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Abstract: In present study, we investigate the existence of solution for a multiterm fractional integro-differential
system with special boundary conditions under some different conditions. In this way, we provide different results for the
existence of solutions for the system and also for obtaining unique solution for the system under different conditions. We
also present three numerical examples in which by using the Legendre multiwavelet method, we approximate solutions
of the system. These examples illustrate our main results.
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1. Introduction
It is known that fractional calculus can describe most natural phenomena and has been published a lot of
works in this field from analytical view up to applied one (see for example, [1], [4], [5], [7]-[27], [29]–[37],
[39], [40], [42]–[46], [49] and [51]). Some researchers have been considered multiterm fractional differential
equations (see for example, [28] and [38]). It is known that the Caputo fractional derivative is defined by
cDαf(t) = 1

Γ(n−α)

∫ t

0
f(n)(t)

(t−s)α−n+1 dt , where n − 1 < α ≤ n ([41]). Also, the fractional integral of order α is

defined by Iαf(t) = 1
Γ(α)

∫ t

0
f(s)

(t−s)1−α ds , when α > 0 ([41]). We need the following results.

Lemma 1.1 ([41]) Let α > 0 and n = ⌈α⌉ + 1 . Then, IαcDαf(t) = f(t) + c0 + c1t + c2t
2 + · · · + cn−1t

n−1 ,
where c0, c1, . . . , cn−1 are some real numbers.

Theorem 1.2 ([48]) Let M be a closed convex and nonempty subset of a Banach space X. Let A, B be the
Operators such that (i) Ax + By ∈ M whenever x, y ∈ M , (ii) A is compact and continuous, (iii) B is a
contraction mapping. Then there exists z ∈M such that z = Az +Bz .

In 2011, Ahmed and Nieto studied the existence of solution for the fractional equation cDqx(t) = f(t, x(t)) with
boundary conditions x(0) = −x(T ) , cDpx(0) = −cDpx(T ) , where t ∈ [0, T ] , T > 0 , 1 < q ≤ 2 , 0 < p < 1

and f is a continuous function ([2]). In 2013, Wang, Guo and Tang reviewed the antiperiodic fractional
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boundary value problem cDαx(t) = f(t, x(t)) with boundary condition x(0) = −x(T ) , cDpx(0) = −cDpx(T )

and cDqx(0) = −cDqx(T ) , where t ∈ J = [0, T ] , T > 0 , 2 < α ≤ 3 , 0 < p < 1 < q < 2 and f : [0, T ]×R → R
is a continuous function ([50]). By use and mixing main idea of [2], [28], [38] and [50]), we investigate the
existence of solutions for the k -dimensional system of fractional integro-differential equations



cDα1x1(t) = f1

(
t, x1(t), . . . , xk(t), I

β11x1(t), ..., I
β1kxk(t),

cDγ11x1(t), . . . ,
cDγ1kxk(t)

)
,

cDα2x2(t) = f2

(
t, x1(t), . . . , xk(t), I

β21x1(t), ..., I
β2kxk(t),

cDγ21x1(t), . . . ,
cDγ2kxk(t)

)
,

...

cDαkxk(t) = fk

(
t, x1(t), . . . , xk(t), I

βk1x1(t), ..., I
βkkxk(t),

cDγk1x1(t), . . . ,
cDγkkxk(t)

)
,

with boundary condition xi(0) + xi(1) =
∑k

j=1 aixi(ξj) and

k∑
j=1

cDγijxi(0) +

k∑
j=1

cDγijxi(1) =

k∑
j=1

bix
′
i(ηj),

where ai, bi ∈ R , 1 ̸= biΓ(2 − γij) , ai ̸= 2 , 0 < ξ1 < ξ2 < · · · < ξk < 1 , 0 < η1 < η2 < · · · < ηk < 1 ,
1 < αi ≤ 2 , 0 < γij ≤ 1 , βij > 0 for i = 1, . . . , k , t ∈ I = [0, 1] and f1, . . . , fk ∈ C(I × R3k,R) . Consider the
Banach spaces

X = {x : x ∈ C(I) and cDγijx ∈ C(I) for i, j = 1, 2, . . . , k}

endowed with the norm ∥x∥ = maxt∈I |x(t)|+maxt∈I |cDγx(t)| and Xk = X ×X × · · · ×X endowed with the
norm ∥ (x1, x2, . . . , xk) ∥∗=∥ x1 ∥ + ∥ x2 ∥ + · · ·+ ∥ xk ∥ .

2. Main results
Now, we are ready to state and prove our main results.

Lemma 2.1 Let y ∈ C(I) , 1 ̸= bΓ(2 − γj) , a ̸= 2 , 0 < ξ1 < ξ2 < · · · < ξk < 1 , 0 < η1 < η2 < · · · < ηk < 1 ,
1 < α ≤ 2 and 0 < γj ≤ 1 for j = 1, . . . , k . Then the problem cDαx(t) = y(t) with boundary conditions

x(0) + x(1) = a
∑k

j=1 x(ξj) and
∑k

j=1
cDγjx(0) +

∑k
j=1

cDγjx(1) = b
∑k

j=1 x
′(ηj) has the unique solution

x(t) =
1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds+
1

(a− 2)Γ(α)
(

∫ 1

0

(1− s)α−1y(s)− a

k∑
j=1

∫ ξj

0

(ξj − s)α−1y(s)ds)

−
k∑

j=1

Γ(2− γj)(1− aξj + t(a− 2))

(a− 2)(1− bΓ(2− γj))
(

1

Γ(α− γj)

∫ 1

0

(1− s)α−γj−1y(s)ds− b

Γ(α− 1)

∫ ηj

0

(ηj − s)α−2y(s)ds).
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Proof By using some calculations, one can check that the given x is a solution for the problem satisfying the
boundary conditions. On the other hand by using Lemma 1.1, there exist b1, b2 ∈ R such that

x(t) = Iαy(t)− b1 − b2t =
1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds− b1 − b2t

for all t ∈ I . Thus, cDγjx(t) = 1
Γ(α−γj)

∫ t

0
(t− s)α−γj−1y(s)ds− b2

t1−γj

Γ(2−γj)
and

x′(ηj) =
1

Γ(α− 1)

∫ ηj

0

(ηj − s)α−2y(s)ds− b2.

Hence, x(0) + x(1) = a
∑k

j=1 x(ξj) and
∑k

j=1
cDγjx(0) +

∑k
j=1

cDγjx(1) = b
∑k

j=1 x
′(ηj) and so

b2 = −
k∑

j=1

Γ(2− γj)

(1− bΓ(2− γj))
(

1

Γ(α− γj)

∫ 1

0

(1− s)α−γj−1y(s)ds− b

Γ(α− 1)

∫ ηj

0

(ηj − s)α−2y(s)ds)

and

b1 =

k∑
j=1

a

(a− 2)Γ(α)

∫ ξj

0

(ξj − s)α−1y(s)ds− 1

(a− 2)Γ(α)

∫ 1

0

(1− s)α−1y(s)ds+

k∑
j=1

(1− aξ)Γ(2− γj)

(1− bΓ(2− γj))(a− 2)

(
1

Γ(α− γj)

∫ 1

0

(1− s)α−γj−1y(s)ds− b

Γ(α− 1)

∫ ηj

0

(ηj − s)α−2y(s)ds).

Therefore, we obtain

x(t) =
1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds+
1

(a− 2)Γ(α)
(

∫ 1

0

(1− s)α−1y(s)− a

k∑
j=1

∫ ξj

0

(ξj − s)α−1y(s)ds)

−
k∑

j=1

Γ(2− γj)(1− aξj + t(a− 2))

(a− 2)(1− bΓ(2− γj))
(

1

Γ(α− γj)

∫ 1

0

(1− s)α−γj−1y(s)ds− b

Γ(α− 1)

∫ ηj

0

(ηj − s)α−2y(s)ds).

This completes the proof. 2

Define the operator E : Xk → Xk by Ex(t) =


E1x(t)
E2x(t)
...
Ekx(t)

 , where x = (x1, x2, . . . , xk) and

Eix(t) =
1

Γ(αi)

∫ t

0

(t− s)αi−1y(s)ds+
1

(ai − 2)Γ(αi)
(

∫ 1

0

(1− s)αi−1y(s)− ai

k∑
j=1

∫ ξj

0

(ξj − s)αi−1y(s)ds)

−
k∑

j=1

Γ(2− γij)(1− aiξj + t(a− 2))

(a− 2)(1− biΓ(2− γij))
(

1

Γ(αi − γij)

∫ 1

0

(1−s)αi−γij−1y(s)ds− bi
Γ(αi − 1)

∫ ηj

0

(ηj−s)α−i−2y(s)ds).
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Observe that the main problem has a solution u0 if and only if u0 is a fixed point of the operator E . Put

∆i1 =

k∑
j=1

(ai − 1 + aiξ
αi
j )(1− biΓ(2− γij))Γ(αi − γij + 1),

∆i2 =

k∑
j=1

Γ(2− γij)(3 + aiξj + ai)(Γ(αi + 1) + biη
αi
j Γ(αi − γij + 1)),

Ωi1 =

k∑
j=1

(ai − 1 + aiξ
αi−γij

j )(1− biΓ(2− γij))Γ(αi − 2γij + 1)

and Ωi2 =
∑k

j=1 Γ(2− γij)(3 + aiξj + ai)(Γ(αi − γij + 1) + biη
αi−γij

j Γ(αi − 2γij + 1)) for i = 1, . . . , k .

Theorem 2.2 Suppose that f1, . . . , fk : I×R3k → R are continuous and there exist l1, . . . , lk ∈ C([0, 1], (0,∞)) ,
nondecreasing maps λ1, . . . , λk ∈ C([0,∞), (0,∞)) and a positive constant K such that

|fi(t, x1(t), . . . , xk(t), z1(t), . . . , zk(t), y1(t), . . . , yk(t))| ≤
k∑

j=1

li(t)(λi(|xj(t)|+ |yj(t)|)),

|fi(t, x1(t), . . . , x3k(t))− fi(t, y1(t), . . . , y3k(t))| ≤ K

2k∑
j=1

|xj(t)− yj(t)|

for all t ∈ I and

K ≤
k∑

j=1

(
∆i1 +∆i2

2(ai − 2)Γ(αi + 1)(1− bΓ(2− γij))Γ(αi − γij + 1)

+
Ωi1 +Ωi2

2(ai − 2)Γ(αi − γij + 1)(1− biΓ(2− γij))Γ(αi − 2γij + 1)
)−1.

Then the main problem has a solution.

Proof Choose a real number

r ≥
k∑

j=1

2M(
∆i1 +∆i2

(ai − 2)Γ(αi + 1)(1− biΓ(2− γij))Γ(αi − γij + 1)

+
Ωi1 +Ωi2

(ai − 2)Γ(αi − γij + 1)(1− biΓ(2− γij))Γ(αi − 2γij + 1)
).

Let Br = {x = (x1, x2, . . . , xk) ∈ Xk : ∥x∥ ≤ r} and M = supt∈[0,1]∥f(t, 0, . . . , 0)∥ . We show that
E(Br) ⊂ Br . For each x = (x1, x2, . . . , xk) ∈ Br , we have

|Eix(t)| = | 1

Γ(αi)

∫ t

0

(t− s)αi−1fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds
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+
1

(ai − 2)Γ(αi)
(

∫ 1

0

(1− s)αi−1fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds

−ai
k∑

j=1

∫ ξj

0

(ξj − s)α−1fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds)

−
k∑

j=1

Γ(2− γij)(1− aiξj + t(ai − 2))

(a− 2)(1− biΓ(2− γij))
(

1

Γ(αi − γij)

∫ 1

0

(1− s)αi−γij−1fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds

− bi
Γ(αi − 1)

∫ ηj

0

(ηj − s)αi−2fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds)|

≤ 1

Γ(αi)

∫ t

0

(t− s)αi−1(|fi(s, x1, . . . , xkIβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, 0, . . . , 0)|+

|fi(s, 0, . . . , 0)|)ds+
1

(ai − 2)Γ(αi)
(

∫ 1

0

(1− s)αi−1(|fi(x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)

−fi(s, 0, . . . , 0)|+ |fi(s, 0, . . . , 0)|)ds+ ai

k∑
j=1

∫ ξj

0

(ξj − s)αi−1(|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1

, . . . , cDγikxk) + fi(s, 0, . . . , 0)|+ |fi(s, 0, . . . , 0)|)ds) +
k∑

j=1

Γ(2− γij)(1− aiξj + t(ai − 2))

(ai − 2)(1− biΓ(2− γij))

(
1

Γ(αi − γij)

∫ 1

0

(1− s)αi−γij−1(|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, 0, . . . , 0)|

+|fi(s, 0, . . . , 0)|)ds+
bi

Γ(αi − 1)

∫ ηj

0

(ηj − s)αi−2(|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)

−fi(s, 0, . . . , 0)|+ |fi(s, 0, . . . , 0)|)ds) ≤
1

Γ(αi)

∫ t

0

(t− s)αi−1(K∥x∥+M)ds+
1

(ai − 2)Γ(αi)
(

∫ 1

0

(1− s)αi−1

(K∥x∥+M)ds+ a

k∑
j=1

∫ ξj

0

(ξj − s)αi−1(K∥x∥+M)ds) +

k∑
j=1

Γ(2− γij)(1− aiξj + t(ai − 2))

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − γij)

∫ 1

0

(1− s)αi−γij−1(K∥x∥+M)ds+
bi

Γ(αi − 1)

∫ ηj

0

(ηj − s)αi−2(K∥x∥+M)ds) ≤ (K∥x∥+M)

[
1

Γ(αi + 1)
+

k∑
j=1

(
1 + aiξj

(ai − 2)Γ(αi + 1)
+

Γ(2− γij)(3 + aiξj + ai)

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − γij) + 1
+

biη
αi
j

Γ(αi + 1)
))].
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Also, we have

|cDγijTix(t)| = | 1

Γ(αi − γij)

∫ t

0

(t− s)αi−γij−1fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds

+
1

(ai − 2)Γ(αi − γij)
(

∫ 1

0

(1− s)αi−1−γijfi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds

−a
k∑

j=1

∫ ξj

0

(ξj − s)α−1−γijfi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds)

−
k∑

j=1

Γ(2− γij)(1− aiξj + t(ai − 2))

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − 2γij)

∫ 1

0

(1− s)αi−2γij−1fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,

cDγi1x1, . . . ,
cDγikxk)ds−

bi
Γ(αi − 1− γij)

∫ ηj

0

(ηj − s)αi−2−γijfi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,

cDγi1x1, . . . ,
cDγikxk)ds)| ≤

1

Γ(αi − γij)

∫ t

0

(t− s)αi−1(|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,

cDγikxk)− fi(s, 0, . . . , 0)|+ |fi(s, 0, . . . , 0)|)ds+
1

(ai − 2)Γ(αi − γij)
(

∫ 1

0

(1− s)αi−γij−1(|fi(s, x1, . . . , xk,

Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, 0, . . . , 0)|+ |fi(s, 0, . . . , 0)|)ds+ ai

k∑
j=1

∫ ξj

0

(ξj − s)αi−γij−1

(|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk) + fi(s, 0, . . . , 0)|+ |fi(s, 0, . . . , 0)|)ds)

+

k∑
j=1

Γ(2− γij)(1− aiξj + t(ai − 2))

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − 2γij)

∫ 1

0

(1− s)αi−2γij−1(|fi(s, x1, . . . , xk, Iβi1x1, . . . ,

Iβikxk,
cDγi1x1, . . . ,

cDγikxk)− fi(s, 0, . . . , 0)|+ |fi(s, 0, . . . , 0)|)ds+
bi

Γ(αi − γij − 1)

∫ ηj

0

(ηj − s)αi−γij−2

(|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, 0, . . . , 0)|+ |fi(s, 0, . . . , 0)|)ds)

≤ (K∥x∥+M)[
1

Γ(αi − γij)

∫ t

0

(t− s)αi−γij−1ds+
1

(ai − 2)Γ(αi)
(

∫ 1

0

(1− s)αi−1−γijds

−ai
k∑

j=1

∫ ξj

0

(ξj − s)αi−1−γijds)−
k∑

j=1

Γ(2− γij)(1− aiξj + t(ai − 2))

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − 2γij)

∫ 1

0

(1− s)αi−2γij−1ds

− bi
Γ(αi − 1− γij)

∫ ηj

0

(ηj − s)αi−2−γijds)] ≤ (Kr +M)[
1

Γ(αi − γij + 1)
+

k∑
j=1

(
1 + aiξ

αi−γij

j

(a− 2)Γ(αi − γij + 1)

+
Γ(2− γij)(3 + aiξj + ai)

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − 2γij + 1)
+

biη
αi−γij

j

Γ(αi − γij + 1)
)].
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Thus,

∥Ex(t)∥∗ = ∥E(x1, x2, xk)(t)∥∗ ≤
k∑

j=1

(Kr +M)(
∆i1 +∆i2

(ai − 2)Γ(αi + 1)(1− biΓ(2− γij))Γ(αi − γij + 1)

+
Ωi1 +Ωi2

(ai − 2)Γ(αi − γij + 1)(1− biΓ(2− γij))Γ(αi − 2γij + 1)
) ≤ r(

1

2
) +

r

2
= r

and so E(Br) ⊆ Br . Now, define the operators Fi and Gi on Br by

Fix(t) =
1

Γ(αi)

∫ t

0

(t− s)αi−1fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds

and

Gix(t) =
1

(a− 2)Γ(αi)
(

∫ 1

0

(1− s)αi−1fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds

−a
k∑

j=1

∫ ξj

0

(ξj − s)α−1fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds)

−
k∑

j=1

Γ(2− γij)(1− aξj + t(a− 2))

(a− 2)(1− bΓ(2− γij))

×(
1

Γ(αi − γij)

∫ 1

0

(1− s)αi−γij−1fi(s, x1, . . . , xkI
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds

− b

Γ(αi − 1)

∫ ηj

0

(ηj − s)αi−2fi(s, x1, . . . , xk, I
βi1x1, . . . , I

βikxk,
cDγi1x1, . . . ,

cDγikxk)ds).

Now, we prove that Gi is a contraction with the constant

Λ′ =

k∑
j=1

K[
(1 + aiξ

αi)Γ(αi − γij + 1) + (1 + aiξ
αi−γij )Γ(αi + 1)

(ai − 2)Γ(αi + 1)Γ(αi − γij + 1)
+

Γ(2− γij)(3 + aiξj + ai)

(ai − 2)(1− biΓ(2− γij))

(
Γ(αi − 2γij + 1) + Γ(αi − γij + 1)

Γ(αi − γij + 1)Γ(αi − 2γij + 1)
+
biη

αiΓ(αi − γij + 1) + bηαi−γijΓ(αi + 1)

Γ(αi + 1)Γ(αi − γij + 1)
)] < 1.

Note that,

|Gix(t)−Giy(t)| ≤
1

(ai − 2)Γ(αi)
(

∫ 1

0

(1− s)αi−1|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)

−fi(s, y1, . . . , yk, Iβi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds+ a

k∑
j=1

∫ ξj

0

(ξj − s)α−1|fi(s, x1, . . . , xk,

Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk, I

βi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds)
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+

k∑
j=1

Γ(2− γij)(1− aiξj + t(a− 2))

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − γij)

∫ 1

0

(1− s)αi−γij−1|fi(s, x1, . . . , xk,

Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk, I

βi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds

+
bi

Γ(αi − 1)

∫ ηj

0

(ηj − s)αi−2|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)−

fi(s, y1, . . . , yk, I
βi1y1, . . . , I

βikyk,
cDγi1y1, . . . ,

cDγikyk)|ds) ≤ K∥x− y∥
( 1

(ai − 2)Γ(αi)
(

∫ 1

0

(1− s)αi−1ds+

ai

k∑
j=1

∫ ξj

0

(ξj − s)αi−1ds) +

k∑
j=1

Γ(2− γij)(3 + aiξj + ai)

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − γij)

∫ 1

0

(1− s)αi−γij−1ds

+
bi

Γ(αi − 1)

∫ ηj

0

(ηj − s)αi−2ds)
)
≤

k∑
j=1

K∥x− y∥(
1 + aiξ

αi
j

(ai − 2)Γ(αi + 1)
+

Γ(2− γij)(3 + aiξj + ai)

(ai − 2)(1− biΓ(2− γij))

(
1

Γ(αi − γij + 1)
+

biη
αi

Γ(αi + 1)
)).

Hence,

|cDγijGix(t)− cDγijGiy(t)| ≤
k∑

j=1

K∥x− y∥( 1 + aiξ
αi−γij

(a− 2)Γ(αi − γij + 1)
+

Γ(2− γij)(3 + aiξj + ai)

(ai − 2)(1− biΓ(2− γij))

(
1

Γ(αi − 2γij + 1)
+

biη
αi−γij

Γ(αi + 1− γij)
))

and so

∥Gx(t)−Gy(t)∥∗ ≤
k∑

j=1

K∥x−y∥∗[
(1 + aiξ

αi)Γ(αi − γij + 1) + (1 + aiξ
αi−γij)Γ(αi+1)

(ai − 2)Γ(αi + 1)Γ(αi − γij + 1)
+

Γ(2− γij)(3 + aξ + a)

(a− 2)(1− bΓ(2− γij))

(
Γ(αi − 2γij + 1) + Γ(αi − γij + 1)

Γ(αi − γij + 1)Γ(αi − 2γij + 1)
+
biη

αiΓ(αi − γij + 1) + bηαi−γijΓ(αi + 1)

Γ(αi + 1)Γ(αi − γij + 1)
)] = Λ′∥x− y∥∗.

Thus, G is a contraction. Since f1, . . . , fk are continuous, It is easy to check that F1, . . . , Fk are so. We show
that F1, . . . , Fk are uniformly bounded on Br . Let x ∈ Br . Then, we have

|Fix(t)| ≤
1

Γ(αi)

∫ t

0

(t− s)αi−1|fi(s, x1(s), . . . , xk(s), Iβi1x(s), . . . , Iβikx(s), cDγi1x1(s), . . . ,
cDγikxk(s))|ds

≤ li(t)

Γ(α)

k∑
j=1

λi(|xj |+ |cDγijxj |)
∫ t

0

(t− s)αi−1ds,

|cDγijFix(t)| ≤
1

Γ(αi + βij)

∫ t

0

(t− s)αi−γij−1|fi(s, x1(s), . . . , xk(s), Iβi1x1(s), . . . , I
βikxk(s),
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cDγi1x1(s), . . . ,
cDγikxk(s))|ds ≤

li(t)

Γ(αi − γij)

k∑
j=1

λi(|xj |+ |cDγijxj |)
∫ t

0

(t− s)αi−γij−1ds.

Hence, ∥Fx∥∗ ≤
∑k

i=1(
1

Γ(αi)
+ 1

Γ(αi−γij)
)∥li∥(

∑k
j=1 λi(r)) . By using the Arzela-Ascoli Theorem, we conclude

that the map F is compact. For 0 ≤ t1 < t2 ≤ 1 , we have

∥Fx(t1)− Fx(t2)∥∗ ≤
k∑

i=1

∥li∥λi(r)|
2(t2 − t1)

αi + tαi
1 − tαi

2

Γ(αi + 1)
−

k∑
j=1

2(t2 − t1)
αi−γij + t

αi−γij

1 − t
αi−γij

2

Γ(αi − γij + 1)
|

and so right side of the inequality tends to zero whenever t2 → t1 . Now by using Theorem 1.2, the operator T
has at least one fixed point which is a solution for the problem. 2

Theorem 2.3 Suppose that f1, . . . , fk : I × R3k → R are continuous functions and there exist a positive
constant K such that |fi(t, x1(t), . . . , x3k(t))−fi(t, y1(t), . . . , y3k(t))| ≤ K

∑2k
j=1 |xj(t)−yj(t)| for all t ∈ I and

i = 1, . . . , k . If Λ =
∑k

i=1K[
∑k

j=1
Γ(αi−γij+1)(∆i1+∆i2)Γ(αi−2γij+1)+Γ(αi+1)(Ωi1+Ωi2)Γ(αi−γij+1)
(ai−2)Γ(αi+1)Γ(αi−γij+1)(1−bΓ(2−γij))Γ(αi−γij+1)Γ(αi−2γij+1) ] < 1 , then the

main problem has a unique solution.

Proof Let x = (x1, . . . , xk), y = (y1, . . . , yk) ∈ Xk . Then, we have

|Ei(x1, x2, . . . , xk)(t)− Ei(y1, y2, . . . , yk)(t)| ≤
1

Γ(αi)

∫ t

0

(t− s)αi−1|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk, I

βi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds+

1

(ai − 2)Γ(αi)

(

∫ 1

0

(1− s)αi−1|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk, I

βi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds+ ai

k∑
j=1

∫ ξj

0

(ξj − s)α−1|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)

−fi(s, y1, . . . , yk, Iβi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds) +

k∑
j=1

Γ(2− γij)(1− aiξj + t(ai − 2))

(ai − 2)(1− biΓ(2− γij))

(
1

Γ(αi − γij)

∫ 1

0

(1− s)αi−γij−1|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk,

Iβi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds−

bi
Γ(αi − 1)

∫ ηj

0

(ηj − s)αi−2|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk, I

βi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds) ≤

1

Γ(αi)

∫ t

0

(t− s)αi−1

(K

k∑
j=1

(|xj−yj |+|cDγijxj−cDγijyj |))ds+
1

(ai − 2)Γ(αi)
(

∫ 1

0

(1−s)αi−1(K

k∑
j=1

(|xj−yj |+|cDγijxj−cDγijyj |))ds+
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ai

k∑
j=1

∫ ξj

0

(ξj−s)α−1(K

k∑
j=1

(|xj−yj |+|cDγijxj−cDγijyj |))ds)+
k∑

j=1

Γ(2− γij)(1− aiξj + t(ai − 2))

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − γij)

∫ 1

0

(1− s)αi−γij−1(K

k∑
j=1

(|xj − yj |+ |cDγijxj − cDγijyj |))ds+
bi

Γ(αi − 1)

∫ ηj

0

(ηj − s)αi−2(K

k∑
j=1

(|xj − yj |+

|cDγijxj − cDγijyj |))ds) ≤
k∑

j=1

K∥xj − yj∥(
∆i1 +∆i2

(ai − 2)Γ(αi + 1)(1− biΓ(2− γij))Γ(αi − γij + 1)
)

for all t ∈ I . Also, we have

|cDγijEi(x1, x2, . . . , xk)(t)− cDγijEi(y1, y2, . . . , yk)(t)| ≤
1

Γ(αi − γij)

∫ t

0

(t− s)αi−γij−1|fi(s, x1, . . . , xk,

Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk, I

βi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds+

1

(a− 2)Γ(αi − γij)
(

∫ 1

0

(1− s)αi−γij−1|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)

−fi(s, y1, . . . , yk, Iβi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds+ a

k∑
j=1

∫ ξj

0

(ξj − s)α−γij−1|fi(s, x1, . . . , xk,

Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk, I

βi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds)+

k∑
j=1

Γ(2− γij)(1− aiξj + t(ai − 2))

(ai − 2)(1− biΓ(2− γij))
(

1

Γ(αi − 2γij)

∫ 1

0

(1− s)αi−2γij−1|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk, I

βi1y1, . . . , I
βikyk,

cDγi1y1, . . . ,
cDγikyk)|ds−

bi
Γ(αi − γij − 1)∫ ηj

0

(ηj − s)αi−γij−2|fi(s, x1, . . . , xk, Iβi1x1, . . . , I
βikxk,

cDγi1x1, . . . ,
cDγikxk)− fi(s, y1, . . . , yk, I

βi1y1, . . . ,

Iβikyk,
cDγi1y1, . . . ,

cDγikyk)|ds) ≤
k∑

j=1

K∥xj − yj∥(
Ωi1 +Ωi2

(ai − 2)Γ(αi − γij + 1)(1− biΓ(2− γij))Γ(αi − 2γij + 1)
)

and so

∥Ei(x1, x2, . . . , xk)− Ei(y1, y2, . . . , yk)∥ ≤
k∑

j=1

K∥xj − yj∥[
∆i1 +∆i2

(ai − 2)Γ(αi + 1)(1− bΓ(2− γij))Γ(αi − γij + 1)

+
Ωi1 +Ωi2

(ai − 2)Γ(αi − γij + 1)(1− biΓ(2− γij))Γ(αi − 2γij + 1)
]

for i = 1, . . . , k . Thus, we obtain

∥E(x1, x2, . . . , xk)−E(y1, y2, . . . , yk)∥∗ ≤ K∥x− y∥∗
k∑

i=1

[

k∑
j=1

∆i1 +∆i2

(ai − 2)Γ(αi + 1)(1− biΓ(2− γij))Γ(αi − γij + 1)
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+

k∑
j=1

Ωi1 +Ωi2

(ai − 2)Γ(αi + βij + 1)(1− biΓ(2− γij))Γ(αi + βij − γij + 1)
] = Λ∥x− y∥∗.

Since Λ < 1 , E has a unique fixed point which is unique solution for the main problem. 2

Now, we introduced a class of wavelet basis constructed by Alpert for L2[0, 1] ([3]). First, we review Legen-
dre multiwavelets briefly ([6]). For functions φm ∈ L2(R) (m = 0, 1, . . . , r ), consider a reference subspace V0 =

⟨φm(.− k) : k ∈ Z, m = 0, 1, . . . , r⟩ be generated as the L2 -closure of the linear span of the integer translation
of the functions. Also, consider other subspaces Vj = ⟨φm

j,k = φm(2jx− k) : k ∈ Z, m = 0, 1, . . . , r, j ∈ Z⟩ .

We say that the functions φm ∈ L2(R) (m = 0, 1, . . . , r ) generate a multiresolution analysis (MRA) whenever
generate a nested sequence of closed subspaces · · · ⊂ V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ . . . such that ∪j∈ZVj

is dense in L2(R) , ∩j∈ZVj = {0} , f(x) ∈ Vj ⇐⇒ f(x + 2−j) ∈ Vj ⇐⇒ f(2x) ∈ Vj+1 and {φm(. − k)}k∈Z

is an Riesz basis of V0 ([6]). If φm generate an MRA, then φm are nominated scaling functions ([6]). The
scaling functions are called orthogonal whenever φm(. − k) ⊥ φm′

(. − k′) for m ̸= m′ and k ̸= k′ ([6]). Since
the subspaces Vj are nested, there exist complementary orthogonal subspaces Wj such that Vj+1 = Vj

⊕
Wj

for all j ([6]). This gives an orthogonal decomposition of L2(R) as L2(R) =
⊕

j∈𝟋 Vj =
⊕

j∈𝟋Wj ([6]). We

say that ψ0, ψ1, . . . , ψr ∈ L2(R) are wavelets whenever those supply the complementary orthogonal subspaces
Wj of an MRA, that is, Wj = ⟨ψm

j,k = ψm(2jx− k) : k ∈ Z, m = 0, 1, . . . , r, j ∈ Z⟩ ([6]). If ψm
j,k ⊥ ψ′m′

j′,k′ for

j ̸= j′ , k ̸= k′ and m ̸= m′ , then ψ0, ψ1, . . . , ψr are called orthonormal wavelets ([6]). It is known that
Alpert multiwavelets systems with multiplicity r consist of r + 1 scaling functions and r + 1 wavelets ([6]).
The r th order scaling functions are the r + 1 functions φ0(x), . . . , φr(x) , where φi(x) is a polynomial of ith
order and allφ,s form orthonormal basis (see [3], [6]), that is, φi(x) =

∑i
k=0 aikx

k for some aik ≥ 0 and∫ 1

0
φi(x)φk(x) = δi,k for all i and k ([6]). The two-scale relation for scaling functions of order r are in the form

φi(x) =
∑r

k=0 ci,jφ
j(2x) +

∑r
k=0 ci,r+j+1φ

j(2x − 1) ([6]). The coefficients {ci,j} could be obtained uniquely
([6]). Suppose that Qk

m are the orthonormal projections from L2[0, 1] onto Sk
m ([6]). If f ∈ Ck[0, 1] , then

∥ Qk
mf−f ∥≤ 2−mk 2

4kk!
supx∈[0,1] | f (k)(x) | ([6]). It is known that each function x(t) which is square integrable

on the interval [0, 1] can be expanded by the scaling functions, that is,

x(t) ≈
2J−1∑
k=0

r∑
m=0

cJ,kφ
m
J,k(t) = CTΦJ(t)

and the corresponding wavelet functions, x(t) ≈
∑r

m=0{cm0,0φm
0,0(t) +

∑J−1
j=0

∑2j−1
k=0 dmj,kψ

m
j,k(t)} = DTΨJ(t) ,

where cmJ,k =
∫ 1

0
x(t)φm

J,k(t)dt, dmj,k =
∫ 1

0
x(t)ψm

j,k(t)dt and C and D are n× 1 (n = (r + 1)2J) matrices given

by C = [c0J,0, . . . , c
r
J,0, . . . , c

0
J,2J−1, . . . , c

r
J,2J−1]

T and

D = [c00,0, . . . , c
r
0,0, d

0
0,0, . . . , d

r
0,0, . . . , d

0
J−1,0, . . . , d

r
J−1,0, . . . , d

0
J−1,2J−1−1, . . . , d

r
J−1,2J−1−1]

T

(see [3], [6] and [47]). By approximating xi(t) ≈
∑r

k′=0 dik′ψk′(t) = DTΨ(t) and replacing in the system, we
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obtain 

r∑
k′=⌈α1⌉

d1k′cDα1(ψk′(t)) = f1

(
t,

r∑
k′=0

d1k′ψ′
k(t), . . . ,

r∑
k′=0

dkk′ψk′(t),
r∑

k′=0

d1k′Iβ11(ψk′(t)),

. . . ,
r∑

k′=0

dkk′Iβ1k(ψk′(t)),
r∑

k′=⌈γ11⌉
d1k′cDγ11(ψk′(t)), . . . ,

r∑
k′=⌈γ1k⌉

dkk′cDγ1k(ψk′(t))

)
,

r∑
k′=⌈α2⌉

d2k′cDα2(ψk′(t)) = f2

(
t,

r∑
k′=0

d1k′ψk′(t), . . . ,
r∑

k′=0

dkk′ψk′(t),
r∑

k′=0

d1k′Iβ21(ψk′(t)),

. . . ,
r∑

k′=0

dkk′Iβ2k(ψk′(t)),
r∑

k′=⌈γ21⌉
d1k′cDγ21(ψk′(t)), . . . ,

r∑
k′=⌈γ2k⌉

dkk′cDγ2k(ψk′(t))

)
,

...

r∑
k′=⌈αk⌉

dkk′cDαk(ψk′(t)) = f1

(
t,

r∑
k′=0

d1k′ψ′
k(t), . . . ,

r∑
k′=0

dkk′ψ′
k(t),

r∑
k′=0

d1k′Iβk1(ψk′(t)),

. . . ,
r∑

k′=0

dkk′Iβkk(ψk′(t)),
r∑

k′=⌈γk1⌉
d1k′cDγk1(ψk′(t)), . . . ,

r∑
k′=⌈γkk⌉

dkk′cDγkk(ψk′(t))

)
.

and 

r∑
k′=0

d1k′ψk′(0) +
r∑

k′=0

d1k′ψk′(1) =
k∑

j=1

r∑
k′=0

d1k′ψk′(ξj),

k∑
j=1

r∑
k′=⌈γij⌉

d1k′cDγijψk′(0) +
k∑

j=1

r∑
k′=⌈γij⌉

d1k′cDγijψk′(1) =
k∑

j=1

r∑
k′=0

bidik′ψ′
k′(ηj).

for all j = 1, 2, . . . , k . By applying the Newton iterated method, we can calculate the coefficients dij . Here, we
give three examples to illustrate our main results by using the method.

Example 2.4 Consider the system of fractional integro-differential equations
cD

4
3x1(t) = f(t) + 0.0078(x1(t) + x2(t) + I(2)x1(t)),

cD
5
4x2(t) = g(t) + 0.0078(x1(t) + x2(t) + I(3)x2(t)),

with boundary conditions cD
1
4x1(0) +

c D
3
4x1(0) +

c D
1
4x1(1) +

c D
3
4x1(1) = 1.82955(x′1(

1
3 ) + x′1(

2
3 ) , x1(0) +

x1(1) = 8.39757(x1(
1
5 ) + x1(

2
5 )) , cD

1
5x2(0) +

c D
1
3x2(0) +

c D
1
5x2(1) +

c D
1
3x2(1) = 1.0907(x′2(

1
3 ) + x′2(

2
3 ))and

x2(0) + x2(1) = 1.66667(x2(
1
5 ) + x2(

2
5 )) . Put f(t) = 0.0078(−t − t

5
2 − Γ( 7

2 )t
9
2

Γ( 11
2 )

) +
Γ( 7

2 )t
7
6

Γ( 13
6 )

, g(t) = 0.0078(−t −

t
5
2 − t4

24 ) +
t−

1
4

Γ( 3
4 )

, α1 = 4
3 , α2 = 5

4 , β11 = 2 , β22 = 3 , γ11 = 1
4 , γ12 = 3

4 , γ21 = 1
5 , γ22 = 1

3 ,

ξ1 = 0.01 , ξ2 = 0.03 , η1 = 0.02 , η2 = 0.04 , a1 = 8.39757 , a2 = 1.66667 , b1 = 1.82955 , b2 = 1.0907 ,
f1(t, x1, x2, x3, x4) = f1(t)+(x1(t)+x2(t)+I

(2)x1(t)) and f2(t, y1, y2, y3, y4) = f2(t)+(y1(t)+y2(t)+I
(3)y2(t)) .

If l1(t) = 2t+2t
5
2 + 8t9/2

63 + 15
√
π

4Γ(13/6) t
7/6 , l2(t) = 2t+2t5/2+ t4

12 +0.816049t−1/4 , λ1 = λ2 = 1 , ∆11 = −11.8103 ,
∆12 = 25.4806 , ∆21 = −0.00394216 , ∆22 = 9.88335 , Ω11 = −38.0068 , Ω12 = 110.528 , Ω21 = 0.206273 ,
Ω22 = 154.908 and K = 0.0078 , then by using Theorem 2.2 the system has a solution. Note that, the exact
solutions for the system are x1(t) = t

5
2 and x2(t) = t . Check the following table for numerical errors.
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ti The coefficient value of x1(t) Absolute error with Alpert’s multiwavelets
0 0.284359 6.960027e-06
0.2 0.275145 4.153067e-05
0.4 0.096792 4.922978e-05
0.6 0.008913 6.0522151e-05
0.8 0.000627 5.932623e-05
1 0.000174 1.516906e-04

ti The coefficient value of x2(t) Absolute error with Alpert’s multiwavelets
0 0.500000 3.9350240e-08
0.2 0.288675 2.146224e-07
0.4 –2.311520e-08 2.696232e-07
0.6 2.287753e-08 3.150615e-07
0.8 –6.240553e-09 3.4434256e-07
1 9.0859893e-09 4.463759e-07

Example 2.5 Consider the system of fractional integro-differential equations
cD

7
4x1(t) = f(t) + 0.1(x1(t) + x2(t) + I(2)x1(t)),

cD
3
2x2(t) = g(t) + 0.1(x1(t) + x2(t) + I(1)x2(t)),

with boundary conditions cD
1
2x1(0) +

c D
1
3x1(0) +

c D
1
2x1(1) +

c D
1
3x1(1) = −1.19536(x′1(

1
4 ) + x′1(

1
2 )) , x1(0) +

x1(1) = 0(x1(
1
5 )+x1(

2
5 )) , cD

2
3x2(0)+

cD
4
5x2(0)+

cD
2
3x2(1)+

cD
4
5x2(1) = 4.94398(x′2(

1
3 )+x

′
2(

2
3 )) and x2(0)+

x2(1) = 6.17143(x2(
1
3 )+x2(

1
2 )) . Put f(t) = 0.1(t−t2− 5t3

6 − t4

12 )−
t−

3
4

Γ( 1
4 )
+ 2t

1
4

Γ( 5
4 )

, g(t) = 0.1(t−t2−t3− t4

4 )+
6t

3
2

Γ( 5
2 )

,

α1 = 7
4 , α2 = 3

2 , β11 = 2 , β22 = 1 , γ11 = 1
2 , γ12 = 1

3 , γ21 = 2
3 , γ22 = 4

5 , ξ1 = 1
5 , ξ2 = 2

5 , η1 = 1
4 , η2 = 1

2 ,

a1 = 0 , a2 = 6.17143 , b1 = −1.19536 , b2 = 4.94398 , f1(t, x1, x2, x3, x4) = f1(t)+(x1(t)+x2(t)+I
(2)x1(t)) and

f2(t, y1, y2, y3, y4) = f2(t) + (y1(t) + y2(t) + I(1)y2(t)) . If ∆11 = −4.94431 , ∆21 = −40.0375 , ∆12 = 7.10496 ,
∆22 = 48.9359 , Ω11 = −4.05109 , Ω21 = −53.3475 , Ω12 = 8.17966 , Ω22 = 91.2142 and K = 0.1 , then by using
Theorem 2.3, the system has a unique solution. In fact, the exact solutions of the system are x(t) = t2 − t and
x2(t) = t3 . Check the following table for numerical errors.

ti The coefficient value of x1(t) Absolute error with Alpert’s multiwavelets
0 –0.166667 8.1740945e-07
0.2 4.32993e-07 3.495237e-07
0.4 0.0745356 3.768863e-08
0.6 2.263278e-08 2.332886e-07
0.8 –4.69e-09 5.050237e-07
1 2.27e-09 8.1740945e-07

ti The coefficient value of x2(t) Absolute error with Alpert’s multiwavelets
0 0.25 7.9843424e-07
0.2 0.2598079 2.466749e-07
0.4 0.1118033 3.70490706e-08
0.6 0.01889827 1.40109070e-07
0.8 –1.117e-08 3.5657498e-07
1 9.29385839e-09 7.4183424e-07

2016



REZAPOUR et al./Turk J Math

Example 2.6 Consider the system of fractional integro-differential equations
cD

6
5x1(t) = f(t) + 68(x1(t) + x2(t) + I(1)x1(t)),

cD
5
4x2(t) = g(t) + 68(x1(t) + x2(t) + I(2)x2(t)),

with boundary condition cD
2
3x1(0) +

c D
1
5x1(0) +

c D
2
3x1(1) +

c D
1
5x1(1) = 1.2361(x′1(

1
3 ) + x′1(

2
3 )) , x1(0) +

x1(1) = 1.09373(x1(
2
5 ) + x1(

3
5 )) , cD

5
6x2(0) +

c D
4
6x2(0) +

c D
5
6x2(1) +

c D
4
6x2(1) = 2.0758(x′2(

1
3 ) + x′2(

2
3 )) and

x2(0) + x2(1) = 1.5479(x2(
2
5 ) + x2(

3
5 )) . Put f(t) =

∑∞
k=0

tk+4
5

Γ(k+ 9
5 )

+ t−
1
5

Γ( 4
5 )

− 68(−1 + 2et + t+ 3t2

2 + e2t) , g(t) =

2
5
4 e2t(Γ( 3

4 )−Γ( 3
4 ,2t))

Γ( 3
4 )

+ 8t
3
4

3Γ( 3
4 )
−68( 14+

t
2+t

2+ t4

12+e
t+ 5e2t

4 ) , α1 = 6
5 , α2 = 5

4 , β11 = 1 , β22 = 2 , γ11 = 2
3 , γ12 = 1

5 ,

γ21 = 5
6 , γ22 = 4

6 , ξ1 = 2
5 , ξ2 = 3

5 , η1 = 1
3 , η2 = 2

3 , a1 = 1.09373 , a2 = 1.5479 , b1 = 1.2361 , b2 = 2.0757 ,

f1(t, x1, x2, x3, x4) = f1(t)+(x1(t)+x2(t)+I
(1)x1(t)) and f2(t, y1, y2, y3, y4) = f2(t)+(y1(t)+y2(t)+I

(2)y2(t)) .
If K = 68 , then by using Theorem 2.3, the system has a unique solution. In fact, the exact solutions of the
system are x(t) = et + t and x2(t) = e2t + t2 . Check the following table for numerical errors.

ti The coefficient value of x1(t) Absolute error with Alpert’s multiwavelets
0 2.2153067 3.8596012e-03
0.2 0.77649721 3.3994125e-04
0.4 0.063107775 2.30481104e-03
0.6 0.00562384 2.67062026e-03
0.8 –0.000549966 7.349461374e-04
1 0.00014101506 1.58216779e-03

ti The coefficient value of x2(t) Absolute error with Alpert’s multiwavelets
0 3.561401498 2.203544165e-02
0.2 2.01399322 2.98524144e-03
0.4 0.50864556 4.11330544e-03
0.6 0.070565292 1.364426553e-03
0.8 0.0110211123 7.15643916e-03
1 0.0005111546 1.35564386e-02
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