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Abstract: In present study, we investigate the existence of solution for a multiterm fractional integro-differential
system with special boundary conditions under some different conditions. In this way, we provide different results for the
existence of solutions for the system and also for obtaining unique solution for the system under different conditions. We
also present three numerical examples in which by using the Legendre multiwavelet method, we approximate solutions

of the system. These examples illustrate our main results.

Key words: Caputo derivation, Legendre multiwavelet, system of multiterm fractional integro-differential equations

1. Introduction

It is known that fractional calculus can describe most natural phenomena and has been published a lot of
works in this field from analytical view up to applied one (see for example, [1], [4], [5], [7]-[27], [29]-[37],
[39], [40], [42]-[46], [49] and [51]). Some researchers have been considered multiterm fractional differential

equations (see for example, [28] and [38]). It is known that the Caputo fractional derivative is defined by

cDef(t) = F(nl_a) f(f (t_]i;;:gt2+ldt, where n — 1 < a < n ([41]). Also, the fractional integral of order « is

defined by I*f(t) = ﬁ fg %ds, when o > 0 ([41]). We need the following results.
Lemma 1.1 ([{1]) Let « >0 and n = [a] + 1. Then, I*°D*f(t) = f(t) + co + c1t + cat® + -+ + ¢, 1" 71,

where cqg,c1,...,Cch_1 are some real numbers.

Theorem 1.2 ([48]) Let M be a closed convexr and nonempty subset of a Banach space X. Let A, B be the
Operators such that (i) Az + By € M whenever x,y € M, (i) A is compact and continuous, (iii) B is a
contraction mapping. Then there exists z € M such that z = Az + Bz.

In 2011, Ahmed and Nieto studied the existence of solution for the fractional equation *Dz(t) = f (¢, z(t)) with
boundary conditions z(0) = —z(T'), “DPz(0) = —°DPz(T), where t € [0,T], T >0, 1 <¢<2,0<p<1

and f is a continuous function ([2]). In 2013, Wang, Guo and Tang reviewed the antiperiodic fractional
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boundary value problem °D®z(t) = f(¢,z(t)) with boundary condition x(0) = —x(T), °DPz(0) = —°DPx(T)
and °Dx(0) = —“D9z(T), where t € J=1[0,T], T >0,2<a<3,0<p<l<g<2and f:[0,T]xR—>R
is a continuous function ([50]). By use and mixing main idea of [2], [28], [38] and [50]), we investigate the

existence of solutions for the k-dimensional system of fractional integro-differential equations

DY (t) = fi (t,xl(t),...,a:k(t),Iﬁnxl(t), ey TP (1), C DM (1), . .,CD““kxk(t)),

CDa2$2(t) = fo (t,xl(t), e ,l‘k(ﬁ),lﬁml‘l(t), ey Iﬁ%xk(t), ¢DY21 x4 (t), ceey CD'Y%xk(t))7

DYz (t) = fr <t,x1(t), . ,xk(t),fﬂklxl(t),...,Iﬁkkxk(t),CD’Yklxl(t),...,CDmxk(t)>,

with boundary condition z;(0) + z;(1) = Z?Zl a;z;(€;) and

k

k k
ZCD'Yijmi(()) + ZCD'Yijxi(l) = Zbix;(nj),
j=1 =1 j=1

where a;, b; € R, 1 # 0T (2—7ij), ;i #2, 0< & <& < <& <L, 0<m<n < - < <1,
1<a; <2, 0<’Yij <1, ﬁij >0fori=1,...,k,tel= [0,1] and f17--~7fk GC(IXng,R). Consider the
Banach spaces

X=Az: 2€C{)and °DVzx € C(I) fori,j=1,2,...,k}

endowed with the norm ||z|| = mazser|z(t)| + mazier|°DYz(t)] and X*¥ = X x X x --- x X endowed with the

norm || (z1, 2, .., k) o=l @0 | + [ 22 | +---+ [l |-

2. Main results

Now, we are ready to state and prove our main results.

Lemma 2.1 Let y € C(I), 1 #'(2—7;), a#2,0<&E <& << <1, 0<m<p<--<n <1,
l<a<2and 0<vy; <1 for j=1,...,k. Then the problem “D%xz(t) = y(t) with boundary conditions

z(0) +z(1) = QZ§:1 x(&) and 2?21 D% x(0) + Z?:l cDVizx(l) = bZ§:1 z'(nj) has the unique solution

t 1 k 9]
2(t) = %a)/o (t—s)a_ly(s)ds—I—m(/o (1—s)a_1y(s)—ajz_;/o (& — ) Ly(s)ds)

Zk:FQ—% (1—a&j +t(a—2) 1 b

1 nj
—8)* N y(s)ds — ——— C— 8)*2y(s)ds).
e e L =0 s = s [ = 0

Jj=1
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Proof By using some calculations, one can check that the given z is a solution for the problem satisfying the

boundary conditions. On the other hand by using Lemma 1.1, there exist by,by € R such that

1

w(t) = 1%y(t) — by — bat = m/o (t —s)* y(s)ds — by — bat

and

for all ¢t € I. Thus, <D z(t) o) % fo Y1y (s)ds — b2ﬁ

1 1 a—2
m/o (n; — s)* “y(s)ds — ba.

Hence, z(0) + z(1) = a2§:1 x(&;) and Z?Zl cDYiz(0) + Z§:1 cDYig(l) = bE?:1 z'(n;) and so

'(n) =

S NG 1 ! S b i o
b= =3 e ey L =9 s = g [ =9 s

k

B VY b U TSNS SR ) (1—al(2—1;)
blZ(a—mr(a)/o(@ Syl <a—2>r<a>/o( WY TG -

Therefore, we obtain

t 1 k &
w):%a) / (t—s)a—1y<s>ds+m< / <1—s>“—1y<s>—a; / (& — 5)° Ly (s)ds)

k 1 B
I( 2—% (1—a& +tla—2)) 1 / i b /m Y
1—98)"" " y(s)ds — ——— n; — 8)* “y(s)ds).
B0 D vy e R ey AL M et s e SR
This completes the proof. O
Elsc(t)
EQ’I’(t)
Define the operator E : X* — X* by Ex(t) = | . , where © = (z1,22,...,21) and
Eya(t)

t 1 k 3]
Eia(t) = F(;)/O(t—s)m_ly(s)ds—i—m(/o (1—s)ai_1y(s)—ai;/0 (& — )™ Ly(s)ds)

gtk vig) (L — aié; + t(a — 2)) 1 ! ;=i —1 bi Mo asie2
3 (a—=2)(1=bI'(2 = ;) (F(ai — Vij) /0 (1=3) y(s)ds—m /0 (nj—3) y(s)ds).
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Observe that the main problem has a solution wug if and only if ug is a fixed point of the operator E. Put

k
Aj =) (a5 =14 ai&) (1= biD(2 = 7ij))0 (i — 755 + 1),

j=1

k
Aig = ZF(Q — ’Yij)(g + aZ{j + al)(l"(az + 1) + bz j‘T(al — Yij + 1)),
j=1

k
Qi =Y (a5 — 1+ @& ) (1= bT(2 = 3yl (e — 2735 + 1)
i=1

and Q0 = Z?:l F(2 — ’yij)(B + a,fj + ai)(F(ai —Yij + 1) + bmjo»”*%jf‘(ai - 2’}/1‘3' + 1)) fori=1,...,k.

Theorem 2.2 Suppose that fi, ..., fr : I xR3* — R are continuous and there exist Iy, ..., € C([0,1],(0,00)),

nondecreasing maps Ay, ..., \, € C([0,00),(0,00)) and a positive constant K such that

k
|fi(taxl(t)7"-axk(t)azl(t)v'"7zk(t)7y1(t)>"'7yk Z |xj |+‘y]( )|))

2k
[filts 21 (D), -+ s wan () = filt, 42 (t), - - yse (D)) < KZ ()

forall t el and

zk: Ail + Aig
j=1 [lai +1)(1 = bI'(2 = 745))T (s — 735 + 1)
Qi1+ Q; -
+ 1+ 2 ) 1.

2(ai = 2)(a; — vij + 1) (1 = b;1'(2 = 735) )T (@i — 2735 + 1)
Then the main problem has a solution.

Proof Choose a real number

Xk: Aj 4 Ag
= = 2)I(e + 1)(1 = bI'(2 = 735)) (e — 735 + 1)
Qi1 +
+ 1 + 2 ).

(a; — 2)T (o — 755 + 1) (1 = b;T(2 — 755))T(c — 235 + 1)

Let B, = {z = (21,22,...,2) € X" : |lz[| < r} and M = supsepo,1||f(£,0,...,0)||. We show that
E(B,) C B,. For each © = (21, 22,...,2) € By, we have

1 t
|E;x(t)| = |ﬁ / (t— )Y fi(s, 20, .. xp, TPy, TPy CDYgy, . DYk gy )ds
a;i) Jo
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1
" )(/ (1_S)ai_lfi(sa‘rh"'7xk)7lﬁi1x17'"7Iﬁikxk7cD’Yilx17'"7CD’Yikxk)dS
. . B

9]
fa,;Z/ (& fs)o‘flfi(s,:rl,...,xk,IB“zl,...,Iﬂ”“'xk,cDW“zl,...,CD%’“xk)ds)

k F(2 — 71])(1 — azfj —|— t(al — 2)) 1
3 (@=2)(1=biI'(2 =) Tl =)

j=1
1
o —ij—1 i i cnyYi cnYi
/(1—3) Vil fi(s, e, . g, PP @y, TPy, CDY gy S DYy )ds
0

b; 5
F(l)/ (T]j75)ai72fi(s,xl,...7xk,Iﬁi1xl’.'"Iﬁikxkch'Yilxl’.”’CD"/ikxk)ds)|
o; — 0

1 t
< o)) / (t— ) Y| fi(s, 2, mp I Py, TPk CDYgy L CDYikay) — fi(s,0,...,0)|+
i) Jo
1 1
| fi(5,0,...,0)])ds + (a»Q)F(a)(/ (L= 8) (| fi(wr, ..oy op, I @y, o TPy, C DYy, DYy,
T 7 0

9]
—fi(8,0,...,0)| 4+ |fi(5,0,...,0))ds + a; E / (& — $) (| fi(s, 1, . .. e, TPy, TPy CDYiay
— Jo

k

DT xk) + fi(s,0,...,0)] + | fi(s, 0, )ds) + Z = 2; 11]2) )(1 _abiglz(;r - ))2>)
J=1 ' o

1 1
(ﬁ/ (1 — S>a7,_7ij—1(‘fi(8,$1, N ,.’Ek71[311x1’ . ’Iﬂikxk7cD"fill‘17 .. _’CD’Y'ikxk) — fi(S)O? N ,O)|
i — Yij

b; " ,, . . . )
+|fi(s,0,...,0)])ds + 1)/ (n; —s)< 2(|f,;(5,x1,...,xk,lﬁﬂxl,...,Iﬁl’“xk,CDmlxl,...,CDV”’“xk)
0

F(Oti -

1 ‘ a;—1 T s 1 ! —s a;—1
A0 O (5.0, OD) € s [ (0= ]+ s+ e ([

T2 = i) (1 — il + tai — 2)) 1
(K|z| + M)ds + GZ/ THK ]| + M)ds) + ; (a; —J2 )(1— bilz(Q — ;) (F(Oéi — Yij)

! a;—ij—1 T s L " — T S x
s ol 4 Myds e [ = 9 2l + M) < (Kol + 1)

1—|—aZ£ T'(2—7;)3+a& +a; 1 bins?
a +1 +Z J ( J)( J ) + J ))]

= (o +1) (e —2)(1 = bl'(2 = 7i5)) Tl =) +1 Dl +1)
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Also, we have

1 t
|CD’Yijnx(t)‘ = ‘F( 7) / (t — S)aii’“jilfi(s,xl, ceey Ly Iﬁ“xl, e ,IB“‘"'I;C, CD’Y“xl, e ,CD’YikQSk)dS
Yij

1 1
+ )(/ (1 — 8)¥= Y% fy(s, 21, .y ap, TPy, TPy, CDYitgy . DYk gy )ds
0

—a E / & —9) 1= i fi(s, xl,...,xmfﬁ“xl,...,Iﬁi’“xk,CDV“xl,...,CD"“’“ack)ds)

k 1
(2 — ;) (1 — a;&; + t(a; — 2)) 1 / o1 v _
— 1— Qg —2a7i . . Iﬁzl . Iﬁbk}
Z (ai 72)(1 *bir(Q*’Y@;)) (P( 27”) ( S) ! fz(sa'rlv s Ly T, 5 T,

b; i
cDVigy, ..., °DVkg)ds — ——————— / 7 — S O"i_Q_"’”f' 57361,...,xk,lﬁilxl,...,lﬂ“‘xk,
) (e =1 —ij) 15 = ¢) «

1 t
CDVgy, .. S DYk g )ds)| < ﬁ/ (t— ) Y| fils, 2, .y xp, 1P xy, . TPy DYy,
ij

1
CD%kxk) — fi(s,O, e ,0)| + |fi($,07 e ,0)|)d8 + (ai — Z)Fl(az — ’yw) (/O (]. - S)aii’yijil(|fi(saxlv sy Ty

&
IPagy, .. IP%Fg, cDYigy, .. DY Ry — fi(s,0,...,0)] + | fi(s,0,...,0))ds + a; E / (& — s)i—vii—1
- 0

(Ifi(s,z1,. .. ,xk,IB“:cl, . ,Iﬁ““:ck,cDV“:cl, e SDYR ) + fi(s,0,...,0)] + | fi(s,0,...,0)])ds)

" OT2 - i) (1 — @il + tai — 2)) 1 ! 2y
iy Ty O A P

j=1
IPikgy cDYxy, . °DYiRay) — fi(s,0,...,0)| +fi(s,0,... 0)|)ds+$/m(n< — ) *i T2
) ) ) ) ) b b ) ) F(al—")/ljf]_) 0 ]

(Ifi(s,z1,. .. ,mk,Iﬂ“xl, .. ,I'B““xk,CDV“xl, e DY) — fi(s,0,...,0)] + | fi(s,0,...,0)|)ds)

t 1
< (Kl + M) [y [ o [a- s

. a’ 1= F(2 — %j)(l — a’fj + t(ai - 2)) 1 ! a;—27;;—1
—a; Z/ - 3 dS) Z (ai — 2)(1 _ bZI‘(2 . ’Yz])) (P(QZ — 2")/”) /0 (1 — 8) ds

j=1
b; nj w2 k 14 alﬁal yij
M/ (nj —s) st)]g(Kr+M)[ e, %]4_1 +; P T
(2 — i) (3 + ;& + a;) 1 N bm]‘,”_"“j n

(@i =2)(1 = bil(2 = 35)) Tl =27 +1)  Tos =i +1)
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Thus,
. Air + Ay
ot = 1B, a2 2 Ol < 3K+ M) GGG T = b @ - 7))@ =7 7 )
BTy T b6 e =7y 1) <) 5 =
and so E(B,) C B,. Now, define the operators F; and G; on B, by
1 t
Fa(t) = 7/ (t— ) Y fi(s 2, .. xp, 1P xy, . TPk, CDYgy, .. DYk ay)ds
I(ai) Jo
and
1

1
Gx(t) = W(/o (1—8)* " fi(s,z1,. .. R L U (L DR R DYk )ds

(a—-2)

—aZ/ (s, x1,. .. g, [Py, TPk CDYgy ., DYk g )ds)

u F 2 ’Yzj - agj + t(a’ B 2))
Z )L = bI'(2 = 735))

Jj=1

1 1
x(ri/ (1—s)¥ it fi(s,y,. . ap IP g, TPk gy, CDYigy, . DYk ds
(i = 7i5)

b n;
_ﬁ/o (n; — s)ai_2fi(s,a:1, o, Iy, TPy CDYi g L CDYVikgy)ds).

Now, we prove that G; is a contraction with the constant

ZK (L + a0 —yi5 + 1) + (L+ a9 e +1) | T(2 = 7i5) 3+ ai§j + ai)

2 (ai = 2T (s + DT (ai — 75 + 1) (ai = 2)(1 = b2 — 7))

F(Oéi — 2’)/” + ].) + ].—‘(Oél — ’}/ij + 1) bm‘”I‘(ai — ’yij + 1) =+ bno"i_"”JI‘(ai + ].)

<L
( F(Ozi — Yij + I)F(Oél - 2’}/” + 1) F(O{l + 1)1—‘(011 — Yij + 1) )]
Note that,
1 1
|Giz(t) — Giy(t)] < m</o (1= 8)" 7 fils,wn, .o, PPy, o TPy, CD Yy, Dk )

kg
_fi($7y17 S 7yk7[ﬁily17 s 71Bikyk7CD’Yilyla .. 'aCD’YMyk”ds + CLZ/ (5.7 - S)ail‘fi($7$1? sy Ly
. 0
Iﬁilxh s 7If8ikxk7CD’Yilxla e ,CD%kxk) - fi(svyla s aykaIﬁilyh . ')IBikykaCD’Yilylv s ,CD%kyk)‘ds)
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k 1
P 2— ’7” — ij + t(a — 2)) 1 / ai—=vij=1| .
+j§::1 (F( p——— (1—s) |fi(s, 1, .., g,

(a; —2) (1 —bIT'(2 — 1))

Iﬂ“wh e 715ikmk70D’Y“$17 e >C-D’Yikxk) - fi(87y17 .. 'aykv‘[ﬂ“yh e ;Iﬂikykachﬂyla e 7C-D’Yikykr)‘d8

b " ‘
+7I‘(a d 1)/ (nj—s)ai_2|fi(s,m1,...7xk,I’6“x1,...Jﬂikmk,‘D'y“scl,...70D7“°xk)—
i 0

1 ! a;—1
T, s
k

k & 1
g _7 T2 — ;)3 + a;&; + a;) 1 / RV
. 5 R Qg 1d E J J 1— Qi —"Yij ld
azj_l/o (& =)™ ds +j:1 (@ =2)(1 = biI'(2 - %J))(F(az‘—%‘j) 0( ®) ’

filssynse sy %0y, TPy CDYyy L DYy )| ds) < Kl — gl (

b; i 5 1+ a5 (2 = i) (3 + ai&; + ay)
v _ Otz d K ij iSj i
T -1 [ e 2as) Z b =+ 1) T @ — 21 - b2 — 7))
p— b))
Il =7 +1)  Dlai+1)7"
Hence,
k
3 -~ 1+ ;&% (2 = 7i5) B + ai§j + ai)
CDYGix(t) — DY Gay(t)| < K|z —
| i (t) y(t)] —; [ y||((a_2)1—a(ai_%j_’_1) (a¢—2)(1—b¢1“(2—%-j))
( 1 binoéi*’ﬁj
Dla; =275 +1)  Tloi +1—1)
and so

(1 + ;€% (a; — vij + 1) + (1 + @;€> vt @t (2 — ~,5)(3 + aé + a)
(a; = 2)I'(ci + DI — 35 + 1) (@—2)(1—bI'(2 = vi5))

k
IG2(t)~Gy(t)ll. < D Kllz—yl.[

Jj=1

Do =295 +1) + Do =955 +1) | bin™ Tl — 35 +1) + b 791 (e +1)

=Nz — vy«
( F(Oéi — Vi + I)F(Oél — 2’)/1']‘ + 1) F(Ozi + 1)F(Oéi — Yij + 1) )] ||.’E y”

Thus, G is a contraction. Since fi,..., fr are continuous, It is easy to check that Fi,..., Fj are so. We show
that Fi,..., Fj are uniformly bounded on B,. Let « € B,. Then, we have

[Fia(t)] <

F(Li) /Ot(t — &)%Y fi(s,21(5), . . ., mk(s),lﬂ“m(s), . ,Iﬁ“"x(s),cD”“xl(s), oo CDYiR () |ds

i(t) o ‘
< S Y el + D) [ (e 9t
Jj=1 0

Oz

1 t
DV Ert) < =——— [ (t—s)M TS 1% L
| Jf( )| = F(OZZ +Bz]) A ( S) ‘f (8,1‘1(5), 7xk(3)’ l‘l(s), ; l‘k(s),
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k t
‘DY xy(8),..., DV*xp(s))|ds < < Z)‘Z |z;| + [°DYii x; |)/ (t —s)™i— i 1gs,
J:1 0

Hence, ||Fz|.« < Zle(r(a 5+ W)”l ||(Z 1 Ai(r)). By using the Arzela-Ascoli Theorem, we conclude
i ij
that the map F' is compact. For 0 < t; <ty < 1, we have

k . QU —Yii o —Yii
t 4 taL _ tOtL 2 to — 1t oy —"ij 4 t i—Yij t i—Yij
|Fa(ty) - Fa(ts)] <Z\|z (e ) 32 =h) 1 2 )

T(a; +1) = T(a; — v + 1)

and so right side of the inequality tends to zero whenever t5 — t;. Now by using Theorem 1.2, the operator T’

has at least one fixed point which is a solution for the problem. O

Theorem 2.3 Suppose that fi,...,fr : I x R®% — R are continuous functions and there exist a positive
constant K such that |fi(t,x1(t), ..., z3(t)) — fi(t,y1(t), ..., ysk(t))] < KZ?il |z (t) —y;(¢)| forallt €I and

T T (i =i +1) (A +Au2)T (i =274 +1) 4+ (0 +1) (i1 +242) T (s —v45+1)
i=1 ok I A= K R e A D e, i @ Tt P D (as Ty ] < 1. then the

main problem has a unique solution.

Proof Let = (v1,...,7%),y = (y1,---,yx) € X*. Then, we have

L - , _
|Ei(z1, 22, .. 2k) (1) — Ei(y1,y2, - -, ye) (8)] < m/ (t—s)" 1|fz‘(8,$1,...7331@,]5“5517...,]5”"1']@7
% 0

1
DYy, ..., DY) — fi oy Py TPy CDYiyy L S DYy ) ds 4
X, ) xk) fz(saylv Yk, Y1, Yk Y1, ) yk)| s+ (az—Q)F(O@)

1
(/ (1- s)"”*l|fi(s,ac1,...,xk,Iﬂ“xl,...,Iﬁikxk,CD7i1x17...,CD%kxk) - fi(s,yl,...,yk,Iﬁ“yl,...,Iﬂi’“yk,
0

kg
‘D¥ilyy, .. DY Ry |ds + ay Z/ & — s)a71|fi(s,x1, .. .,xk,lﬁilxl, .. .,Iﬁi’“xk,CDV“acl, ey CDYiR )
— Jo

k

A I re-— — i+ ta; —2
_fi(svyla"'7ykalﬁ7/1yla"'7jﬁlkyk7 D’Yllyh D%kyk |d5 +Z ’Y”) Zf] ( ))
Jj=1

az - 2 (1 —b; F(2 ’Y’LJ))

1 1 .
(W/ (1 - S)aii’ﬁjil‘fi(saxla s 7'7:1%‘7[&1'731’ s 7IﬁikmkaCD%lx1a .. -7CDWk$k) - fi(sayh <o Yk
)

. . v . b; i S v .
Iﬁﬂyl,...7lﬁ'kyk,CD’y“y]_7...,CD’Y'kak)ldS_m/o (77]_8)@1 2|fi(87$1,...7.’L‘k,[ﬁ7’1.’1717...715"’“1}]@7
7

: . . 1o ,
C-D’Y“xlw"?cD’Yikxk)_fi(s7yla"'7ykaIﬂ“y17"'7lﬁikyk7cDW1y17‘"70D’Y!kyk¢)|ds)S F(O{)/ (t_s)al_l
i 0

k

1
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WS i "IT(2 = i) (1 — iy + tai — 2)) 1
a; —s)* YK xj—y;|+|DVig; =DV 5)+ i) = ai
X, G 2 ey muy "Dy = D) 2 -2~ bI@ 7)) Tl —7)
1 k b; nj k
/O (1 N s)ai—’Yij—l(K Z(l‘rj _ yg| + | D’Yux _ CD'wa D)ds + ﬁ/ (nj — s)ai—Q(K Z(l(EJ — yj|+
Jj=1 j=1
- Aj + Agp )

D"’”x — ¢D7id ds €T
I wil) Z s = i =T @ T D = 5@ - 7 )T =7 7 1

for all ¢t € I. Also, we have

3 . 1 ¢ i
|CD%JEi($1a‘r2a"'7Ik)(t) - D’Y”Ei(yhyQa"'?yk)(t” < 7/ (t_ S) e 1|fi(57xla"'a'1:k7
Do — i) Jo

Iﬁilxh e 7Iﬂikxk70D’ynxl7 e >CD’Yikxk) - fi(saylu e 7yk7‘[ﬂ“y17 .. ~alﬁikykch%1y17 e >CD’Yikyk:)‘ds+

1 ! o _ I o
(@ —2T(a = )(/ (1 —s8) Y=Y fi(s,zr,. .., ap, Py, . TPeay, CDYay ... CDYikay,)
) i

k &5
_fi(svyla'"7ykalﬁi1y1a"'7Iﬂikyk7cD7ily1a"'7CD’Yikyk)|dS+aZ/ (é-j—S)a_fyij_l‘fi(S,(I)h...,l’k,
—1 /0

DYRxr) — fi(S, Y1y ey Yks TPy, o TPy, cDYiy, .. , C DYy )| ds)+

gy, . TPy, DYy, ...,
k 1
F(? — "yij)(l - azfj + t(ai — 2)) 1 / om 1 ] )
1 — )%= 2vij i o [P R
jz:; (ai _ 2)(1 — bZF(Q — 'Yij)) (F(Ozl — 2’71']') ( 3) |f (8,.131, y Tk X1, , Tk,

bi

DYy )ds — —————
) (o —vi; — 1)

CDVrgy, . . DY) — fi(s, v, ,yk,Iﬁ“yl, .. .,Iﬁikyk,CDV“yl, ce

M35
/ (77] - S)aiiwij72|fi(saxlv e 7xka[Bilxl7 .. 7Iﬁikxk7cD’Yilxl7 R 76D’Yikxk) - fi(svyla v aykalﬁilyh ey
0

x>

: A Qi1 + Qo
IB"’“yk,CDV“yl, ,CDY Ry |ds) E Ti—y
| H J j” ( 2)F(O[Z — ’Vij + 1)(1 — bZF(2 — 'y”))F(al — 2’7” + 1))

and so
k A+ A,
Ei(x1,xa,...,xk) — Ei(y1,92, .-, up)| < Klx; —y i 2
|| z( 1 2 ) z( 1,92 || Jz; || J J”[( 2)1—\(0%_’_1)(1_bF(2_,y”))1—\(al_,72]+1)
Qi1+ Q2 ]

e = 2T — 7 + D1 = biT(2 — 35)) (0 — 27, + 1)

for i=1,...,k. Thus, we obtain
Ajr + Agp

k
||E(CE1,(£2, s al'k) 7E(y17y27' e ,yk)“* < KHZL’*yH*
12:21 j; Llai + 1)1 = b:I'(2 = 735))F (i — 75 + 1)
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k
Qi1 + Q2
+ = Allz — yll+.
D e e o e U
Since A < 1, E has a unique fixed point which is unique solution for the main problem. O

Now, we introduced a class of wavelet basis constructed by Alpert for L2[0,1] ([3]). First, we review Legen-

dre multiwavelets briefly ([6]). For functions ¢™ € L*(R) (m = 0,1,...,7), consider a reference subspace Vy =

(om(.—k): k€Z, m=0,1,...,r) be generated as the L?-closure of the linear span of the integer translation

of the functions. Also, consider other subspaces V; = (o7} = ¢"(27z —k): k€Z, m=0,1,....r, j€Z).
We say that the functions ¢™ € L?(R) (m = 0,1,...,r) generate a multiresolution analysis (MRA) whenever
generate a nested sequence of closed subspaces --- C V_o C V_;y C Vy C Vi C Vo C ... such that UjezV;
is dense in L?(R), NjezV; = {0}, f(z) € V; < f(z+279) € V; <= f(2z) € Vi1 and {p™(. — k) }kez
is an Riesz basis of Vy ([6]). If ¢™ generate an MRA, then ¢™ are nominated scaling functions ([6]). The
scaling functions are called orthogonal whenever o™ (. — k) L @™ (. — k') for m # m’ and k # k' ([6]). Since
the subspaces V; are nested, there exist complementary orthogonal subspaces W; such that V41 =V, @ W;
for all j ([6]). This gives an orthogonal decomposition of L*(R) as L*(R) = Dicr Vi=Djer Wj ([6]). We
say that %, ¢!, ... ¢" € L?(R) are wavelets whenever those supply the complementary orthogonal subspaces
W; of an MRA, that is, W; = (zb;’,‘k =YDz —k): keZ, m=0,1,...,r, j €Z) ([6]). If Vi L z/;}’,’f,;, for
j# 3, k#Kk and m # m', then ¢° ' ... 9" are called orthonormal wavelets ([6]). It is known that

Alpert multiwavelets systems with multiplicity r consist of r + 1 scaling functions and r + 1 wavelets ([6]).

The rth order scaling functions are the 7 + 1 functions ¢°(z),...,¢"(z), where ¢!(z) is a polynomial of ith
order and allg's form orthonormal basis (see [3], [6]), that is, ¢i(z) = Zizo a;x® for some a; > 0 and
fol o' (z)p"¥(z) = 6; 1 for all i and k ([6]). The two-scale relation for scaling functions of order r are in the form
i(®) = D40 G’ (22) + Yo Cirtjr1¢’ (22 — 1) ([6]). The coefficients {c; ;} could be obtained uniquely
([6]). Suppose that QX are the orthonormal projections from L2[0,1] onto S ([6]). If f € C¥[0,1], then
| QF f—FII< 27 Zsupgepy | f™ (x) | ([6]). It is known that each function x(t) which is square integrable

on the interval [0,1] can be expanded by the scaling functions, that is,

271

2(t)~ Y coreli(t) = CTD, ()

k=0 m=0

and the corresponding wavelet functions, z(t) ~ > _{cfloed’o(t) + Zj;ol ij;ol AT ()} = DTW,(t),
where 7} = fol z(t)eT(H)dt, dfy, = fol z(t)y].(t)dt and C and D are n x 1 (n=(r+ 1)27) matrices given

—_ [0 T 0 ‘s T
by C = [CQLO,...7CJ,0,...,CJ’2J71,...7cJ}2J71] and

D =00 1¢h0:d00s--dogse AT 105y gy gsa g dy g s 1]
(see [3], [6] and [47]). By approximating z;(t) ~ Y, _, diw b (t) = DTW(t) and replacing in the system, we
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obtain
S D (e () = fi (u S di (£, 3 dipton (), X dup 1P (0 (1)),
k' =Ta] k=0 k=0 k=0
el 0), S e DG O)e S D).
k=0 k'=[~v11] k' =[v1k]
XT: do D2 (1 (1)) = f2 (LZ XT: dip b (1), .. ., ZT: dir i (t), ZT: du 172 (e (1)),
k= [021 k=0 k=0 k=0
Z A I (g (1)), D2 dap“DY (Y (), ..., D2 dkk'CD”’“(?/)k'(t)))
=0 k'=[v21] k=2 |
fj A “D* (Vi (1)) = f1 (t fj diw o (t), ..., ZT: drrr by, (t), ET: digr IR (e (8)),
k= o] k=0 k=0 k=0
o> de PR (i (), >0 dag DT (Y (1), D dkk'cD%’“(i/)k'(t)))
k=0 k' =[vr1] k'=[vkr|
and

r r k r
kZ_:O dir P (0) + kZ_:O digthe (1) = 32 Y2 dirhwr (&),

=10

k T k r k T

> > du DY (0) + Z Z dig DY (1) = > >3 bidigrby, (n;)-
Ik 2Ty =TT J=1K=o

forall j =1,2,...,k. By applying the Newton iterated method, we can calculate the coefficients d;;. Here, we

give three examples to illustrate our main results by using the method.
Example 2.4 Consider the system of fractional integro-differential equations
cD3a(t) = f(t) + 0.0078(w1 (t) + w2(t) + [P (1)),
5

cDixy(t) = g(t) + 0.0078(z1 (t) + x2(t) + TP x5 (1)),

with boundary conditions CDiml(O) +€ D%xl(O) +€ Dixl(l) +€ D%xl(l) = 1.82955(m’1(%) + x
21(1) = 8.39757(21 (L) + 21(2)), “D522(0) +° D5a5(0) +° D3wa(1) +¢ D3z(1) = 1.0907((

13), =1(0) +
) +25(3)) and

=

1
3
T

2 z
22(0) + 5(1) = 1.66667(x2(L) + 22(2)). Put f(t) = 0.0078(—t — t5 — Fr(af; )+ Sty g(t) = 0.0078(—t —

1

5 t t— 4 _ 4 _ 5 _ _ _ 1 _ 3 _ 1 _ 1
tQ_ﬂ)"’_p(%);al—g; az = 3, B =2, B2 =3, yi1 = 7, Y12 = §, V21 = §, Y22 =

3
& = 0.01, & = 0.03, 1 = 0.02, n; = 0.04, a1 = 839757, as = 1.66667, by = 1.82955, by = 1.0907,
fi(t, @y, @, 3, 20) = fr(t) + (@1 () +22(8) + TPy (1) and fo(t,y1,y2,93,y4) = fa(t)+ (Y1 () +y2(6) + T ya (1)) .
I 1y () = 2t +2t3 + 802 4 (IO 4T/ (1) = 2t +267/2 4 £ +0.816049¢ /4, Ay = Ao =1, Ayy = —11.8103,
A1z = 254806, Ag; = —0.00394216, Ags = 9.88335, Q1 = —38.0068, Q12 = 110.528, Q91 = 0.206273,
Qg0 = 154.908 and K = 0.0078, then by using Theorem 2.2 the system has a solution. Note that, the exact

solutions for the system are x1(t) = t3 and x9(t) = t. Check the following table for numerical errors.
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t; The coefficient value of x1(t) Absolute error with Alpert’s multiwavelets
0 0.284359 6.960027e-06

0.2 0.275145 4.153067e-05

0.4 0.096792 4.922978e-05

0.6 0.008913 6.0522151e-05

0.8 0.000627 5.932623e-05

1 0.000174 1.516906e-04

t; The coefficient value of xo(t) Absolute error with Alpert’s multiwavelets
0 0.500000 3.9350240e-08

0.2 0.288675 2.146224e-07

0.4 —2.811520e-08 2.696232¢-07

0.6 2.287753e-08 3.150615e-07

0.8 —6.240553e-09 83.4434256e-07

1 9.0859893e-09 4.463759e-07

Example 2.5 Consider the system of fractional integro-differential equations
cDizy(t) = f(t) +0.1(x1 () + w2(t) + [Pz (1)),
D3 xy(t) = g(t) + 0.1(z1 () + 22(t) + Wy (t)),

with boundary conditions Dz x1(0) +¢ D3x1(0) 4 D21 (1) +° D3z (1) = —1.19536(z; (1) + )

21(1) = 0(x1 (L) +a1(2)), “D322(0) +° D3 a2(0) + D3 xo(1) +¢ D3 w9 (1) = 4.94398(24(3) +254(2)) and 22(0)
3
2

3 1 3
2o(1) = 6.17143 (o () +22(L)). Put f(t) = 0.1(t—12 =35 — Ly L L4 20 g4y — 0.1 (¢ — 12— 43— L) 4

_ T _ 3 _ _ _ 1 _ 1 _ 2 _ 4 _ 1 _ 2 _ _ 1
041_1;a2_§7ﬁ11_27ﬁ22_17’711_57’712_5;721_§f722_57£1_5762_37 m= 2 =3,

1

4
a1 =0, ag = 6.17143, by = —1.19536, by = 4.94398, f1(t,x1, T2, 23,24) = f1(t)+(x1(t) +22(t) + 1Pz, (t)) and
Fo(t,y1,y2,y3,ya) = fo(t) + (y1(t) + yolt) + IWya(t)). If Ay = —4.94431, Aoy = —40.0375, Ajp = 7.10496,
Ago = 48.9359, Q17 = —4.05109, Qo1 = —53.3475, Q15 = 8.17966, Qoy = 91.2142 and K = 0.1, then by using

Theorem 2.3, the system has a unique solution. In fact, the exact solutions of the system are x(t) = t2 —t and

xo(t) = t3. Check the following table for numerical errors.

t; The coefficient value of x1(t) Absolute error with Alpert’s multiwavelets
0 —-0.166667 8.1740945e-07

0.2 4.52993e-07 3.495237e-07

0.4 0.0745356 3.768863¢e-08

0.6 2.263278e-08 2.332886¢e-07

0.8 —4.69¢e-09 5.050237e-07

1 2.27e-09 8.1740945e-07

t; The coefficient value of xa(t) Absolute error with Alpert’s multiwavelets
0 0.25 7.9843424e-07

0.2 0.2598079 2.466749e-07

0.4 0.1118033 3.70490706e-08

0.6 0.01889827 1.40109070e-07

0.8 ~1.117e-08 3.5657498e-07

1 9.29385839e-09 7.4183424e-07
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Example 2.6 Consider the system of fractional integro-differential equations
Dizy(t) = f(t) + 68(x1(t) + 2a(t) + TWan (1)),
“Diws(t) = g(t) + 68(x1 (1) + () + IPas(t)),

with boundary condition CDaxl(

) +¢ D321(0) +¢ D32y (1) +¢ D3ay(1) = 1.2361(z) () + 21(2)), 21(0) +
21(1) = 1.09373(21(2) + 21(2)), Dz

2(0) +° D 5(0) +CD%x2<1> +° Diwy(1) = 2.0758(a(3) + #5(3)) and

), g(t) =

m\c

+
-1
22(0) + w2(1) = 1.5479(x2(2) + 22(2)). Put f(t) => o 0r(k+ )+1§(—%‘))—68(—1+2et+t+ 3,
2t (I (3)—T(3 .2 ¢
e ))+318f(4)—68(§+§+t2+%+ef+562 ), ar =

silo

)

(S

_ 5 _ _ _ 2 _
7aQ_ZJﬂ11_17522_2:711_§7’712_

NI

r
Yor =2, v =2%6=26=2, m=1% m=2 a1 =1.09373, ap = 1.5479, by = 1.2361, by = 2.0757,
)

filts e, wa, w3, m4) = fr(8)+ (@1 (8) +22(8) + 11 () and fao(t,y1,y2,y3,9) = fa(t)+ (y1(6) +y2(8) + TP ya(t)) .
If K = 68, then by using Theorem 2.3, the system has a unique solution. In fact, the exact solutions of the

system are x(t) = el +t and xo(t) = e + 2. Check the following table for numerical errors.

t; The coefficient value of x1(t) Absolute error with Alpert’s multiwavelets
0 2.2153067 3.8596012e-03

0.2 0.77649721 3.3994125e-04

0.4 0.063107775 2.30481104e-03

0.6 0.00562384 2.67062026e-03

0.8 -0.000549966 7.8349461374e-04

1 0.00014101506 1.58216779e-03

t; The coefficient value of xo(t) Absolute error with Alpert’s multiwavelets
0 3.561401498 2.203544165e-02

0.2 2.01399322 2.98524144e-03

0.4 0.50864556 4.11330544e-03

0.6 0.070565292 1.864426553¢e-03

0.8 0.01102111253 7.15643916e-03

1 0.0005111546 1.85564386e-02
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