of weak solutions for a Dirichlet problem with a p-Laplacian. Journal of Mathematical
Analysis and Applications 2013; 397: 577-585.

[16] Zeidler E. Nonlinear Functional Analysis and its Applications II/B: Nonlinear Monotone Operators. Berlin, Ger-
many: Springer-Verlag, 1986.

[17] Zerouali O, Karim B, Anane A, Chakrone O. Two parameter eigenvalues Steklov problem involving the p-Laplacian.
Advances in Dynamical Systems and Applications 2013; 8: 149-156.

[18] Zhang K, Wang J. Existence of weak solutions to a p-Laplacian problem involving Dirichlet boundary condition.
Annals of Differential Equations 2013; 29: 484-489.

2275



	Introduction
	Preliminaries
	Function S(x,t) satisfying some structure conditions
	Spaces of functions
	Main theorem

	Proof of Theorem 2.7
	Continuity of the weak solution on data
	Duality theory for conservation laws
	Preliminary remarks
	Theorem on the duality theory for conservation laws


